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1. Introduction 

The geometric structure of carbon nanotubes (CNTs) can be considered to be the curling of 
graphene (graphite sheet) (Gao & Li, 2003; Shen, 2004). The physical parameters of carbon in 
graphite are widely adopted in the molecule dynamics (MD) simulations or other theoretical 
studies of CNTs, such as the bond energy and length of C-C, the bond angle of C-C-C, etc 
(Belytschko et al., 2002; Mayo et al., 1990; Xin et al., 2007, 2008). Previous researches have 
shown that the elastic modulus of small CNTs changes a lot when the radius varies. 
However, the elastic modulus of CNTs fairly approaches that of graphene, while the radius 
of CNTs is large enough. Therefore, it is necessary to have a clear understanding of the 
mechanical properties of graphene for the further realization of the properties of CNTs.  
Numerous researchers carried out experiments to measure the effective elastic modulus of 

CNTs (Krishnan et al.,1998; Poncharal et al., 1999). They reported the effective Young’s 

modulus of CNTs ranging from 0.1 to 1.7 TPa, decreasing as the diameter increased, and the 

average was about 1.0~1.2 TPa. MD simulations have provided abundant results for the 

understanding of the buckling behavior of CNTs. The Young’s modulus of the CNTs was 

predicted about 1.0~1.2 TPa through various MD methods (Jin & Yuan, 2003; Li & Chou, 

2003; Lu, 1997). Hu et al. (Hu et al., 2007) proposed an improved molecular structural 

mechanics method for the buckling analysis of CNTs, based on Li and Chou’s model 

(Hwang et al., 2010) and Tersoff-Brenner potential (Brenner, 1990). Due to the different 

methods employed on various CNTs in these researches, the reported data scattered around 

an average of 1.0 TPa. 

The elastic properties were also discussed in the theoretical analysis by Govinjee and 

Sackman (Govinjee and Sackman, 1999) based on Euler beam theory, which showed the size 

dependency of the elastic properties at the nanoscale, which does not occur at continuum 

scale. Harik (Harik, 2001) further proposed three non-dimensional parameters to validate 

the beam assumption, and the results showed that the beam model is only proper for CNTs 

with small radius. Liu et al (Liu et al., 2001) reported the decrease of the elastic modulus of 

CNTs with increase in the tube diameter. Shell model was also used in some researches 

(Wang et al., 2003), to study axially compressed buckling of multi-walled CNTs. And 

studies by Sudak (Sudak, 2003) reported that the scale effect of CNTs should not be ignored. 

Wang et al (Wang et al., 2006) investigated the buckling of CNTs and the results showed 

that the critical buckling load drawn with the classical continuum theory is higher than that 

www.intechopen.com



 
Carbon Nanotubes – Polymer Nanocomposites 

 

36

with considering the scale effect. There are some other researches also reporting clear scale 

effect on the vibration of CNTs (Wang & Varadan, 2007; Zhang et al., 2005). Li and Chou (Li 

& Chou, 2003) put forward a truss model for CNTs and their studies showed the radius-

dependence of elastic modulus of SWCNTs. Finite element analysis (FEA) is also employed 

in researches on the mechanical properties of CNTs (Yao & Han, 2007, 2008; Yao et al., 2008). 

An equivalent model is established in this chapter, based on the basic principles of the 

anisotropic elasticity and composite mechanics, for the analysis of the elastic properties of 

graphite sheet at the nanometer scale. With this equivalent model, the relationship between 

the nanotube structure and the graphite sheet is built up, and the radial scale effect of the 

elastic properties of CNTs is investigated. 

2. Constitutive equations of orthotropic system 

The essential difference between the basic equations of anisotropic materials and those of 
isotropic ones is in their constitutive equations, which means the usage of the anisotropy 
Hooke law for the anisotropic constitutive equation and the isotropy one for the other. The 
phenomenon reflected from the anisotropy equations is more accurate than from the 
isotropy ones, though this distinction also makes the calculation with the anisotropy 
equations much more complicated. 

