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1. Introduction

The interaction of a point-source spherical acoustic wave with a bounded obstacle possesses
various attractive and useful properties in direct and inverse scattering theory. More precisely,
concerning the direct scattering problem, the far-field interaction of a point source with an
obstacle is, under certain conditions, stronger compared to that of a plane wave. On the
other hand, in inverse scattering problems the distance of the point-source from the obstacle
constitutes a crucial parameter, which is encoded in the far-field pattern and is utilized
appropriately for the localization and reconstruction of the obstacle’s physical and geometrical
characteristics.

The research of point-source scattering initiated in (1), dealing with analytical investigations
of the scattering problem by a circular disc. The main results for point-source scattering by
simple homogeneous canonical shapes are collected in the classic books (2) and (3). The
techniques of the low-frequency theory (4) in the point-source acoustic scattering by soft,
hard, impedance surface, and penetrable obstacles were introduced in (5), (6), and (7), where
also explicit results for the corresponding particular spherical homogeneous scatterers were
obtained. Moreover, in (5), (6), and (7) simple far-field inverse scattering algorithms were
developed for the determination of the sphere’s center as well as of its radius. On the other
hand, point-source near-field inverse scattering problems for a small soft or hard sphere were
studied in (8). For other implementations of near-field inverse problems see (9), and p. 133 of
(10); also we point out the point-source inverse scattering methods analyzed in (11).

In all the above investigations the incident wave is generated by a point-source located in
the exterior of the scatterer. However, a variety of applications suggests the investigation
of excitation problems, where a layered obstacle is excited by an acoustic spherical wave
generated by a point source located in its interior. Representative applications concern
scattering problems for the localization of an object, buried in a layered medium (e.g. inside
the earth), (12). This is due to the fact that the Green’s function of the layered medium
(corresponding to an interior point-source) is utilized as kernel of efficient integral equation
formulations, where the integration domain is usually the support of an inhomogeneity
existing inside the layered medium. Besides, the interior point-source excitation of a layered
sphere has significant medical applications, such as implantations inside the human head for
hyperthermia or biotelemetry purposes (13), as well as excitation of the human brain by the
neurons currents (see for example (14) and (15), as well as the references therein). Several
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physical applications of layered media point-source excitation in seismic wave propagation,
underwater acoustics, and biology are reported in (16) and (17). Further chemical, biological
and physical applications motivating the investigations of interior and exterior scattering
problems by layered spheres are discussed in (18). Additionally, we note that, concerning the
experimental realization and configuration testing for the related applications, a point-source
field is more easily realizable inside the limited space of a laboratory compared to a plane
wave field.

To the direction of modeling the above mentioned applications, direct and inverse acoustic
scattering and radiation problems for point source excitation of a piecewise homogeneous
sphere were treated in (19).

This chapter is organized as follows: Section 2 contains the mathematical formulation of the
excitation problem of a layered scatterer by an interior point-source; the boundary interfaces
of the adjacent layers are considered to be C? surfaces. The following Sections focus on the
case where the boundary surfaces are spherical and deal with the direct and inverse acoustic
point-source scattering by a piecewise homogeneous (layered) sphere. The point-source may
be located either in the exterior or in the interior of the sphere. The layered sphere consists of
N concentric spherical layers with constant material parameters; N—1 layers are penetrable
and the N-th layer (core) is soft, hard, resistive or penetrable. More precisely, Section 3.1
addresses the direct scattering problem for which an analytic method is developed for the
determination of the exact acoustic Green’s function. In particular, the Green’s function is
determined analytically by solving the corresponding boundary value problem, by applying
a combination of Sommerfeld’s (20), (21) and T-matrix (22) methods. Also, we give numerical
results on comparative far-field investigations of spherical and plane wave scattering, which
provide quantitative criteria on how far the point-source should be placed from the sphere
in order to obtain the same results with plane wave incidence. Next, in Section 3.2 the
low-frequency assumption is introduced and the related far-field patterns and scattering
cross-sections are derived. In particular, we compute the low-frequency approximations of
the far-field quantities with an accuracy of order O((koa1)?*) (ko the free space wavenumber
and a; the exterior sphere’s radius). The spherical wave low-frequency far-field results reduce
to the corresponding ones due to plane wave incidence on a layered sphere and also recover
as special cases several classic results of the literature (contained e.g. in (2), and (5)-(7)),
concerning the exterior spherical wave excitation of homogeneous small spheres, subject
to various boundary conditions. Also, we present numerical simulations concerning the
convergence of the low-frequency cross-sections to the exact ones. Moreover, in Section 3.3
certain low-frequency near-field results are briefly reported.

