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1. Introduction

1.1 A taxonomy of electromagnetic energy transfer

Efficient energy transfer is nowadays becoming an essential topic: it allows to save economical
resources, to improve the quality of life, to reduce pollution, to name just a few issues.
In particular, energy transfer is often realized by using electromagnetic power which can
either be transmitted along a guiding medium (transmission lines), or without a supporting
medium. Waveguiding structures can possess a discrete spectrum, as e.g. metallic
waveguides or, in the instance of waveguides with unbounded cross section, a continuous
spectrum (or both). These cases are well known and a considerable literature exists for their
analysis and design, see e.g. Collin (1960), Rozzi (1997). Unfortunately, guided waves require
the presence of a medium to support wave propagation; in addition, energy decays along the
transmission lines in an exponential manner.
A different mechanism for transmitting electromagnetic energy is that of radiation; note that
also in this case a generalized network representation is feasible in terms of spherical modes,
as described in Felsen (2009), Mongiardo et al. (2009). Naturally, at microwave frequencies, the
antennas become more directive as the frequency is increased (and, therefore, the dimensions
of the antenna with respect to the wavelength are also increased). On the other hand,
propagation at very high frequencies may pose problems due to the atmospheric attenuation,
availability of hardware components, etc. In addition, radiated energy is spread over radiation
angles and its attenuation goes with an inverse quadratic law with respect to distance, even
in the case of vacuum.
Another possibility for transmitting electromagnetic energy is by using the reactive fields
present nearby open resonators, as recently suggested in Kurs et al. (2007) and Karalis et al.
(2008). In fact, two open structures operating at the same resonant frequency may exchange
energy. It suffices a very low coupling for the energy transfer to take place and, in presence
of "perfects" infinite Q resonators, even a very weak coupling will provide the possibility of
transfering energy to the load (which is the only places where energy can be dissipated since,
by definition, the resonators are lossless). In practice, by placing many resonators physically
separated by one another, it is possible to realize a wireless power transfer based on the near
field characteristics and avoiding both radiation and the presence of a conducting media. It is
clear that the type of energy transfer that can be achieved depends on the coupling and on the
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Fig. 1. Sketch of a typical system for resonant Wireless Power Transfer (WPT). Apart for
AC/DC converters we note the presence of a RF oscillator and a transmitting (TX) resonator,
a receiving (RX) resonator and matching networks to couple the energy from the RF
oscillator to the TX resonator and from the RX resonator to the AC/DC converter. Note that
the part between the output of the RF oscillator and the input of the AC/DC converter,
denoted as passive coupling system in the figure, is a two port network containing only
linear, passive, components.

quality factor of the resonators. As we will see in this chapter, this problem can be formalized
in an accurate and rigorous manner by using network theory. By using the latter, it is possible
to find out to what extent this resonant reactive field coupling can be employed in various
applications. Note that the resonant coupling which we are referring to is very different from
inductive coupling, which is suitable only for very short range; a nice comparison between
these two types of wireless energy transfer has been published in Cannon et al. (2009). Also
observe that we look for magnetic field coupling which has the advantage, with respect to
electric field coupling, to be rather insensitive to the presence of different dielectrics. It is also
worthwhile to consider that, in order to avoid radiation, it is preferable that the electric field
storage takes place in a confined region of space, which may be physically realized either by
a lumped capacitance or by other suitable structures.
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Network Methods for the Analysis and Design of Resonant Wireless Power Transfer Systems 3

1.1.1 A word about nomenclature

The energy exchange which we are interested to in this chapter is the one that occurs
when two, or more, structure resonates at the same frequency and exchange their energy.
Thys type of phenomenology has been referred to in the literature with several different
names: Wireless Resonant Energy Links (WREL), Wireless Power Transfer (WPT), WITRICITY
(WIreless elecTRICITY), Wireless Energy Transfer (WET), etc. Each different name possesses
its own advantages and disadvantages; it is only necessary to keep in mind that, in this work,
we are referring to resonant structures and we are not referring to antennas (which mainly
serve to produce a radiated field). Note, in addition, that a radiated field is, in this type of
application, particularly undesiderable since it poses increased problems of electromagnetic
compatibility.

1.2 Description of a typical system for medium–range resonant power transfer

In Fig.1 we have reported the sketch of a typical system for WPT. Apart from AC/DC
converters we note the presence of a RF oscillator and a transmitting (TX) resonator, a
receiving (RX) resonator and matching networks to couple the energy from the RF oscillator
to the TX resonator and from the RX resonator to the AC/DC converter. Note that the
subnetwork between the output of the RF oscillator and the input of the AC/DC converter is a
linear system; this part can be described as a two port network containing only linear, passive,
components. An example of a practical implementation of this part is reported in Fig.2. In the
next section we will show why this type of structure is advantageous for realizing efficient
WPT.

