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1. Introduction  

Ferroelectric superlattices comprising two or more different layers have received immense 
attention due to their potential applications, as well as their striking new or enhanced 
behaviors (Nakagawara et al., 2000; Dawber et al., 2005). In those structures, the coupling at 
the interface between the two constituents has been demonstrated to play an important role 
in governing their properties (Bousquet et al., 2005). Theoretical study of interface coupling 
in ferroelectric superlattices was initially performed based on the Landau-like formulation 
by taking the continuum limit of the transverse Ising model (Qu et al., 1997). In their model, 
the extrapolation lengths describe the inhomogeneity of polarizations near the surfaces and 
an interface-related parameter gives the strength of the coupling at the interface. We have 
recently proposed a thermodynamic model with only one unknown parameter to study the 
effect of interface on polarization behaviours at the interface region between two bulk 
ferroelectrics (Chew et al., 2003; Tsang et al., 2004). The intrinsic ferroelectric coupling at the 
interface leads to variation of polarization across the interface of the heterostructures. 
In this contribution, we discuss some fundamental properties of the physics of interfaces in 
ferroelectric heterostructures and superlattices using the Landau-Ginzburg theory. The key 
issue that will be addressed is how the intrinsic ferroelectric coupling at the interface affects 
the physical properties of the hybrid structures such as phase transitions, polarization 
modulation profiles and dielectric susceptibilities. We begin with a discussion for 
heterostructure of interfaces between a bulk ferroelectrics and dielectrics, in which the 
influence of thickness is not significant. Explicit expressions describe the spatial profile of 
polarization at the interface region of the heterostructure are obtained (Chew et al., 2003). 
The influence of the intrinsic interface coupling on the inhomogeneity and discontinuity or 
continuity of polarization at the interface is illustrated.  
Since ferroelectric superlattice is an interesting system to study the interface effect, the 
influence of thickness on the polarization profiles of the superlattice is investigated. 
Analytical expressions of the polarization profile for superlattices are derived and discussed 
in detailed (Ishibashi et al., 2007; Chew et al., 2009). Explicit expressions for dielectric 
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susceptibilities in the paraelectric phase of the superlattice are also obtained (Chew et al., 
2008). Finally, we apply the model to epitaxial PbTiO3/SrTiO3 by incorporating the 
depolarization field and lattice strain in the free energy functional. Some calculated results 
are discussed with experimental data. We conclude the chapter with some remarks.  

2. Model of ferroelectric/dielectric heterostructure interfaces 

In this section, the essential details for deriving the formalism of the ferroelectric/dielectric 
heterostructure interface are presented (Chew et al., 2003). We assume a one-dimensional 
problem in which the polarizations and related physical quantities vary along the x-
direction perpendicular to the interface of the heterostructure. The total energy associates 
with the heterostructure can be expressed as 

 1 2 iF F F F= + + , (1) 

where 1F and 2F  are the total free energy density of the ferroelectric constituent A and 
dielectric constituent B,  respectively. iF  is the coupling energy at the interface between the 
two constituents.  
The total free energy density of the ferroelectric constituent A and dielectric constituent B 
are given by 

 
( )
( )

'
1 1 1

'
2 2 2

,

,

F f f dx

F f f dx

 = −


= −




 (2) 

which extend from x → −∞  to 0x = and 0x =  to x → ∞ , respectively. jf  denotes the 
Landau-Ginzburg free energy densities of consituent layer j , whereas '

jf  gives the energy 
density in the single domain state of constituent j.  
In the present study, the coupling energy iF  between the polarizations at the interface is 
described as 

 ( )2

2i i iF p q
λ

= − , (3) 

where ip  and iq  are the interface polarizations at 0x = . λ is the coupling constant 
describing the strength of the interaction.   
The free energy density of the ferroelectric constituent A with 2 2

1 1bp p α β= = −  in the bulk 
( )x → −∞  is given by 

 
2

' 2 4 2 41 1 1 1 1
1 1 2 4 2 2 4b b

dp
f f p p p p

dx

α β κ α β   
− = + + − +  

  
. (4) 

For the dielectric constituent B, we have 0bq q= =  at x → ∞ , and the free energy density 
contribution from the dielectric constituent (with the higher order 4

2 / 4qβ  term truncated) is   

 
2

' 22 2
2 2 2 2

dq
f f q

dx

α κ  
− = +  

 
, (5) 
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because '
2 0f =  for a non-polar dielectric. p and q are the order parameters of the 

ferroelectric and dielectric consituents, respectively. 1α  is a temperature-dependent 
parameter  

