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1. Introduction 

At a gas–liquid interface, many complicated phenomena such as evaporation, condensation, 
electrokinesis, and heat and mass transfer occur. These phenomena are widely seen in 
various industrial and chemical systems. In chemical or biochemical reactive operations, 
bubble columns are used for increasing the mass transfer through the interface and for 
enhancing the separation of mixtures by rectification and water purification (Hong and 
Brauer 1989; Álvarez et al. 2000). However, the interfacial phenomena have various time 
and space scales (multi-scale) that are interrelated at the interface. Therefore, modeling gas–
liquid interfaces over a wide range of scales spanning molecular motion to vortical fluid 
motion is very difficult, and this has remained one of the key unresolved issues in 
multiphase flow science and engineering since a long time. In particular, the mechanism for 
bubble coalescence/repulsion behaviour is unknown, although it is a superficially simple 
behaviour and fundamental phenomena in bubbly flows. In order to evaluate the interfacial 
interactions such as bubble coalescence and repulsion quantitatively, we need a new gas–
liquid interfacial model based on the multi-scale concept which is expressed mathematically 
and that takes into account physical and chemical phenomena and heat and mass transfer at 
the interface. 
In the theoretical point of view, the interfacial equation for a macroscopic-scale gas–liquid 
interface is mainly characterized by a jump condition. The macroscopic interface is 
discontinuous, and its physical properties such as density, viscosity, and temperature have 
discontinuous values. The jump condition has been discussed in terms of the mechanical 
energy balance (Scriven, 1960; Delhaye, 1974) using Stokes’ theorem, the Gauss divergence 
theorem, differential geometry and so on. In these theorems, a test volume is considered at 
the interface between two continuous phases. In the derivation, the surface force acting on 
the discontinuous interface is modeled using the Young–Laplace equation. However, in 
such a mechanical approach, the definition of the curvature is unclear at the interface, and 
the surface tension coefficient is treated as a macroscopic experimental value. The interfacial 
model, which is based only on the mechanical energy balance, cannot take into account 
detailed physical and chemical phenomena occurring at the interface. In particular, the 
contamination at the interface, which is related to electric charges, is important for an 
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interfacial interaction. Craig (2004) and Henry and Craig (2008) have discussed the effects of 
specific ions on bubble interactions. They have reported that bubble coalescence is affected 
by the ions adsorbed at the interface, combination of these ions, and the electrolyte 
concentration. Others have similarly reported the importance of electrolytes in bubble 
coalescence (Marčelja, 2004; Ribeiro & Mewes, 2007; Tsang et al., 2004; Lessaard & 
Zieminski, 1971). In our experimental research on microbubble flow (Yonemoto et al., 2008), 
some patterns have been observed with respect to microbubble coalescence. Microbubble 
coalescence has been estimated analytically using the film thinning theory. Results have 
shown that microbubble coalescence cannot be explained based only on hydrodynamics. 
That is to say, our results indicate the importance of mass transfer, which is related to 
contamination at the interface, for interfacial interaction.  
Recently, the phase field theory (Cahn & Hilliard, 1958) and van der Waals theory 
(Rowlinson & Widom, 1984), wherein the interface is assumed to be a diffuse interface with 
a finite thickness, have been applied to perform numerical research on multiphase flow. The 
surface force is evaluated by the free energy defined at the interface and depends on both 
concentration (or density) and its gradient. Anderson et al. (1998) have reviewed the diffuse-
interface models of hydrodynamics and their application to various interfacial phenomena. 
In their study, the diffuse-interface model was associated with the sharp-interface model 
(Delhaye, 1974). But the multi-scale concept was not expressed in concrete terms.  
In a previous study (Yonemoto & Kunugi, 2010a), a thermodynamic and mathematical 
interfacial model that takes into account the multi-scale concept has been developed on the 
basis of the phase field theory (Cahn & Hilliard, 1958). In this model, we assumed that the 
interface has a finite thickness and that free energy is defined at the interface. In particular, 
the free energy is derived on a microscopic scale (Hamiltonian); this includes the 
electrostatic potential due to contamination at the interface. The free energy is incorporated 
into the Navier–Stokes (NS) equation by using the Chapman–Enskog expansion (Chapman 
& Cowling, 1970), which mathematically discriminates the time and space scales of the 
interfacial phenomena. Finally, a new equation governing the fluid motion, called the multi-
scale multiphase flow equation, is derived. The multi-scale multiphase flow equation has 
been proven to have the potential to simulate interfacial interactions (Yonemoto & Kunugi, 
2010b). In the simulation, microbubble interaction is simulated and a liquid film between 
them is observed when the bubbles interact with each other. In the present study, the multi-
scale multiphase flow equation, which is the mesoscopic interfacial equation, was further 
discussed, and a macroscopic interfacial equation was derived based on our interfacial 
model. In particular, an interfacial jump condition treated by thermodynamics was derived 
from the multi-scale multiphase flow equation, and the thermodynamic interfacial jump 
condition was then compared with the conventional jump condition. In addition, we 
derived the Kelvin equation based on both the multi-scale multiphase flow equation 
(Yonemoto & Kunugi, 2010a) and the thermodynamic jump condition. The present results 
indicate that our interfacial model can theoretically support various interfacial phenomena 
characterized by thermodynamics from a multi-scale viewpoint (micro to macro).  