Importantly, in Section 4 various far- and near-field inverse scattering algorithms for a small
layered sphere are presented. The main idea in the development of these algorithms is that
the distance of the point source from the scatterer is an additional parameter, encoded in the
cross-section, which plays a primary role for the localization and reconstruction of the sphere’s
characteristics. First, in Section 4.1 the following three types of far-field inverse problems are
examined: (i) establish an algorithmic criterion for the determination of the point-source’s
location for given geometrical and physical parameters of the sphere by exploiting the
different cross-section characteristics of interior and exterior excitation, (ii) determine the
mass densities of the sphere’s layers for given geometrical characteristics by combining the
cross-section measurements for both interior and exterior point-source excitation, (iii) recover
the sphere’s location and the layers radii by measuring the total or differential cross-section
for various exterior point-source locations as well as for plane wave incidence. Furthermore,
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in Section 4.2 ideas on the potential use of point-source fields in the development of near-field
inverse scattering algorithms for small layered spheres are pointed out.

2. Interior acoustic excitation of a layered scatterer: mathematical formulation

The layered scatterer V is a bounded and closed subset of R® with C2 boundary S; possessing
the following properties (see Fig. 1): (i) the interior of V is divided by N—1 surfaces S;
(j=2,..,N) into N annuli-like regions (layers) V; (j=1,...,N), (i) S; are C? surfaces with 5i
containing Sj+1 and dist(Sj, Sj+1) > 0, (iii) the layers V] (j=1,...,N—1), are homogeneous
isotropic media specified by real wavenumbers k; and mass densities p;, (iv) the scatterer’s
core Vyy (containing the origin of coordinates) is penetrable specified by real wavenumber
kn and mass density py or impenetrable being soft, hard or resistive. The exterior Vj of the
scatterer V is a homogeneous isotropic medium with real constants kg and py. In any layer V;
the Green’s second theorem is valid by considering the surfaces S; as oriented by the outward
normal unit vector fi.

The layered scatterer V is excited by a time harmonic (exp(—iwt) time dependence) spherical
acoustic wave, generated by a point source with position vector r; in the layer V; (4=0,...,N).
Applying Sommerfeld’s method (see for example (20), (21), (22)), the primary spherical field
urqu radiated by this point-source, is expressed by

exp(ikq|r — rq])

|r—rq|

ufqr(r) = rgexp(—ikgrg)

, reR¥N\{r}, 1)

where 7;=|r,;|. We have followed the normalization introduced in (5), namely considered that
the primary field reduces to a plane wave with direction of propagation that of the unit vector
—1,, when the point source recedes to infinity, i.e.

. pr o . A
Tglg}x) ur, (r) = exp(—ikgty - 1). ()

The scatterer V' perturbs the primary field uf;, generating secondary fields in every layer
sec

V;. The respective secondary fields in V; (j # q) and V, are denoted by u{q and ur . By

Sommerfeld’s method, the total field u?q in V, is defined as the superposition of the primary
and the secondary field

ug, (r) = ug, (1) +ug(r), 1€ Vy\{rg}. ®)

Moreover, the total field in V; (j # q) coincides with the secondary field u]r.q.
The total field u]rq in layer V; satisfies the Helmholtz equation

Au, (x) + Kup, (r) =0, (4)

forre Viifj#qandr € Vo\{r}if j =¢q.
On the surfaces S5 and S, the following transmission boundary conditions are required

-1
u;]q (r) —up(r) = ufqr(r), rcS,
)
1ol () 1) 1 aul(r)

0g—1 O pg on  py on

, TES,
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Fig. 1. Typical cross-section of the layered scatterer V.
1
W0 =0, reSya
(6)
1
1 8u?q+ (r) 1 9up(r) 1 aui’;(r)

Pg+1  On pg on  pg on '

re Sq+1

Furthermore, on the surfaces S; (j # q,q + 1, N) the total fields must satisfy the transmission
conditions

-1
u{fq (r) — u{fq(r) =0, res;

)

L r il (r
L) 1,
pj-1 on pj on
For a penetrable core (7) hold also for j=N. On the other hand, for a soft, hard and resistive
core the total field on Sy must satisfy respectively

the Dirichlet
ufq]_l(r) =0, reSy (8)
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the Neumann

aui\q]—l(r)
T = O, rec SN (9)
and the Robin boundary condition
oul—1(r
r"a—n() +iky qAup (1) =0, reSy (AER). (10)

The first of Egs. (5), (6), (7) and Eq. (8) represent the continuity of the fluid’s pressure, while
the second of Egs. (5), (6), (7) and Eq. (9) represent the continuity of the normal components of
the wave’s speed. Detailed discussion on the physical parameters of acoustic wave scattering
problems is contained in (4).
Since scattering problems always involve an unbounded domain, a radiation condition for the
total field in Vy must be imposed. Thus, qu must satisfy the Sommerfeld radiation condition
(10)

ol (r)

on

uniformly for all directions t of R3, i.e. ¥ € S = {x € R3,|x| = 1}. Note that a primary
spherical acoustic wave defined by (1) satisfies the Sommerfeld radiation condition (11), which
clearly is not satisfied by an incident plane acoustic wave.

