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1. Introduction 

Thermal stresses can limit the heating and cooling rates of temperature changes. The largest 
absolute value of thermal stresses appears at the inner surface. Direct measurements of these 
stresses are very difficult to take, since the inner surface is in contact with water or steam 
under high pressure. For that reason, thermal stresses are calculated in an indirect way 
based on measured temperatures at selected points, located on an outer thermally insulated 
surface of a pressure element. First, time-space temperature distribution in pressure element 
is determined using the inverse space marching method. 
High thermal stresses often occur in partially filled horizontal vessels. During operation 
under transient conditions, for example, during power plant start-up and shut-down, there 
are significant temperature differences over the circumference of the horizontal pressure 
vessels (Fetköter et al., 2001; Rop, 2010). This phenomenon is caused by the different heat 
transfer coefficients in the water and steam spaces. This takes place in large steam generator 
drums, superheater headers and steam pipelines. High thermal stresses caused by 
nonuniform temperature distribution on vessel circumference also occur in emergency 
situations such as fire of partially filled fuel tanks. The upper part of the horizontal vessel is 
heated much faster than the lower part filled with liquid. 
Similar phenomenon occurs in inlet nozzles in PWR nuclear reactor, at which high 
temperature differences on the circumference of the feed water nozzles are observed. 
The study presents an analysis of transient temperature and stress distribution in a 
cylindrical pressure component during start-up of the steam boiler and shut-down 
operations. Thermal stresses are determined indirectly on the basis of measured 
temperature values at selected points on the outer surface of a pressure element. Having 
determined transient temperature distribution in the entire component, thermal stresses are 
determined using the finite element method. Measured pressure changes are used to 
calculate pressure caused stresses. The calculated temperature histories were compared with 
the experimental data at selected interior points. 
The presented method of thermal stress control was applied in a few large conventional 
power plants. It can also be used successfully in nuclear power plants. The developed 
method for monitoring thermal stresses and pressure-caused stresses is also suitable for 
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nuclear power plants, since it does not require drilling holes for sensors in pressure element 
walls. Measurements conducted over the last few years in power plants demonstrate that 
the presented method of stress monitoring can be applied in systems for automatic power 
boiler start-up operations and in systems for monitoring the fatigue and creep usage factor 
of pressure components. 

2. Present methods used to determine temperature and thermal stress 
transient in boiler pressure elements 

The simplest and most frequently used method for reducing thermal stresses in pressure 
elements is to limit heating and cooling rates. The allowable rates of fluid temperature 
changes can be determined using German Boiler Codes TRD 301 (TRD 301, 2001) or 
European Standard EN 12952-3 (EN 12952-3, 2001). The allowable heating rate of temperature 
changes is determined from the following condition (EN 12952-3, 2001; TRD 301, 2001) 

 
( ) 2

min2
o m T

m T w f

p p d v s

s a
α α φ φ σ

−
+ = . (1) 

The maximum allowable cooling rate is calculated in a similar way: 

 
( ) 2

max2
o m T

m T w f

p p d v s

s a
α α φ φ σ

−
+ = . (2) 

In Equations (1-2), the following nomenclature is used: ┙ = k/(c·ρ) – thermal diffusivity, 
m2/s, rin, rout – inner and outer radius, m, dm = rout + rin – mean diameter, m, p – absolute 
pressure, MPa, po – ambient pressure, MPa, s = rout - rin – thickness of cylindrical element, m, 
vT – rate of temperature changes of fluid or pressure element wall, K/s, αm – pressure 
caused stress intensity factor, αT – thermal stress intensity factor, σmin – allowable stress 
during start-up (heating), MPa, σmax – allowable stress during shutdown (cooling), MPa. 
Coefficients φw and φf are defined as follows 
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−
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where: E – Young's modulus, MPa, ┚ – linear coefficient of thermal expansion, 1/K,  
ν – Poisson’s ratio, u = rout/rin – ratio of outer to inner surface radius. 
Equations (1-2) can also be used to calculate the maximum total stress at hole edges. The 
heating or cooling rate of temperature changes in pressure elements vT can be calculated 
using the moving average filter (Taler, 1995) 
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 (5) 