One of the anisotropic systems, with three mutually perpendicular principal axes of 

elasticity, is called an orthotropic system (Fig. 1). If the three principal axes of elasticity are 

defined as 1x , 2x  and 3x , the constitutive equation of orthotropic system can be obtained 

as follow, 

 

Fig. 1. The principal elastic axes of orthotropic system: a) right-hand coordinate system; b) 
left-hand coordinate system 
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And the inverse function of the equation (1) is, 
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Equation (3) is also correct if we make exchanges of C for S and S for C. 

 

 

Fig. 2. Sketch of macroscopic homogeneous orthotropic material 

The unidirectional fiber composed composite materials can be treated as orthotropic 

systems, for which the three axes in the right-handed coordinate system in Fig. 2 are the 

principal material axes and the axis 1 is along the fiber length. Thus, the components of 

equation (1) can be given minutely in detail, 
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where, 

 

ij ji
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 (5) 

3. Macro-mechanics fundamental principle of composite material 

3.1 Constitutive equations of monolayer under plane stress 
The monolayer composite with unidirectional fiber can be considered as a homogeneous 
orthotropic material in the macro analysis. Fig. 3 displays the three principal material axes 
and the axis 3 is perpendicular to the mid-plane of the monolayer. Suppose the monolayer is 
in a plane stress state, there are the in-plane stresses, 

 , 121 2 6, ( )    (6) 

and the out-plane stresses, 

 23 133 4 5( ) ( ) 0       (7) 
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Fig. 3. Sketch of monolayer composite with unidirectional fiber 
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Thus, the constitutive equation (1) can be given in two parts as follows,  
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The equation (8) is for the out-plane strain and the equation (9) for the in-plane strain. And 

the equation (9) can also be written in a matrix form, 
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where  S  is the axis flexibility matrix. The equation (10) can also be given as, 
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The inverse of the equation (10) is available, 
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 or     1 1Q   (12) 

where  Q  is the converted axis stiffness matrix at the plane stress state. ijQ  in equation (12) 

and ijC  in equation (2) have the following relations,  
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The values of the flexibility and stiffness in equation (11) and equation (13) can be obtained 

through micromechanics calculations or experiments. 
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3.2 Off-axis flexibility and stiffness of monolayer under plane stress 

The off-axis flexibility and stiffness are often used in the mechanical analysis on the 

unidirectional fiber monolayer. As displayed in Fig. 4, axes 1 and 2 are along the principal 

axes of material, x and y are off-axis, and the anticlockwise angle from x-axis to the 1-axis is 

positive. Thus, we obtain, 
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Fig. 4. Sketch of coordinate transformation between the axis and off-axis of monolayer with 
unidirectional fibers 
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the follow can be obtained,  

     1x F   (18) 

It should be known from the equation (15) and (17) that, 
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Thus, the inverse function of the equation (18) is, 
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With these relations, the follows can be given, 
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and 

                    11 1 Tx x xF F S F S T F S F       

or    x xS    

(23)

The equation (22) and (23) are the constitutive equations in the Oxy coordinate system, 

where the off-axis stiffness S    and the off-axis flexibility Q    are given as follows,  
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In the above two equations,  
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 ,ij ji ij jiQ Q S S   (26) 

The off-axis stiffness is,  
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And the off-axis flexibility, 
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3.3 Constitutive equations in classical laminated plate theory 

The so-called classical laminated plate theory or the classical laminate theory, refers to the 

use of the straight normal hypothesis in elastic shell theory, neglects a number of secondary 

factors, and has been an acknowledged laminated plate theory. In the classical laminated 

plate theory, the transverse shear strain 23 and 31 , and the normal direction strain 3 are 

supposed to be zero. 
 

 

Fig. 5. Sketch of laminated thin plate and the Cartesian coordinates 

As a result of straight normal assumption, the deformation of laminated plate can be 

described with the mid-plane deformation. If the mid-plane strain is 0 and thickness of 

z

y
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each layer in the laminated plate is the same, the mid-plane stress of an n-layers laminated 

plate is 

        ( ) ( )( )0 0 0

1 1 1

1 1 1
( ) [ ( )]

n n nk kk

k k k

Q Q
n n n

   
  

             (29) 

where 0  is the mid-plane stress of the laminated plate, ( )k  is the stress of the kth layer, 
( )k

Q    is the converted stiffness of the kth layer. 