2. Multi-scale multiphase flow equation 

In a previous study (Yonemoto & Kunugi, 2010a), the multi-scale multiphase flow equation 
was derived based on the phase field theory (Cahn & Hilliard, 1958). In the derivation, we 
assumed that the interface has a finite thickness similar to that of a fluid membrane 
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(mesoscopic interface). The concept of the gas–liquid interface is shown in Fig. 1. 
Experimental observations of bubble interactions (Craig, 2004; Henry & Craig, 2008) 
revealed that contamination at the interface may be an important factor. With this in mind, 
the contamination at the interface was associated with an electrostatic potential due to an 
electric double layer at the gas–liquid interface, and the free-energy equation, including the 
electrostatic potential, was then derived from a lattice-gas model (Safran, 1994):  

 ( ) d
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d
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The first and the second terms on the right-hand side of Eq. (1) denote the free energy in 
homogeneous and inhomogeneous systems, respectively. Coefficients a [J/m3], b [J/m3], c 
[1/m3], and d [J/m] in Eqs. (1) and (2) have constant values. In Eqs. (3) and (6), sumU  is 
related to an intermolecular potential. These values include microscopic physical 
information (Yonemoto & Kunugi, 2010a). The symbols of zi [-], e [C], Ve [V], and ψ  [-] are 
the charge number, elementary charge, electrostatic potential, and order parameter, 
respectively. The third term on the right-hand side of Eq. (2) is related to the contamination 
at the interface. In general, the surface tension is evaluated by the surface tension coefficient 
and the curvature characterizing the macroscopic shape of the interface. As mentioned 
earlier, in our model, the interface has a finite thickness similar to that of a fluid membrane 
(Fig. 1). For an interface with finite thickness, it is very difficult to determine the geometric 
shape of the interface. Therefore, the surface tension should be considered from the free 
energy at the interface rather than from the curvature (Fialkowski et at., 2000; Yonemoto et 
al., 2005). Moreover, there are many physical and chemical processes at the interface that are 
characterized by various time and space scales. Therefore, in order to consider the various 
scale interactions that may arise among interfacial phenomena, the Chapman–Enskog 
expansion (Chapman & Cowling, 1970) was applied to the NS equation. Here, the original 
NS equation is expressed as 

 D

D t
ρ ρ= − ⋅ +∇ Τu

g  (7) 
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where ρ  [kg/m3], u  [m/s], T  [N/m2], g  [m/s2], and t [s] represent the fluid density, 
velocity, stress tensor, acceleration due to gravity, and time, respectively.  
 

 

Liquid phase 

Gas phase 

Fluid-membrane 

Gas phase 

Interface 

Liquid phase 

 
Fig. 1. Concept of a gas–liquid interface: macroscopic and mesoscopic image of the interface 

Stress tensor T  [N/m3] is defined as P= −T I τ . The shear stress is τ [N/m2]. Pressure 
P [N/m2] is the mechanical pressure, hereafter represented by mechP . At this point, the 
operators D / Dt  and ∇  must include the various time and space scales (multi-scale 
concept). Therefore, in order to discriminate their scales, the Chapman–Enskog expansion 
was applied to D / Dt  and ∇  in the NS equation. The operators D / Dt  and ∇  were 
decomposed into the following expressions by using the small parameter ε : 

 2 k kε ε ε(0) (1) (2) ( )= + + + ⋅ ⋅ ⋅ + + ⋅ ⋅ ⋅∇ ∇ ∇ ∇ ∇  (8) 