where fi are medium or wall temperatures at nine successive time points with Δt time step. 
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Equations (1-2) and (5) are not only valid for a quasi-steady state (Taler, 1995), but also 
when the temperature change rate vT is the function of time: vT = vT (t). For pressure 
components with complex geometry, the stress value in the stress concentration areas can be 
calculated using the finite element method (FEM). By determining the so called influence 
function with the use of the FEM, one is subsequently able to carry out an on-line stress 
calculation with known heat transfer coefficient and fluid temperature transient (Taler et al., 
2002).  
This chapter formulates the problem of determining the transient temperature in a pressure 
element as an inverse transient heat conduction problem. The temperature distribution is 
determined on the basis of temperature histories measured at selected points at the outer 
insulated surface of a pressure component. After determining transient temperature 
distribution in the entire pressure component, thermal stresses are computed using the 
FEM. Inverse problem is solved using the finite volume method (FVM). Thermal and 
pressure caused stresses are calculated using the FEM. 

3. Mathematical formulation of inverse problem 

In the following, two dimensional inverse heat conduction problem (IHCP) will be solved 
(Fig. 1). The analyzed domain is divided into two subdomains: direct and inverse. Boundary 
and initial conditions are known for the direct region so that the transient temperature 
distribution is obtained for the solution of the boundary-initial problem. The temperature 
distribution on the inner closed surface Sm which is located inside the analyzed area (Fig. 1) 
is known from measurements. Based on the solution of the direct problem the heat flux on 
the boundary Sm can be evaluated. Thus, the two boundary conditions are known on the 
surface Sm:  

 ( ) ( ), ,
mS

T s t f s t= , (6) 

 ( ),
mS

T
k q s t

n

∂
− =

∂
,  (7) 

while on the inner surface Sin of the body, the temperature and heat flux are unknown. 
In order to evaluate the transient temperature distribution in the inverse region, this region 
is divided into control volumes (Fig. 2). The method marches in space towards the inner 
surface of the body S by using the energy balance equations for the finite volumes placed on 
the boundary Sm to determine the temperatures in adjacent nodes. In this way of proceeding 
the time derivatives of the measured temperature changes have to be calculated. The 
accurate calculation of the time derivatives of the measured temperature histories is difficult 
since the measured temperature values are burdened with random measurement errors. 
Thus, time-temperature charts have to be smoothed before evaluating the time derivative. In 
the present section this was achieved by using the local polynomial approximation. The 
successive nine temperature data points were approximated using the polynomial of the  
3rd degree and then the derivatives in the middle of each interval (time coordinate of the 
point 5) were calculated.  
The space-marching method will be illustrated by an example showing the evaluation of the 
temperature distribution in the cylindrical wall using the temperature measurement points 
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equally distributed on the surface Sm (Fig. 2). It is assumed that the temperature and heat 
flux distributions are known on the surface Sm from temperature measurements at points 16-
22 and from the solution of the direct problem. 
 

 
Fig. 1. The analyzed body divided into the inverse and direct regions 

 

 
Fig. 2. Division of the inverse region into control volumes 
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For the ideally insulated outer surface the heat fluxes q16-q22 and their time derivatives are 
equal to zero. The heat balance equation for the finite volume with the node (i, j) is as 
follows (Fig. 3): 
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where: c – specific heat, J/(kg·K), ρ – density, kg/m3, k – thermal conductivity, W/(m·K),  
t – time, s, T – temperature, °C, Δr – space step in radial direction, m, Δφ – angular step, rad. 
Transforming the heat balance Equation (8) for Ti-1,j, we obtain: 
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 (9) 

Since Eq. (9) is nonlinear, the fixed-point iterative technique is used to determine the 
temperature Ti,j−1: 
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Fig. 3. Space marching in the inverse region 