4. Equivalent model of graphite sheet 

4.1 The basic idea of the equivalent model 

All the C atoms in the graphite sheet are connected with the σ bonds and the bonds form a 
hexagonal structure (Fig.6). Fig. 7 is a schematic diagram of the graphite sheet, thick solid 
lines in which represent the C-C bond in graphite. If each C-C bond is longer (shown in thin 
lines), that will form a network structure, as shown in Fig. 8. 
 

 

Fig. 6. The bonding relationship in C-C covalent bonds 

As can be seen from Fig. 8, the network structure is formed by the three groups of parallel 
fibers and they are into 60 degree angles with each other. If we consider each group of fiber 
as a composite monolayer, the mechanical properties of the entire network structure can be 
obtained with the laminated plate theory. Comparing Fig. 7 and Fig. 8, we find that the 
network structure in Fig. 8 can also be formed if the three graphite sheets in Fig. 7 are 
staggered and stacked one on top of the other. 
In summary, here we put forward a new original equivalent model used to study the 
mechanical properties of graphite sheet. The analysis steps are, treat the network structure 
shown in Fig. 8 as a laminated composite plate with three layers orthotropic monolayer of 
unidirectional fiber (each fiber in the monolayer is just the covalent C-C bond in series), the 
mechanical properties of fiber can be deduced from the physical parameters of graphite, and 
the 1/3 of the converted stiffness of the network structure can be considered as the 
converted stiffness of the graphite sheet at the plane stress state. 
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Fig. 7. The atomic structure of a graphite sheet 

 

 

Fig. 8. Effective network structure of laminated graphite sheets 

4.2 Mechanical properties of graphite sheet at plane stress state 

The hexagonal plane composed of the σ bonds is defined as the σ-plane, and the energy of 
interactions between any C atoms in the σ-plane are considered to be functions of the 
position of the C atoms. With all the weak interactions (e.g. the electronic potential, the van 
der Waals interactions) neglected, the total potential energy of the graphite sheet can be 
expressed as. 

 graphite rU U U   (30) 

where rU  is the axial stretching energy of C-C bond, U  is the C-C-C bond angle potential. 
Establish a local coordinate system in the σ-plane with the C-C bond direction as the x′ axis 
(Fig. 9), we can obtain the whole potential, 
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Fig. 9. Local element coordinates of C-C bond in graphite 

 ' 'C C x
U U U    (31) 

where 'x
U  is the axial stretching energy of C-C bond in the local coordinate system and 'U  

the angle bending energy. According to the basic principles of molecular mechanics, the two 

bond energy can be written as:. 
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where 'x
  and '  are the displacement, 'x

k  and 'k  are the MD force field constants. 

4.3 Elastic constants of monolayer in the equivalent model 

If we consider the C-C bond as a single elastic fiber in the equivalent model, and the 1 axis 

for the fiber is defined as the axial direction of the C-C bond, we have,  

 '1 x
K k  (33) 
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1
C CC C x

C C C C

k aK a
E

A A



 


   (34) 

where 1K  is the elastic stiffness factor of the fiber at the 1 direction, C Ca   and C CA   are the 

C-C bond length and the cross-sectional area of the equivalent fiber, 1E  is the elastic 

modulus of the fiber at the 1 direction. 
The 2 axis for the fiber is defined as the vertical direction of the C-C bond in the σ-plane. The 

fiber interactions at the 2 direction are mainly reflected through the C-C-C angle bending 

potential (Fig. 10). 

Set 2K  to be the elastic stiffness factor of the fiber at the 2 direction, we obtain, 

 ' '
2 2 2 2

2 2 2

1 1 1 1
2 2 (2 ) (2 sin )

2 2 2 2 6
C Ck k K K a   

   
              

 (35) 
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Fig. 10. Loading on the direction 2 of fiber in the equivalent model of graphite 

 
'

2 2

12

C C

k
K

a





  (36) 

 
'2 2

2 2

4 331 3

2 3 3( sin )
6

C C

C C
C C C C

kK a K
E

t t at a a






 

 
  

  
 (37) 

where   and 2  are the C-C-C angle change and the displacement at the 2 direction when 

the model is loaded at the 2 direction, t is the effective thickness of the equivalent fiber layer, 

2E  is the elastic modulus of the fiber at the 2 direction. 
 