 2

(0) (1) (2) ( )

D D D D D

D D D D D

k

kt t t t t
ε ε ε= + + + ⋅ ⋅ ⋅ + + ⋅ ⋅ ⋅  (9) 

Here, superscript k (k = 0, 1, 2...) represents the scale of the phenomena, which becomes 
smaller as (k) increases. For example, the superscript (0) corresponds to the macroscopic 
scale. In Eqs. (8) and (9), the small parameter ε  is defined as / Lε δ= . The symbols of δ  
[m] and L [m] represent the characteristic lengths of the interface and the vortical fluid flow, 
respectively. After substituting Eqs. (8) and (9) into Eq. (7) and performing a simple tensor 
analysis, we obtain a new governing equation: 

 ( ) ( )(0) (1) (1) (1) (1)
0(0) (1)

D D
( )

D D
f d

t t
ρ ερ ε ψ ε ψ ψ ρ

′
+ = − ⋅ + ⋅ − ⋅ +∇ ∇ ∇ ∇ ∇u u

T I g  (10) 

In the derivation, the free energy (Eq. (1)) is associated with thermodynamic pressure using 
the Maxwell relation. This equation is the multi-scale multiphase flow equation (Yonemoto 
& Kunugi, 2010a). 
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3. Jump condition at gas–liquid interface 

3.1 Momentum jump condition 

An interfacial phenomenon is complex and interpreted as a discontinuous problem. The 
interface separates two continuous equilibrium phases. When the curvature radius is 
considerably larger than the thickness of the interface, the equilibrium force balance at the 
interface is given by the following equation based on the interfacial coordinates shown in 
Fig. 2: 

 { } { }G L G G G G L L L L G

d
( ) ( ) 2 0

d
P P H

s

σσ+ − − + ⋅ − − + ⋅ − − =$ $ τ τM M n n n n n t  (11) 

 

Ln

Gn

t

Liquid phase 

Gas phase 

sInterface 

Gas phase 

Interface 

Liquid phase 

 
Fig. 2. Interfacial coordinates at the gas–liquid interface 

where the subscripts L and G represent liquid and gas phases, respectively. This is called the 
momentum jump condition at the interface. The symbols σ  [N/m], kP  (k = G, L) [N/m2], 
and s [m] are the surface tension coefficient, pressure, and coordinate along the interface, 
respectively. The mean curvature is denoted by the symbol H; here, 1 2( ) / 2H κ κ= + , where 

1κ  and 2κ  [1/m] are the principal curvatures. The bold symbols kn , t , and kτ  [N/m2] are 
the unit normal, unit tangential vector, and shear stress, respectively. kM  [kg/ms] ( k

$Μ  
[N/m2] is the time derivative of kM ) denotes the term related to mass transfer through the 
interface. In this paper, we call this equation the conventional jump condition. The jump 
condition at the interface is characterized by the curvature related to the shape of the 
interface, which means that the interface is a mathematical interface with zero thickness. 
Therefore, we consider the jump condition to be a macroscopic interfacial equation. 

3.2 Derivation of thermodynamic jump condition 

Here, the interfacial jump condition treated by thermodynamics is derived using the  
multi-scale multiphase flow equation (Eq. (10)). We call this derived condition the 
“thermodynamic jump condition” because Equation (10) is based on the thermodynamic 
concept (Yonemoto & Kunugi, 2010a).  
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Fig. 3. Fluid membrane comprising elemental interfaces: (a) Fluid membrane, (b) Elemental 
interfaces. Interpretation of the fluid membrane based on interfacial coordinates 
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Fig. 4. Elemental interface {i} with interfacial coordinates in a fluid membrane 

The interfacial jump condition is mainly considered in the moving coordinate system. This 
means that this jump condition is discussed under the condition that the relative velocity 
between the convected interface and fluid motion that convects the interface is neglected. In 
particular, assuming that the interface is in the steady state, the left-hand side of Eq. (10) 
(substantial derivative term) is neglected. In this study, phase changes such as evaporation 
and condensation and the effect of gravity on the interface are not considered. Therefore, 
Equation (10) reduces to 

 ( ) ( )(0) (1) (1) (1) (1)
00 ( )f dε ψ ε ψ ψ= − ⋅ + ⋅ − ⋅∇ ∇ ∇ ∇ ∇T I . (12) 