The iteration process continuous until the condition ( ) ( )1
1, 1,

n n
i j i jT T ε+
− −− ≤  is satisfied. Symbol n 

denotes the iteration number and ε is some small number (tolerance), for example, ε = 0.0001 K. 
If the thermal properties are constant, the iterations are not required. 
To determine the wall temperature at the node 1 (Fig. 2) we proceed as follows. First the 
heat balance equations are written for the nodes 16 to 22 from which the temperature at the 
nodes 9 to 13 is determined. Then the heat balance equations are set for the nodes 9 to 13 
from which the temperature at the nodes 4 to 6 is evaluated. From the heat equations for the 
nodes 4, 5 and 6, we can determine the temperature at node 1 located at the inner surface of 
the pressure component. Based on the measured temperatures at the nodes 17 to 23, the 
temperature at the node 2 is calculated in similar way. Using the measured temperature at 
nodes 18 to 24 the temperature at the node 3 is estimated. 
Repeating the procedure described above for all the nodes, located at the outer surface, at 
which the wall temperature is measured, the temperature at the nodes situated at the inner 
component surface are determined. After determining the temperature distribution at the 
whole cross-section at the time point t, the temperature distribution at time t + Δt is 
computed. After calculating the temperature distribution the thermal stresses were calculating 
using the FEM. The finite element mesh is constructed so that the FEM nodes are coincident 
with the nodes used in the finite volume method. 
Random measurement errors of the temperature fj(t) have great influence on the estimated 
temperature and thermal stress distributions. If the temperature data are burdened with 
random errors, least squares smoothing is used to reduce the effect of the measurement 
errors on the calculated time derivatives dfj/dt or dTi,j/dt. The Gram orthogonal 
polynomials were used for smoothing the measured time-temperature history fj(t) and 
estimated temperatures Ti−1,j(t) (Taler, 1995). For linear IHCP, when thermal properties are 
temperature independent, node temperatures can be expressed in explicit form (Taler & 
Zima, 1999; Taler et al., 1999). In the following subsection the linear IHCP will be presented 
in detail.  
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4. Linear inverse problem 

The typical way of evaluation of inverse method accuracy is to use the direct method to 
generate the ”measured data” on the outer surface assuming the values of fluid temperature 
and heat transfer coefficients on the inner surface. The generated data are then used as input 
data for the inverse method. The results from the inverse solution are accurate when they 
agree with assumptions made for the direct problem. 
First, a direct problem of heat conduction, where the boundary conditions on the drum 
inner and outer surfaces as well as initial conditions are known, will be discussed. Then the 
temperature distribution will be determined on the basis of measured temperature changes 
on the outer, thermally insulated surface of the drum with unknown boundary condition on 
the inner surface (the inverse problem). The problem formulated in this way, as ill-posed, is 
more difficult to solve than the first one. 
Both direct and inverse problems of heat conduction allow the determination of temperature 
distribution in the drum cross-section. However, the procedure for thermal stresses 
determination is slightly different in the two cases. In the direct method both temperature 
distribution and thermal stresses are calculated using FEM. In the inverse method, unlike 
the direct problem solved by FEM, the initial and boundary conditions on the inner surface 
are not set because the transient temperature distribution is obtained from temperature 
measurements on the outer surface of the drum. Temperature values used for stress 
calculations are obtained from the inverse solution presented in this section. 

4.1 Direct problem of heat conduction 
The direct problem has been solved with the following assumptions: 
Temperature distribution is described by equation: 
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The symbols hw and hs stand for heat transfer coefficients at water and steam region, 
respectively. The initial temperature T0(r, φ) is known from measurements or calculations at 
steady state. 
Since the temperature field is symmetrical with respect to the vertical plane passing through 
the drum longitudinal axis, the temperature field is analyzed only in half of the drum. The 
division of drum cross-section into control volumes and finite elements has been shown in 
Figs. 4 and 5, respectively. 
 

 
Fig. 4. Division of half of drum cross section into control volumes (52 control volumes) 

 

 
Fig. 5. Division of half of drum cross-section into finite elements (125 nodes, 96 elements) 

The direct problem will be solved separately by means of two methods: the method of 
control volume (CVM) and finite elements. The following data have been used for 
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calculations: rin = 0.65 m, rout = 0.74 m, k = 47 W/(m·K), ρ = 7850 kg/m3, c = 500 J/(kg·K),  
ϕw = π/2, hw = 1000 W/(m2·K) and hs = 2000 W/(m2·K). The changes of the fluid temperature 
in time (Tw = Ts) have been shown in Fig. 6.  
In the control volumes method, following planar discretization, 52 ordinary differential 
equations are obtained, which have been integrated by Runge-Kutta method. 
 

