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1. Introduction

“The most incomprehensible thing about the world is that it is at all comprehensible” (Albert
Einstein), but the question is how do we fully understand incomprehensible things?
Nonlinear science provides some clues in this regard (He, 2009).

The world around us is inherently nonlinear. For instance, nonlinear evolution equations
(NLEEs) are widely used as models to describe complex physical phenomena in various
fields of sciences, especially in fluid mechanics, solid-state physics, plasma physics, plasma
waves, and biology. One of the basic physical problems for these models is to obtain their
travelling wave solutions. In particular, various methods have been utilized to explore
different kinds of solutions of physical models described by nonlinear partial differential
equations (PDEs). For instance, in the numerical methods, stability and convergence should
be considered, so as to avoid divergent or inappropriate results. However, in recent years, a
variety of effective analytical and semi-analytical methods have been developed to be used
for solving nonlinear PDEs, such as the variational iteration method (VIM) (He, 1998; He et
al., 2010), the homotopy perturbation method (HPM) (He, 2000, 2006), the homotopy
analysis method (HAM) (Abbasbandy, 2010), the tanh-method (Fan, 2002; Wazwaz, 2005,
2006), the sine-cosine method (Wazwaz, 2004), and others. Likewise, He and Wu (2006)
proposed a straightforward and concise method called the Exp-function method to obtain
the exact solutions of NLEEs. The method, with the aid of Maple or Matlab, has been
successfully applied to many kinds of NLEE (He & Zhang, 2008; Kabir & Khajeh, 2009;
Borhanifar & Kabir, 2009, 2010; Borhanifar et al., 2009; Kabir et al., 2011). Lately, the (G'/G)-
expansion method, first introduced by Wang et al. (2008), has become widely used to search
for various exact solutions of NLEEs (Bekir & Cevikel, 2009; Zhang et al., 2009; Zedan, 2010;
Kabir et al., 2011). The results reveal that the two recent methods are powerful techniques
for solving nonlinear partial differential equations (NPDEs) in terms of accuracy and
efficiency. This is important, since systems of NPDEs have many applications in
engineering.
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112 Heat Conduction — Basic Research

The generalized forms of the nonlinear heat conduction equation can be given as

u,—a(u"), —u+u"=0, a>0,n>1 (1.1)

and in (2 + 1)-dimensional space

up—a(u")y —a("),, —u+u" =0, (1.2)

The heat equation is an important partial differential equation which describes the
distribution of heat (or variation in temperature) in a given region over time. The heat
equation is a consequence of Fourier's law of cooling. In this chapter, we consider the heat
equation with a nonlinear power-law source term. The equations (1.1) and (1.2) describe
one-dimensional and two-dimensional unsteady thermal processes in quiescent media or
solids with the nonlinear temperature dependence of heat conductivity. In the above
equations, u= u(x,y,t) is temperature as a function of space and time; u, is the rate of change

of temperature at a point over time; u,, and u,

, are the second spatial derivatives (thermal

conductions) of temperature in the x and y directions, respectively; also u, and u, are the

temperature gradient.

Many authors have studied some types of solutions of these equations. Wazwaz (2005) used
the tanh-method to find solitary solutions of these equations and a standard form of the
nonlinear heat conduction equation (when n=3 in Eq. (1.1)). Also, Fan (2002) applied the
solutions of Riccati equation in the tanh-method to obtain the travelling wave solution when
n=2 in Eq. (1.1). More recently, Kabir et al. (2009) implemented the Exp-function method
to find exact solutions of Eq. (1.1), and obtained more general solutions in comparison with
Wazwaz's results.

Considering all the indispensably significant issues mentioned above, the objective of this
paper is to investigate the travelling wave solutions of Egs. (1.1) and (1.2) systematically,
by applying the (G'/G)-expansion and the Exp-function methods. Some previously
known solutions are recovered as well, and, simultaneously, some new ones are also
proposed.