 ( )1 10 0T Tα α= − , (6) 

where 10 0α >  is a temperarature-independent parameter. 2 0α > , 1 0β > , 1 0κ >  and 1 0κ >  
are all temperature-independent coefficients. 
The equilibrium states of the heterostructures correspond to the minima of F with respect 
to variations of p and q. These are given by solving the Euler-Lagrange equations for p and 
q: 

 

0,

0,

F F

p x p

F F

q x q

  ∂ ∂ ∂
− =  

′∂ ∂ ∂  


 ∂ ∂ ∂
− =  ′∂ ∂ ∂ 

 (7) 

with the boundary conditions  

 i

i

p p

q q

=


=
 at 0x = , (8a) 

and 

 
and 0 at ,

  and 0 at ,

b

b

dp
p p x

dx
dq

q q x
dx


= = → −∞


 = = → +∞


 (8b) 

where bp  and bq  are the bulk polarization of the ferroelectric constituent A (at x = -∞) and 
the dielectric constituent B (at x = ∞ ), respectively.  
For the present study of ferroelectric/dielectric heterostructure of interface, it turns out that 
the free energy F of eq. (1) can be rewritten in terms of the interface polarizations ip  and iq  
as order parameters. This gives F as a function of ip  and iq  without the usual integral form. 
Solving eqs. (1) and (7) simultaneously with the boundary conditions (i.e. eqs. (8a) and (8b)) 
imposed, and integrating once, the Euler-Lagrange equations becomes, 

 
2

2 2 2 41 1 1( ) ( )
2 4 2b b

dp
p p p p

dx

α β κ  
− + − =  

 
, (9) 

and  

 
2

22 2

2 2
dq

q
dx

α κ  
=  

 
. (10) 

By solving eq. (9), the polarization of the ferroelectric constituent  A becomes 
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 1tanh ( )
2b i

K
p p x x= − , (11) 

where  

 1
1

1
K

α

κ
= − . (12) 

For the dielectric constituent B, the solution of eq. (10) gives  

 2exp( ),iq q K x= −  (13) 

with  

 2
2

2
.K

α

κ
=  (14) 

If ip  is determined, ix  can be obtained from eq. (11). In eqs. (11) and (13), the magnitude of 
the interface polarizations ip  and iq  are determined by the interface coupling parameter λ .  
The total energy, eq. (1), of the heterostructure can be written in terms of ip  and iq  as 

 2 23 2 3 2 21 11
( 3 2 ) ( ) .

3 2 2 2i i b b i i iF p p p p q p q
α κβ κ λ

= − + + + −  (15) 

The equilibrium structure can be found from   

 2 21 1 ( ) ( ) 0
2 i b i i

i

F
p p p q

p

β κ
λ

∂
= − + − =

∂
, (16) 

and 

 2 2 ( ) 0i i i
i

F
q p q

q
α κ λ

∂
= − − =

∂
. (17) 

Let us examine the variation of polarization across the interface and the total energy F  of 
the heterostructure for the particular conditions of 0λ =  and λ → ∞ . The variation of 
polarization across the interface can be examined by looking into the continuity or 
discontinuity in interface polarizations i ip q− . Without interface coupling ( 0λ = ), we find 
that i bp p=  and 0iq = . Thus, the mismatch of interface polarizations and the total energy of 
the heterostructure are found to be  

 i i bp q p− = , (18) 

and  

 0F = , (19) 

respectively.  
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For a strong interface coupling, i.e., λ → ∞ , we have i ip q= , implying that the polarization 
is continuos across the interface. In order to find i ip q= , it is convenient to write eq. (15) in 
term of only ip  as 

 2 23 2 3 21 11
( 3 2 )

3 2 2i i b b iF p p p p p
α κβ κ

= − + + , (20) 

and by minimizing it, we obtain 

 2 2 2 2

1 1 1 1

1 1
1

2 2i i bp q p
α κ α κ

α κ α κ

       
= = + − − −      

       
, (21) 

which clearly indicates that the polarizations at the interface are determined by the 
intermixed properties of two constituents. 
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Fig. 1. Spatial dependence of polarization at the interface region of ferroelectric/dielectric 
heterostructures with 1 10λ− =  (top), 1 (middle) and 0  (bottom). In the curves, the 
parameters are: 1 1α = − , 2 1α = , 1 1β = , 1 4κ =  and 2 9κ = . Solid circles denote the 
polarization at interface. 