 
Fig. 6. Fluid temperature changes in drum as function of time and temperature at nodes on 
the outer surface obtained from the solution of the direct problem using FEM; 1 – 6 numbers 
of curves refer to the numbers of temperature measuring points on the drum outer surface 

 

 
Fig. 7. Comparison of temperature changes at points 2 and 6 calculated by control volume 
method and FEM 
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The calculation results have been presented in Fig. 6. From the comparison of temperature 
changes on the inner surface at points ϕ2 = π/6 and ϕ6 = 5π/6 shown in Fig. 7 it can be seen 
that the agreement of results obtained by FEM and those by means of control volumes 
method is very good. 

4.2 Inverse problem of heat conduction 
The transient temperature distribution in the drum cross-section will be determined on 
the basis of temperature measurements on the drum outer thermally insulated surface. 
Thus we have to solve an inverse problem of heat conduction because there are two 
known conditions on the outer surface: temperature and heat flux and none on the inner 
surface. 
A general inverse problem in cylindrical coordinates will be solved by means of control 
volume method. A diagram of drum wall division into elementary cells has been shown in 
Fig. 8a. 
 

   
                              (a)                                                                                   (b) 

Fig. 8. Division of drum wall into control volumes: (a) calculation pattern in inverse problem 
to determine temperature at point 1 at the inner surface on the basis of temperature 
measurement at five points: 9 ÷ 13 at the surface; (b) half of drum cross-section divided into 
control volumes when solving the inverse problem 

Temperature is determined only in three nodes in the radial direction: on the outer surface, 
in the wall middle and on the inner surface. Unlike in the direct problems, so few nodes  
are entirely sufficient for exact evaluation of temperature distribution (Taler & Zima, 1999). 
The method has a local character because in order to determine the temperature changes at 
point 1 on the inner surface it is enough to measure the temperature at five points 9 ÷ 13 on 
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the outer surface. It is assumed that besides the temperature, the heat flux is known at 
points 9 ÷ 13. Nodes 9 ÷ 13 are located on easily accessible outer surface, where it is easy to 
place thermocouples for temperature measurements. When surface r5 on which the 
temperature is measured is thermally insulated, then q9 = q10 = q11 = q12 = q13 = q14 = q15 = 0. 
Since the considered problem is inverse, it is described only by Eq. (11) and boundary 
condition (12) on the outer surface. In order to determine the temperature distribution in the 
whole cross-section including the inner surface the inverse space marching method is 
presented. Using the control volume method the following heat balance equations for nodes 
10, 11 and 12 on the outer surface are obtained: 
 

 ( )2 2 10 9 10 4 10 11 10
5 4 4 10 5
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c r r k k r k q r
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From Eqs. (16), (17) and (18) temperatures T4, T5 and T6 are determined, respectively 
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Next, marching in space towards the inner surface the heat balance equation for node 5 is 
written as: 
 

 ( )2 2 5 4 5 1 5 6 5 11 5
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3 32
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from which temperature T1 is determined: 
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After the substitution of temperatures T4, T5 and T6 defined by Equations (19), (20) and (21) 
respectively to (22), we obtain after transformations: 
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In order to determine the heat flux in the node on the inner surface it is indispensable to 
know the temperature at two adjacent points also on the inner surface. Assuming that the 
temperatures in nodes 2 and 3 have been determined in a similar way as for node 1, we can 
define the heat flux in node 2 from the equation of heat balance for this node: 

 ( )2 2 3 2 6 22 1 2
2 1 2 2 1

1 12 2 2

T T T TdT T T r r
c r r k k k r q r
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from which a formula for heat flux is obtained: 
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If the temperature of fluid T∞ is known, also heat transfer coefficient h2 on cell 2 border 
contacting the liquid can be determined: 

 2
2

2

q
h

T T∞
=

−
. (27) 