Besides, the secondary u;’“ and the total field u(r)q in Vj have the asymptotic expressions

5 (1) = gry (B)ho(kor) + O(r™2), 71— co (12)
u?q(r) = gr, (®)ho(kor) + Or2), r—c (g>0) (13)

— ikougq(r) —o(r'Y), roo (11)

where hy(x)=exp(ix)/ (ix) is the zero-th order spherical Hankel function of the first kind. The
function gy, is the g-excitation far-field pattern and describes the response of the scatterer in the
direction of observation  of the far-field, due to the excitation by the particular primary field
ufqr in layer V.

Moreover, we define the g-excitation differential (or bistatic radar) cross-section

(1) = 135, D) (14

which specifies the amount of the field’s power radiated in the direction  of the far field. Also,
we define the g-excitation total cross-section

1 NP
= /S |5, () 2ds (), (15)

representing the average of the amount of the field’s power radiated in the far-field over all
directions, due to the excitation of the layered scatterer V by a point-source located in layer
Vy. Thus, oy, is the average of oy, () over all directions. We note that the definition (15) of o,
extends that of the scattering cross-section (see (5) of (8) or (17) of (5)) due to a point-source at
rp € R3\V.

Finally, we define the absorption and the extinction cross-section

Bug_l (r)
on

oy PO 1m / ulN=1(r)

r; PN—lkO r, ds(r) ’ (16)
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afq = Uﬁ‘q + 01, (17)

The former determines the amount of primary field power, absorbed by the core V) (since all
the other layers have been assumed lossless) and the latter the total power that the scatterer
extracts from the primary field either by radiation in Vj or by absorption. Clearly, oy = 0 for
a soft, hard, or penetrable lossless core, and Uﬁ‘q > ( for a resistive core.

We note that scattering theorems for the interior acoustic excitation of a layered obstacle,
subject to various boundary conditions, have been treated in (23) and (24).

3. Layered sphere: direct scattering problems

The solution of the direct scattering problem for the layered scatterer of Fig. 1 cannot
be obtained analytically and thus generally requires the use of numerical methods; for an
overview of such methods treating inhomogeneous and partially homogeneous scatterers
see (25). However, for spherical surfaces S, the boundary value problem can be solved
analytically and the exact Green’s function can be obtained in the form of special functions
series. To this end, we focus hereafter to the case of the scatterer V being a layered sphere.
By adjusting the general description of Section 2, the spherical scatterer V' has radius a4
and surface S1, while the interior of V is divided by N—1 concentric spherical surfaces S]-,
defined by r = a; (j=2,..,N) into N layers V; (j=1,...,N) (see Fig. 2). The layers V;, defined
by aj.1 < r < a; (j=1,..,N—1), are filled with homogeneous materials specified by real
wavenumbers k; and mass densities p;.

3.1 Exact acoustic Green’s function

A classic scattering problem deals with the effects that a discontinuity of the medium of
propagation has upon a known incident wave and that takes care of the case where the
excitation is located outside the scatterer. When the source of illumination is located inside
the scatterer and we are looking at the field outside it, then we have a radiation and not
a scattering problem. The investigation of spherical wave scattering problems by layered
spherical scatterers is usually based on the implementation of T-matrix (22) combined with
Sommerfeld’s methods (20), (21). The T-matrix method handles the effect of the sphere’s
layers and the Sommerfeld’s method handles the singularity of the point-source and unifies
the cases of interior and exterior excitation. The combination of these two methods leads
to certain algorithms for the development of exact expressions for the fields in every layer.
Here, we impose an appropriate combined Sommerfeld T-matrix method for the computation
of the exact acoustic Green'’s function of a layered sphere. More precisely, the primary and
secondary acoustic fields in every layer are expressed with respect to the basis of the spherical
wave functions. The unknown coefficients in the secondary fields expansions are determined
analytically by applying a T-matrix method.

We select the spherical coordinate system (r,0,¢) with the origin O at the centre of V, so that
the point-source is at r=r4, 6=0. The primary spherical field (1) is then expressed as (19)

W) = — 1 Ln=0(2n +1)ju(kgrg)hn(kgr) Pu(cos 6), r > 1q
rq 4 ho (quq) Z;o:() (27’1 + 1>hn (quq)]n (kq"‘)Pn (COS 9), r < T’q

where j, and hy, are the n-th order spherical Bessel and Hankel function of the first kind and
P, is a Legendre polynomial.
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~

A

=R3
Vo=R3\V
Fig. 2. Geometry of the layered spherical scatterer.

The secondary field uiq in V; (j=1,...,N—1) is expanded as

W (1,8) = 3 (o )P (s ) + Bl Pafeost), (19

where (x{m and 5{171 under determination coefficients. The secondary field in Vj has the

expansion (18) with j=0 and “g,n = 0, valid for r > a4, in order that the radiation condition (11)
is satisfied. On the other hand, since zero belongs to Vy;, the secondary field in a penetrable
core Vyy has the expansion (18) with j=N and ,Bg\,’n=0, valid for 0 < r < ay.