1.3 Plan of the chapter

In sec. 2 we introduce a simple network that, nonetheless, allows us to understand resonant
WPT. In that section we will find why it is convenient to introduce matching networks for
improving the efficiency of wireless energy transfer. In addition, the complete network
(including the matching sections), which describe the linear, passive, part of a WPT system,
permits derivation of a relationship between the radio frequency (RF) efficiency and the
parameters (quality factor Q, coupling) of the resonators. In this way, theorethical limits
can be established and the range for WPT and its efficiency are related to the resonators’
parametrization (Q and coupling). A couple of examples of implementations are also
illustrated in order to verify what is experimentally feasible for a WPT system operating at
a fixed distance.
The next section, sec. 3, deals with the analysis method for a more general case: we consider
a methodology which allows the analysis when multiple TX and RX resonators are present.
In particular, we note that, by adding further resonators, it is possible to extend the range
for WPT. In that section also an approach useful for analyzing this type of network with a
common circuit simulator (SPICE) is illustrated.
A crucial block of an inductive power link system is the external power driving unit. The
design of this part of the system is considered in sec. 4; in this section we introduce a
type of oscillator suitable for resonant WPT. When considering inductive links over variable
distances, we observe that the resonant frequency of the system shifts. The proposed power
driving unit automatically adjust itself, thus providing a convenient implementation. An
example, along with its experimental verification, is also presented.
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The quality factor of the resonators is also one of the key elements in the design of resonant
WPT system; sec. 5 describes how to measure the Q for a given resonator. Finally, conclusions
are summarized in the last section.

Fig. 2. A structure showing the inductive coupling between the source (first loop on the left),
the transmitting resonator (second coil from the left), receiving resonator (third coil from the
left) and load (last loop on the right).

2. Network theory for medium–range power transfer

+ ZL
2v

+ ZL
Z1 Z2

Lm

L2

C2

R2
Z2 =Z1

C1

L1

R1

=

A

B C

ZsZs

Fig. 3. A simple network for the study of wireless resonant energy links. The two resonators
are described by Z1 and Z2; R1 and R2 take into account the losses in the resonators.
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Network Methods for the Analysis and Design of Resonant Wireless Power Transfer Systems 5

2.1 A simple network model for coupled resonators

A very simple network for understanding WREL is reported in Fig. 3, where Z1 and Z2 take
into account the resonant element values, and ZS, ZL are the source and load impedances.
By placing a generator of amplitude 2, the computation of S21 is quite straightforward. By
denoting with I1 the current flowing in the circuit on the left side and with I2 the current
flowing in the circuit on the right sight, we may write Kirchhoff’s voltage laws as:

2 = (ZS + Z1)I1 − jωLm I2 (1)

0 = (ZL + Z2)I2 − jωLm I1 . (2)

After finding I1 from I2 by using the second eq., replacing it in the first eq. and solving, we
obtain:

S21 = ZL I2 =
2jωLmZL

(ωLm)2 + (ZS + Z1)(ZL + Z2)
(3)

It is convenient to define the efficiency of the linear, passive, two port network represented in
Fig.1 as:

η = |S21|2 ∗ 100 (4)

By finding I2 from I1, and by using the second eq. while denoting with Zin the equivalent
impedance in series with ZS, we have that, for maximum power transfer, the following
condition holds:

Z∗
S = Zin = Z1 +

(ωLm)2

(ZL + Z2)
(5)

2.1.1 Resonant frequencies

In order to realize resonant WPT, the two resonators must have an equal resonant frequency,
i.e. ωR = 1√

L1C1
= 1√

L2C2
; as long as the resonator coupling is weak, the system has only this

resonant frequency.
As the coupling increases we need to take into account also the effect of the other resonator. To
compute the resonant frequencies, it is advantageous to derive an alternative network. With
reference to Fig. 4 it is also possible to note that the circuit represented in Fig. 4A is equivalent
to the circuit represented in Fig. 4B.
Let us consider the case of two identical resonators with L1 = L2 = L and C1 = C2 = C.
With reference to Fig. 4B, by defining ω0 = 1√

LC
and k = Lm/L, and by considering even and

odd excitations, corresponding to a magnetic (ωm) and an electric resonance (ωe) respectively,
we get the following expressions for the resonant frequencies:

ωm =
1

√

(L + Lm)C
=

ω0
√

(1 + k)
(6)

ωe =
1

√

(L − Lm)C
=

ω0
√

(1 − k)
. (7)

Note that for very small values of k, the resonant frequency is not affected by the presence of
the other resonator. Naturally, as the resonators couple their fields, we note that two resonant
frequencies appears; in addition, by changing the position of one resonator with respect to
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La Lb

Lm

La -Lm -Lm Lb

2Lm2Lm

A

B

Fig. 4. Equivalent network for the coupled inductors. Representation of coupled inductors in
terms of impedance inverter.

the other, will shift the resonant frequency. As a consequence, we need to find an oscillator
that is able to keep track of these frequency shifts. It is wortwhile to point out that the latter
frequency shifts may occur also when inserting more than one receiving resonators.

2.1.2 Maximum efficiency

It is apparent from eq.(3) that the efficiency depends on the values of ZS and ZL. In order to
analytically compute the maximum efficiency let us consider the case of identical source and
load impedance:

ZL = ZS = Z0. (8)

With reference to the circuit of Fig. 3 we note that the efficiency now depends only on the
reference impedance Z0.
The values of L and C depend on the chosen arrangement (i.e. frequency of operation,
dimensions of the coils etc.) and are kept fixed; once the value of k is given, it is possible
to compute the efficiency. By considering identical resonators and at resonance

Z1 = Z2 = R (9)

we have, from eq. (3)

S21(Z0) =
2jω0LmZ0

[

ω2
0 L2

m + R2 + 2RZ0 + Z2
0

] . (10)

By taking the derivative w.r.t. Z0 we have:

∂ | S21(Z0) |
∂Z0

=
2jω0Lm

(

R2 + ω2
0 L2

m − Z2
0

)

[

ω2
0 L2

m + R2 + 2RZ0 + Z2
0

]2
. (11)
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Fig. 5. Computed radio–frequency efficiency (η), for the circuit of Fig. 3, with respect to the
normalized distance for various different values of reference impedance Z0.

