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On the Optimal Allocation of the Heat
Exchangers of Irreversible Power Cycles

G. Aragoén-Gonzalez, A. Leén-Galicia and J. R. Morales-Goémez
PDPA, Universidad Auténoma Metropolitana-Azcapotzalco
Meéxico

1. Introduction

Thermal engines are designed to produce mechanical power, while transferring heat from
an available hot temperature source to a cold temperature reservoir (generally the
environment). The thermal engine will operate in an irreversible power cycle, very often
with an ideal gas as the working substance. Several power cycles have been devised from
the fundamental one proposed by Carnot, such as the Brayton, Stirling, Diesel and Otto,
among others. These ideal cycles have generated an equal number of thermal engines,
fashioned after them. The real thermal engines incorporate a number of internal and
external irreversibilities, which in turn decrease the heat conversion into mechanical power.
A standard model is shown in Fig. 1 (Aragén-Gonzélez et al., 2003), for an irreversible
Carnot engine. The temperatures of the hot and cold heat reservoirs are, respectively, Ty
and Tr. But there are thermal resistances between the working fluid and the heat reservoirs;
for that reason the temperatures of the working fluid are Ty and T, for the hot and cold
isothermal processes, respectively, with T; < Ty and Ty < T». There is also a heat loss Q jeak
from the hot reservoir to the cold reservoir and there are other internal irreversibilities (such
as dissipative processes inside the working fluid). This Carnot-like model was chosen
because of its simplicity to account for three main irreversibilities above, which usually are
present in real heat engines.

On the other hand, the effectiveness of heat exchangers (ratio of actual heat transfer rate to
maximum possible heat transfer rate), influence over the power cycle thermal efficiency. For
a given transfer rate requirement, and certain temperature difference, well-designed heat
exchangers mean smaller transfer surfaces, lesser entropy production and smaller thermal
resistances between the working fluid and the heat reservoirs. At the end all this accounts
for larger power output from the thermal engine.

Former work has been made to investigate the influence of finite-rate heat transfer, together
with other major irreversibilities, on the performance of thermal engines. There are several
parameters involved in the performance and optimization of an irreversible power cycle; for
instance, the isentropic temperature ratio, the allocation ratio of the heat exchangers and the
cost and effectiveness ratio of these exchangers (Lewins, 2000; Aragén-Gonzélez et al., 2008
and references there included). The allocation of the heat exchangers refers to the
distribution of the total available area for heat transfer, between the hot and the cold sides of
an irreversible power cycle. The irreversible Carnot cycle has been optimized with respect to
the allocation ratio of the heat exchangers (Bejan, 1988; Aragon-Gonzélez et al., 2009).
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Fig. 1. A Carnot cycle with heat leak, finite rate heat transfer and internal dissipations of the
working fluid.

1.1 Heat exchangers modelling in power cycles

Any heat exchanger solves a typical problem, to get energy from one fluid mass to another.
A simple or composite wall of some kind divides the two flows and provides an element of
thermal resistance between them. There is an enormous variety of configurations, but most
commercial exchangers reduce to one of three basic types: a) the simple parallel or
counterflow configuration; b) the shell-and-tube configuration; and c) the cross-flow
configuration (Lienhard IV & Lienhard V, 2004). The heat transfer between the reservoirs
and the hot and cold sides is usually modeled with single-pass counterflow exchangers; Fig.
2. It is supposed a linear relation with temperature differences (non radiative heat transfer),
finite one-dimensional temperature gradients and absence of frictional flow losses. For
common well-designed heat exchangers these approximations capture the essential physics
of the problem (Kays & London, 1998).

Counterflow heat exchangers offer the highest effectiveness and lesser entropy production,
because they have lower temperature gradient. It is well-known they are the best array for
single-pass heat exchanging. It has also been shown they offer an important possibility, to
achieve the heating or cooling strategy that minimizes entropy production (Andresen, B. &
Gordon J. M., 1992). For the counterflow heat exchanger in Fig. 2, the heat transfer rate is

T
T V.
TL out AT“
A
l]\ TH out
AT,
br,
Lenght or area covered
-~ <«
—> q Counterflow heat exchanger h —>
P -

Fig. 2. Temperature variation through single-pass counterflow heat exchanger, with high
and low temperature streams.
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(Lienhard IV & Lienhard V, 2004):

q = UA ATmean (1)

where U (W/m?2K) is the overall heat transfer coefficient, A (m?) is the heat transfer surface
and AT meanis the logarithmic mean temperature difference, LMTD (K) (see Fig. 2).

LMTD =AT___ = AT, -AT, )
mean ATa
In
AT,

For an isothermal process exchanging heat with a constant temperature reservoir, as it
happens in the hot and cold sides of the irreversible Carnot cycle in Fig. 1, it appears the
logarithmic mean temperature difference is indeterminate (since AT.=AT}). But applying
L'Hospital’s rule it is easily shown:

LMTD = AT, = AT, . 3)

For the Brayton cycle (Fig. 3) with external and internal irreversibilities which has been
optimized with respect to the total inventory of the heat transfer units (Aragén-Gonzélez G.
et al., 2005), the hot and cold sides of the cycle have:

LMTDy = % and LMTD, = % (4)
H ™2 4s ~ 'L
In4'— In—
H ™13 1°L

The design of a single-pass counterflow heat exchanger can be greatly simplified, with the
help of the effectiveness-NTU method (Kays and London, 1998). The heat exchanger
effectiveness (¢) is defined as the ratio of actual heat transfer rate to maximum possible heat
transfer rate from one stream to the other; in mathematical terms (Kays & London, 1998):

Fig. 3. A Brayton cycle with internal and external irreversiblities.