By imposing the boundary conditions (7) on the spherical surfaces S;, we obtain the

transformations . ~
] ' J=
e e
7’"] =T, [ 7&] (19)
Ban Ban
The 2x2 transition matrix T}, from Vi1 to Vj, which is independent of the point-source’s

location, is given by

To— 2 [ 1, () jn () — Wil ()0 () Iy () B () — w0 (x)) 1 ()
' Wijn (%) (W) — Ju(xX)in(y;)  wjjn ()5 (y;) — jn (%)) (y;)

4

]

where x]- = k]'llj, y] = ]',1(1]', ZU] = (kjflp])/(k]pjfl)
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Since oag,n:O, successive application of (19) for j=1,...,4 leads to

il
Xg,n 0
[qu + jnlkerg) | = T;:n 0 (20)
91 Ty (Ryry) g
where
T, =Th.TT, . (21)
In a similar way successive application of (19) for j=¢+1,....N — 1 gives
N-1 q
b _ |eagn+1
] = @
where
T, = TN L1721 (23)

The superscripts + in (20) and — in (22) indicate approach of the layer V;, containing the
point-source, from the layers above and below respectively.

Then, the coefficient of the secondary field in layer Vj is determined by combining (20) and
(22) and imposing the respective boundary condition on the surface of the core Vy, yielding

g,n = {]n (kq”q) {fn(kN—laN)(Tt;n)u + 8&n (kN—laN)(Ttin)gz}
_h”(quﬂi) [fn(kalﬂN> (Tl;?’l)ll + g"(kalaN) (T{;ﬂ)21:| } (24)

-1
{hn (kcﬂ’q) [ n(kN—laN> (TIZHTI;:H)lz + 8n (kN—laN) (thnT;:n)zz} }

where
fn=jn, juo and  jy +iAjy
Sn = hy, W, and ) +iAhy,

for a soft, hard and resistive core respectively, while for a penetrable core we obtain

0o _ jn(kgr) (TR T o) 0y — I (kgr) (TR T )
" I (grg) (TR Ty T )

(25)

Moreover, by using the above explicit expression for 52,71 we see that the coefficients oc{,,n and

5{1,,1, describing the field in layer V] (j=1,2,...,N), are determined by successive application of
the transformations (19).

By using the above method we recover (for 4=0 and N=1) classic results of the literature,
concerning the scattered field for the exterior point-source excitation of a homogeneous sphere

(see for example (10.5) and (10.70) of (2) for a soft and a hard sphere).

A basic advantage of the proposed method is that the coefficients ,[ngnN *1 of the secondary field
in the exterior Vj of an N+1-layered spherical scatterer with penetrable core may be obtained
directly by means of the coefficients ,82:71), of the corresponding N-layered scatterer by means

of an efficient recursive algorithm (19).
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Furthermore, for any type of core the g-excitation far field pattern is given by

8r, (6) = m n;(Zn + 1)(—i)”ﬁg/nhn(quq)Pn(cos 0). (26)

This expression follows by (12), (13) and (18) for j=0 and by taking into account the asymptotic
expression hy (z) ~ (—i)"hy(z), z — 0. By (14) and (26) we get the g-excitation bistatic radar
cross-section

00 2

K2
oy, (0) = 4mr _Z 2 (2n+1)(—1) ﬁqnhn(quq)Pn(cose) (27)
0

Now, by combining (15) with (26) and using the Legendre functions orthogonality properties
((27), (7.122) and (7.123)), we get the expression of the g-excitation total cross-section

k2 o
| = dmr _g Z (21 + 1)|BY  hn (kgrg) . (28)
0 =0

Next, we will give some numerical results concerning the far-field interactions between the
point-source and the layered sphere. In particular, we will make a comparative far-field
investigation of spherical and plane wave scattering, which provides certain numerical criteria
on how far the point-source should be placed from the sphere in order to obtain the same
results with plane wave incidence. This knowledge is important for the implementation of
the far-field inverse scattering algorithms described in Section 4.1 below.

Figs. 3a, 3b, and 3c depict the normalized 0O-excitation total cross-section oy, / 27‘m% as a
function of kga; for a soft, hard, and penetrable sphere for three different point-source
locations, as well as for plane wave incidence. The cross-sections for spherical wave scattering
are computed by means of (28). On the other hand, by using (28) and taking into account that
hy, (ko?’o) ~ (—i)nho (ko?’o), ro — 00, we obtain

kz Z n+1 ‘;3071|2

which is utilized for the cross-sections computations due to plane wave scattering.

The cross-section curves reduce to those due to plane wave incidence for large enough
distances between the point-source and the scatterer. The critical location of the point-source
where the results are almost the same with those of plane wave incidence depends on the
type of boundary condition on the sphere’s surface. In particular, for point-source locations
with distances of more than 8, 5, and 8 radii a; from the center of a soft, hard, and penetrable
sphere, the results are the same with the ones corresponding to plane wave incidence. We
note that those cross-section curves of Figs. 3a and 3b referring to plane wave incidence on a
soft and hard sphere coincide with those of Figs. 10.5 and 10.12 of (2).