The condition
∂ | S21(Z0) |

∂Z0
= 0 (12)

provides the sought value for the reference impedance:

Z0 =
√

R2 + ω2
0 L2

m (13)

or equivalently:
ω2

0 L2
m = Z2

0 − R2; (14)

By inserting the above expression in denominator of eq.(10) we obtain for the S21

S21 =
jω0Lm

[R + Z0]
(15)

which provides:

| S21(Z0) |2=
ω2

0 L2
m

[Z0 + R]2
=

[Z0 − R]

[Z0 + R]
(16)

In Fig. 5 we have plotted the radio–frequency efficiency (η of (4)) with respect to the
normalized distance for various different values of reference impedance Z0. It is important
to note that high values of efficiency are possible only if the reference impedance is low. This
means that, if the distance is fixed, in order to achieve a high efficiency it is appropriate to
use matching networks between the generator and the transmitting coil and between the load
and the receiving coil, that transform the impedances of the load and generator into suitable
values.
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2.2 Matching networks

In order to improve the efficiency we have seen that it is appropriate to introduce matching
networks between the source and the transmitting resonator and between the receiving
resonator and the load. These matching network will adjust the source/load impedance to
the impedances necessary to optimize the efficiency. A possible way to realize the matching
networks is by inserting impedance inverters before the load impedance and after the source
impedance; by doing so we recover the equivalent network shown in Fig. 6.

K12

Inverter

K22

Inverter

K11

Inverter

Rs

1v
+

RL

Z1 Z2

Fig. 6. Narrowband circuit model using impedance inverters; note the presence of the
couplings K11 and K22 to model the input and output loop coupling to the resonator .

Impedance inverters can be realized in a variety of ways. As an example, let us recall the
equivalences reported in Fig. 7, Fig. 8, where it is shown that immittance inverters can be
represented, over a narrow band, in terms of inductive or capacitive networks.

Fig. 7. Realization of immittance inverters in terms of inductive networks. The
corresponding ABCD matrices are also reported.

An alternative approach may also be employed, by using the same resonant coils also as
matching networks. In fact, with reference to Fig. 9, we note that we have connected the
coaxial center line at a certain distance from the end of the coil, thus splitting the inductance.
It may be noted that the equivalences reported in Fig. 10 may be used. Therefore, also in
this case, the representation in terms of immittance inverters can be used. We can therefore
conclude that a fairly general network model for representing WRELs is the one reported in
Fig. 6.
One possible physical realization is e.g. that shown in Fig. 2; the latter is composed of four
coils and two capacitors in a symmetrical structure. We have used 2 mm gauge silver plated
wire to wind the coils and two 330 pF silvered mica capacitors to realize the resonators. The
input and output coils are 65mm diameter single loops, while the resonator coils are 2 turn,
60 mm diameter, 22 mm length coils. The resonator and the input loops are placed on plastic
stands for their positioning.

72 Wireless Power Transfer – Principles and Engineering Explorations
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Network Methods for the Analysis and Design of Resonant Wireless Power Transfer Systems 9

Fig. 8. Realization of immittance inverters in terms of capacitive networks. The
corresponding ABCD matrices are also reported.

It is worthwhile to point out that a rigorous model of the structure in Fig. 2, would have
required to take into account also all the couplings between all the resonators. A rigorous
network for this situation will be illustrated in sec. 3. For the moment, it suffice to say
that the network of Fig. 6 is a very good approximation and applicable for the design of the
input/output coupling sections.
Note that inductive or capacitive networks can also be used to shift the resonant frequencies.

Fig. 9. The coaxial input placed along the helix provides a splitting of the inductance that can
be used for matching purposes, thus avoiding the use of additional transformers.

2.3 Narrow band analysis of coupled resonators systems

The equivalent network shown in Fig. 6 can be analyzed in a very simple way by using
ABCD matrices. We consider coupled resonators identified by their couplings, Q factors,
and resonance frequency; we may express the impedance Z1and Z2 in terms of the resonant

frequency ωo = 1√
LC

, unloaded Q factor, and resonator reactance slope parameter χ =
√

L
C ,

as follows:

73Network Methods for Analysis and Design of Resonant Wireless Power Transfer Systems
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Fig. 10. Equivalent network showing how a splitted inductance can be represented in terms
of immittance inverters.