2. Description of the two methods

2.1 The (G'/G)-expansion method
Suppose that a nonlinear PDE, say in two independent variables x and t, is given by

P(u/ut/ux/uxxlutt'utx"") =0, (21)

or in three independent variables x, y and t, is given by
P(ulutluxluy/uxxluyy/u[tlutxlutyl'") = 0/ (22)
where P is a polynomial in its arguments, which include nonlinear terms and the highest

order derivatives.
Introducing a complex variable 7 defined as
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u(x,t)y=U(n) , n=k(x—ct) (2.3)

or
u(x,y,t)y=U(n) , n=k(x+y—ct) (2.4)

Eq. (2.1) and (2.2) reduce to the ordinary differential equations (ODEs)

P(U, —ko',kU', k2un’ k2c2u"’ _kZCU",. d ) = O, (25)

and
P(U,~kel', kU, kU, K*U", KU, k*c*U",~k*cU",~k*cU",--) =0, (2.6)

respectively, where k and ¢ are constants to be determined later. According to the (G'/G)-
expansion method, it is assumed that the travelling wave solution of Eq. (2.5) or (2.6) can be

expressed by a polynomial in (Ej as follows:

m G' 1
U@m) =) (—j +a, a, #0 2.7
e (2.7)

where «,, and «;, for i=1,2,...,m, are constants to be determined later, and G(7)

satisfies a second-order linear ordinary differential equation (LODE):

*Gn) , 2450 |, Gy =0

in? in (2.8)

where A and u are arbitrary constants. Using the general solutions of Eq. (2.8), we

have
[52 [52
C; sinh 4 4’”77 +C , cosh du
A~ 4u ’ A 2 a0
2 2_ 2 2/ 7
G cosh{“izzl'unJ +C, smh[ du n
G'(n) _ 29)
G(1) [4,- 12 22 '
4p- 22 2 2 A,
5 - - X AT =4u<0,
Clco{ A= 77}+C sir{ pot J
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and it follows from (2.7) and (2.8), that

o-gel(e)" (548 ]

(i+1) [%j2 +2(2i+1) (%]1 +i (A% +2u) (%j (2.10)
+uA (2i-1) (%}H + 2 (i-1) (%)i_z

and so on. Here, the prime denotes the derivative with respective to 7 .

m
u'=> i
i=1

To determine u explicitly, we take the following four steps:

Step 1. Determine the integer m by substituting Eq. (2.7) along with Eq. (2.8) into Eq. (2.5) or
(2.6), and balancing the highest-order nonlinear term(s) and the highest-order partial
derivative.

Step 2. Substitute Eq. (2.7) with the value of m determined in Step 1, along with Eq. (2.8) into

Eq. (2.5) or (2.6) and collect all terms with the same order of (%) together; the left-hand

!

side of Eq. (2.5) or (2.6) is converted into a polynomial in (Ej . Then set each coefficient of

this polynomial to zero to derive a set of algebraic equations for k,c,a, and ¢;, for
i=1,2,...,m.

Step 3. Solve the system of algebraic equations obtained in Step 2, for k,c, o, and «;, for
i=1,2,..,m, by use of Maple.

Step 4. Use the results obtained in the above steps to derive a series of fundamental
!

solutions u(7) of Eq. (2.5) or (2.6) depending on (%j ; since the solutions of Eq. (2.8) have

been well known for us, we can obtain exact solutions of Egs. (2.1) and (2.2).