Figure 1 shows a typical example of a ferroelectric/dielectric heterostrucutre of interface 
with different strength of interface coupling λ . It is seen that the mismatch in the 
polarization across the interface is notable for a loose coupling at the interface 1 10λ− = . The 
mismatch in the interface polarization becomes smaller with increasing coupling strength. It 
is interesting to see that the coupling at the interface induces polarization in the dielectric 
consituent. This may be called the interface-induced polarization, and it extends into the 
bulk over a distance governed by the characteristic length of the material 1

2K− , which is 
governed by 2α  and 2κ .  
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Fig. 2. Mismatch in the polarization at the interface of ferroelectric/dielectric 
heterostructures as a function of 1λ− . Other parameters are the same as for Fig. 1. 

In Fig. 2, the mismatch in polarizations across the interface is examined under various 
strengths of interfacial coupling. The results clearly show that the mismatch in the interface 
polarizations is decreased with increasing interface coupling strength.  

3. Model of ferroelectric/dielectric superlattices 

We now consider a periodic superlattice composed of alternating ferroelectric layer and 
dielectric layer (ferroelectric/dielectic suprelattices), as shown in Fig. 3. Some key points are 
repeated here for clarity of discussion. Similarly, we assume that all spatial variation of 
polarization takes place along the x-direction. The thickness of ferroelectric layer and 
dielectric layer are L1 and L2, respectively. L is the periodic thickness of the superlattice. The 
two layers are coupled with each other across the interface. Periodic boudary conditions are 
used for describing the superlattices.  
By symmetry, the average energy density of the ferroelectric/dielectric superlattice F is 
(Ishibashi & Iwata, 2007; Chew et al., 2008; Chew et al., 2009) 

 ( )1 2 i
2

F F F F
L

= + + . (22) 

 

 
Fig. 3. Schematic illustration of a periodic ferroelectric superlattice composed of a 
ferroelectric and dielectric layers.   The thickness of ferroelectric layer A and dielectric layer 
B are L1 and L2,  respectively. L = L1 + L2  is the periodic thickness of the superlattice. 
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In eq. (22), the total free energy density of the ferroelectric layer 1F  is given by 

 1
2

/2 2 41 1 1
1 0

d
2 4 2 d

L p
F p p pE dx

x

α β κ   = + + −    
 , (23) 

whereas the total free energy densities of the paraelectric layer 2f  is  

 
1

2
/2 22 2

2 /2

d
d

2 2 d
L

L

q
F q qE x

x

α κ  
= + −  

   
 , (24)  

respectively. In eqs. (23) and (24), p and q are the order parameters of  the ferroelectric layer 
and paraelectric layer, respectively. E  denotes the external electric field. 
The coupling energy at the interface between the ferroelectric- and dielectric-layers is as 
shown in eq. (3).  In this case, the boundary conditions at the interface (x = L1/2) are 
described by 

 
( )

( )

i i
1

i i
2

d
,

d
d

.
d

p
p q

x

q
p q

x

λ

κ

λ

κ


= − −


 = −


 (25) 

3.1 Polarization modulation profiles  

We first look at the polarization modulation profiles of the ferroelectric/dielectric 
superlattice under the absence of an external electric field 0E = (Chew et al., 2009). The 
polarization profiles of p and q for the ferroelectric and dielectric layers, respectively, can be 
obtained using the Euler-Lagrange equation. For the dielectric layer, the Euler-Lagrange 
equation is  

 
2

2 22
d
d

q
q

x
κ α= , (26) 

and ( )q x  can be obtained as 

 c 2( ) cosh
2
L

q x q K x
 

= − 
 

, (27) 

and at the interface, we have 

 2 2
ccosh

2i

K L
q q= , (28) 

where cq  is the q  value at d /d 0q x = .  
By integrating once, the Euler-Lagrange equation of the ferroelectric layer is 

 ( ) ( )
2

2 2 4 41 1 1
c c

d
2 d 2 4

p
p p p p

x

κ α β 
= − + − 

 
, (29) 
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where cp  is the p value at d /d 0p x = . In this case, cp  is the maximum value of p at 0x = .   
Using ( )c( ) sinp x p xθ=  and 2

b 1 1/p α β= − , eq. (29) becomes 

 
1 i

1
2 2 2

1 /2

d
d

(1 ) 1 sin

x

L

x
k k

θ

θ

α θ

κ θ−

−
=

+ −
  , (30) 

where ( , )F kθ  and i( , )F kθ  are the elliptic integral of the first kind with the elliptic modulus 
k  given by 