 

Fig. 11. Shearing deformation of the fiber in the equivalent model of graphite 
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When the fiber layer in the equivalent model is subjected to a shearing force P (Fig. 11), 

there will be a horizontal displacement   for the equivalent fiber element and an angle 

deflection  . As to the displacement of the bottom atom in of the figure, it can be obtained, 

 1 12 [ ( cos )] 3
6

P K K 
       (38) 

The strain energy induced by the angle deflection   of a fiber is, 

 '
21 1

2 (2 )
2 2

C Ck P a          (39) 

Substitute equation (38) into (39), we obtain, 

 
'

2
1 1

2

3 3

4 / 3
C C

C C

K a K
a

k K


 


 



    (40) 

Therefore, the shearing deformation of the fiber element in the equivalent model is, 

 1

2

3 3
(1 )C C

K
a

K
            (41) 

According to the definition of the elastic shear modulus: 

 12
12

12

G



  (42) 

for the fiber element in the equivalent model, there is:. 

 12

/( 2 cos )
26

1 3/
2

C C

C C

P t a
P

G
ta 









  
 


 (43) 

We substitute equation (38) and (41) into (43), and get 

 1 1
12

1

2

2 2

3 3
(1 )

K K
G

t K
t

K








 


 (44) 

4.4 Test for the mechanical constants of the monolayer in the equivalent model 

From equation (34), (37) and (44), we obtain the mechanical constants of the monolayer in the 

equivalent model 1E , 2E  and 12G , of which 1E  and 2E  are independent quantities, 12G  is a 

function of 1E  and 2E . Both 1E  and 2E  are related to MD parameters of the C-C bond energy 
There are several empirical potentials and relevant parameters for C-C bond energy. In this 

section, the following potential energy function and parameters are used to verify the 

equivalent model provided in this chapter. The Morse potential is employed for the bond 
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stretching action and harmonic potential for the angle bending. The short-range potential 

caused by the deformation of C-C bond is described as bellow, 

 0( ) 2(1 )ijr r
r rU K e

    (45) 

 2
0

1
( )

2
ijkU K      (46) 

 

where rU  and U  are the potentials of bond stretching and angle bending, rK  and rK  are 

the corresponding force constants. ijr  represents the distance between any couple of bonded 

atoms, ijk  represents all the possible angles of bending, 0r  and 0  are the corresponding 

reference geometry parameters of grapheme.   defines the steepness of the Morse well. The 

values of all these parameters are listed in Table 1. 
 

Bond 478.9KJ/molrK  ， 121.867nm  ， 0 0.142nmr   

Angle 418.4KJ/molK  ， o
0 120.00   

Table 1. Parameters for C-C bond in MD 

Comparing equation (32) and (45), using the data in Table 1, we can obtain: 

 '
2

1 2 760.4 nN / nmrx
K k K     (47) 

 

We substitute data in Table 1 into equation (36), and get 

 
'

2 2

12
413.48 nN / nm

C C

k
K

a





   (48) 

 

There are other scholars working on the C-C stretching force constants through 

experiments or theoretical calculations, who reported the values along the C-C bond like 

729 nN / nm , 880 nN / nm , 708 nN / nm  and so on. They also obtained the constants at 

the direction perpendicular to the C-C bond, 432 nN / nm  and 398 nN / nm  (Yang & 

Zeng, 2006). Noting equation (47) and (48), we can see that the data obtained here based 

on the current equivalent model are in good agreement with the results from other 

researchers. 

5. Elastic properties of graphite sheet 

5.1 Flexibility of monolayer in the equivalent model 

Graphite sheet can be considered as the network structure formed by the three groups of 

parallel fibers which are into 60 degree angles with each other. Based on the result of the last 

section, we can get the axial flexibility of the fiber monolayer, 
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  

12

1 2

(1) 21

1 2

12

1
0

1
0

1
0 0

E E

S
E E

G





 
 

 
 

  
 
 
 
  

 (49) 

where it has 12 21

2 1E E

 
 . 1E , 2E  and 12G  can be calculated according to the equation (34), 

(37) and (44). If we consider 21  to be 0.3 with reference to the parameters of general 

materials, assume the fiber thickness of 0.34nm, and apply the data in Table 1, the follows 
can be calculated, 

 
1 2 12

12 21

2 1

1.190 TPa, 0.702 TPa, 0.424 TPa

0.252

E E G

E E

  

 
   (50) 

Substituting the values in equation (50) into equation (49), we get the axis flexibility of the 
monolayer, 

  (1)

0.8403 0.252 0

0.252 1.4245 0

0 0 2.360

S

 
   
  

 (51) 

where the unit of the values is 3 210 nm /nN . 