The 0-excitation total cross-section oy, increases as the point-source approaches the sphere
(ro—a1) and hence the effect of the spherical wave on the sphere’s far-field characteristics
increases compared with that of the plane wave. Moreover, oy, of a penetrable sphere as a
function of kya; is very oscillatory (see Fig. 3c). These oscillations are due to the penetrable
material of the sphere and hence do not appear in the cases of soft or hard sphere. Besides,
Fig. 3c indicates that oy, of a penetrable sphere is oscillatory also as kga;— oo, while for the
other cases converges rapidly.
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Fig. 3. Normalized O-excitation total cross-section oy, /2742 as a function of koa; for (a) a soft,
(b) a hard, and (c) a penetrable (17;=3, 01=2) sphere for various point-source locations and

plane wave incidence
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3.2 Far-field results for a small layered sphere

All formulae derived up to now are exact. Now, we make the so-called low-frequency
assumption kpa; < 1 for the case of 3-layered sphere with any type of core, that is assume
that the radius a1 of the sphere is much smaller than the wavelength of the primary field. In
order to establish the low-frequency results, we use the following dimensionless parameters

G1=a1/a2, G2=ax/as, 0 =pi/po, Mi=ki/ko, x=ikoay,

where ¢ and ¢, represent the thicknesses of layers V; and V, and ¢; and #; the relative with
respect to free space mass densities and refractive indices of layers V; (i=1,2,3).
The following two cases are analyzed: (i) exterior excitation by a point-source located at
(0,0,r9) with rg > a4, lying in the exterior Vjy of the sphere, and (ii) interior excitation by a
point-source located at (0,0,r1) with a, < rq < aq, lying in layer V; of the 3-layered sphere. We
define also

T =a/r, d=ry/a (i=0,1),

where T\ represents the distance of the exterior point-source from the sphere’s surface and 7
and d the distances of the interior point-source from the boundaries of layer V;.

Now, we distinguish the following cases according to the types of the core V3.

(a) V3 is soft

By using the asymptotic expressions of the spherical Bessel and Hankel functions for small
arguments ((26), (10.1.4), (10.1.5)), from (24) we obtain

2/0 = 8;/07( + qu,OKz + 83/07(3 + O(K4), x—0 (q = 0, 1) (29)

2n+1
0 (koap )*" 1 0 11 (koay)
Bon ~ m o Bin ™~ Tsl,n, koa; — 0 (n>1) (30)

where
cp=1-3-5---(2n—-1), ¢p=1,
and the quantities Sé,o (j=1,2,3) and Sq,n depend on the parameters ¢, ¢, 01, 02, d and are

given in the Appendix of (19).
In order to calculate the g-excitation far-field patterns with an error of order x4, the coefficients
5210, 52/1 and ,32’2 are sufficient. For x — 0, (26) gives the approximation of the g-excitation

far-field patterns

81y (0) = 801,01( + -S(%,O + T()S(),lpl (COS 0)} K2
| 3 Tg 3 4
+ (S0 — So1P1 (cosB) — ?Solzpz(cos 0)| x° + O(x*) (31)
8r, (6) = S + -512,0 +31151,1 Py (cos 9)} K2
[ 3 55 3 4
+ |51 — 317151,1P1(cos @) — §T1 S12P>(cos 9)] k> + O(x*) (32)
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By (28) the calculation of the g-excitation total cross-sections to the same accuracy requires
only ,82 o and ,[32 1, giving for x — 0 the approximations

oy, = 471aj {(580) + k§ag [(33,0) — 2830530 + 2 (50 1)?

} + O(xh) (33)

n = 4mad {(S10)2 + et [(839)2 - 281 ST + 3T (S1a 2] b+ O (34

(b) V3 is hard
The respective results are as follows

qO = 7-[1 ok + Héloxz + HS,OKS +0(°), k=0 (g=0,1) (35)
2n+1 n k 2n+1
g~ a0 (n21), (36

n+1i2n+1)c3 i(n+1)c

where the quantities ny,o (=1,2,3) and H,,,, depending on &1, {2, 01, 02, d, are given in the
Appendix of (19).