 
2

2 c
2 2
b c2
p

k
p p

=
−

. (31) 

 

 
Fig. 4. Spatial dependence of polarization for a superlattice with 1 5L =  and 2 3L =  for 
various 1λ− . The parameters adopted for the calculation are: 1 1α = − , 2 0.1α = , 1 1β = , 

2 1β = , 1 4κ =  and 2 9κ = . In the curves, the values for 1λ− are: 100 (dot), 16 (dash-dot-dot), 
8 (dash-dot), 2 (dash), and 0 (solid). Dotted circles represent the interface polarizations 
(Chew et al., 2009). 

Let us discuss the polarization modulation profiles in a ferroelectric/dielectric superlattice 
using the explicit expressions. The characteristic lengths of polarization modulations in the 
ferroelectric layer near the transition point and the dielectric layer are given by 

1
1 1 1/K κ α− = − and 1

2 2 2/K κ α− = , respectively. Figure 4 illustrates an example of  
1λ− dependence of polarization modulation profiles. It is seen that the modulation of the 

polarization  is  obvious  in  the  ferroelectric  layer,  but  not  in the dielectric layer.  This  is 
because 1 1 1/ 2 / 2L κ α> − =  and 2 2 2/ 2 / 0.95L κ α< ≈ . For a loosely coupled 
superlattice of 1 100λ− = (dot lines), only a weak polarization is induced in the dielectric 
layer. As the strength of the interface coupling λ  increases, the polarization near the 
interface of the ferroelectric layer is slightly suppressed, whereas the induced-polarization 
of the soft dielectric layer increases.    
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3.2 Phase transitions 
Using the explicit expressions (as obtained in Sect. 3.1), the average energy density of the 
superlattice F (eq. (22)) can be written in terms of pc and qc as (Chew et al., 2009) 

 2 2 4 2 2 21 1 1 1 1
c c c c i c c c2

2
sin ,

2 4 2 2 21
L D

F Jp p p p Cp q q
L k

α κ α β λ
θ

 −  
= + + + − +  

+    
 (32) 

where          

 ( )

i

2 2
i

2 2 2 2 2
2 2

2 2 2
/2

cosh sin ,
2

sinh cosh ,
2 2

cos 1 sin ,

K L
C

K L
D K L

J k d
θ

π

λ θ

α κ
λ

θ θ θ

  
= ⋅   

  
= +  

 


= −




 (33) 

with ( )1
i i csin /p pθ −= . By utilizing ( )2 2 2

b/ 2ck p p≈  and 1K  (see eq. (12)) near the transition 
point, F becomes  

 ( )2 4 2
c c c c c

2
,

2 2
A D

F p O p Cp q q
L

 
= + − +  

 (34) 

where 

 1 1 2 1 1
1 1sin cos

2 2
K L

A K L
α κ

λ
−

= − + , (35) 

and O(pc4) indicates the higher order terms of pc4.   
From the equilibrium condition for qc, dF/dqc = 0, the condition of the transition point can 
be obtained as A - C2/D = 0, i.e., 

 1 1 2 1 1
1 1sin cos 0

2 2
K L

K L R
α κ−

− + = , (36) 

where 

 2 2
2 2, tanh

2
r K L

R r
r

λ
α κ

λ
= =

+
. (37)  

In Fig. 5, we show the dependence of cp  and cq  on 1λ−  for different dielectric stiffness 2α .    
For a superlattice with a soft dielectric layer 2 0.1α =  and 1, cp remains almost the same as 
the bulk polarization c b~p p  for all 1λ− . For the case with 2 5α = , cp  is suppressed near the 
strong coupling regime 1 ~ 0λ− . If the dielectric layer is very rigid ( 2α = 10 and 50), we 
found that cp  is strongly suppressed with increasing interface coupling and cq  remains 
very weak. It is seen that the polarizations of the superlattices with rigid dielectric layers are 
completely disappeared at 1λ− ≈  0.0514 and 0.1189, respectively.  These transition points 
can be obtained using eq. (36).  
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Fig. 5. pc and qc as a function of 1λ− for various 2α , where 2α  is 0.1, 1, 5, 10, and 50. The 
other parameters are the same as Fig. 4 (Chew et al., 2009). 