_ CH(THin - THout) _ CL (TLout - TLin)

) Cmin (THin - TLin) Cmin (THin - TLin)

it follows that:
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Jactual = € Chin (THin - TLin) (6)
The number of transfer units (NTU) was originally defined as (Nusselt, 1930):

NTU = 22,
C

min (7)
where Cpin is the smaller of Cr = (71 cp)L and Cy = (11 ¢p)n, both in (W/K); with 71 the mass
flow of each stream and c; its constant-pressure specific heat. This dimensionless group is a

comparison of the heat rate capacity of the heat exchanger with the heat capacity rate of the
flow. Solving for € gives:

_(1 - ﬁJNTU
1-e Cmax

o TG ®

Cmax

&=

max

Equation (8) is shown in graphical form in Fig. 4. Entering with the ratio Cnin/Cmax and
NTU = UA/Cquin the heat exchanger effectiveness € can be read, and with equation (6) the
actual heat transfer rate is obtained.

When one stream temperature is constant, as it happens with both temperature reservoirs in
the hot and cold sides of the irreversible Carnot and Brayton cycles, the capacity rate ratio
Chmin/Cmax is equal to zero. This heat exchanging mode is called “single stream heat
exchanger”, and the equation (8) reduces to:

3 =1-eNY )

singlestream

1.0 T T T T T T 0.25
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05 — —
04 |- ~]
0.3 —
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0.0 ! \ | | [
0 1 2 3 4 5

NTU = UA/C,,

Fig. 4. Effectiveness of counterflow heat exchangers is a function of NTU and Cuin/ Cmax-

The following sections will be dedicated to the optimal allocation of counterflow heat
exchangers which are coupled in the hot-cold sides of irreversible Carnot-like and Brayton-
like cycles (Fig. 1 and Fig. 3, respectively).
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2. The optimal allocation of the heat exchangers for a Carnot-like cycle

The optimal allocation of the heat exchangers of irreversible power cycles was first analyzed
for A. Bejan (Bejan, 1988). He optimized the power for the endoreversible Carnot cycle and
found that the allocation (size) of the heat exchangers is balanced. Furthermore, Bejan also
found for the model of Carnot the optimal isentropic temperature ratio x = T»/T; by a
double maximization of the power. He obtained the optimal ratio: xmp=\/a ; p=T /Ty
which corresponded to the efficiency to maximum power proposed previously for Novikov-
Chambadal-Curzon-Ahlborn (Bejan, 1996 and Hoffman et al., 1997):

Nenea =1- \/ﬁ (10)

The equation (10) was also found including the time as an additional constraint (see Aragén
et al., 2006; and references there included). Recently in (Aragén-Gonzalez et al., 2009), the
model of the Fig. 1 has been optimized with respect to x and to the allocation ratio ¢ of the
heat exchangers of the hot and cold side for different operation regimes (power, efficiency,
power efficient, ecological function and criterion Q(x,(p) ). Formerly, the maximum power
and efficiency have been obtained in (Chen, 1994; Yan, 1995; and Aragon et al., 2003). The
maximum ecological function has been analyzed in general form in (Arias-Herndndez et al.,
2003). In general, these optimizations were performed with respect to only one characteristic
parameter: x including sometimes also time (Aragén-Gonzélez et al., 2006)). However,
(Lewins, 2000) has considered the optimization of the power generation with respect to
other parameters: the allocation, cost and effectiveness of the heat exchangers of the hot and
cold sides (Aragon-Gonzalez et al., 2008; see also the reviews of Durmayas et al., 1997;
Hoffman et al., 2003). Also, effects of heat transfer laws or when a property is independent
of the heat transfer law for this Carnot model, have been discussed in several works (Arias-
Hernandez et al., 2003; Chen et al., 2010; and references there included), and so on.
Moreover, the optimization of other objective functions has been analyzed: Q criterion
(Sanchez-Salas et al., 2002), ecological coefficient of performance (ECOP), (Ust et al., 2005),
efficient power (Yilmaz, 2006), and so on.

In what follows, Carnot-like model shown in Fig. 2 will be considered, it satisfies the
following conditions (Aragén-Gonzalez (2009)): The working fluid flows through the system
in stationary state. There is thermal resistance between the working fluid and the heat
reservoirs. There is a heat leak rate from the hot reservoir to the cold reservoir. In real power
cycle leaks are unavoidable. There are many features of an actual power cycle which fall
under that kind of irreversibility, such as the heat lost through the walls of a boiler, a
combustion chamber, or a heat exchanger and heat flow through the cylinder walls of an
internal combustion engine, and so on. Besides thermal resistance and heat leak, there are
the internal irreversibilities. For many devices, such as gas turbines, automotive engines,
and thermoelectric generator, there are other loss mechanisms, i.e. friction or generators
losses, and so on, which play an important role, but are hard to model in detail. Some
authors use the compressor (pump) and turbine isentropic efficiencies to model the internal
loss in the gas turbines or steam plants. Others, in Carnot-like models, use simply one
constant greater than one to describe the internal losses. This constant is associated with the
entropy produced inside the power cycle. Specifically, this constant makes the Claussius
inequality to become equality:

www.intechopen.com
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L 12 (11)
T2 Tl

where Q; (i =1, 2) are the heat transfer rates and 1= AS,/AS; >1 (Chen, 1994). The heat
transfer rates Qy, Q, transferred from the hot-cold reservoirs are given by (Bejan, 1988):