Z1,2 = χ1,2

[

j

(

ω

ωo
− ωo

ω

)

+
1

Q1,2

]

. (17)

The inductors’ couplings can be modelled as impedance inverters whose value is:

K = ωLm = ωkab

√

LaLb, (18)

where Lm is the mutual inductance and kab the inductive coupling coefficient, La and Lbthe
inductances of the coupled inductors.
The ABCD matrix of a impedance inverter can be written as follows:

[

0 −jK
−j
K 0

]

, (19)

while for a series impedance Z we have:

[

1 Z
0 1

]

. (20)

We can express the input-output ABCD matrix TABCDof the cascade of impedance inverters
and series impedance of Fig. 6 by the following matrix product:

TABCD =

[

A B
C D

]

=

[

1 Zs

0 1

]

·
[

0 −jK11
−j
K11

0

]

·
[

1 Z1

0 1

]

·
[

0 −jK12
−j
K12

0

]

·
[

1 Z2

0 1

]

·
[

0 −jK22
−j
K22

0

]

·
[

1 ZL

0 1

]

(21)
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The elements of the ABCD matrix TABCD are the following:

A =
j[Z2K2

11+ZsK2
12+Z1Z2Zs]

K11K12K22

B =
j[K2

11K2
22+Z2ZLK2

11+ZL ZsK2
12+Z1ZsK2

22+Z1Z2ZL Zs]
K11K12K22

C =
j[K2

12+Z1Z2]
K11K12K22

D =
j[ZLK2

12+Z1K2
22+Z1Z2ZL]

K11K12K22

(22)

By transforming the ABCD matrix to the scattering matrix, and by considering S21, we obtain:

|S21|2 =

∣

∣

∣

∣

2
√

RsRL

A · Rs + B + C · RsRL + D · Rs

∣

∣

∣

∣

2

. (23)

Equation (23) gives the efficiency of the network when Rs and RL are respectively the source
and load impedance. It is apparent that, from (17) and (23), we can express the power
transmission efficiency in terms of the resonators parameters and their couplings.
When considering a symmetrical system, where we have two identical resonator,(Z1 = Z2 =
Z), and symmetrical couplings (K11 = K22 = K), eq. (21) can be simplified as follows:

A =
j[K2+ZsK2

12+Z2
in]

K2K12

B =
j[K2+2·Z·ZinK2+Z2

inK2
12+Z2·Z2

in]
K2K12

C =
j[K2

12+Z2]
K2K12

D =
j[ZinK2

12+ZK2+Zin Z2]
K2K12

(24)

and eq. (23), with input and output reference impedance R, simplifies into:

|S12|2 =

∣

∣

∣

∣

2R

A · R + B + C · R2 + D · R

∣

∣

∣

∣

2

. (25)

2.4 Input and output coupling design

Let us consider the equivalent network of the WREL system shown in Fig. 6; while the
coupling k12 between the resonators coils is dependent on their distance and dimensions,
the input-output couplings must be designed in order to maximize |S21|2. Input and output
impedances, denoted respectively by RS and RL, are in general different; also loop resonator
resistances R1and R2 may be different. Note that at resonance Z1 = R1 and Z2 = R2; in this
case it is straightforward to trasfer the output impedance at the input port, giving:

Rin =
K2

11

R1 +
K2

12

R2+
K2

22
RL

, (26)

where K11 and K22 are, respectively, the input and output inverters values; R1and R2the
loop resistance of the transmitting and receiving resonator, RL the load resistance, and K12the
inverter corresponding to the coupling of the resonators coils. In particular, we can consider
K11 = K22; the matching condition at the input port is:

Rin = RS. (27)
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It follows from (26) and (27) that:

K11 = K22 =

=

√

R2 RL−R1 RS
2 +

√

(R2RL−R1RS)
2+4RL RS(K2

12−R1R2)
2

. (28)

Once the value of the input inverter is obtained it can be realized by different implementations,
like coupled inductors, tapped inductors or capacitive networks as described before. If we
consider a symmetrical structure where we have L1 = L2, Z1 = Z2, Rs = RL = R, from eq.
(17) the eq. (28) can be furtherly simplified as follows:

k11 = k22 =

√

√

√

√

R

L1ωo

√

k2
12 +

(

1

Q

)2

. (29)

In the above eq. k12 is the inductive coupling coefficient between the resonators, Q the
quality factor, ωo the resonance frequency and k11 = k22 are the coupling coefficient of the
input-output loops to the resonators. Once the input-output coupling coefficient is calculated,
one can compute the distance between the coils centers as in Dionigi & Mongiardo (2010).

2.5 Computation of the network elements

The equivalent network is quite useful for modeling wireless resonant energy links in different
conditions, as reported in Dionigi et al. (2009) and Dionigi et al. (2010). Moreover, the values
of the network elements can be derived as described in many references (see for example
sec. 4.1 of Finkenzeller (2003)or Grover (2004) for inductance calculations). In particular, the
coil inductance, expressed in µH, of total length Le, diameter D (expressed in meters), and N
turns, can be written as:

L =
(ND)2

(Le + 0.45D)
. (30)

By denoting with Ri the radius of the i-th coil and by H12 the distance between the center
of resonator 1 and resonator 2, we can compute the magnetic coupling factor K as in Grover
(2004):

K12 = 1.4

(

R1
2R2

2
)

√
R1R2

√

(

R1
2 + H12

2
)3

. (31)

Finally, the mutual inductance is computed by:

M12 = K12

√

L1L2. (32)