As the temperature increases, the ferroelectric layer can be in the ferroelectric state or in the 
paraelectric state. Phase transition may or may not take place, depending on the model 
parameters. Let us examine the stability of superlattice in the paraelectric state by taking 
into account the polarization profile to appear in the ferroelectric state. Instead of the exact 
solutions obtained from the Euler-Lagrange equations, which are in term of the Jacobi 
Elliptic Functions, we use (Ishibashi & Iwata, 2007) 

 1coscp p K x= , (38) 

thus pi becomes 

 1 1cos
2i c

K L
p p= . (39) 

The Euler-Lagrange equation for q is given by eq. (26), which gives q(x) as expressed in eq. 
(27).  Substitution of eqs. (27) and (38) into eq. (22), F becomes 

 2 4 21 1 2
c c c c c

2
,

2 4 2
a b a

F p p q cp q
L

 
= + + −  

 (40) 

where 
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( )
2

2 21 1 1 1 1
1 1 1 1 1 1 1

1

1 1 1 1 1 1
1

1 1

22 2 2 2 2 2 2
2

2

1 1 2 2

1
sin cos ,

4 2

3 sin sin 2
,

4 4 8

sinh cosh cosh ,
2 2 2

cos cosh .
2 2

K K L
a K L K L

K

L K L K L
b

K K

K L K L K L
a

K

K L K L
c

α κ
α κ λ

β

α
λ

λ

  −  
= + + +    

    
   = + +   


= +



=


 (41) 

Similarly, from the equilibrium condition for qc, dF/dqc = 0, we find eq. (40) can be reduced 
to a more simple form as  

 
*

2 41 1
c c

2
2 4
a b

F p p
L

 
= + 

  
, (42) 

where 

 
2

* 2 21 1 1 1 1 1
1 1 1 1 1 1

1 1
sin cos ,

4 2
L K K L

a K K L R
K L

α κ
α κ
 −

= + + + 
  

 (43) 

where ( , )R rλ  is given by eq. (37). r is a function of 2α , 2κ and 2L . The transitions of the 
superlattice from a paraelectric phase to a ferroelectric state occurs when *

1 0a = . Note here 
that *

1a  consists of the physical parameters from both the ferroelectric and dielectric layers. 
It is seen that the influence of the dielectric layer via λ  becomes stronger with increasing 

2α , 2κ and 2L . However, the influence is limited at most to max 2 2r α κ= . Let us look at *
1a   

in more detail. By taking 

1

*
1

1
0

K k

a

K
=

∂
=

∂
, we obtain the wave number k. It is qualitatively 

 

 

 
Fig. 6. The dependence of the wave number k for various R/L1 when κ1 = 1 and L1 = 1/2. The 
curves show the cases 1) R/L1 = 0, 2) R/L1 = 2, 3) R/L1 = 20, 4) R/L1 = 200 and 5) R/L1 =∞. 
Dotted lines denote the transition point of each case (Ishibashi & Iwata, 2007). 
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obvious that k is small, implying a flat polarization profile, when the contribution from the 
dielectric layer R, is small, while 2kL  approaches π, implying a very weak interface 
polarization in the ferroelectric layer, when R is extremely large. The dependence of the 
wave number k  on 1α for various 1/R L is illustrated in Fig. 6. 

3.3 Dielectric susceptibilities  

In this section, we will discuss the dielectric susceptibility of the superlattice in the 
paraelectric phase (Chew et al., 2008). Since p(x) = q(x) = 0 in the paraelectric phase (if 0E = ), 
the modulated polarizations, p(x) and q(x), are the polarizations induced by the electric field 
E. The contribution from the higher-order term 4

1 / 4pβ  is neglected because we consider 
only the paraelectric phase. By solving the Euler-Lagrange equations, we found 

 

2

1 1 2

2

2 2 2

d
,

d
d

,
d

p
p E

x

q
q E

x

α κ

α κ


− =



 − =

 (44) 

with the condition that F (eq. (22)) including the interface energy (eq. (3)) takes the 
minimum value. Note that in the present system, the ferroelectric transition point cα  is 
negative. Thus, one must consider both cases 1 0α ≥  and 1 0α <  in the study of the dielectric 
susceptibility even in the paraelectric phase. In the present system, the dielectric 
susceptibility χ  is defined as 

 
1

1

/2 /2

0 /2

2
d d

L L

L
p x q x

LE
χ  = +    . (45) 

3.3.1 Case 1 0α ≥  

For the case of 1 0α ≥ , the exact solutions are 

 
c 1

1

c 2
2

cosh ,

cosh ,
2

E
p p E K x

L E
q q E K x

α

α


= +




  = − +   

 (46) 

and 

 