Qu=Qi+Q QL =Q,+Q (12)

where the heat leak rate Q is positive and Q,, Q, are the finite heat transfer rates, between
the reservoirs Ty, Tr and the working substance. By the First Law and combining equations
(11) and (12), the power P, heat transfer rate Qy; and thermal efficiency are given by:

P=QH'QL =Q1‘Q2 =Q(1'IX)}
P

QH=Q1+Q= +Q (13)
1-1Ix
-_ P
17 0P +Q
where x = % is the internal isentropic temperature ratio and f(x)= e is always
1 - Ix

positive. The entropy-generation rate and the entropy-generation rate multiplied by the
temperature of the cold side gives a function 2 (equations (13)):

S =g_%>o

gen TL TH
z= TLSgen = TL [QP.-}- F _%
L H

Z=g(P+Q(L-p)

where g(x) = f(x)(xI - p) is also positive. The ecological function (Arias-Hernandez et al.,
2003), if Ty is considered as the environmental temperature, and the efficient power (Yilmaz,
2006) defined as power times efficiency, are given by

j=QHﬂ-w-P (14)

E=P-Z= (1-g())P-Q(1-1) (15)

P,=nP

and g(x) should be less than one (Arias-Herndndez et al. (2003)). This is fulfilled if and only
if E > 0 (see conditions on it in subsection 2.3). Finally, the Q criterion states a compromise
between energy benefits and losses for a specific job and for the Carnot model discussed
herein, it is expressed as (Sanchez-Salas et al., 2002):

Q = 21’] ~ Nmax P (16)
n

where Nmax is a constant.
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2.1 The fundamental optimal relations of the allocation and effectiveness of the

heat exchangers

The relevance of the optimization partial criterion obtained in (Aragén-Gonzailez et al.
(2009)) is that can also be applied to any parameter z different from x, and to any objective
function that is an algebraic combination of the power and/or efficiency (as long as the
objective function has physical meaning and satisfies the equations (20) and (21) below). In
particular, for all the objective functions P(x,z), n(x,z), E(x,z), P, (x,z),Q(x,z) and also for
other characteristic parameters (not only these presented in (Aragén-Gonzalez et al. (2009)).
In what follows, let z be any characteristic parameter of the power plant different to x and

the following operation regimes will be considered:

G(x,2)=P(x,z), n(xz), E(x,z), P, (x,z),Q(X,z) (17)
(power, efficiency, ecological function, efficient power, and Q criterion, respectively).
Assuming, the parameter z can be any characteristic parameter of the cycle different to x.
Thus, if z # x and zmp is the point in which the power P achieves a maximum value, then:

oP o°P
— =0and —|, <0
az Zmp 6Z2 Zmp (18)
and, from the third equation of (13):
(2P
a__ Q%)
z [foP+Q]
since Q does not depend of the variable z. Thus,
on oP
— = — = 0
aZ Zme aZ Zmp (20)

where zy, is the point in which the efficiency 1 achieves its maximum value. This implies
that their critical values are the same znp, = zZme (necessary condition). The sufficiency
condition is obtained by:

o
0Z?

5| 2P
b
= <0 (21)

[f09P + Q]

Zmp “Zme

The optimization described by the equations (18)-(21) can be applied to the operation
regimes given by equations (17) (the operation regime % (equation (14)) does not have a
global minimum as was shown in (Aragén-Gonzalez et al., 2009)). Thus, if Zmec, Zmpy, Zme are
the values in which the objective functions E(x,z), P, (xz), Q(x,z) reach their maximum
value, then: Zmp = Zme = Zmec = Zmpn = Zme. Furthermore, the optimization performed, with

respect to x, is invariant to the law of heat transfer no matter the operation regime G(x,z).
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As an illustration, only two design rules corresponding to z will be considered. The first rule
is when the constrained internal conductance, which is applied to the allocation of the heat
exchangers from hot and cold sides with the same overall heat transfer coefficient U by unit
of area A in both ends (see equations (1) and (3)). Thus,

a+p=y

- (22)
+o=A

a
U

where y is a constant, a, B are the thermal conductances on the hot and cold sides,
respectively, and in parametrizing as:

a p
= —; 1- = L 23
oA’ TP A ()
The second rule corresponds to total constrained area. Now, the total area A is fixed, but
when distributed it has different overall heat transfer coefficients (different effectiveness) on

hot and cold sides (see equations (1) and (3)). Then,

A=AH+AL=i+£ (24)
no Up

where Ax and Ap are heat transfer areas on hot and cold sides, and Uy and Uy, are overall

heat transfer coefficients on the hot and cold sides, respectively. In parametrizing again:

" a g
= ; 1-0*=
T ua Y T UA

(25)

The following criterion can be established:

Criterion 1. If x is fixed, z # x is a characteristic parameter arbitrary of the irreversible
Carnot cycle, the law of heat transfer is any, including the heat leak, and the objective
functions are G(x,z) = P(x,z), n(x,z), E(x,z), P, (x,2), Q(x,z). Then, the objective function
G(x,z) reaches his maximum in: ZmG=ZmP=Zme=Zmec=ZmPy=Zme. In particular, if z=¢ or ¢*, the
thermal conductances, overall heat transfer coefficients and areas are given either by the
equations (22) or (25), and G(x,z) represent any operation regime given by the equation (17),
then, zmg = @mG Or ¢*mc, and are given by:

1
Pmc =
1+ VI
:i (26)
Or (p* = i
mG
JI+ Ry
where R, = S—L . Consequently, the optimal area ratio of the heat exchangers is given by:
H
AL Nit
—= =4I 27
A @)

or the optimal distribution of the heat exchangers areas is:
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. A ] A
1+ JIgt 1+ o
Indeed, it is enough to choose as objective function G(x,z), the power and the transfer heat
law by conduction, since they are the algebraically simplest. For the first design rule

(equation (23)), the dimensionless power output, p = gt is:

(28)

(1- Ix)(1 [ ﬂ)

P= TRl (29)
9 1-¢
or for the second design rule, the dimensionless power pEﬁ is given by:
_(1-1(1-3)
P =77 (30)

GRS

In optimizing p or p* with respect to ¢ or ¢* (respectively), the equations (26) are derived
and combining the equations (23) or (25) and (26), the equations (27) and (28) are obtained;
from these equations, the Eq. (26) or Eq. (27) are derived.