2.6 Design of a wireless power transfer system at fixed distance

Fig. 11 illustrates the behavior of the coupling factor k12 between two resonant coils as function
of the center distance, normalized to the coils diameter. Naturally, the coupling decrease with
the distance. Once the value of k12 is given, assuming R = 50Ω and by using (29), it is possible
to compute the input coupling coefficients k11 and k22. Once the latter coupling coefficients are
computed, we can calculate the distance from the input loop of the resonator coil center which
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Fig. 11. Coupling coefficient of a 2 turn, 60 mm diameter coil vs center coils distance
normalized to diameter.
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Fig. 12. Input loop and resonator coil coupling coefficient vs center coil distance for 65 mm
diameter loop and 2 turn, 60 mm diameter, 22 mm length coil.

realize the sought value. Fig. 12 gives the coupling factor of the input loop to the resonator
coil as function of the center distance of the resonator coil.
In Fig. 13 and Fig. 14, the efficiency of the passive, linear part of the system is investigated
as function of the distance and resonators Q factor. Note that the proposed design procedure
allows, for a given type of resonator, thus for given Q and coupling, to find the maximum
efficiency achievable. In addition, as noted in Dionigi & Mongiardo (2011), the design
procedure also permits, for a given distance and efficiency, to find the necessary resonator
quality factor Q.
As an example, we have designed two study cases by separating the resonators coil
centers by 75mm and 100 mm. The calculated input loop inductance is 130 nH. The
transmitting/receiving resonators have been designed for operating at a resonant frequency of
14.56 MHz. The measured Q of the resonators is about 300 and the slope parameter is χ=33.26
Ω. From the design formulas we have calculated the input loop to resonator coil distance of
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Fig. 13. Computed efficiency for coils diameter D=60mm at distances of 1D-5D, as function of
Q factor.

Fig. 14. Computed efficiency as a function of the Q and of the coupling.

15 mm and 25mm, respectively. The scattering parameters of the structure has been measured
by a vector network analyzer (agilent PNA n5230A) assuming input and output impedance
R = 50Ω. In Fig. 15 are reported the calculated and measured efficiency of the coupled
resonator system; it is possible to observe a fairly good agreement. It can be also noted that, at
100mm distance, it is not possible to reach very high efficiency values; this is mainly due to the
low Q factor of the resonators. It is clear from the theory that higher transmission efficiencies
can be reached only if very high Q resonators are used (see also Dionigi & Mongiardo (2011)).
As a further example, the structure of Fig. 16 has been optimized for WPT at different
distances. The system is composed of a pair of resonator made of a single loop inductor
of diameter 20 cm and a couple of capacitors made of two rectangular pieces of high quality
teflon substrate metallized on both sides. In this way a high quality capacitor is obtained.
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Fig. 15. Simulated and measured efficiency at 75 and 100 mm resonators coils center distance.

Fig. 16. A resonant WPT link with matching networks.

The teflon substrate is a taconic TLY5 with thickness of 0.51mm. A capacitance of about 72
pF is easily obtained, and, by trimming the edge of the substrete, an accurate tuning of the
resonators is obtained. The system has been tuned and measured. In Fig. 17 -Fig. 18 and
19 we have reported the efficiencies of the linear part as obtained by using a Vector network
analizer.
Due to the resonators quality factor of about 350 a high efficiency is obtained at a distance of
10 cm. In this configuration the linear part of the WPT system delivers the power to the load
almost like a direct connection. As the distance between the two resonators increases a drop
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Fig. 17. Measured efficiency at 10 cm resonators coils center distance; the corresponding
normalized distance is 0.5. The normalized distance is defined as the ratio between the coils
distance and their diameter.
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Fig. 18. Measured efficiency at 20 cm resonators coils center distance; the corresponding
normalized distance is 1.

of the efficiency is measured, although at the distance of 30 cm an efficiency of about 77% is
reached.

3. General analysis of WRELs

3.1 The general network model for coupled resonators

A more general analisys technique can be adopted when multiple resonators are employed.
In this case, cross coupling between resonators is possible and a more accurate analisys can be
implemented. In Fig. 20, as an example, three mutually coupled inductors are shown.
An equivalent network of the structure of Fig. 20 is illustrated in Fig. 21.
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Fig. 19. Measured efficiency at 30 cm resonators coils center distance; the corresponding
normalized distance is 1.5.

Fig. 20. Photograph of resonant conducting wire loops: the first and last resonator are,
respectively, the source and the load. The resonator in the middle extends the operating
range.

We can compute the solution of the circuit of Fig. 21 in the standard manner. By defining the
impedance Zi with i = 1, 2, 3 as

Zi = j

(

ωLi −
1

ωCi

)

+ Ri (33)
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Fig. 21. Equivalent network of the wireless resonant energy link configuration shown in the
previous figure.
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Fig. 22. Reflection and transmission coefficient of the circuit with three resonators.

and by calling with A the system matrix and with I the currents vector we can write:

A · I =

⎡

⎢

⎢

⎢

⎢

⎣

jωLa + Rs −jωLa 0 0 0
−jωLa Z1 jωM12 jωM13 0

0 jωM12 Z2 jωM23 0
0 jωM13 jωM23 jZ3 −jωLb

0 0 0 −jωLb jωLb + RL

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

I1

I2

I3

I4

I5

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎣

2
0
0
0
0

⎤

⎥

⎥

⎥

⎥

⎦

(34)

For scattering parameters computation it is possible to use the excitation scheme shown in
Fig. 21with two 1 V generators; by considering this arrangement we have:

S11 = 1 + I1Rs; S21 = −I5RL (35)

The measured and calculated response of the circuit of Fig 21 is shown in Fig. 22. It is apparent
that a direct coupling between the input resonator and the output one adds a transmission
zero to the transmission coefficient.
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Fig. 23. Equivalent network for spice computation of scattering parameters.