Because Equation (11) is based on the interfacial coordinate system, Equation (12) is also 
transformed into an equation based on the interfacial coordinate system. 
Before the concrete derivation of the thermodynamic jump condition, a mathematical 
operation is prepared. First, a test interface is defined as shown in Fig. 3. The test interface is 
divided into many elemental interfaces along the normal coordinate perpendicular to each 
elemental interface. We assume that the curvature is constant along the normal coordinate 
with respect to all elemental interfaces. Figure 4 shows representative interface {i} for a 
number of elemental interfaces. Next, the interfacial coordinate system is considered at 
point P on its interface. The tangential axes are represented by s1 and s2, and n is the normal 
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axis. Unit vectors 1t , 2t , and kn (k = G or L) are defined on the s1, s2, and n axes, 
respectively. The unit vectors are orthogonal to each other. The direction of Ln  is upward, 
and Gn  is opposite to Ln (i.e., L G 1 2= − = ×n n t t ). In the present study, we focused on the 
local interface; therefore, general covariance (Aris, 1962) such as the change in the tangential 
vector along the interface is not considered. 
Because ( )1 2, ,iu s s n=  and ( ), ,ix x y z= , the operator ∇  is transformed into the interfacial 
coordinate system, which leads to  

 1 2

1 2s s n

∂ ∂ ∂
= + +

∂ ∂ ∂
∇ t t n   (13) 

Thus, the operator ⋅∇ ∇  becomes 

 
2 2 2

1 2 2 2 2

1 2

( )
n s s n

κ κ ∂ ∂ ∂ ∂
⋅ = + + + +

∂ ∂ ∂ ∂
∇ ∇  (14) 

where 1κ  and 2κ  are the principal curvatures at the interface. In what follows, for the sake 
of simplicity, only the s1–n coordinate system is considered. Using Eqs. (13) and (14), we can 
rewrite Eq. (12) as 
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1/ 0s∂ ∂ =τ  and (0)

mech 1/ 0P s∂ ∂ =  at the interface. Then, the integration of 
Eq. (15) from −∞  to +∞  along the n axis gives 
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The superscripts in terms n(0) and n(1) in Eq. (15) can be omitted in Eq. (16) because there is 
no difference between the normal directions n(0) and n(1) over the integration. The first term 
on the right-hand side of Eq. (16) is calculated as follows: 

 L

G

L mech L L G Gd ,
P

P
P P P− = − −∫n n n  (17) 

and the second term is 

 L
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L L L G Gd⋅ = ⋅ + ⋅∫
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where i i ecz eVπ ψ=  [N/m2]. The function iπ  (i = L or G) represents contamination at the 
interface (liquid or gas phase). The surface tension coefficient under the flat surface is 
defined as follows (Rowlinson & Widom, 1984):  
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Equation (20) is substituted into Eq. (19) and is transformed in order to consider the relation 
between Eqs. (11) and (19).  
Using Eq. (20), we can rewrite the third and fourth terms on the right-hand side of Eq. (19) 
as 
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In Eq. (21), although the curvature depends not only on the s1, s2 directions but also on the n 
direction, as shown in Fig. 5, we do not consider the change in the curvature in the normal 
direction because the interface is very thin. In Eq. (22), the replacement of 1/ 0s∂ ∂ =  by 

1d / d 0s =  means that the dependency of the surface tension coefficient on the s2 coordinate 
is not considered. After substituting Eqs. (20), (21), and (22) into Eq. (19) and adding the 
terms with respect to the s2 coordinate in Eq. (19), we derive the following equation: 
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This equation is the thermodynamic jump condition at the interface and is obtained by 
assuming that many elemental interfaces lie on the interface with a finite thickness and 
integrating it over the normal direction. The free energy is defined at the interface and is 
derived from the microscopic viewpoint (Hamiltonian) (Yonemoto & Kunugi, 2010a). 
Therefore, Equation (23) considers multiple scales from microscopic to macroscopic. In 
order of appearance, the physical meaning of each term in Eq. (23) is discussed as follows: 
a. The effects of the pressure, contamination at the interface, and shear stress caused by 

the fluid motion (gas phase side) on the interface 
b. The effects of the pressure, contamination at the interface, and shear stress caused by 

the fluid motion (liquid phase side) on the interface 
c. The conventional surface tension, known as the Young–Laplace formula  
d. The gradient of the surface tension in the tangential direction; this term differs from the 