2.2 Efficiencies to maximum G(x, ¢)
In this section, the efficiencies to maximum G(x, ¢) are calculated by the substitution of the
optimal value @mc given by the first equation (26) that doesn't depend on the aforesaid
operation regimes G and neither on the transfer heat law. The power as objective function
and the transfer heat law by conduction are newly chosen. The optimal values of x will be
adapted or extended from the current literature for each objective function. The efficiencies
to maximum G, for numerical values given, will be compared.
Now, if all heat transfer rates are assumed to be linear in temperature differences, from the
(1-1)(1-2)

(1+1)

equation (29), the dimensionless power is: P =

The optimization of p, 1, € = gz~ with respect to x has been discussed in (Aragén-Gonzélez

et al., 2000; 2003; 2008), and are given by:

e (1+ VI)RL(L - p)(C-Ty) -
e CI ’

o < [ROrH).
mec 2]:

For the objective functionsp, = UE“TH , ®= UETH , they have been calculated only numerically

in (Yilmaz, 2006; Sanchez-Salas et al., 2002). However, they can be calculated analytically.
For instance, the optimal value Xmpy for maximum efficient power p;, is obtained by:
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2 ap
Py =0 (32
f(x)p+tL(1-p)  Ox
and from the equation (32), the following cubic equation is obtained:
op p 2 2
—| 2| L(1-p)+ 1-Ix) -p(1-Ix) |-p] =0 33
B2t ppe B bl o)

Xrnpn

then, the root with physical meaning is chosen; the solution is too large to be presented here.
This value of x,, extends to one presented in (Yilmaz, 2006). Similarly, a closed form for xme
which extends to one presented in (Sanchez-Salas et al., 2002) is equally calculated, which is:

_ e TR

XmQ 21 (34)

Using equations (13), (30), (32) and (33) the efficiencies NmG (Nmp, Nmax, Nmees Nmpn aNd Nma) to

maximum G =P, n, E, P, and Q are given by:

1-1Ix,¢
LA - (VT +1)’

1’]mG = (35)

1+ —
XmG

where L = K/UA, being K the thermal conductance of the heat leak Q = K(T, - T, ). For

numerical values of (Aragon-Gonzélez et al., 2009): I =1.235 and L = 0.01 the efficiencies nmc
can be contrasted. Fig. 5 shows the behavior between, Nmg, Nmpny, Nme With respect to nmp and
Nmax Versus ; it can be seen that the following inequality is satisfied: Nmp < Nmec, and npy
NmQ < Nmax-

1.0
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\ \\
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0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 7 1.0
Fig. 5. Behaviors of Nmp, Nmax, mE, Nmpn, Nme, With respect to pif I =1.235 and L = 0.01.

A completely analogous analysis can be performed by the substitution of the second
equation of (26) (or any other optimal parameter, v. gr. costs per unit heat transfer) in the
equation (30) for the power (or some other equation corresponding to the power including
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costs as was proposed in (Aragén-Gonzélez et al., 2008)) for the same transfer heat law.
Also, this can be made applying the same objective function (power) and only changing the
heat transfer law. But this is not covered by this chapter's scope.

2.3 The ecological coefficient of performance (ECOP)

In (Ust et al. (2005)) was indicated that the ecological function may take negative values, due
to the loss rate of availability term, To Sgen (To is the environment temperature), can be
greater than the actual power output. In general, the ecological function takes only positive
values for efficiencies greater than the half of the Carnot efficiency nc. Indeed, from the
equation (15) for Z the following is obtained:

Z:p(ul>0
n

E=£2q;r|c}1’>0<:>1q>I]_C
n 2

where Ty = Ty, has been taken.

Then, a new ecological objective function was proposed in (Ust et al. (2005)), in order to
identify the effect of loss rate of availability on power output. This objective function has
always positive values just like the power, efficiency and efficient power, and is an algebraic
expression only of the efficiency n. The objective function was called the ecological
coefficient of performance (ECOP) and is defined as the power output per unit loss rate of
availability, i.e. ECOP = £ > 0; where T = Ty have been supposed. A performance analysis
upon the Carnot-like model, using the ECOP criterion as objective function, was carried out
by Ust et al. Their optimization was performed only for x and taking some numerical
optimal values of ¢* (Figure 3 (d) of Ust et al., 2005). It was found (see Figure 4 of Ust et al.
2005) that the optimal conditions to maximum ECOP and efficiency n coincides, although
their functional forms are different. This can be shown applying the optimization described
in the subsection 2.1 (equations (18) to (21)) and in a form more general. Indeed, let z = x, ¢
or ¢* (or any other parameter); from the first equation of (36), the ECOP can be wrote:

ECOP=—1_ >
Ne -0 (37)

and as

Ll
oBcor| - :&ECOPLE Il
oz ™ (o) Free™ " 7 g b
(38)
azEcopl 2 e, (1+ECOP)
= mEcop <
oz2 boer (N -n)