2.2 The Exp-function method
According to the classic Exp-function method, it is assumed that the solution of ODEs (2.5)

or (2.6) can be written as

8
a, exp(nn)
n=z—f _agexp(fn)+---+a_ exp(=gr)

q ) et b —an)
S b, exp(imn) , exp(pn) +-+-+b_, exp(—qn)

m=—p

u(n) = (2.11)

where f,g,p and g are positive integers which are unknown, to be further determined, and

a, and b, are unknown constants.
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3. A generalized form of the nonlinear heat conduction equation

3.1 Application of the (G'/G)-expansion method
Introducing a complex variable 7 defined as Eq. (2.3), Eq. (1.1) becomes an ordinary

differential equation, which can be written as

—keU'—ak®>U"Y -U+U" =0, a>0 (3.1)

or, equivalently,

—keU' - ak*n(n - DU 2U"? - ak*nU"'U"-U +U" =0, (3.2)

To get a closed-form analytic solution, we use the transformation (Kabir & Khajeh, 2009;
Wazwaz, 2005)

-1

U(n) =V (n), (3.3)

which will convert Eq. (3.2) into
ke(n—1)V'V? + ak*n(1-2n)V"* + ak*n(n-1)VV" - (n -1)*V? + (n -1)*V? =0, (3.4)

According to Step 1, considering the homogeneous balance between VV" and V'V? in Eq.
(3.4) gives

2m+2=3m+1, (3.5)
so that

m=1. (3.6)

!

G
Suppose that the solutions of (3.4) can be expressed by a polynomial in (Ej as follows:

!

Vi =oy+oy (%j ,  oq#0. (3.7)

where ¢, and « , are constants which are unknown, to be determined later.
Substituting Eq. (3.7) along with Eq. (2.8) into Eq. (3.4) and collecting all terms with the same

power of (%j together, the left-hand side of Eq. (3.4) is converted into a polynomial in

(Ej Equating each coefficient of this polynomial to zero yields a set of simultaneous

algebraic equations for «;, o, ,k,c,4A and u. Solving the system of algebraic equations

with the aid of Maple 12, we obtain the following.
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Case A: When A% —4u>0
Case A-1.

1.2 3 R S W~ 69
P 4 1= T =T . s =+ .
2 2224y J22 — 4y na \[32 _4y

where A and u are arbitrary constants.

aoz

By using Eq. (3.8), expression (3.7) can be written as

1 A 1 (¢
V)=~ =, .
) 2+2J/12—4ﬂ+\//12—4y[Gj )

Substituting the general solution of (2.9) into Eq. (3.9), we get the generalized travelling
wave solution as follows:

2 _ 2 i
G sinh[lzzl’unJ +C, cosh[/lzll’un]

2 _ 2 _
C cosh[izél’u?]J +C, sinh[lzél’un]

Vi) =—| 1+

, (3.10)

where

_ - 1 1 17
n\/_ \/22 4/1( ft)

inserting Eq. (3.10) into Eq. (3.3), it yields the following exact solution of Eq. (1.1):

ool €y sint 2 2L ()| +Cpcosh = 2L v | | -
’ Clcosh( n\/_(x+\/—t)j+czsinh( n\/_(x+x/_t)j 1)

in which C; and C, are arbitrary parameters that can be determined by the related initial
and boundary conditions.
Now, to obtain some special cases of the above general solution, we set C, =0; then (3.11)

leads to the formal solitary wave solution to (1.1) as follows:

u(x, t) = B(l + tanh(ir ;n_\/lﬁ (x2 \/Zt)mn_l , (3.12)

www.intechopen.com



Exact Travelling Wave Solutions for
Generalized Forms of the Nonlinear Heat Conduction Equation 117

and, when C; =0, the general solution (3.11) reduces to

-1

u(x, )= B(l + coth(ir ;n_\/lﬁ (xt \/Et)jﬂn_l

Comparing the particular cases of our general solution, Egs. (3.12) and (3.13), with
Wazwaz’s results (2005), Egs. (73) and (74), it can be seen that the results are exactly the
same.

Case A-2.