The analysis of a multicoil system can be obtained extending eq.s (34-35). In the general
case no assumption can be made on the mutual couplings of the different coils. This affects
the solution matrix producing non zero elements above and below the second diagonal row.
Discarding the capacitive coupling the solution matrix elements can be written as follows:

Ai,k =

{

−jωMi,k

j
[

ωLi − 1
ωCi

]

+ Ri.

if i �= k

if i = k
(36)

This methodology, although well known, pave the way to the analysis and optimization of
very complex structures that may arise from the necessity of extending the range of a WPT
system while controlling the field values.

3.2 Spice computation of scattering parameters

With reference to the circuit illustrated in Fig. 21, our goal is to obtain a characterization of
the circuit. A simple modification of the input section allows us to find out the scattering
parameters directly from spice computations. By considering Fig. 23 and by denoting with Z0

the reference impedance, we have

S11 =
Z1 − Z0

Z1 + Z0
(37)

and

V1 = 2
Z1

Z1 + Z0
. (38)

By solving the above eq. for Z1

Z1 = 2
V1Z0

2 − V1
, (39)

and, by substituting into (37), we obtain:

S11 = V1 − 1 (40)

From the circuit in Fig. 23 it is apparent that the voltage between points A and B provides the
scattering parameter S11.
Concerning S21 we have:

S21 =
V2 − I2Z0

V1 + I1Z0
. (41)

When the port 2 is terminated by its reference impedance the following relationship holds:

I2 = −V2

Z0
, (42)
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Fig. 24. Power driving unit schematic, based on a Royer oscillator.

which yields:

S21 = 2
V2

V1 + I1Z0
. (43)

By considering that:

I1 =
V1

Z1
(44)

we get:

S21 = 2
V2

V1

1

1 + Z0/Z1
(45)

which, after substitution of (39) into (44), provides the sought result:

S21 = V2 (46)

By using the above formulation it is possible to obtain an accurate frequency domain and time
domain analisys of the circuit by using a standard spice symulator.

4. Design of the power driving unit of the wireless link

A crucial block of an inductive power link system is the external power driving unit. Usually,
class E power amplifiers are employed; unfortunately, they require square pulses to drive the
circuit which, in turn, may affect the optimum value of the power added efficiency (PAE).
A power oscillator is therefore a better choice and it is designed to simultaneously ensure
high efficiency and higher harmonics rejection. A possible equivalent circuit topology is
schematically reported in Fig. 24. It consists of a differential power oscillator formed by
combining a cross-coupled MOSFET structure with a resonant load network. The latter is
used as the primary side link coil of the power link system. For power transfer a secondary
resonator is used, and is also reported in Fig. 24. The entire link of Fig. 24 is considered for
the oscillator analysis to account for the variation of the coupling strength with coils distance
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D(mm) K12 fosc (KHz) PDC (W) VTX (V) ITXres (A) VRXres (V) IRXres (A) VL (V) PL (W)

50 0.3426 201.50 53.70 36.80 20.00 34.50 18.30 27.00 33.20

100 0.1267 225.00 43.50 36.80 20.40 28.60 18.44 23.10 24.30

150 0.0603 230.30 19.60 36.70 21.60 16.50 9.40 12.40 7.06

200 0.0334 230.80 12.00 36.50 21.00 9.50 5.40 6.80 2.13

300 0.0133 231.00 9.00 36.70 21.00 4.40 2.35 2.60 0.31

Table 1. Circuit simulated currents voltages and power.

when determining the oscillator actual load. In this way its nonlinear operating regime
and oscillation frequency may be computed. At the oscillator side, the source resonator is
represented by a resonant circuit (L1,L2,C1). This circuit couples with the secondary resonator
(L4,C2) via the magnetic field in free–space (the electric field being mainly confined in the
lumped capacity). Thus, the coupling behaviour is described in terms of the inductances L1,
L2 and L4 and their mutual coupling K2 and K3.
A circuit level non linear analysis of the oscillator regime may carried out by time-domain
simulation or by means of the Harmonic Balance technique, specialized for autonomous
circuits Rizzoli (1994). In the latter case, harmonic content of the oscillator waveforms and the
actual frequency dependence on the linear subnetwork are accounted for with no limitations.
Oscillator steady state regimes for varying distances between primary and secondary coils
are then computed together with the associated output power and conversion efficiency. The
linear embedding network is either described by rigorous EM analysis or by the equivalent
circuit representation previously discussed in this chapter, at all the frequencies of interest,
up to the harmonic order needed to accurately describe the oscillator nonlinear regime. For
the case study considered here, the primary coil inductance Lp, expressed in µH, with a total
length Le, diameter D (expressed in meters), and N turns, may be modelled by using eq.(30).
By denoting with ri the radius of the i-th coil and by d12 the distance between the center of the
primary and secondary resonators, the magnetic coupling factor K may be predicted using
eq.(31).
The Q factor of the inductor is included in its circuit model to predict the effective load
network. The most significant quantities resulting from simulations of the entire power
transmission system, are summarized in Table 1 for varying distances between coils; the
corresponding coupling factor K12, is also reported in the same table for clarity. For the
present analysis the supply voltage is fixed at 12V and a reference system load of 22 Ohm
is considered. From the computed DC current (IDC), the oscillator power consumption (PDC