Substituting / 3  and the values in equation (51) into equation (28), we get the off-axis 

flexibility of the o60  and o60  monolayers, 

 
o(60 )

1.2038 0.1743 0.3444

0.1743 0.9097 0.1650

0.3444 0.1650 2.6693

S

  
        
   

 (52) 

 
o( 60 )

1.2038 0.1743 0.3444

0.1743 0.9097 0.1650

0.3444 0.1650 2.6693

S


 
       
  

 (53) 

The unit of the values is also 3 210 nm /nN  in the last two equations. 

5.2 Elastic properties of the equivalent model of graphite 

The graphite sheet is a whole layer structure with no delamination and the strain did not 
change in the thickness. Thus we can use formula (29) to calculate the stiffness, 

 
3 ( )

1

1

3

k

k

Q Q


        (54) 
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where Q    is the converted stiffness of the graphite sheet, 
( )k

Q    is the stiffness of the kth 

layer in the equivalent model. The flexibility of the graphite sheet is, 

 
31 ( )

1

3 /
k

k

S Q Q




             (55) 

Substituting the values in equation (51) ~ (53) into (55), we can obtain, 

 

 
o o(60 ) ( 60 )(1) 1 1 1

1.0251 0.2063 0
3

0.2063 1.0251 0

{ } { } { } 0 0 2.4628

S

S S S
  

 
       
          

 (56) 

where the unit of the values is 3 210 nm /nN . 

A series of well acknowledged experiment values (Yang & Zeng, 2006) of elastic constants of 

perfect graphite are listed in Table 2. Data obtained in current work are in good agreement 

with those results, which justifies the present equivalent model. It should be noticed that 

there is an obvious error of the 12S . However, 12S  has little effect on the mechanical 

properties of the graphite sheet, the error on it will not influence the reasonable application 

of the current equivalent model in the mechanics analysis of graphite. 
 

Items 
11S / 3 210 nm /nN  12S / 3 210 nm /nN  66S / 3 210 nm /nN  

Experiment 0.98 -0.16 2.28 

Current 
k

1.0251 -0.2063 2.4628 

Error 4.60% 28.94% 8.02% 

Table 2. Data obtained in current work and elastic constants of perfect graphite crystals from 
other experiment 

Both the result in equation (56) and the data listed in Table 2 indicate that the graphite is in-

plane isotropic at plane stress state. And according to the classical theory of composite 

mechanics, it is known that the /m  laminated plates with 3m   are in-plane isotropic. 

We can see that the graphite sheets being in-plane isotropic is mainly due to their special 

structure of C-C-C angles. 
According to the points made above, we try to explain why the elastic properties of CNTs 

are anisotropic to some extent. One of the possible reasons is that the curling at different 

curvature from graphene to CNTs makes the C-C-C angles change (e.g. the angles in an 

armchair CNT with 1nm diameter are not fixed 120o, but about 118 o), for which the quasi-

isotropy of graphite sheet is disrupted and the orthotropy introduced. Having an general 

realization of the CNTs, one should find that the change of the C-C-C angle is obviously 

related to the change of CNT radius, especially when it is a small tube in diameter. Thus, the 
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orthotropy of CNTs is diameter related, which is in good agreement with the other research 

results referring to the mechanical properties of CNTs changing due to their various radial 

size. The changes of C-C-C angles are also somehow related to the chirality of CNTs. 

However, the extent of the changes of chiral angles is about 0o ~30o, and the change of C-C-

C induced by the difference of chiral angles is little when to curl the graphite sheet at the 

same curvature. It agrees with that many studies reporting that the difference of elastic 

properties among various chiral CNTs decreases with the increase in the diameter of CNTs. 

5.3 Elastic properties of the equivalent model with various C-C-C bond angles 

The C-C-C bond angles will change from the constant 120o to smaller values when the 

graphite sheet curling to CNTs. In the same way, the angles between the fibers in the 

equivalent model will change to less than /3 and the effect of the change on the elastic 

properties of the model will be investigated in this section. 