(3.13)

~

1 A R S o SR SR - 614
=, 1_—, =1 . 7 - = .
2 2 a2 —apu JA2 — 4y na \[32 _4y

Inserting Eq. (3.14) into (3.7) yields

1 A 1 (G
V() =—- - &1, .
=3 2J2% -4y \//12—4,1(GJ G15)

Substituting the general solution of (2.9) into Eq. (3.15), we obtain

_ — — -
G sinh{wn] +C, COSh[WUJ
2 2
[2 2 ’
G cosh[“un} +C, sinh [/14#77}
2 2

Q

<
—~
3

Il

I
—_

|

(3.16)

! (x¢\/5t).

n-1
where 7=1% .
nva \/12 —4u

Substituting Eq. (3.16) into the transformation (3.3) leads to the generalized solitary wave
solution of Eq. (1.1) as follows:

1
n-1

Cysin( 221 (x:t) | +C cosh 2 21 (vt

Ccosh 22~ L (x5ar) |+ Cysin{ 2 L x5

Similarly, to derive some special cases of the above general solution (3.17), we choose
C, =0 ; then (3.17) leads to

u(x,t)=| 2| 1- (3.17)

-1

u(x,t) = B(l - tanh(i ;n_\/la (x% JEt)mn_l , (3.18)
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and, when C; =0, the general solution (3.17) reduces to
1
1 n-1 n-1
u(x,t)=|=| 1-coth| + x Fat
(x,1) {2( co [ zn\/E( +f)m , (3.19)

Validating our results, Egs. (3.18) and (3.19), with Wazwaz's solutions (2005), Egs. (71) and
(72), we can conclude that the results are exactly the same.

Case B: When A° —4x<0
Case B-1.

n-1 i
= c=%Va (3.20)

1 i
L S N NS ,
2 ofan 2 T iR ma 4. 22

Inserting Eq. (3.20) into (3.7) results

Vi) =te A (9] (3.21)
2 ofau-22 Jau-22\G) '

Q)

Substituting the general solution of (2.9) for 2?41 <0 into Eq. (3.21), we get

- — — ]
-C sin[ﬁﬂzﬂnJ +C, COS[W?]J
V(n) = % 1+i - - , (3.22)
2 2
where
a4, 22
Using the following transformation,
n= ié’/
. 4u-A? .. 4u—2°
sinh| ~—¢ |=—isin| ————7 |, _
[ > ¢ ] [ , 7 (3.23)

4/1—/12 4y—/12
h| —¢ |= —1n
Cos [ é’j cos[ n

in Eq. (3.22) and substituting the result into (3.3), we obtain the following exact solution of
Eq. (1.1):

www.intechopen.com



Exact Travelling Wave Solutions for

Generalized Forms of the Nonlinear Heat Conduction Equation 119
n-1
G smh( f(x+\/_t)]+C2icosh( f(x+\/_t)j
wx by =|=| 1+ 2n 2n : (3.24)
C, cosh x +at) | +C,i sinh + 1= xi\/gtj
ycosh 2 2 L () o Cosn 221 e )

We note that if we set C, =0 and C; =0 in the general solution (3.24), we can recover the

solutions (3.12) and (3.13), respectively.
Case B-2.

S | N N, (3.25)

1
2 2\/4/4 22 \/4/1 2 nda Japu-22

Inserting Eq. (3.25) into (3.7) leads to

1 i i (G
v (3.26)
=3 0 Jau-22 Jau- ,12(GJ

Substituting the general solution of (2.9) for A% —4u <0 into Eq. (3.26), we have

2 — 2 )]
_c, Sm{\ﬂﬂzﬁ ”J*CZCOS[W "J
1
V(in)=—|1-i , (3.27)
2 1, _ 22 (4, 42
Clcos[élﬂzﬂnJ+Czsin[4’uz/1nJ
i
in which xF-Jat).
"= n\/— Jau- ( )

Using the transformation (3.23) into Eq. (3.27), and substituting the result into (3.3) yields
the following exact solution:

C,sinh| +——=(x t) |+C,icosh X t >
! ( n”l\/la( +\/—)j § [ ”\/7( +\/_)]
gl % S Clcosh( 22n\/z(x+\/_t)]+C21 Slllh( 2n ,—(x+\/—t)j §

Similarly, if we set C, =0 and C; =0 in the general solution (3.28), we arrive at the same
solutions (3.18) and (3.19), respectively.