conventional term in Eq. (11), and we discuss this difference in Section 3.4 
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e. The synergy effect of the change in ψ  in the normal and tangential directions at the 
interface 

f. The change in the normal direction with respect to the ψ  gradient in the tangential 
direction; this term arises if the ψ  gradient changes in the tangential direction at the 
interface of the gas or liquid phase 

g. The Marangoni effect term, which depends on the temperature difference because of 
the temperature-dependent coefficients a and b 

h. The effect of contamination in the tangential direction 
i. The change in the tangential direction with respect to the ψ  gradient in the tangential 

direction; this term may simply be the tensile force 
j. The synergy effect, which is the same as term (e); however, this term is slightly different 

from term (e) because this term includes the curvature  
k. The synergy effect of the change in the tangential direction with respect to the ψ  

gradient in the s1 and s2 tangential directions 
l. The effect of the change in the tangential direction with respect to the ψ  gradient in the 

tangential direction; this term may simply be the tensile force, and the tangential 
directions are different from term (i). 
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Fig. 5. Curvature through the interface 

3.3 Order estimation of jump condition 

We now consider the order estimation of the thermodynamic jump condition. The 
characteristic velocity, length, density, viscosity, interfacial thickness, surface tension 
coefficient, and electrostatic potential at the interface are 0U [m/s], L[m], ( ) / 2l gρ ρ ρ= +  
[kg/m3], 0μ [kg/ms], δ [m], 0σ [N/m], and 0V [V], respectively. The characteristic pressure 
is 2

0Uρ  or 0P  [N/m2], and the interfacial wavelength is 1λ  (s1 axis) or 2λ  (s2 axis) [m]. 
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First, Equation (23) is divided by 2

0Uρ  and then normalized by other characteristic values. 
In particular, we normalize n, 1κ , and 2κ  by δ  and s1 and s2 by 1λ  and 2λ , respectively. 
This normalization reduces Eq. (23) to 
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In Eq. (24), the dimensionless numbers are  
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Of these equations, we especially focus on Eq. (25b).  
Focusing on the electrical repulsive and hydrodynamic forces, we discuss a situation in 
which two bubbles either coalesce or bounce off each other. In terms (a)', (b)', and (h)' of Eq. 
(24), the dimensionless number N represents the relationship between the electrostatic force 
due to contamination at the interface and the hydrodynamic force. With respect to the 
dimensionless number N, we assume a situation in which bubbles A and B interact and 
there is a difference in the velocities of the bubbles, as shown in Fig. 6. Here, we simply take 
the interfacial electrostatic potential of an experimental value as the measured ζ  potential 
of gas bubbles (Graciaa et al., 1995). The measured ζ  potential is on the order of tens of 
millivolts. The density is 103 [kg/m3], and δ  is 10−9 [m]. The elementary charge is 10−19 [C]. 
If the characteristic length L corresponding to the bubble diameter is 1 [mm], and the 
characteristic velocity corresponding to the relative bubble velocity between bubbles A and 
B is 1 [m/s], then the order of the inverse of the dimensionless number N in terms (a)', (b)', 
and (h)' becomes 10−2. This means that the electrostatic force due to contamination can be 
ignored when compared with the hydrodynamic force. However, if the characteristic 
velocity is 0.01 [m/s], the order of the inverse of the dimensionless number N becomes 102, 
and the electrostatic force due to contamination is significant when compared to the 
hydrodynamic force. This order estimation indicates that the dimensionless number N may 
be important for evaluating bubble coalescence and repulsion when focusing on both the 
electrostatic potential at the interface and the bubble velocity. In contrast, assume a situation 
where the relative bubble velocity between bubbles A and B is 0, as shown in Fig. 6 (i.e., the 
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u2

u2 , u1=0
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                   Vf: Fluid velocity           u1,2: Relative velocity              u1,2: Relative velocity 

Fig. 6. Schematic of two microbubbles 
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characteristic velocity is the bubble velocity). If the bubble velocity approaches zero and the 
bubble diameter decreases, the inverse of the dimensionless number N increases. This 
indicates that the electrostatic force due to contamination at the interface is significant when 
compared to the hydrodynamic force, although it depends on the magnitude of the 
electrostatic potential at the interface. In other words, it is difficult to deform the bubble; it 
maintains a spherical shape except for the effect of the electrostatic force or mass transfer at 
the interface. In this situation, the dimensionless number N roughly explains that the 
breakup of a small bubble has difficult occurring if the bubble diameter is very small.  