Now, by using (26) and (28) we obtain the low-frequency expansions of the g-excitation
far-field patterns and total cross-sections as x — 0

T
Qr,(0) = EOHOJPl (cos 9)1(2

3 Ho1 213 3 4
Hopo — T’Pl(cos 6) — THQ/QPQ(COS 0)| x>+ O(x*), (37)
3
8r, (0) = Hi gk + [Hio +5aHh (cos 9)] K
3 3 ) 3 4
+ |Hip— 5171H1,1P1 (cosB) + §T1 Hi2Ps(cosb)| x” + O(x™), (38)
2T§ 2 4
Oy, = 0] — 3 (H()l) (ko&ll) +O(K ) (39)

Oy, = 41a3 {(7—[%0) + k3a? {(H%/O)z — 2} 07{1 0+ = Tl 2(H11) ] } +O(xh). (40)

(c) V3 is penetrable
From (25) we have

59 0= P%,OK + 7312/01<2 + Pf’lox3 + O(K4), xk—0 (41)
- 1.2n+41 2n+1 ) 2n+1
0 inkg" " ay 0 int (koaq)
~—01_ 7Py, ~ IR p ka0 (n>1), (&2
0n 22n+1) 0 Pin 2 1Ln  Kodi (n>1) (42)

where the quantities 77{ o =1,2,3) and P;,,, depend on the parameters §1, {2, 01, 02, 03, d and
are given in the Appendix of (19).
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From (26) we obtain for x — 0 the approximation of the g-excitation far-field patterns and
total cross-sections

g1, (8) = x%(k — 19)Po,1 Py (cos ) + §K3T5P0,2P2(cos 0) + O(xh), (43)
8r(0) = Plox + [Pl — 311P1 1Py (cos0)] 2

+ [PiO +3#71P11P1(cos ) + §T12731,2P2(C05 6)] K3+ (’)(K4), (44)

Oy, = —47'(51%1(2%&(730,1)2 + O(x*) (45)

o = 4rad |(PLo)? + K3t ((PRo)2 — 2Py Pl +3T2(P10)?) |+ Oxh).  (46)

For a small layered sphere with a resistive core the corresponding far-field results are given in
(19).

We note that: (i) for a soft core the leading order terms of the far-field patterns Sr, and total
cross-sections oy, are of order k! and «x° independently of g, (i) for a hard, resistive, and

penetrable core the leading order terms of gr, and oy, are of order x? for g=0 and ! and «? for
g=1. Thus, the interaction characteristics of spheres with hard, resistive, and penetrable cores
change drastically for point-sources embedded inside the sphere. This last fact is exploited
appropriately in certain inverse scattering algorithms, described below.

Now, concerning certain reductions of the above derived low-frequency far-field results,
we note that the point-source incident field (1) for rg—oco (19 —0) reduces to the plane
wave (2). Thus, the preceding far-field results for 7y —0 reduce to the respective ones,
corresponding to the plane wave incidence on a 3-layered sphere with soft, hard, and
penetrable core V3 respectively. We remark that the leading term approximations of the
0-excitation cross-sections (39) and (45) for a hard and penetrable core are zero for 75 = 0.
Hence the interaction of a layered sphere with hard and penetrable core with an incident
low-frequency field is weaker when the incident field is a plane wave than when it is a
spherical wave.

Moreover, concerning the spherical wave excitation of a 2-layered sphere with various types
of cores, the far-field results are derived by the respective above ones for §, = 1, 0o = 01,
03 = 02, and 75 = 71. On the other hand, the derived low-frequency far-field results recover
(for¢y =C¢» = 1,01 = 00 = 1,71 = np = 1) several results of the literature, concerning
the exterior spherical wave excitation of 1-layered (homogeneous) small spheres, subject to
various boundary conditions; for more details see (19). Besides, by letting also 79 — 0 they
recover classic low-frequency far-field results for plane wave incidence; see (10.28) of (2) and
(7.33), (7.35), (7.42), (7.53), (7.55) and (7.66) of (4).

Importantly, the convergence of the low-frequency total cross-section to the exact one plays a
significant role in the inverse scattering algorithms described in Section 4 below. To this end,
here we will investigate numerically the convergence of the low-frequency g-excitation total
cross-section to the exact one for a 3-layered sphere with various types of cores. Figs. 4 and
5 depict the exact and low-frequency normalized g-excitation total cross-section oy, / 27a% as a
function of kga; for a 3-layered sphere with soft and hard core. The exact total cross-sections
are computed by means of (28), while the low-frequency ones by (33), (34), (39), and (40).

For small kga; the convergence of the low-frequency to the exact total cross-section is excellent
for all types of cores with weak and strong coatings subject to both interior and exterior
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Fig. 4. Exact and low-frequency g-excitation total cross-section oy, / 27'(11% as a function of kya;
for a 3-layered sphere (a,=0.5a1, a3=0.25a1) with soft core with (a) weak (71=1.4, 772=1.6,
01=1.2, 02=1.4), and (b) strong (71=2, 112=3, 01=3, 02=2) coating. The two point-source

locations are ry = 1.1a7 and r; = 1.1a5.
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Fig. 5. Exact and low-frequency g-excitation total cross-section oy, / 27'(&1% as a function of kga;
for a 3-layered sphere with hard core with (a) and (b) weak, and (c) strong coating.
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excitation. However, even for kga; lying outside the low-frequency region, good convergence
is also achieved.

In the low-frequency region, the 1-excitation total cross-sections are much larger than the
0O-excitation ones. This is the reverse situation to that occurring outside the low-frequency
region, as discussed above, where the 0-excitation cross-section is larger that the 1-excitation.
So, interior and exterior excitations constitute control mechanisms of the far-field intensity,
depending on the desired application.