Formulae (19), (20) and (24) defining the temperature in nodes and in formula (26) for heat 
flux include the time derivatives of the functions representing the changes of the measured 
temperatures in time. It is difficult to calculate these derivatives due to random 
measurement errors. 
In the present section the measured temperature histories have been smoothed by local 
approximation with Gram’s polynomials (Taler, 1995; Taler & Zima, 1999). The 
approximating polynomial coefficients have been determined on the basis of successive 
eleven measurement points. The smoothed value of measured temperature (approximating 
polynomial) and its time derivatives are determined only in the middle of the interval, i.e. in 
time : ti + 5(Δt), where ti is time coordinate of the first point in the analyzed time interval:  ti, 
ti +10(Δt). 
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4.3 Calculation examples-testing of inverse method 
The division of the half of drum cross-section into control volumes to solve the inverse 
problem has been shown in Fig. 8b. 
To test the inverse method a typical procedure was applied. First the direct problem was 
solved by means of control volume method, calculating the temperature changes at points 
15 ÷ 21. Next the calculated temperatures were used as ”measurement data”. The inverse 
problem was solved at time step Δt = 40 s, and the time changes of temperature and heat 
transfer coefficient at points 1 ÷ 7 on the inner surface were determined. From the analysis of 
Fig. 9 it can be seen that there is a good agreement between the temperatures obtained from 
the solution of the direct problem (FEM) and those obtained from the solution of the inverse 
problem. So it can be seen, that in spite of the little number of nodes in the radial direction 
the inner surface temperature can be exactly determined based on the temperature 
measurements on the outer surface. 

 

 
Fig. 9. Comparison of temperature changes at points 2 and 6 obtained from inverse problem 
solution and direct problem solved by FEM 

The heat transfer coefficients determined at the same points 2 and 6 differ only slightly from 
hw = 1000 W/(m2·K) and hs = 2000 W/(m2·K) taken when solving the direct problem (Fig. 
10). The differences between temperatures and stresses distributions on the drum 
circumference are a little larger. This is due to the small number of control volumes on the 
drum circumference. Using the seven temperature measurement points on the outer surface 
and assuming the step change of heat transfer coefficient from hw to hs, it is very difficult to 
determine the temperature and stress distribution in the drum for ϕ ≅ π/2. It is caused by 
small temperature differences at points 1 ÷ 3 and at points 5 ÷ 7 (Fig. 4). In order to obtain 
better accuracy of the inverse solution, especially at the water-steam boundary where an 
abrupt change of heat transfer coefficient occurs, the grid of control volumes should be 
made finer in this area. 
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Fig. 10. Comparison of heat transfer coefficients determined from solution of inverse heat 
conduction problem at point 6 (hs = 2000 W/(m2·K)) and a point 2 (hw = 1000 W/(m2·K)) (see 
Fig. 9): 1 and 2 – given (exact) and calculated value of heat transfer coefficient in steam 
space, respectively, (point 6); 3 and 4 – given (exact) and calculated value of heat transfer 
coefficient in water space, respectively, (point 2) 

5. Experimental validation of the developed method 

In order to validate the developed method and to improve the computer system for 
continuous monitoring the power boiler operation, modern experimental installation was 
built (Fig. 11). During its construction, particular emphasis was placed on ensuring that the 
conditions are similar to those that may occur in pressure components installed in power 
plants. In addition to metal temperature, temperature, mass flow rate, and pressure of the 
steam were measured as a function of time. To measure temperature distribution on the 
outer surface of the steam header pre-calibrated thermocouples were used. The 
experimental installation consists of the following elements:  
• steam generation unit with steam output capacity 700 kg/h, equipped with a three-

stage oil burner, 
• installation for boiler feed water treatment, 
• tray-type (cascade-type) deaerator, 
• blow down flash-vessel for heat recovery, 
• steam pressure reduction station 10 bar /4 bar /2 bar, 
• boiler control system, 
• steam header made of martensitic high alloy P91 steel. 
The measurements of temperature carried out on the outer surface of the steam header will 
be used for the determination of the temperature and stress distributions at the wall cross-
section including the inner and outer surfaces of the steam header using the inverse heat 
conduction methods.  
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Fig. 11. View of the experimental installation for testing the computer system for on-line 
monitoring thick-wall pressure components 