1 1
i c

1

2 2
i c

2

cosh ,
2

cosh .
2

K L E
p p E

K L E
q q E

α

α


= +


 = +


 (47) 

In this case, 1 1 1/K α κ=  and 2K is given by eq. (14). By utilizing eqs. (46) and (47), we can 
express F in terms of cp  and cq  as 
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 2 2 21 2
c c c c 1 c 2 c

2
2 2
a a

F p q cp q d p d q E
L

 
= + − − − 

 
, (48) 

where 

 

21 1 1
1 1 1

1

22 2
2 2 2

2

1 1 2 2

1 1
1

1 2

2 2
2

1 2

sinh cosh ,
2 2

2
sinh cosh ,

2 2

cosh cosh ,
2 2

1 1
cosh ,

2

1 1
cosh .

2

K L
a K L

K

K L
a K L

K

K L K L
c

K L
d

K L
d

α
λ

α
λ

λ

λ
α α

λ
α α


 = +


 = +




=

  

= − −  
  
   = −   

 (49) 

Using the equilibrium conditions c c/ / 0F p F q∂ ∂ = ∂ ∂ = , we find  

 2 1 1
c 2 2

2 2 1 2

1 1
cosh sinh ,

2 2
K L

p K L
a A K

λ α

α α

  −
= −  

  
 (50) 

and 

 1 2 2
c 1 1

2 1 1 2

1 1
cosh sinh ,

2 2
K L

q K L
a A K

λ α

α α

  
= −  

  
 (51) 

where 

 
2

1
2

c
A a

a
= − . (52) 

Based on eq. (45), the dielectric susceptibility for the present case is 

 c c1 1 1 2 2 2

1 1 2 2

2 2
sinh sinh

2 2
p qK L L K L L

K L L K L L
χ

α α
= + + + . (53) 

3.3.2 Case 1 0α <  

In this case, the exact solutions of eq. (44) are 

 
c 1

1

c 2
2

cos ,

cosh ,
2

E
p p E K x

L E
q q E K x

α

α


= +




  = − +   

 (54) 
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where 1K  and 2K  are given by eq. (12) and (14), respectively. Thus, we have  

 

1 1
i c

1

2 2
i c

2

cos ,
2

cosh .
2

K L E
p p E

K L E
q q E

α

α


= +


 = +


  (55) 

Similarly, we find 

 2 2 21 2
c c c c 1 c 2 c

2
2 2
a a

F p q cp q d p d q E
L

 
= + − − − 

 
, (56) 

where 

 

21 1 1
1 1 1

1

22 2 2
2 2 2

2

1 1 2 2

1 1
1

1 2

2 2
2

1 2

sin cos ,
2 2

sinh cosh ,
2 2

cos cosh ,
2 2

1 1
cos ,

2

1 1
cosh ,

2

K L
a K L

K

K L
a K L

K

K L K L
c

K L
d

K L
d

α
λ

α
λ

λ

λ
α α

λ
α α

= +

= +

=

 
= − − 

 
 

= − 
 

 (57) 

and the the values of pc and qc become 

 2 1 1
c 2 2

2 2 1 2

1 1
cos sinh ,

2 2
K L

p K L
a A K

λ α

α α

  −
= −  

  
 (58) 

and 

 1 2 2
c 1 1

2 1 1 2

1 1
cosh sin ,

2 2
K L

q K L
a A K

λ α

α α

  
= −  

  
 (59) 

with 

 
2

1
2

c
A a

a
= − . (60) 

Using eqs. (45), the dielectric susceptibility χ  for the present case of 1 0α <  is 

 c c1 1 1 2 2 2

1 1 2 2

2 2
sin sinh

2 2
p qK L L K L L

K L L K L L
χ

α α
= + + + , (61) 
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where the phase transition point is given by 2
1 2/ 0A a c a= − = . Using 2

1 2/ 0A a c a= − = , 
the condition of the transition point is  

 

2
2 2

21 1 12
1 1

22 2 21
2 2

2

sin
2

sin cos 0.
2 2sin cosh

2 2

K L
K LK

K L
K LK K L

K

α
λ

α
α

λ
+ =

+

 (62) 

It is interesting to note here that the transition temperature 1α  can be determined using eq. 
(62), which is exactly the same as eq. (43) (Ishibashi & Iwata, 2007). 
 