3.2 Application of the Exp-function method
In order to determine values of f and p , we balance the term v° with 0" in Eq. (3.4); we have

,03 _ €1 exp(3f77)+---, (329)
caexp(3prn) +--
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oot = 3 XP(2Sf +3pln) +---
cyexp(dpn) +---

(3.30)

where c; are determined coefficients only for simplicity. Balancing the highest order of the
Exp-function in Egs. (3.29) and (3.30), we have

3f+2p=2f+3p, (3.31)
which leads to the result

r=f, (3.32)

Similarly, to determine values of ¢ and g, we have

o3t diexp(-3gn)
-+ dy exp(=3q17)

(3.33)

p_t dyexp(—[2g+3g]n)
-+ +dy exp(-5pn)

e (3.34)

where d; are determined coefficients for simplicity. Balancing the lowest order of the Exp-
function in Egs. (3.33) and (3.34), we have

38+2q=2g+3q, (3.35)
which leads to the result
q=_§- (3.36)

Case A: p=f=1,9=g=1

We can freely choose the values of p and g . For simplicity, we set p=f =1 and g=g¢=1,
so Eq. (2.11) reduces to

_ exp(n) +d + a4 exp(-7)

, 3.37
exp(1) by +b1 exp(-7) §37
Substituting Eq. (3.37) into Eq. (3.4), and making use of Maple, we arrive at
1
Z[C4 exp(41) + c3 exp(317) + ¢, exp(217) + c1 exp(n7) + ¢ + c_1 exp(-77) (3.38)
+c_p exp(—2n) +c_yexp(-3n) +c_yexp(—4n)] =0,
in which
A =[exp(n) +by + b exp(-n)]*, (3.39)
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And the ¢, are coefficients of exp(117). Equating to zero the coefficients of all powers of

exp(nn) yields a set of algebraic equations for fy,by,41,0.1,b_1,k , and c. Solving the
system of algebraic equations with the aid of Maple 12, we obtain:

Case 1.

ay=0,by=0,a,=0, ay=by, by=by, k=22l cosia (3.40)

A 2na

Substituting Eq. (3.40) into (3.37) and inserting the result into the transformation (3.3), we
get the generalized solitary wave solution of Eq. (1.1) as follows:

=
u(x,t) = b_, exp(-n) n-1
, exp(’?) + b—l eXp(—n)

(3.41)

n-1
where ﬂ:iz

~p (x ¥ \/Et) and b_; is an arbitrary parameter which can be determined by

the initial and boundary conditions.
If we set b;=1 and b, =-1 in (3.41), the solutions (3.18) and (3.19) can be recovered,
respectively.

Case 2.

610=0, bozo/ a1=1, aflzolb—lzbfll k:i n_l 4 C:$\/E (3.42)

2n\/5

By the same procedure as illustrated above, we obtain

-1

u(x, t) = [ exp(7) T—l , (3.43)

exp(n7) +b_, exp(-77)

n-1

in which 7 =% (X ++Jat ) and b_; is a free parameter.

2n\a

If weset b_; =1 and b_; =-1 in (3.43), then it can be easily converted to the same solutions
(3.12) and (3.13), respectively.
Case 3.

na

and consequently we get
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-1

| ag +agby exp(-7n) n-1
u(x,t){ 0 exg(‘; b } , (3.45)

n-1
where 7=1% NP (Xi”\/;t) and ay, by, are arbitrary parameters; for example, if we put
nva

by =0, solution (3.45) reduces to

1

u(x,t) = [ao (coshz —sinh n)]ﬁ ) (3.46)
Case 4.
a; =0, ay=ay, by =by, by =—ay(ay—by), a_y =—ay(ay —by),
n-1 (3.47)
k=+ , c=+Ja
na
and

[ m-mm-bexpcn)  Jrt
o) |:exp(77) +by —ag(ay - bo)exp(—n)} ’ (3.48)

n
where 7=% (x$\/at) and a,, b, are free parameters; for example, if we set

nva
ay =1, by =0 in Eq. (3.48), it can be easily converted to

-1

u(x,t)= {%(1 —cothn + CSChT]):|n_1 , (3.49)

Case 5.