3.4 Consideration of surface tension gradient 

The thermodynamic jump condition seems to be the same as the conventional jump 
condition when we focus on terms (a)–(d) in Eq. (23). However, the detailed formula of (d) 
differs from that of the conventional one. In this section, we discuss term (d). 
The interfacial coordinate system shown in Fig. 7 is reconsidered using the same notations 
as in Section 3.2: n, s1, and s2. Vector t  is defined on the l axis and consists of 1t  and 2t . Unit 
vectors 1t  and 2t  are the tangential vectors of the s1 and s2 axes, respectively. Here, 

1 2= +t t t . However, the coordinate system in Fig. 7 has different implications from the 
implication in Fig. 4: the interface shown in Fig. 7 is a statistical interface obtained after 
integrating the elemental interfaces of Fig. 4. This means that the integrated interface is the 
macroscopic interface in which the interface can be recognized geometrically, such as a 
plane or spherical surface. Based on these concepts, we discuss term (d). 
 

s1

s2

n 

n
t2 

t1 2α

1α

l

β

P 

 
Fig. 7. Statistical local interface 

Let f  denote term (d) in Eq. (23). This term can be expressed as  
 

 1 2= +f f f  (27) 
 

Equation (27) is a resultant force with respect to the gradient of surface tension in the 
tangential direction. In this equation, force 1f  is the gradient of the surface tension defined 
on the s1 axis, and force 2f  is defined on the s2 axis as follows: 
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Fig. 8. Vector diagram in the s1–s2 tangential plane: (a) Unit base vector t1, t2 (t=t1+t2),  
(b) Surface force f1, f2(f=f1+f2) 

Therefore, an image of Eq. (27) is represented by a vector diagram, as shown in Fig. 8. The 
direction of f  is arbitrary in the s1–s2 plane, as shown in Fig. 8b, because the magnitude 
of 1f  is not always equal to that of 2f . However, if the magnitude of 1f  is equal to that 
of 2f , then 

 
1 2s s

σ σ∂ ∂
=

∂ ∂
 (30) 

This equation indicates that the direction of f  is parallel to that of the l axis. Therefore, the 
resultant force f  is revaluated by using vector #t , which is a unit tangential vector of the l 
axis. Eventually, Equation (27) is transformed as follows: 
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In this equation, #t  is t / t . By replacing term (d) in Eq. (23) with Eq. (31), we establish that 
the thermodynamic jump condition agrees with the conventional condition except for terms 
(e)–(j) in Eq. (23). This result suggests that the conventional jump condition holds under the 
conditions of Eqs. (20) and (30). Therefore, the conventional jump condition is restricted to 
spherical bubbles or droplets and is inaccurate when the relationship between the surface 
tensions of the s1 and s2 directions is imbalanced. 

4. Consideration of Kelvin equation  

We consider the equilibrium state where the gas and liquid phases coexist and temperature 
is constant. The gas–liquid interface is a flat surface. In this situation, the amount of evaporated 
liquid from the gas phase to the liquid phase is determined by the relationship between the 
saturated vapor pressure and ambient pressure if the temperature is constant. The vapor in 
the gas phase condenses to the liquid phase when the ambient pressure is increased to 
greater than the saturated vapor pressure. On the other hand, the liquid evaporates to the 
gas phase when the ambient pressure is decreased to less than the saturated vapor pressure. 
This is formulated by considering the changes in chemical potential thermodynamically. 
The same discussion is applied to a bubble and droplet. However, a bubble or droplet has a 
curvature. The vapor pressure of a droplet takes a different value when the interface has a 
curvature. The concrete equation is as follows (Butt et al., 2003).  
 

 
*

2
ln

R

mP H V

TP

κ σ⎛ ⎞ =⎜ ⎟
⎝ ⎠

 (32) 

 

In this equation, *P  and Pκ  represent the vapor pressures where the gas–liquid interface is 
flat and with a curvature, respectively. H  [1/m3], σ  [N/m], mV  [m3/kg], R  [J/kg K], and 
T  [K] are the mean curvature, surface tension coefficient, specific volume, gas constant, and 
temperature, respectively. Equation (32) is mainly derived based on both the Gibbs–Duhem 
equation and Young-Laplace equation from the thermodynamic point of view. In this 
section, we show that the Kelvin equation can be derived from the multi-scale multiphase 
flow equation.  