 
Fig. 7. Reciprocal susceptibility as a function of 2α . The parameter values are adopted as 

1L = , 1 2 1 / 2L L= = , 1 2 1κ κ= = , 2 1α = , for cases of: (1) 0λ = , (2) 0.3λ = , (3) 3λ =  
(Chew et al., 2008). 

 

 
Fig. 8. Spatial dependence of polarization for a superlattice with 1 2 3L L= = . The parameters 
adopted for the calculation are: 1 2 1κ κ= = , 2 1α = , 3λ = , for cases of (1) 1 0.1α = − , (2) 

1 0α = , (3) 1 0.2α =  (Chew et al., 2008). 

In Fig. 7, we show the reciprocal susceptibility 1 / χ  in various parameter values. It is found 
that the average susceptibility diverges at the transition temperature obtained from eq. (62). 
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The result indicates that the second-order phase transition is possible in our model of the 
superlattice structure. It is seen that the susceptibility is continuous at 1 0α = , though the 
susceptibility is divided into two different functions at 1 0α = . Taking the limit of 1 0α = ±  
from both the positive and negative sides, the explicit expression for the susceptibility at 

1 0α =  is    

 
2 2 22 3 2

1 2 1 1 1 2

2 1 2 2 2

cosh1 2 2
2 2 12 sinh

K L
L L L L L K

L K L
χ

α λ κ α

 
 +

= + + + 
 
 

, (63) 

implying that the susceptibility is always continuous at 1 0α = . It is worthwhile to look at 
the field-induced polarization profile at 1 0α =  because 1K  becomes zero at 1 0α = .  By 
taking the limit of 1 0α = ±  from both the positive and negative sides for the polarization p, 
the expressions for the polarization profiles in ( )p x and ( )q x  can be explicitly expressed as  

 ( ) ( )
2 2 2

2 2 1 2 1
1

1 2 2 2 2

cosh
24

8 2 sinh

K L
E EL EK L E

p x L x
K Lκ λ α α

= − + + + , (64) 

and   ( )
2 2

2 1

2
2 2 2 2

cosh
2 cosh

sinh 2

K L
EK L

L E
q x K x

K Lα α

  
= − +    

                             (65) 

Equation (64) depicts the polarization profile ( )p x that exhibits a parabolic modulation at 
1 0α = , as shown in Fig. 8. The polarization profile obtained near the transition point may 

coincide with the polarization modulation pattern of the ferroelectric soft mode in the 
paraelectric phase. 

3.4 Application of model to epitaxial PbTiO3/SrTiO3 superlattices 
Let us extend the model to study the ferroelectric polarization of epitaxial PbTiO3/SrTiO3 
(PT/ST) superlattices grown on ST substrate and under a short-circuit condition, as 
schematically shown in Fig. 9. Some key points from the previous sections are repeated here 
for clarity of discussion. 
In this study, we need to include the effects of interface, depolarization field and substrate-
induced strain in the model. By assuming that all spatial variation of polarization takes 
place along the z-direction, the Landau-Ginzburg free energy per unit area for one period of 
the PT/ST superlattice can be expressed as (Chew et al., unpublished) 

 
PT ST IF F F F= + + , (66) 

where the free energy per unit area for the PT layer with thickness PTL  is 

 

2 2* * 0 ,2 4 6
 

11, 12,

,

2 4 6 2

1
               ,

2

PT

m PTPT PT PT PT
PT L

PT PT

d PT

udp
F p p p

dz s s

e p dz

α β γ κ
−

  
= + + + +   + 


− 


 (67) 
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Fig. 9. Schematic illustration of a periodic superlattice composed of a ferroelectric and a 
paraelectric layers. The thicknesses of PbTiO3 (PT) and SrTiO3 (ST) layers are LPT and LST, 
respectively. L denotes the periodic thickness of the PT/ST superlattice. 

and the free energy per unit area for the ST layer with thickness STL  is 

 

2 2* * ,2 4 6
 0

11, 12,

,

2 4 6 2

1
               .