3.3 Near-field results for a small layered sphere

We consider a 2-layered sphere with soft core excited by an exterior source and still continue
to adopt the low-frequency assumption kga; < 1, that is we assume that the outer radius
of the layered sphere, a1, is much smaller than the wavelength of the primary field. More
precisely, we suppose that kgay, koro, ka2 and kq74 are all small (the waves are long compared
to all geometrical lengths) whereas ki /kg and p1/pg are not assumed to be small. We define
and use the following dimensionless parameters

=ai/ay, o0=p1/po, N =ki/ko, x=koar, T =a1/ro, di=ri/ax=2_/T1. (47)

We use the asymptotic expressions of the spherical Bessel and Hankel functions for small
arguments ((26), (10.1.4), (10.1.5)) to obtain the approximations of the elements of the
transition matrix (19), as k« — 0, by means of which we derive approximations for the field

coefficients océ,n and 5{) ,- Then we estimate the secondary field at the source point, using

Ui (ro, 0) = ho(koro) Y, (2n + 1)BY [ (koro)]?, (48)

n=0

where
Hn(w) = hp(w)/ho(w).

Moreover, from (30), we get

0 K2n+1
Bon ~ ion 1) Son(8,0), k—0, (49)
where
Bn n
Son(,q) = DT QANE) e o) BL(E)— g1+ D AE),  (50)
An (¢, 0)

Ap(x) =1=x2"1 Bu(x) = n(x®1 +1) +1.

Now, since

I (w) ~ cpbw™" as w—0,

the small-x approximation of (48) combined with (49) gives the following approximation of
the secondary field at the external point-source’s location

s (ro,0) = —19 exp(ikoro) Z:OS” Z0) " + O(x), (51)
n=
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as kpa — 0. Note that, contrary to the case of low-frequency far-field results (see for example
(19)), in the near-field every term of the infinite series contributes to the leading order O(1)
behaviour. Now, by means of (51) we get

|35 (r0,0)| = |10 Y Su(&,0) 5" + O(?), (52)
n=0

as kga — 0.

4. Layered sphere: inverse scattering problems

The low-frequency far- and near-field results, presented in Sections 3.2 and 3.3, are now
utilized for the development of far- and near-field inverse scattering algorithms for the
localization and reconstruction of the sphere’s characteristics.

4.1 Far-field inverse scattering problems

The low-frequency realm offers a better environment for inverse scattering, compared to
the exact yet complicated far-field series solutions (26) and (28), since the corresponding
low-frequency far-field patterns are much more tractable. In particular, we develop inverse
scattering algorithms for the determination of the geometrical and physical characteristics
of the 3-layered sphere and the point-source, based on low-frequency measurements of the
0- and 1- excitation total cross-section. Additionally, we emphasize that the embedding of
the point-source inside the scatterer offers additional essential information for the problem’s
characteristics, which cannot be given by a point-source outside the sphere.

4.1.1 Determination of the point-source’s location

We determine the location of the point-source for given geometrical and physical
characteristics of the sphere. This type of problem is expected to find applications in the
determination of the layer that the neuron currents radiate in investigations of the human
brain’s activity (15). An inverse scattering algorithm is established for the hard core case.

We use the 0- and 1- excitation total cross-sections (39) and (40) of a 3-layered sphere with
hard core. The decision on whether the point-source lies in the interior or the exterior of the
sphere is based on the following algorithmic criterion:

Measure the leading term (of order (koa;)?) in the low-frequency expansion of the total
cross-section. If this measurement is zero, then from (39), the point-source is outside the
sphere. On the other hand, if this measurement is not zero then from (40) the point-source
is inside the sphere.

After determining the layer that the point-source is lying, we can also obtain its position 74
(9=0,1). For exterior excitation, we compute the position ry from the measurement of the
leading order term of the 0-excitation total cross-section (39)

6
a
2 71 2
moy = 7Tk0—2 (7‘[0/1) ’
3r§

while for interior excitation, the measurement of the second order term of the 1-excitation total
cross-section (40)
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3 2
my = 4rk3a} (Hio) —2H!} 07—[ 4 %(7—[1 1)?
7

gives the position r1 of the point-source.

4.1.2 Determination of the layers material parameters

We determine the mass densities of the sphere’s layers for given center’s coordinates and
layers radii of the sphere. Inverse scattering algorithms are established for a sphere with
penetrable core.

Consider two point-source locations (0,0,b9) and (0,0,b1) with known distances by > a1 and
ap < by < ay from the layered sphere’s center (that is the first point-source lies in the
exterior and the second one in the interior of the scatterer). First, measure the leading order
low-frequency term m of the 0-excitation total cross-section (45) for a point-source at (0,0,bg)

47Tk(2)a?
2
3b0

my = (Pos)?, (53)

and then the leading m; and the second order term m; of the 1-excitation total cross-section
(46) for a point-source at (0,0,b1)

by
my =4mn—, (54)
Q7
2 3 2

Eq. (54) provides the mass density o1 of layer V;. Egs. (53) and (55) constitute a 2 x 2
non-linear system, the solution of which provides the densities ¢, and g3 of layers V, and
V3.