111 :1, ﬂOZO/ b():bo’ b_lZOI a_lzor k:i:ll\_/all Czi\/a (350)

and finally we obtain

-1

_| _exp(p) |1
u(x,t)_pr(ﬂHbJ . (3.51)

n-1

in which 7 =% (x T \/Et) and b, is a free parameter.

n\a

CaseB: p=f=2,g=9=1
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Since the values of ¢ and f can be freely chosen, we can put p=f=2and g=g¢=1, the
trial function, Eq. (2.11) becomes

_ ayexp(2) + 4y exp(y) + ag + 4y exp(-7)

p 3.52
exp(27) + by exp(7) + by + b exp(—7) (3:52)

By the same manipulation as illustrated above, we have the following sets of solutions:

Case 1.

2na
Substituting Eq. (3.53) into (3.52), we have
0(17) = ag exp(-217), (3.54)

Substituting Eq. (3.54) into Eq. (3.3), we get the generalized solitary wave solution of Eq.
(1.1) as

1
u(x, t) = [ay exp(~27)"1, (3.55)

n-1
2na
{exp(n) = coshn + sinh7n

where =% (x+n/at) and a, is an arbitrary parameter. Using the transformation

) , Eq. (3.55) yields the same solution (3.46).
exp(-77) = coshn —sinhz

Case 2.

a,=0,ay=by, by=by, by =0,a,=0,a,=0,b, =0,k=i;n:/1;, c=tJa  (356)

Substituting Eq. (3.56) into (3.52), we have

by

i exp(277)+by

(3.57)

Inserting Eq. (3.57) into (3.3), it admits to the generalized solitary wave solution of Eq. (1.1)
as follows:

-1
b n-1
u(x,t) = {m} ’ (3.58)

n-1
where 7=% 2nda (xF+/at) and by is a free parameter.
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We note that if we set a4, = b, in Eq. (3.48), we can recover the solution (3.58).

Case 3.

ay=0,ay=0,by=0,by=b_y,a,=b,,a,=0,b=0, k== n-1 C=i\/E (3.59)

3n\/E ’

Substituting Eq. (3.59) into (3.52) we obtain

o(n) = b_, exp(-7)
exp(277) +b_y exp(-n)

(3.60)

and by inserting Eq. (3.60) into (3.3), we get the generalized solitary wave solution of (1.1) as

-1
- n-1
oy :[ b_, exp(-7)
exp(277) +b_y exp(-7)

, (3.61)

n-1
Sn\/a

initial and boundary conditions.

in which =+ (xF+Jat) and b_, is a free parameter that can be determined by the

4. The generalized nonlinear heat conduction equation in
two dimensions

4.1 Application of the (G'/G)-expansion method
Using the wave variable (2.4) transforms Eq. (1.2) to the ODE

—kell' - 2ak*(U") -U+U" =0, a>0 (4.1)
or, equivalently,
—keU' - 2ak*n(n - 1)U"2U'? - 2ak* nU"U"-U +U" =0, (4.2)
Then we use the transformation (3.3), which will convert Eq. (4.2) into
ke(n-1)V'V? +2ak’n(1-2n)V"™? + 2ak’n(n - 1)VV" = (n - 1)°V° + (n-1)°V> =0,  (4.3)

By the same manipulation as illustrated in Section 3.1, we obtain the following sets of
solutions.