4.1 Derivation of Kelvin equation from multi-scale multiphase flow equation 

The Chapman–Enskog expansion is applied to the conventional Navier–Stokes equation to 
derive the multi-scale multiphase flow equation from which the thermodynamic interfacial 
jump condition is finally derived. In this section, the Kelvin equation is derived using the 
same procedure.  
Figure 9 shows a schematic of a multi-scale concept around the interface. (1)O  represents 
the order of a macroscopic scale. ε  and 2ε  represent mesoscopic scales: the scale of ε  is 
smaller than that of 2ε . However, we assume that the continuum approximation holds in 
each scale. Based on this assumption, we consider the Kelvin equation.  
By considering the Chapman–Enskog expansion in Eq. (7) and ε  until the second order, the 
following equation is derived. 
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Here, the diffusion process is proportional to the gradient of the chemical potential 
(Onsager, 1931a, 1931b), which yields the thermodynamic driving force as follows:  
 

 
Fρ
η

ρ μ

δ′′ = −
δ

= −

#
F ∇

∇
 (34) 

 

The diffusion flux (J) is then represented by 
 

 mC μ= −J ∇  (35) 
 

where, m and C are the mobility [m·mol/N·s] and mol concentration[mol/m3], respectively. 
In the present study, we assumed that the thermodynamic force (Eq. (34)) corresponds to T’’ 
in Eq. (33) as follows: 
 

 2 (2) 2ε ε′′ ′′− ⋅ =T F∇  (36) 
 

In Eq. (33), the order of ε  is smaller than that of ( )1O . Thus, the order of 2ε  is smaller than 
that of ε . Therefore, an interfacial phenomena characterized by 2ε  can be negligible 
compared to that of ( )1O . 
However, the driving force (Eq. (34)) characterized by small scales such as 2ε  will affect 
phenomena at large scales such as ( )1O  after enough time, even if there are differences 
between the scales in Eq. (33). 
Considering Eqs. (33), (34), and (36) and performing a simple tensor analysis, such as the 
derivation of Eq. (10), gives 
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Equation (37) is transformed into the interfacial coordinates system in a similar manner to 
that discussed in section 3.2. For the sake of simplicity, we show the transformation of the 
fourth term on the right-hand side of Eq. (37). Referring to Eq. (13) in section 3.2, the fourth 
term on the right-hand side of Eq. (37) is transformed as follows: 
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Integration of this equation over the interface gives 
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In this calculation, chemical potential is assumed to be constant along the interface in 
tangential direction. Therefore, the first term in Eq. (39) is omitted. Thus, Equation (38) is 
calculated as follows: 
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Finally, Equation (37) is transformed into the interfacial coordinates system as follows: 
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(41) 

Here, for the sake of simplicity, we focus on the terms (a), (b), (c), and (m) (this is new term.) 
as follows: 

 ( ) ( ) 2
G L G G 1 2 G (2)

0 dP P n
n

με κ κ σ ε ρ
∞

−∞

∂
= − − + −

∂∫n n n  (42) 

In this equation, the third term is transformed into 

 
(2) (2) (2)

d d d
P T

n n n
P Tn n n

μ μ μ∞ ∞ ∞

−∞ −∞ −∞

∂ ∂ ∂ ∂ ∂
= +

∂ ∂∂ ∂ ∂∫ ∫ ∫  (43) 

In the present discussion, change in temperature is not considered. Thus, the second term on 
the right-hand side of Eq. (43) is omitted. Here, the thermodynamic relation is considered as 
follows: 

 d d d d
jN

c
i i i ij j

j

s T V P nμ μ= − + +∑  (44) 
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(a) Macroscopic scale

(a) Mesoscopic scale  
Fig. 9. Multi-scale schematic around the interface region 

In this equation, is  and iV  are the enthalpy and volume per unit mol of component i. In the 
derivation, adding or reducing new components from the external system is not considered. 
Thus, d 0jn = . The following equation is derived from Eq. (44) under constant temperature. 
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=

 (45) 

 

Then, the substitution of Eq. (45) into the third term in Eq. (42) by considering Eq. (43) and 
transformation of the equation yields  
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Then, the following equation is obtained by considering Eqs. (46) and (42). 