4.1.3 Determination of the sphere’s center and the layers radii
We determine the center’s coordinates and the layers radii of the 3-layered sphere for given
mass densities and refractive indices of the sphere’s layers. We establish the inverse scattering
algorithms for a sphere with soft core.
Choose a Cartesian coordinate system Oxyz and five point-source locations (0,0,0), (£,0,0),
(0,£,0), (0,0,¢), and (0,0,2¢) with unknown distances by, by, b3, by and bs from the layered
sphere’s center. The parameter ¢ represents a chosen fixed length. First, measure the leading
order low-frequency term m of the 0O-excitation total cross-section (33) for a point-source
located at the origin

moy = 4ma3(Sgg)? (56)

Then, measure the second order low-frequency term m; of the 0-excitation total cross-section
(33) for each point-source location

2

= 4rtkgay | (SG0)* — 2830500 + =1 3b2

5(So)?| (=1...,5)
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Measurability techniques permitting the isolation of the individual measurements m( and
m; from the total cross-section measurements as well as measurement sensitivity aspects are
discussed in (5).

Next, measure the second order cross-section term ¢ for a point-source far away from the
sphere (T — 0) (namely for plane wave incidence)

me = 4kdat |(S30)2 — 2830830 (57)

We define the dimensionless quantities

(58)

o 14 /3 ¢ b
’Y] /m]' — Mg 47T koﬂ%SO,l ay '
Now, we have seven equations with the eight unknowns a1, ay, a3, and b]-. The 8-th equation

is derived by the law of cosines
b2 = 20% 4+ 23 — 12, (59)

and thus from (58) and (59) we get

2 2
e S
14 vE—2v2+ 9%

which determine the distances bj. The intersection point of the four spheres centered at (0,0,0),

(£,0,0), (0,£,0), (0,0,f) with determined radii by, by, b3, by coincides with the center of the layered
spherical scatterer.
Finally, (56), (57), and (58) for j=1 constitute the 3 x3 non-linear system

11188’0 = v/ m0/47r
at [(S30)2 — 2830830 = me/ (472K3)

3Sp1 = (V3bi€)/ (Virkorr),

which gives as solutions the layers radii 41, a5, and a3.

4.2 Near-field inverse scattering problems

The derived low-frequency near-field expansions in Section 3.3 are now utilized to establish
inverse scattering algorithms for the determination of the geometrical characteristics of the
piecewise homogeneous sphere. More precisely, the near-field inverse problem setting is as
follows: we know the sphere’s radius, a1, as well as the location of its center and we are
interested in estimating the core’s radius, a;. Note that for problems, where we need to
determine also the sphere’s radius and its center, appropriate modifications of the far-field
algorithms (to the present context of near-field measurements) presented in Section 6.1 of (19)
may be applied.
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Consider a 2-layered sphere with soft core. We suppose that the radius a4; and the density
0 are known and we will estimate the core’s radius a4, by using a single measurement of
the near-field due to an exterior point-source. The corresponding near-field at the exterior
point-source’s location is given by (52). The series appearing in (52), namely

g T0, Z Bn + Q Tl.An(C) 2n (60)

o(n+1) A (&) 0

may be expressed with the aid of Gauss hypergeometric functions, if we consider that the
relative mass density ¢ of the coating’s layer Vj is close to 1. For this case, the series (60) has
the following properties

11 (\ 1 (it
9.7 nE2n+l 4y 41 ot [
E(C,To,l)—?n;) 1 (1-g"+h) =

1 13 %)\ Tp(p35 2 ¢+
—3F<2§§g—4)‘?F(222’0> () @

where F = ,Fj is the Gauss hypergeometric function (26). Now, by considering the best linear
approximation around the fixed point ¢ = 1, from (60)-(62), we get

P 0,0) = S 101) + %Q“) (0-1)

1 I+ 13 %\ %.(,35 5
—ah‘(s—m)<z‘@>‘[¢2 (2 5’5—3)‘?01“@'5'5”0)]“‘@'

which in combination with (52) and (60) gives

2—-¢ (C+T
sec J—
0,0l = | 25 (£

B 13 %\ 35 2 ’
—|=F|(2=z2=5 | —=F (2= 1-— O(x~). 63
€2<22€4 3 22 ( Q)"—(K) (63)
The radius a, of the core of the 2-layered sphere may now be determined by means of (63)
as follows. We measure the leading order term in the above low-frequency expansion of
|uz(r0,0)|, and we obtain a non-linear equation with respect { = a;/a;. Since, the radius
ay is known, the solution of this equation provides the core’s radius a;.

Similar near-field algorithms may be developed for a 2-layered sphere with hard, and
penetrable core.
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