The steam header was made out of the martensitic high alloy P91 steel. The following 
physical properties of the P91 steel have been adopted for calculations: specific heat,  
c = 486 J/(kg·K), thermal conductivity, k = 29 W/(m·K), density, ρ = 7750 kg/m3, modulus of 
elasticity, E = 2.28·1011 Pa, Poisson’s ratio, ν = 0.29, coefficient of thermal expansion  
┚ = 0.098·10−4 1/K. The outer diameter dout, wall thickness δ and the length L are: 355 mm,  
50 mm and 3765 mm, respectively. Thirteen thermocouples NiCr-NiAl (K-type) were 
mounted every 15° on the half of the outer circumference at the distance of 2150 mm from 
the inlet of steam (Fig. 12a). The actual temperatures measured at the outer surface of the 
steam header were used in the analysis. To validate the inverse technique developed in the 
chapter, four thermocouples were installed at the interior locations: δ1 = δ2 = dout – 0.50δ,  
δ3 = dout – 0.75δ and δ4 = din + 6 mm (Fig. 12b), where the symbol δ denotes the tube 
thickness. These measurements were carried out with sheathed thermocouples NiCr-NiAl 
(K-type) with outer diameter of 3 mm. The temperatures measured at seven nodes 22-28 on 
the outer surface of the steam header (Fig. 13) were used for the determination of the 
temperature and stress distributions at the wall cross-section including the inner surface. 
The agreement between the calculated and measured temperature values is satisfactory. 
The small discrepancies are caused by the delayed and damped response of the 
thermocouples. 
The measured and calculated temperature histories are depicted in Figs. 14a and 14b, 
respectively. The comparison of the calculated and measured temperature values at the 
interior points is shown in Fig. 15. 
After determining the temperature distribution the thermal stresses and stresses due to 
inner pressure were calculated using the FEM. Circumferential and longitudinal stresses at 
the inner and outer header surfaces as functions of time are shown in Figs. 16 and 17, 
respectively. 
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                                                                                (a) 

 

(b) 

Fig. 12. Location of temperature sensors on the steam header (a) thermocouples at the outer 
surface on the steam header; (b) location of interior thermocouples used for experimental 
validation of the inverse procedure 
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Fig. 13. Division of the steam header cross-section into finite volumes 

The largest stresses (Figs. 16-18) occur at the beginning of the heating process, when the 
ratio of wall temperature change is significant. The stresses at the outer surface are lower in 
comparison to the inner surface. The greatest absolute value has the longitudinal stress at 
the inner surface (Figs. 16-17). The influence of the inner pressure on the calculated stresses 
is negligible since the inner pressure is very low (Fig. 14a). 

6. Conclusions 

The chapter presents a method of transient temperature field identification in the drum on 
the basis of measured temperature changes at locations on the outer insulated surface of the 
pressure component. The method’s accuracy was demonstrated by comparison of measured 
and calculated temperature at a few internal points. In order to reduce the sensitivity of the 
inverse method to random errors, the measured temperature histories were smoothed by 
the moving average filter based on the Gram’s polynomials approximating nine successive 
measurement points. The smoothed value of measured temperature and its time derivatives 
are determined only in the middle of the interval, i.e., in time ti + 4(Δt), where ti is time 
coordinate of the first point in the analyzed time interval: [ti, ti + 8(Δt)]. From the measured 
temperature histories on the outer surface of a pressure component, the temperature 
distribution can be determined at different time points in the whole cross section. Based on 
nodal temperatures determined in such a way, thermal stresses are calculated using FEM. 
Values of fluid temperature and heat transfer coefficient on the inner surface of the component 
are not needed because the temperature distribution in the component cross-section is 
determined by the developed method for solving the inverse heat conduction problem. 
Thus, the developed method is more accurate than the direct temperature distribution 
methods, because the fluid temperatures and heat transfer coefficients are unknown in 
operating components.  
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Fig. 14. Time changes of the measured (a) and computed (b) temperature values 

 

 
Fig. 15. Comparison of the calculated and measured time changes of the wall temperature at 
the interior points 

(a)

(b)
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                                             (a)                                                                             (b) 

Fig. 16. Circumferential stress as a function of time; (a) – inner surface, (b) – outer surface 

 

   
                                             (a)                                                                             (b) 

Fig. 17. Longitudinal stress as a function of time; (a) – inner surface, (b) – outer surface 

 

   
                                             (a)                                                                             (b) 

Fig. 18. Equivalent stress as a function of time; (a) – inner surface, (b) – outer surface 
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The method developed in the chapter can be used for the stress identification in monitoring 
systems for the assessment of remnant lifetime of pressure components in conventional and 
nuclear power plants. 
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