) is derived. The phasors of the output voltages and currents, VTX and ITX , at oscillation
frequency, are used to predict the transmitter output power, the power entering transferred
to the oscillator load. As expected, VTX is proportional to the supply voltage and does not
significantly vary with the coil distances and thus with the system load. For completeness
currents and voltages in the secondary resonator (ITXres, IRXres) and the current in the primary
one ITXres, are reported in the same table too.
The system dependence on the coils distances and on the coupling factor is evident from the
voltages and currents phasors of the receiver resonator branches, VRX and IRX , and of the load
branch, VL and IL. By means of these quantities the system efficiency, computed as:

ηosc(%) =
PL

PDC
(47)
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may be quantified and plotted as in Fig. 26. It can be observed that the transmission efficiency
is a nonlinear function of the transmitter and receiver distance and can only be predicted
by the simultaneous co-design of the power oscillator and of the coupling resonators. For
example, it is interesting to note that transmission efficiency depends on the intensity of the
H field. This dependence tells us that, in order to have high efficiency, we have to position the
receiver in the high H field intensity zone of the transmitter. Once again, the current flowing
in the transmitting resonant circuit, ITXres, is also used to evaluate the magnetic field produced
by the transmitting coil in the axial position. In particular, we can calculate the value of the
magnetic field along the axis at the center of the coil by using the following expression:

H =
ITXres Nr2

(2 (r2 + d2))
3/2

(48)

where ITXres is the current in the coil, N is the number of turns, r the radius of the coil and d
the distance of the observation point along the coil axsis fron the center of the coil. Measured
and computed values of the magnetic field are compared in Fig. 27.
Previous results may be used as a suitable starting point for a dedicated system design in a
specific application environment. For example, once the range of primary and secondary coil
distances is established, the desired oscillator band is derived and a broadband optimization
may be carried out to enhance the starting point performances in terms of output power and
conversion efficiency. These quantities directly determine the efficiency of the entire wireless
power transmission system. Design variables may be the DC voltage range and the oscillator
linear embedding network, including geometrical parameters of the primary and secondary
coils.
For the setup shown in Fig. 25, the resonant coils are made of a 2 turn silver-plated wire
with 3 mm gauge wounded with 180 mm diameter, the coils length are about 30 mm. For the
starting point system analysis, both coils are connected in parallel with a 390 pF polypropylene
capacitor. Their lengths may be adjusted to tune the resonant frequencies.

5. Resonators’ quality factor measurement

5.1 Measuring resonant frequency and Q factor

The measurement of the resonant frequency and Q factor of resonators is based principally
on two techniques, namely the reflection method and the transmission method (see e.g. pag.
53 and following of Kajfez (1998)). It is interesting to note that it is not possible to measure
directly the unloaded Q of a resonator but only its loaded Q. This is due to the necessity
to couple the resonator to an external circuitry in order to pick the measurement signal.
However, a simple modeling of the test structure allows one to de-embed the unloaded Q
from the measured loaded Q.
In Fig. 28 an equivalent circuit of a resonator, composed by L2,C2 and R2, coupled
to a measuring probe, is described. The measuring probe construction depends on the
characteristics of the resonator. In order to measure the Q of a resonator for wireless power
transfer, a simple inductive loop is sufficient.

By introducing ω0 = 1√
L2C2

and Q0 = ω0 L2
R2

, the input impedance Zi at the probe port is given

by:
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Fig. 25. Photograph of the transmitting circuit and the resonant conducting wire loops
together with one euro coin. Note that the resonant coil is excited at its center.

Fig. 26. Computed power transmission efficiency defined as the ratio of the power delivered
to the 22 Ohm resistor and the power drawn from the 12 V power supply.
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Fig. 27. Measured and computed values of the magnetic field long the axis at the center of
the coil.
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Fig. 28. Equivalent circuit of a resonator (on the right side) coupled to a measuring probe (left
side).

Zi = jωL1 +

(ωM)2

R2

1 + jQ0

(

ω
ω0

− ω0
ω

) . (49)

By choosing a small reactance value ωL1, we can neglect it, and, at the resonant frequency, the
input impedance is given by:

Zi = Ri =
(ωM)2

R2
. (50)

It is convenient to further simplify the frequency dependance as follows:

ω

ω0
− ω0

ω
⋍ 2

ω − ω0

ω0
; (51)

accordingly, eq. (49) can be rewritten as follows:

Zi =
Ri

1 + jQ02 ω−ω0
ω0

(52)
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Fig. 29. Reflection coefficient versus ω.

with he corresponding input reflection coefficient expressed as:

Γi =
Zi − Rc

Zi + Rc
(53)

where Rc is the reference impedance of the probe port. When we consider a resonant
frequency ω → ∞ we detune the resonator and the input impedance become Zi = 0; the
reflection coefficient Γd for the detuned resonator becomes Γd = −1.
If we consider the complex number Γi − Γd, it can be expressed by the following eq.:

Γi − Γd =
2 Ri

Rc

1 + Ri
Rc

+ jQ02 ω−ω0
ω0

. (54)

Given κ = Ri
Rc

it is clear that it represents the ratio of the power dissipated in the internal
resistance and that trasmitted to the output port; by denoting with Γir the reflection coefficient
at resonance, we have:

Γir − Γd =
2κ

1 + κ
(55)

which is a real number. A graphical representation of Γi − Γd is illustrated in Fig. 29.
As shown in Kajfez (1998), the following relation holds for loaded and unloaded Q:

QL =
Q0

1 + κ
(56)

and eq.(54) can be rewritten as follows:

Γi − Γd =
2

(

1 + 1
κ

) (

1 + jQL2 ω−ω0
ω0

) . (57)
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Fig. 30. An example of a measured transmission coefficient.

If we consider the angle φ in Fig. 29, we can compute the loaded quality factor QL. It can be
observed that:

tan(φ) = −QL2
ω − ω0

ω0
(58)

In order to measure QL, one may select two frequencies, denoted by f3and f4, where φ = −45°
and φ = 45°, respectively, thus obtaining:

QL =
f0

f3 − f4
(59)

Finally, once κ is computed from eq. (55), we have the value of the unloaded Q:

Q0 = QL(1 + κ). (60)

5.1.1 The two port method

The two port measurement can be easily obtained from the previous formulation by
considering, instead of the reflection coefficient, the transmission coefficient between two
coupled probes. An example of a measured transmission coefficient is given in Fig. 30.
In this case, the relation between the loaded and unloaded Q is the following Kajfez (1998):

QL =
Q0

1 + κ1 + κ2
(61)

where κ1 and κ2depend on the input and output coupling.
It is possible to measure the loaded Q factor from the relative transmitted power by simply
computing the ratio between the resonant frequency and the half relative power bandwidth
as follows:

QL =
f0

∆ f
. (62)
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Fig. 31. Measurement setup with inductive loops and the resonator at the center.

Provided that a measure of the values of κ1 and κ2 has been performed, the unloaded quality
factor is obtained as follows:

Q0 = QL(1 + κ1 + κ2). (63)

In particular, when the resonator is weakly coupled to the input and output loops, a simpler
correction can be applied to the measured loaded QL factor as follows:

Q0 =
QL

1 − |S21|2
. (64)

This correction is widely used in practical cases.

5.2 Measurement set-up

In order to measure the resonant frequency and the Q factor of the resonators, two different
setups can be adopted which depend on the chosen measurement type. The main instrument
needed is a Vector Nework Analyzer (VNA) and a single or a couple of coupling probes. In
case of magnetically coupled resonators, circular inductive loops (balanced input) are used; a
picture showing the measuring setup is given in Fig. 31.
There are some precautions that have to be followed: the first is to avoid conductive or
magnetic materials close to the resonator because they can alter the magnetic field distribution
and lead to unaccurate measurement. A second precaution is to test whether is necessary to
add a 1:1 balun, between the balanced loop and the coaxial probe, in order to avoid unwanted
current distributions on the measuring cables.
The distances between the loops and the resonator have to be adjusted in order to have
the smallest coupling which still provide accurate measurements and, usually, an averaged
measurement is employed.
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Fig. 32. Lorentzian fitting of the power transmission coefficient.

Once the measurement has been performed, it is possible to obtain the resonant frequency
and the loaded Q factor either directly on the VNA, or by performing a fitting of the power
transmission coefficient with a suitable peak fitting function.
As an example, a Lorentz function (see Fig. 32), whose expression is given by the following
formula, may be used:

y( f ) = y0 +
2A

π

w

4( f − f0)2 + w2
(65)

where y0 is a constant value A is an amplitude scaling value, w the half power bandwidth
and f0 the resonant frequency. By following this procedure, a quite accurate measurement of
resonant frequency and quality factor can be accomplished.

6. Conclusions

We have considered the problem of resonant wireless electromagnetic energy transfer over a
medium range (from a fraction to a few times the resonator dimension). It has been shown
that, by using network theory, considerable progress is feasible and a very high efficiency is
attainable for the resonant inductive link. In particular, if the distance between the resonators
is kept constant, by a suitable design of the matching networks, an optimal connection can be
established for a given quality factor and coupling of the resonators.
For the case of resonators operating over variable distances, a new power oscillator, based on a
Royer topology, has been proposed and an entire system has been studied and experimentally
verified. A methodology for the analysis of more complex structures, including multiple
transmitting and receiving resonators, has also been illustrated and Q measurement has been
discussed.
As a final remark we note that resonant wireless power transfer is a new methodology, still
under rapid development (see e.g. the notes of the workshop organized by Chen & Russer
(2011)), which can be of considerable help in many practical problems: from electrical vehicle
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charging Imura et al. (2009), to implanted device in the human body Zhang et al. (2009), to
immortal sensors Watfa et al. (2010), to battery free operated devices.
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which analytical methodologies, numerical simulation techniques, measurement techniques and methods, and

applicable examples are investigated.
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