Furthermore, the following criterion can be established and can be shown in simpler form:
Criterion 2. The ECOP criterion reaches its maximum if n = nmax. Moreover, the optimal
conditions are the same for the ECOP and n objective functions, independently of the heat
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transfer law. In particular, the second equation of (31) is fulfilled. Indeed, it is enough to
write (37) as:

ECOP= . ; t 1 (39)

n n Nimax

since 1 < Nmax i-e. the maximum is reached if 11 = Nmax and as none heat transfer explicit
law has been used, then, it is satisfied for any the heat transfer law and for any
characteristic parameter. And clearly the second equation of (31) is fulfilled. From the
Criterion 2 follows that the optimal conditions are the same to maximum ECOP and
efficiency n. Thus the work of (Ust et al., 2005) has been extended to any characteristic
parameter and to any heat transfer law. Nevertheless, the optimal conditions coincide
for ECOPand n independently of the heat transfer law. They contain different
thermodynamic meanings: the efficiency gives information about the necessary fuel
consumption in order to produce a certain power level whereas ECOP gives information
about the entropy generation (loss rate of availability). If the parameters are x and ¥,
a discussion is presented in (Ust et al., 2005). Also, (Ust et al., 2005) have noted that the
actual power equals to the theoretical power output minus the loss rate of availability,
i.e. P = Pactual - ToSgen (cfr. with (Sonntag et al., 2003) for more details). They have
concluded that the loss rate of availability has been considered twice in the ecological
function. It will need interpretation in order to wunderstand what it means
thermodynamically.

3. The optimal allocation of the heat exchangers for a Brayton-like cycle

A. Bejan (Bejan, 1988) optimized the power for the endoreversible Brayton cycle and found
that the allocation (size) of the heat exchangers is balanced. The Brayton endoreversible
model discussed for him corresponds to the cycle 1-2s-3-4s of the Fig. 3. Formerly, H. Leff
(Leff, 1987)) was focused on the reversible Brayton cycle and obtained that the efficiency to
maximum work corresponds to the CNCA efficiency (equation (10) with one p* = T1/Ts, see
Fig. 3. In (Wu et al; 1991) a non-isentropic Brayton model was analyzed and found that the
isentropic temperatures ratio (pressure ratio), that maximizes the work, is the same as a
CNCA-like model (Aragon-Gonzalez et al, 2000; 2003). In (Swanson, 1991) the
endoreversible model was optimized by log-mean temperature difference for the heat
exchangers in hot and cold sides and assumed that it was internally a Carnot cycle. In (Chen
et. al., 2001) the numerical optimization for density power and distribution of a heat
exchangers for the endoreversible Brayton cycle is presented. Other optimizations of
Brayton-like cycles can be found in the following reviews (Durmayas et al. 1997; Hoffman et
al. 2003). Recent optimizations of Brayton-like models were made in (Herrera et al., 2006;
Lewins, 2005; Ust, 2006; Wang et al., 2008).

For the isentropic Brayton cycle (1-2s-3-4s-1) its efficiency is given by (Fig. 3):

n=1-x (40)

[

where x =¢ ', withe = p2s/P1 the pressure ratio (maximum pressure divided by minimum
pressure) and y = cp/ ¢y, with ¢p and ¢, being the constant-pressure and the constant-volume
specific heats. Furthermore, the following temperature relations are satisfied:
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T, = %; T, =T,x (41)

S S

where x is given by the equation (40). If a non-isentropic Brayton cycle, without external
irreversibilities (see 1-2-3-4 cycle in Fig. 3) is considered, with isentropic efficiencies of the
turbine and compressor 11 and 1), respectively, and from here the following temperature
relations are obtained (Aragén-Gonzélez et al., 2000):

T3’T4 Tzs’T1
e | P
! T3 -T4S f TZ -Tl (42)
1-x
T =T1(1 + Xj; T, = T,(1-n,(1-x))
2

Now, if we consider the irreversible Brayton cycle of the Fig. 3, the temperature reservoirs
are given by the constant temperatures Ty and Ti. In this cycle, two single-pass counterflow
heat exchangers are coupled to the cold-hot side reservoirs (Fig. 2 and Fig. 3). The heat
transfer between the reservoirs and the working substance can be calculated by the log
mean temperature difference LMTD (equation (2)). The heat transfer balances for the hot-
side are (equations (1) and (6)):

Qu = Uy Ay LMTD, =me, (T, - T,); Q =Uy A, LMTD, =me, (T, -T,) 43

where LMTDyy 1. are given by the equations (4). The number of transfer units NTU for both
sides are (equation (7)):

=UHAH=T3'T2. N_ULAL T4'T1

Ny ’ Lo = (44)
mc,, LMTD, mc,, LMTD,
Then, its effectiveness (equation (9)):
€y =1-e'N”=—T3 -1 ; ?,L=1-e'N‘~=T4 -1
TH - Tz T4 - TL (45)

As the heat exchangers are counterflow, the heat conductance of the hot-side (cold side) is
UnAg (ULAr) and the thermal capacity rate (mass and specific heat product) of the working
substance is Cw. The heat transfer balances results to be:

Qu =Cyuey (TH 'Tz) =Cy (Ta'Tz); Q. = CWSL(TAL 'TL) =Cy (T4 'Tl) (46)

The temperature reservoirs Ty and Ty are fixed. The expressions for the temperatures T and
T4, including the isentropic efficiencies 1)1 and 1), the effectiveness ey and e and p = Tr/Tu
are obtained combining equations (41), (42), and (45):

[apr'1+eH(1 g )](ﬂ{zx +x) _ [ewx +ep(l-g, )](%'%)
eveaie)] " oreaia)] "