 ( ) ( ) 2 L
G L G G 1 2 G

G

0 R ln i

i

P
P P T

P
ε κ κ σ ε ρ

⎛ ⎞
= − − + − ⎜ ⎟

⎝ ⎠
n n n  (47) 

In this equation, LP  and GP  are the pressure in bulk phase. The Kelvin equation explains 
the difference in vapor pressure between the flat surface ( 0H = ) and curved surface 
( 0H ≠ ). The mean curvature 0H =  in Eq. (47) gives  

 ( ) 2 0L
G L G G

0G

0 R ln i

i

P
P P T

P
ε ρ

⎛ ⎞
= − − ⎜ ⎟

⎝ ⎠
n n  48) 

Thus, the subtraction of Eq. (48) from Eq. (47) is 

 ( ) 2 L 0G
G 1 2 G

G 0L

0 R ln i i

i i

P P
T

P P
ε κ κ σ ε ρ

⎛ ⎞
= + − ⎜ ⎟

⎝ ⎠
n n  (49) 

In Eq. (49), we assume G 0Gi iP P≈  and focus on the liquid phase. Equation (49) becomes 

 ( ) 2 L
G 1 2 G

0L

0 R ln i

i

P
T

P
ε κ κ σ ε ρ

⎛ ⎞
= + − ⎜ ⎟

⎝ ⎠
n n  (50) 

Considering the equilibrium state in Eq. (50), the coefficient of the normal vector is set to 
zero. Finally, the following equation is obtained. 

 L

0L

2
ln

R

m i

i

H V P

T P

σ ε
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 (51) 

where 1/mV ρ= . This equation is the Kelvin equation derived from the multi-scale 
multiphase flow equation.  

5. Conclusion 

In a previous study, a new interfacial model of the gas–liquid interface was developed based 
on thermodynamics, assuming that the interface has a finite thickness, similar to a thin fluid 
membrane. In particular, the free energy was derived based on a lattice-gas model that 
includes the electrostatic potential due to contamination. The free energy was incorporated 
into the NS equation by using the Chapman–Enskog expansion. Finally, a multi-scale 
multiphase flow equation was derived that characterizes the mesoscopic scale. The 
interfacial equation for a macroscopic-scale gas–liquid interface is characterized by a jump 
condition. In the present study, the jump condition at the gas–liquid interface treated by 
thermodynamics was derived by using the multi-scale multiphase flow equation and 
compared with the conventional jump condition. Finally, we developed the multi-scale gas–
liquid interfacial model; this model supports the interfacial phenomena from the 
microscopic to macroscopic scale theoretically to give the following results: 
1. The thermodynamic interfacial jump condition was derived by using the multi-scale 

multiphase flow equation. The present study indicated the relationship between the 
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mechanical and thermodynamic approaches with respect to the model of the gas–liquid 
interface.  

2. The Marangoni-effect terms, which are related to temperature differences and 
contamination at the interface, were included in some additional terms derived under 
the thermodynamic jump condition. 

3. From the normalized thermodynamic jump condition, we obtained a new 
dimensionless number N that represents the relationship between the electrostatic force 
due to contamination at the interface and the hydrodynamic force. The order estimation 
of N suggests that we may be able to specifically classify bubble coalescence or breakup. 

4. Considering term (d) of Eq. (23), we concluded that the conventional jump condition 
holds true for Eqs. (20) and (30). Therefore, the conventional jump condition is 
restricted to the case of spherical bubbles or droplets and is inaccurate when the 
relationship between the surface tensions in the s1 and s2 tangential directions is 
imbalanced.  

5. On the basis of the multi-scale multiphase flow equation, we derived the Kelvin 
equation. This result indicates that equation (37) contains the physics for the 
evaporation/condensation of a curved surface and will support other interfacial 
phenomena characterized by thermodynamics. However, more detailed discussion of 
Eq. (51) is needed because other terms in Eq. (41) are omitted in the derivation of Eq. 
(51).  

In our recent study (Yonemoto & Kunugi, 2010c), the momentum jump condition was 
applied to a discussion on an equilibrium condition at a three-phase contact line of a sessile 
droplet on a smooth solid surface. Furthermore, the equilibrium condition of the sessile 
droplet was also considered by the thermodynamic approach (Yonemoto & Kunugi, 2009). 
Therefore, our new interfacial model may allow the development of a general multi-scale 
interfacial model that can treat two-phase and three-phase interfaces theoretically in the 
future. 
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