Substituting equation (51) and the angle '  between the fibers (responding to the changed 

C-C-C angles) into equation (28), we can obtain the off-axis flexibility of '  and '  

monolayers, 
'( )

S


    and 
'( )

S


   . Substitute those two into equation (55) to get the 

approximate converted flexibility of the equivalent model (responding to the changed C-C-

C angles): 

 ' ' '( ) ( )(1) 1 1 1

3

{[ ] } { } { }

S

S S S
    

   
       

 (57) 

 

The elastic modulus of the equivalent model responding to the graphite with changed C-C-

C angles, at the direction of 0o fiber or at the vertical direction, can be obtained from 

equation (57). The variation of the modulus with the changes of the C-C-C angles are 

displayed in Fig. 12 and Fig. 13, and also displayed the variation of 12G , 12  and 21  in 

Fig.14~Fig.16. 
 

 

Fig. 12. Elastic modulus of the equivalent model of graphene along the 0o fiber  
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Fig. 13. Elastic modulus of the equivalent model of graphene at perpendicular direction to 
the 0o fiber  

 

 

Fig. 14. G12 of the equivalent model of graphene  

 

 

Fig. 15. 12 of the equivalent model of graphene 
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Fig. 16. 21 of the equivalent model of graphene  

We can see from Fig. 12 and Fig. 13 that the elastic modulus along the 0o fiber of the 

equivalent model of graphene almost increases linearly, and the elastic modulus at the 

vertical direction decreases, with the decrease in the C-C-C angle. And Fig. 14 ~ Fig. 16 

show that the G12, 12  and 21  of the equivalent model also changes a lot with the changes 

of the C-C-C angle. 

6. Scale effect of elastic properties of CNTs 

6.1 Equivalent model of single-walled carbon nanotubes (SWCNTs) 

CNTs can be considered as curling graphite sheet. The C-C-C bond angles will change from 

the constant 120o to smaller values when the graphite sheet curling to CNTs and the change 

of the C-C-C angle is related to the radius of the formed CNTs. According to that, we 

consider CNTs same as graphene with changed C-C-C angles and the elastic properties of 

CNTs are consistent with those of graphene with changed C-C-C angles. 

6.1.1 Zigzag SWCNTs 

Taking the zigzag SWCNTs as an example, we study the effect of the changing in diameter 

of SWCNTs on the value of C-C-C angle. The SWCNT structure and the geometric diagram 

are shown in Fig. 17, with which we can obtain, 

 

sin

sin

DF
DBF

DB
CF

CEF
CE

 

 
 (58) 

 

With DF CF , the last equation becomes, 

 
3

sin sin sin
2

CE
DBF CEF CEF

DB
       (59) 
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where the BDE  does not change a lot when the graphene curls to the SWCNT so that we 

make 
3

2

CE DE

DB DB
  . 

 

 

Fig. 17. C-C-C angles in the zigzag SWCNTs 

For an (m, 0) zigzag SWCNT, it has, 

 
( 1)

2

m
CEF

m


   (60) 

The diameter of the tube is, 

 0.0783 nmcntd m   (61) 

Substituting equation (61) and (60) into (59), we get,  

 
3 0.0783

sin sin 1
2 2 cnt

DBF
d

  
    

   
 (62) 

Thus, with the diameter of the zigzag SWCNT provided, setting the AB direction in Fig. 17 

as the direction of the 0o fiber, we can calculate the C-C-C angles in zigzag SWCNTs as, 

 ' 3 0.0783
Arcsin sin 1

2 2 cntd


         

     
 (63) 
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Fig. 18. Different C-C-C angles in zigzag SWCNTs with different diameters  

The curve drawn from equation (63) is displayed in Fig. 18, which shows that the smaller 
the tube radius is the more sensitive the changing in C-C-C angle is. For the SWCNTs with 
diameter 0.4nm, 1.0nm, 2.0nm and 4.0nm, the C-C-C angles in the tubes decrease 7.3%, 1.2%, 
0.3% and 0.08% from 120o in the graphene. 