And, the dimensionless expressions, q = Q /CwTy, for the hot-cold sides are:

I - @)
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T. T
du =€H£1- ﬁj/ qr =€L[ﬁ'}1} (48)
From the first law of the Thermodynamic, the dimensionless work w = W/CwTH of the cycle
is given by:
e 3]
H H (49)

and substituting the equations (47), the following analytical relation is obtained:

wenfr- BB 1 ] fartern)1 (o) ] g

g tey(1-g) |1, g, tey(l-g) (x X

This relation will be focused on the analysis of the optimal operating states. There are three
limiting cases: isentropic [en = €L = 1)1 = 1z = 1]; non-isentropic [ey=e.=1, 0 <1, 2 <1]; and
endoreversible [ = 2 = 1, 0 < ey, &L < 1]. Nevertheless, only the endoreversible cycle is
relevant for the allocation of the heat exchangers (see subsection 3.2). However, conditions
for regeneration for the non-isentropic cycle are analyzed in the following subsection.

3.1 Conditions for regeneration of a non-isentropic Brayton cyle for two operation
regimes

J. D. Lewins (Lewins, 2005) has recognized that the extreme temperatures are subject to limits:
a) the environmental temperature and; b) in function of the limits on the adiabatic flame or for
metallurgical reasons. The thermal efficiency 1) (see equation (40)) is maximized without losses,
if the pressure ratio &, grows up to the point that the compressor output temperature reaches
its upper limit. These results show that there is no heat transferred in the hot side and as a
consequence the work is zero. The limit occurs when the inlet temperature of the compressor
equals the inlet temperature of the turbine; as a result no heat is added in the
heater/combustor; then, the work vanishes if €, = 1. Therefore at some intermediate point the
work reaches a maximum and this point is located close to the economical optimum. In such
condition, the outlet temperature of the compressor and the outlet temperature of the turbine
are equal (Tzs = T4s; see Fig. 3). If this condition is not fulfilled (Tzs # Tys), it is advisable to
couple a heat regeneration in order to improve the efficiency of the system if Tos < Tys (Lewins,
2005). A similar condition is presented when internal irreversibilities due to the isentropic
efficiencies of the turbine (1)1) and compressor (12) are taken into account (non-isentropic
cycle): T> < Ty (see Fig. 3 and equation (20) of (Zhang et al., 2006)).

The isentropic cycle corresponds to a Brayton cycle with two coupled reversible counterflow
heat exchangers (1-2s-3-4s in Fig. 3). The supposition of heat being reversibly exchanged (in
a balanced counterflow heat exchanger), is an equivalent idealization to the supposed heat
transfer at constant temperature between the working substance of a Carnot (or Stirling)
isentropic cycle, and a reservoir of infinite heat capacity. In this cycle CwTu = mc,T3, Tu= T,
Ty = Tz and T = T, then,

W=(1-><)-(1 1)}1*; qu =1-xp% q, =x-p* (51)

X
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For maximum work:

Xow = \/F; Nenea = 1- \/}T (52)

where p' = % and 1ng, corresponds to the CNCA efficiency (equation (10)).
Furthermore, in condition of maximum work:

2
T =x_; L _TT _ X _ (53)
T, T

=B = W e
s 4s

TS T4

S mw

50 Tas = T4s. In other conditions of operation, when T < T4, a regenerator can be coupled to
improve the efficiency of the cycle. An example of a regenerative cycle is provided in
(Sontagg et al., 2003).

On the other hand, the efficiency of the isentropic cycle can be maximized by the following
criterion (Aragén-Gonzélez et al., 2003).

2 2
Criterion 3. Let n= Y =1- 3L Syppose that 0 qu <0 and aanL
X

9u du X
the maximum efficiency nmax is given by:

= 0, for some x. Then,

w a<17L|
—  Ox Ix=x _ ox Ix=x
I]max = X me  — 1 - aq)l(l me (54)
8?1{ | _ ox |X=xme
ox  Ix=xpe

where xne is the value for which the efficiency reaches its maximum.
Criterion 3 hypothesis are clearly satisfied: aaxiz“ <0 and % = 0 for some x (Fig. 6). Thus,
the maximum efficiency nmax is given by the equation (54):

2
X

=1_ﬂ 55
u (55)

1-

x
g N‘H ‘-;: =
z

In solving, Xme = pt and Nmax = 1 - p which corresponds to the Carnot efficiency; the other root,
Xme = 0, is ignored. And the work is null for xme = p; as a consequence the added heat is also
null (Fig. 6). Now regeneration conditions for the non-isentropic cycle will be established.
Again CwTy = mcpTs, Ty = T3 and Ty = Ty (cycle 1-2-3-4 in Fig. 3) and T> and T4 are given by
the equations (42). Thus, using equations (42) and the structure of the work in the equation
(51), the work w and the heat qy are:

w=1,(1-x) - é(% -1)11*;

=i (14029,

Ty =11 xq = \/H and ny =1- n: (1 F ) i \/H- ! (57)

ﬁ(ﬁqz(Lp*) +\/}T(\/ﬂl))

(56)

Maximizing,

www.intechopen.com



202 Heat Analysis and Thermodynamic Effects

m
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0.2 0.4 0.6 0.8 1.0 X

Fig. 6. Heat and work qualitative behavior for p=0.25.

where I = 1/m12 and g is the efficiency to maximum work of the non-isentropic cycle.
Furthermore, the hypotheses from the Criterion 3 are fulfilled (the qualitative behavior of w
and qu is preserved, Fig. 6). In solving the resulting cubic equation, the maximum efficiency,
its extreme value and the inequality that satisfies are obtained:

2
N, [mp +mp(t-p)((1-n,)p+n,(1-n,)
pn, p(1-n,) +n,

Npax =1 -

_ R Hmp(1-p)(L-n,)p+ 0, (1-m,) (58)
M (}1(1 -1,) + 1]2)

me
Ip<x,.<x..