Case A: When A? —4u>0
Case A-1.

1 A n-1 1
c=72a (44)

1
_1 o =  k=xl ,
2+2~//12—4u NPTy 2 JA2—au

20
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By the same procedure as illustrated in Case A-1 of Section 3.1, Egs. (3.9) and (3.10), we can
finally find the generalized solitary wave solution of Eq. (1.2) as

n-1

ey b)=| 5|1+ lem};({ nf((x +y+f_it))+c2°°Sh(+2';51(x+y+mt)j (4.5)
1COS 2nd2a x+yt t)]+Czsmh[ n\/_(x+yix/ﬂt)]

in which C; and C, are arbitrary parameters that can be determined by the related initial

and boundary conditions.
Now, to obtain some special cases of the above general solution, we set C, =0 ; then (4.5)

leads to

-1

u(x,y,t) = {1(1+tanh( n\/_(x+y+\/_t)jﬂ (4.6)

and, when C; =0, the exact solution (4.5) reduces to

—1

u(x,y,t){%[ucoth( » r(x+y+\/_ t)m (4.7)

Comparing the particular cases of our general solution, Egs. (4.6) and (4.7), with Wazwaz's
results (2005), Egs. (87) and (88), it can be seen that the results are exactly the same.
Case A-2.

(X_l ﬂ, o = —1 k_+1’l—1 1 C_+\/£ (48)
0~ A~ s 1= s - = . / - = .
2 222 -4y JA2 -4y n2a (32 _ 4,

By the similar process as illustrated in Case A-2 of Section 3.1, Egs. (3.15) and (3.16), we can
easily gain the following exact solution of Eq. (1.2):

C;sinh X+YF J2at) |+C ,cosh nel x+y—\/ﬂt
u(x,y,t)= % 1- 1 ( n\/_( i )] i ( 2”\/2_( i )j (4.9)

clcosh[ nr(x+y+mt)j+czsmh[ N_(xwmt)j

Similarly, to derive some special cases of the above general solution, we choose C, =0 ; then

(4.9) leads to the formal solitary wave solution as follows:

-1

u(x,y,t) = B(l tanh[ > \/_(x+ y 724 t)m (4.10)
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and, when C; =0, the general solution (4.9) reduces to
4

u(x,y,t) = [2(1 coth( - \/_(x+y+x/_ t)m 4.11)

Validating our results, Egs. (4.10) and (4.11), with Wazwaz's solutions (2005), Egs. (85) and
(86), it can be seen that the results are exactly the same.

Case B: When A% - 4u<0
Case B-1.

PN S ”‘1 =TV (4.12)

2 a2 \/4/1 22’ V2a oy 22

By the same manipulation as illustrated in Case B-1 of Section 3.1, Egs. (3.21)-(3.23), we can
finally obtain the following exact solution:

-1

C sinh(w_L n-1 x+y+x/_t]+C ICOSh(i x+y+ \/_tj -
u(x,y,t)y=|=| 1+ : 21%/5( ) i Zn\/_( ) (4.13)
Clcosh(izz\/zlfa(x+y+\/_t)]+c2l smh( n\/l_(eryi\/Zt)j

We note that, if we set C, =0 and C; =0 in the general solution (4.13), we can recover the
solutions (4.6) and (4.7), respectively.
Case B-2.

c=+2a (4.14)

0(0=

1 Ji i '
2 2\/4;4—/12'“1_\/4#—42' n\/_ \/4;1 22

Similar to Case B-2 of Section 3.1, we can find the following result:

n-1
C sinh( x+y+\/7t j+C zcosh[ 1 x+y$@tj
u(x,y,t) = 1 : ”\/?( ) ' 2”\%—”( ) (4.15)
Clcosh( zn\/ﬂ(x+y+\/7t)j+sz smh( 2n\/_a(x+y$@t)j

In particular, if we take C, =0 and C; =0 in the general solution (4.15), we arrive at the

same solutions (4.10) and (4.11), respectively.