6.1.2 Armchair SWCNTs 

Taking the armchair SWCNTs as another example, we study the effect of the changing in 
diameter of SWCNTs on the value of C-C-C angle. The SWCNT structure and the geometric 
diagram are shown in Fig. 19, with which we can obtain, 

 

tan

tan

GD
DBG

GB
HE

EBH
HB

 

 
 (64) 

With HE GD , the last equation becomes, 

 
3

tan tan
cos

HE GB
EBH DBG

HB HB HBG
     


 (65) 

where the CBD  does not change a lot when the graphene curls to the armchair SWCNT so 

that we make tan tan 3
2

CBD
DBG


   . 

For an (m, m) armchair SWCNT, it has, 

 
2

HBG
m


   (66) 

The diameter of the tube is, 

 0.0783 3 nmcntd m   (67) 
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Fig. 19. C-C-C angles in the armchair SWCNTs 

Substituting equation (67) and (66) into (65), we get,  

 
3

tan
0.0783 3

cos
2 cnt

EBH

d


 

 
  
 

 (68) 

Thus, with the diameter of the armchair SWCNT provided, setting the AB direction in Fig. 
19 as the direction of the 0o fiber, we can calculate the C-C-C angles in armchair SWCNTs as, 

 ' 3
Arctan

0.0783 3
cos

2 cntd





 
  
 

 (69) 

The curve drawn from equation (69) is displayed in Fig. 20, which shows, as for the zigzag 
SWCNTs, that the smaller the tube radius is the more sensitive the changing in C-C-C angle 
is. For the armchair SWCNTs with diameter 0.4nm, 1.0nm, 2.0nm and 4.0nm, the C-C-C 
angles in the tubes decrease 5.9%, 0.94%, 0.23% and 0.06% from 120o in the graphene. 
Comparing the armchair SWCNTs with the zigzag ones with same diameter, the changing 
in C-C-C angle in the armchair SWCNTs is smaller. 

6.2 Scale effect of elastic properties of SWCNTs 

With the usual continuum model of nanotubes, many researchers use the same isotropic 
material constants for CNTs with different radius so that the changes of the material 
properties due to changes in the radial size of CNTs can not be taken into account. In this 
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Fig. 20. Different C-C-C angles in armchair SWCNTs with different diameters 

section, axial deformation of the SWCNTs with different diameter is analyzed with the finite 
element method to study the effect of the changes of the material properties for CNTs with 
different radius on the mechanical properties. 
According to the theoretical model described above in this chapter, changes in the elastic 
properties of CNTs are mainly attributed to the changes of the C-C-C angles when to make 
CNTs by curling the graphene. The C-C-C angles in CNTs are related to the tube radius, 
while the corresponding C-C-C angles in the graphene induce varying degrees of 
anisotropy. Thus, we should choose different anisotropic material parameters for different 
radial size CNTs based on the parameters of the graphene with different C-C-C angles. 
Some elastic constants of graphite sheet and SWCNTs are listed in Table 3, the values for 
SWCNTs calculated with equation (57), (63) and (69). The subscript 1 and 2 in the table 
identify the along-axis direction of SWCNTs and the circumferential direction. 
In the finite element simulation, the same axial strain is applied to each SWCNT, with one 
end of the tube fixed and at the other end imposed the axial deformation. The length of the 
tube is 6nm and the axial compression strain is 5%. Two series of the elasticity parameters, 
the isotropic ones (from equation (56)) and the anisotropic ones (from equation (57)), are 
both tried to obtain the axial forces in SWCNTs for comparison. With the results of the FEA, 
we use the following equation to define the scale effect of SWCNTs, 

 ANISO ISO

ISO

R R

R
 
  (70) 

where RANISO and RISO are the axial forces obtained with the anisotropic parameters and the 
isotropic ones. The scale effect of SWCNTs with different radial size is shown in Fig. 21.  
FEA results show that the anisotropy of the SWCNTs gradually increased with the decreases 
in the diameter, leading to more and more obvious scale effect. It can be seen from Fig. 21 
that compared with the armchair SWCNTs the zigzag ones show more apparent scale effect 
and the scale effect of SWCNTs with diameter greater than 2nm is negligible (<0.05%), for 
tubes with any chirality. However, for zigzag SWCNTs with very small diameter, the scale 
effect could be very obvious up to 4.4%. That is in good agreement with the other 
researcher’s results. Thus, the scale effect should be considered in the accurate calculation 
about the mechanical behaviour of small SWCNTs. 
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C-C-C angles Mechanical parameters conclusion 