Now, following (Zhang et al., 2006), in a Brayton cycle a regenerator is used only when the
temperature of the exhaust working substance, leaving the turbine, is higher than the exit
temperature in the compressor (T4 > T). Otherwise, heat will flow in the reverse direction
decreasing the efficiency of the cycle. This point can be directly seen when T4 < T, because
the regenerative rate is smaller than zero and consequently the regenerator does not have a
positive role. From equations (42) the following relation is obtained:

_ 1(1 _
T, =T,(1-n,(1-x)) > T1(1 + E(? 1D =T, (59)

which corresponds to a temperature criterion which is equivalent to the first inequality of:

> = AT 2+41p B=(-1)+(I-3)n>0 (60)

Indeed, from the equation (59):

x>+ Bx-Ip>0

e (1)
2

X>X

min
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the inequality is fulfilled since \/p* + 4Ip > . The other root is clearly ignored. Therefore, if
X < Xmin, @ regenerator cannot be used. Thus, the first inequality of (60) is fulfilled.

Criterion 3. If the cycle operates either to maximum work or efficiency, a counterflow heat
exchanger (regenerator) between the turbine and compressor outlet is a good option to
improve the cycle. For other operating regimes is enough that the inequality (61) be fulfilled.

When the operating regime is at maximum efficiency the inequality of (61) is fulfilled.
Indeed,

X >X

me min

LA B2+l np(1-p)((1-n)p+ny(1-m,)
me~ Xmin q1p+ﬁ+{ > 1’]1(}1(1-112)+I]2)

[\/ﬁz +4lp Jz _{Jmu(l “1)(1-n,)p+ 0, (1 - nl)I _ (62)

2 1]1(P(1’I]2)+I]2)
0} ((na(1- )+ 1) (B> (na (1- )+ ) + 41p%) +4n,p(1 - 1) )>0
B+t (1-p)((1-n,)pen, (1-1,)
2 M, (p(1-n,)+n;,)

where the following elementary inequality has been applied: If a, b > 0, thena <b & a2< b2
If the operating regime is at maximum work, the proof is completely similar to the equations
(62). An example of a non-isentropic regenerative cycle is provided in (Aragon-Gonzalez et
al., 2010).

3.2. Optimal analytical expressions

If the total number of transfer units of both heat exchangers is N, then, the following
parameterization of the total inventory of heat transfer (Bejan, 1988) can be included in the
equation (50):

Ny +N, =N; Ny =yNand N, = (1-y)N (63)

For any heat exchanger N =£2 , where U is the overall heat-transfer coefficient, A the heat-
transfer surface and C the thermal capacity. The number of transfer units in the hot-side and
cold-side, Ny and Ni, are indicative of both heat exchangers sizes. And their respective

effectiveness is given by (equation (9)):
€H=1'e_YN/' gg=1-e"" (64)

Then, the work w (equation (50)) depends only upon the characteristics parameters x and y.
Applying the extreme conditions: 2~ =0; 2« =0, the following coupled optimal analytical

ox ’ oy
expressions for x and y, are obtained:

Xpgg = \/((Zl-z)(cz °B)

z-1)(Az, - Bz

1 1 Ax - Bp
Ve = 5+t ooIn
2 2N | Bx-Cp

W
) (65)
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where z;=eN; z=eyN; A =mpeN+1 -1y B=eN(mn+ 1-12) and C=eN-np + nin.

The equations (65) for xng and yne cannot be uncoupled. A qualitative analysis and its
asymptotic behavior of the coupled analytical expressions for xxg and yne (equations (65))
have been performed (Aragén-Gonzélez (2005)) in order to establish the bounds for xxg and
yne and to see their behaviour in the limit cases. Thus the following bounds for xng and yne
were found:

0<xy<xg<L 0<yy <3 (66)
where xn1 is given by the equation (57). The inequality (66) is satisfied because of

1<I < Bl If 1= 1 (1 = 2= 100%), the following values are obtained: xxg = Xcnea =

Ju ; yne = yE = % which corresponds to the endoreversible cycle. In this case necessarily: e =

gL = 1. Thus, the equations (65) are one generalization of the endoreversible case [11=12=1, 0 <

e, €L < 1]. The optimal allocation (size) of the heat exchangers has the following asymptotic

behavior: 11\1im Vae = 1/2; limlyNE = 1/2. Also, xng has the following asymptotic behavior:
—>© N1, N2>

II\Iim XnE = Xnps 11\1im Nxe = Nai- Thus, the non-isentropic [en = e = 1, 0 < 1, 2 < 1] and
—0 —®

endoreversible [ = 2 = 1, 0 < ey, e < 1] cycles are particular cases of the cycle herein
presented. A relevant conclusion is that the allocation always is unbalanced (yne < ¥2).
Combining the equations (65), the following equation as function only of z, is obtained:

ﬁLMJ _ \/ (z, -z)(Cz-B) ©7)

Az, -7°B (z-1)(Az, - Bz)

which gives a polynomial of degree 6 which cannot be solved in closed form. The variable z
relates (in exponential form) to the allocation (unbalanced, ex < er) and the total number of
transfer units N of both heat exchangers. To obtain a closed form for the effectiveness ey, €1,
the equation (67) can be approximated by:

Jr (chzj = (1 + lH) (68)

Az, -7’B 2 2

with H= &;;&Q—ii; ; and using the linear approximation: vH=1 + %(H-1)+O<(H-1)2) .