4.2 Application of the Exp-function method
By the same manipulation as illustrated in Section 3.2, we obtain the following sets of
solutions.
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Case 1.

aq1=4ay4, i :0/ EIOZO, bOZOI b—lza—llkz n-1 7 CZi@ (416)

I+

Substituting Eq. (4.16) into (3.37) and inserting the result into the transformation (3.3), we
get the generalized solitary wave solution of Eq. (1.2) as follows:

-1

[ agexpln) e
”<x’y’t)‘pr(n)lw_lexp(—n) ’ G+17)

n-1
where n:im(awyi@t) and 44 is an arbitrary parameter which can be

determined by the initial and boundary conditions.
If we set 21 =1 and a4 =-1 in (4.17), the solutions (4.10) and (4.11) can be recovered,
respectively.

Case 2.

n-1
a,=0,b,=0,a,=1,a,=0,b,=b,, k== , C=F2a 418
0 0 1 1 1 1 21’1@ ( )

By the same process as illustrated in the previous case, we obtain

exp(1) et
u(x,y,t)= { , (4.19)
exp(17) + by exp(-7)
in which == n-1 (x +y+ \/Zat) and b_; is a free parameter.
2nv2a

If weset b_; =1 and b_; =-1 in (4.19), then it can be easily converted to the same solutions
(4.6) and (4.7), respectively.
Case 3.

a1 =40ay, {/'ll:O, HOZO, b—1:0r bO:O/k:i nyl C=$1’l\/5 (420)

2n\2a’

and consequently we get

-1 -1
u(x,y,t) =[a_ exp(-27)]n-1 =[ a_; (cosh 2y —sinh 277) |n-1, (4.21)

n
where 7=+ 2n2a (x tyE ”\/Zt) and a_; is an arbitrary parameter.
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Case 4.
b, +ay’ n-1
a,=1, ay=a,, a,=0,b,=b,, by=—1—0_ =+ , C=F2a 4.22
1 0 0 1 1 1 0 a n@ ( )
and
1
n-1
exp(n)+a
u(x,y, 1) = - Ii(a)z 0 , (4.23)
exp(n) + ==+ by exp(-n)
0
where =+ n_z (x+yi\/ﬂt) and a,, b_, are free parameters.
nv2a
Case 5.
2
a,+a n-1
a,=0,a.=a,, agy=a,,b i=a,by=—1—0 k=+ ,c=i\/ﬂ 4.24
1 1 17 o =g, U4 1+ Do o T (4.24)
and finally we obtain
=
n-1
u(x,y,t) = T + a1 exp(7) (4.25)

2
exp(77) + alaﬁ +a_ exp(-7)
0
n-1
n2a
Remark 1. We have verified all the obtained solutions by putting them back into the original
equations (1.1) and (1.2) with the aid of Maple 12.
Remark 2. The solutions (3.12), (3.13), (3.18), (3.19), (4.6), (4.7), (4.10), (4.11) have been
obtained by the tanh method (Wazwaz, 2005); the other solutions are new and more general
solutions for the generalized forms of the nonlinear heat conduction equation.

in which == (x+yF+2at) and ay, a_; are free parameters.

5. Conclusions

To sum up, the purpose of the study is to show that exact solutions of two generalized forms
of the nonlinear heat conduction equation can be obtained by the (G'/G)-expansion and the
Exp-function methods. The final results from the proposed methods have been compared
and verified with those obtained by the tanh method. New exact solutions, not obtained by
the previously available methods, are also found. It can be seen that the Exp-function
method yields more general solutions in comparison with the other method. Overall, the
results reveal that the (G'/G)-expansion and the Exp-function methods are powerful
mathematical tools to solve the nonlinear partial differential equations (NPDEs) in the terms
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of accuracy and efficiency. This is important, since systems of NPDEs have many
applications in engineering.
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