Graphene 0.9755 TPaE  , 0.406 GPaG  , 0.201   Isotropic 

SWCNTs 

E1 
(TPa) 

E2 
(TPa) 

G12 
(TPa) 12  21  — 

 
Diameter

(nm) 
C-C-C 

angle (o)

Zig- 
zag 

0.4 55.6298 1.00221 0.956849 0.403246 0.193494 0.202667 Anisotropic 

0.6 57.9833 0.987757 0.967253 0.404666 0.197574 0.201762 Anisotropic 

1.0 59.2586 0.980001 0.972556 0.405521 0.199891 0.201421 Anisotropic 

2.0 59.8129 0.976654 0.974786 0.405908 0.200919 0.201304 Isotropic 

3.0 59.9167 0.976029 0.975199 0.405982 0.201112 0.201284 Isotropic 

4.0 59.9531 0.97581 0.975343 0.406008 0.20118 0.201277 Isotropic 

Arm- 
chair 

0.4 63.5548 0.988636 0.954613 0.40873 0.200935 0.208097 Anisotropic 

0.6 61.5715 0.981558 0.966161 0.407195 0.201043 0.204247 Anisotropic 

1.0 60.5640 0.977735 0.972147 0.406448 0.201172 0.202328 Anisotropic 

2.0 60.1408 0.976084 0.974682 0.406142 0.201242 0.201532 Isotropic 

3.0 60.0626 0.975776 0.975152 0.406086 0.201256 0.201385 Isotropic 

4.0 60.0352 0.975667 0.975317 0.406066 0.201261 0.201334 Isotropic 

Table 3. Elastic constants of graphite sheet and SWCNTs 
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Fig. 21. Scale effect of SWCNTs with different diameters  

With the data in Table 3 and the results from Fig. 21 we can see that, for SWCNTs with 

diameter greater than 2nm, the change of C-C-C angle due to the change in tube diameter is 

negligible so that the tubes could be treated as isotropic materials with the elastic 

parameters of graphene. For SWCNTs with diameter smaller than 1nm, the change of C-C-C 

angle due to the change in tube diameter should not be neglected and it is better for the 

tubes to be treated as anisotropic materials with the elastic parameters calculated from 

equation (57), (63) and (69). 

7. Conclusion 

A new equivalent continuum model is presented to theoretically investigate the elastic 

properties of the graphite sheet. By comparison, the equivalent model can properly reflect 

the actual elasticity status of graphite sheet. Further more this equivalent model is employed 

to study the radial scale effect of SWCNTs. 

The C-C-C bond angles will change from the constant 120o to smaller values when the 

graphite sheet curling to CNTs. The change of the C-C-C angle is obviously related to the 

change in CNT radius. Then the relationship between the anisotropy and the changes of the 

C-C-C angles of CNTs is deduced. The present theory not only clarify some puzzlement in 

the basic mechanical research of CNTs, but also lay the foundations for the application of 

continuum mechanics in the theoretical analysis of CNTs. 

Based on above theory the scale effect of CNTs is studied. It is showed that the scale effect of 

the zigzag CNTs is more significant than the armchair ones. For SWCNTs with diameter 

greater than 2nm, the change of C-C-C angle due to the change in tube diameter is negligible 

so that the tubes could be treated as isotropic materials with the elastic parameters of 

graphene, and the scale effect could also be neglected no mater what chirality they are. 

However, for SWCNTs with diameter smaller than 1nm, the change of C-C-C angle due to 

the change in diameter should not be neglected (the scale effect neither) and it is better for 
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the tubes to be treated as anisotropic materials with the elastic parameters calculated from 

corresponding equations. 

It is theoretically demonstrated that the graphite sheet is in-plane isotropic under plane 

stress, which is mainly due to their special structure of C-C-C angles. Any deformation of 

the graphite molecule making changes in the C-C-C angles, e.g. curling, will introduce 

anisotropic elastic properties. That provides a direction for applying the composite 

mechanics to the research in the mechanical properties of CNTs, and also has laid an 

important foundation. 
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