It is remarkable that the non-isentropic and endoreversible limit cases are not affected by the
approximation and remain invariant within the framework of the model herein presented.
Thus, this approximation maintains and combines the optimal operation conditions of these
limit cases and, moreover, they are extended. The equation (68) is a polynomial of degree 4
and it can be solved in closed form for z with respect to parameters: p or N, for realistic
values for the isentropic efficiencies (Bejan (1996)) of turbine and compressor: 11 =12 = 0.8 or
0.9, but it is too large to be included here. Fig. 7 shows the values of z (zmp) with respect to p.
Using the same numerical values, Fig. 8 shows that the efficiency to maximum work nng,
with respect to 1, can be well approached by the efficiency of the non-isentropic cycle nni
(equation (57)) for a realistic value of N = 3 and isentropic efficiencies of 90%. The behavior
of yne with respect to the total number of transfer units N of both heat exchangers, with the
same numerical values for the isentropic efficiencies of turbine and compressor and p = 0.3, are

www.intechopen.com



On the Optimal Allocation of the Heat Eexchangers of Irreversible Power Cycles

205

presented in Fig. 9. When the number of heat transfer units, N, is between 2 to 5, the
allocation for the heat exchangers yng is approximately 2 - 8% or 1 - 3%, less than its

asymptotic value or 2, respectively.
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Fig. 7. Behaviour of z(zmp) versus p, if 111=12=0.8 and N=3.
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y
0.50
0.48
0.46 B i
0.44 [~ T
./,l
—
F.d Nomenclature
0z e — ¥ (7,=0,= 100%)
/" = Yhe (1, =1);= 100%)
0.40 o
i o Yo (1, =10,= 90%)
7
4
0.38] 7
4
1 2 4 7
0 3 5 6 N 8

Fig. 9. Behavior of yng versus N, when n1=1,=0.8 or 0.9 and 11=0.3.

This result shows that the size of the heat exchanger in the hot side decreases. Now, if the
Carnot efficiency is 70% the efficiency nne is approximately 25 - 30% or 10 - 15%, when the
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number of heat transfer units N is between 2 and 5 and the isentropic efficiencies are
n1=1n2= 0.9 or 0.8 respectively, as is shown in Fig. 9.

Now, if 1 =12= 0.8 (I = 1.5625) ; yng = 0.45 then N =3.5 (see Fig. 9) and for the equations
(64): e = 0.74076 and e, = 0.80795. Thus, one cannot assume that the effectiveness are the
same: eg = ¢ < 1 ; whilst I > 1. Current literature on the Brayton-like cycles, that have taken
the same less than one effectiveness and with internal irreversibilities, should be reviewed.
To conclude, ey = ¢ if and only if the allocation is balanced (y = %2) and the unique
thermodynamic possibility is: optimal allocation balanced (ynE = y& = %2); that is e = .. And
en<er if and only if I>1 there is internal irreversibilities.

4. Conclusions

Relevant information about the optimal allocation of the heat exchangers in power cycles
has been described in this work. For both Carnot-like and Brayton cycles, this allocation is
unbalanced. The expressions for the Carnot model herein presented are given by the
Criterion 1 which is a strong contribution to the problem (following the spirit of Carnot’s
work): to seek invariant optimal relations for different operation regimes of Carnot-like
models, independently from the heat transfer law. The equations (26)-(28) have the above
characteristics. Nevertheless, the optimal isentropic temperatures ratio depends of the heat
transfer law and of the operation regime of the engine as was shown in the subsection 2.2
(Fig. 5). Moreover, the equations (26) can be satisfied for other objective functions and other
characteristic parameter: For instance, algebraic combination of power and/or efficiency
and costs per unit heat transfer; as long as these objective functions and parameters have
thermodynamic sense. Of course, the objective function must satisfy similar conditions to
the equations (20) and (21). But this was not covered by this chapter's scope.

The study performed for the Brayton model combined and extended the optimal operation
conditions of endoreversible and non-isentropic cycles since this model provides more
realistic values for efficiency to maximum work and optimal allocation (size) for the heat
exchangers than the values corresponding to the non-isentropic or the endoreversible

operations. A relevant conclusion is that the allocation always is unbalanced (yne < %2).

Furthermore, the following correlation can be applied between the effectiveness of the
exchanger heat of the hot and cold sides:

1

e = INE o (69)
T 1ogeNTt

where zng is calculated by the equation (68) and shown in Fig. 7, which can be used in the
current literature on the Brayton-like cycles. In subsection 3.1 the problem of when to fit a
regenerator in a non-isentropic Brayton cycle was presented and criterion 3 was established.
On the other hand, the qualitative and asymptotic analysis proposed showed that the non-
isentropic and endoreversible Brayton cycles are limit cases of the model of irreversible
Brayton cycle presented which leads to maintain the performance conditions of these limit
cases according to their asymptotic behavior. Therefore, the non-isentropic and
endoreversible Brayton cycles were not affected by our analytical approximation and
remained invariant within the framework of the model herein presented. Moreover, the
optimal analytical expressions for the optimal isentropic temperatures ratio, optimal
allocation (size) for the heat exchangers, efficiency to maximum work and maximum work
obtained can be more useful than those we found in the existing literature.
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Finally, further work could comprise the analysis of the allocation of heat exchangers for a
combined (Brayton and Carnot) cycle with the characteristics and integrating the
methodologies herein presented.
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