2

STL m STST ST ST ST
ST

ST ST

d ST

udq
F q q q

dz s s

e q dz

α β γ κ  
= + + + +   + 


− 


 (68) 

where p  and q  corresponds to the polarization of PT and ST layers, respectively. For the 
superlattices with the polarizations perpendicular to the layer’s surfaces/interfaces, the 
inhomogeneity of polarization means that the depolarization field effect is essential. In eqs. 
(67) and (68), *

jα  and *
jβ  are expressed as  

 

12,*
,

11, 12,

2
12,*

11, 12,

4
,

4
,

j
j j m j

j j

j
j j

j j

Q
u

s s

Q

s s

α α

β β


= − 

+ 



= + + 

 (69) 

where jα , jβ  and jγ  are the Landau coefficients of layer j ( j : PT or ST), as usual. 11, js  and 

12, js  are the elastic compliance coefficients, whereas 12, jQ  is the electrostrictive constant. 
( ), /m j S j Su a a a= −  denotes the in-plane misfit strain induced by the substrate due to the 

lattice mismatch. ja  is the unconstrained equivalent cubic cell lattice constants of layer j and 

Sa  is the lattice parameter of the substrate. jκ  is the gradient coefficient, determining the 
energy cost due to the inhomogeneity of polarization. 
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With the assumption that the ferroelectric layers are insulators with no space charges, the 
depolarization field ,d je  in the PT and ST layers can be expressed by 

 
( ) ( )( )

( ) ( )( )

,
0

,
0

1
,

1
,

d PT

d ST

e z p z P

e z q z P

ε

ε


= − −


 = − −


 (70) 

respectively. In eq. (70), 0ε  denotes the dielectric permittivity in vacuum. The second term 
describes the mean polarization of one-period superlattice  

 
0

0

1
,

ST

PT

L

L

P pdz qdz
L

−

 
 = +
 
 
   (71) 

with the periodic thickness PT STL L L= + . It is important to note here that ,d je  acts as the 
depolarization field, if its direction is opposite to the direction of ferroelectric polarization. If 

,d je  inclines in the same direction of polarization, it cannot be regarded as the 
depolarization field; thus, we denote ,d je  as “the internal electric field”. Hence, the average 
internal electric field of one-period superlattice is defined as  

 
0

, ,0

1
( ) ( )ST

PT

L

d d PT d STL
E e z dz e z dz

L −

 = +    . (72) 

The intrinsic coupling energy between the polarizations at the interfaces 0z =  of the two 
layers is described as 

 ( )2

2I i iF p q
λ

= − , (73) 

where ip  and iq  are the interface polarizations at 0z =  for the PT and ST layers, 
respectively. In eq. (73), the parameter λ  describes the strength of intrinsic interface 
coupling and it can be conveniently related to the dielectric permittivity in vacuum 0ε  as 

 0

0

λ
λ

ε
= , (74) 

where 0λ  denote the temperature-independent interface coupling constant. In this case, the 
existence of the interface coupling 0λ ≠  leads to the inhomogeneity of polarization near the 
interfaces, besides the effect of the depolarization field.  
In the calculations, it is assumed that 1 unit cell (u.c.) ≈ 0.4 nm and the thickness of ST layer is 
maintained at LST ≈ 3 u.c. The lattice constants in the paraelectric state are Aa  = 3.969 Å and 

Ba  = 3.905 Å for PT and ST layers, respectively. Based on the lattice constants, the lattice 
strains are obtained as ,m PTu  = −0.0164 and ,m STu  = 0.  
In Fig. 10, we show the average polarization P and internal electric fields dE  of PT/ST 
superlattices as a function of thickness ratio LPT/LST for different strength of interface 
coupling 0λ . It is seen that P and dE  decrease with increasing 0λ . As 0λ  increases, the 
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critical thickness ratio (at which P vanishes) shifts to a higher value. It is seen that there is 
a good agreement between the calculated and measured polarizations. The calculated 
polarizations using 0 10λ =  (black line) agree reasonably well with most of the 
experimental measurements for LPT/LST > 0.4, implying that the strength of interface 
coupling at this regime is strong. At the LPT/LST ≤  0.4 region, the predicted polarizations 
with 0 0.2λ =  (red line) and 0.05 (blue line) agree well with some of the experimental 
measurements. The dE  versus LPT/LST curves show a trend similar to P versus LPT/LST, 
e.g. dE  disappears at a critical thickness ratio. For each 0λ , the critical thickness ratio of 

dE  coincides with that of P. It is remarkable to see that for 0dE > ,  internal electric field is 
parallel to the direction of the ferroelectric polarization in PT layer, which enhances the 
polarization of the superlattice. 
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Fig. 10. Polarization and internal electric field as a function of thickness ratio LPT/LST of 
PT/ST superlattices at T = 300K. The values of 0λ are: 10 (▬), 0.2 (▬) and 0.05 (▬). Solid 
dots (●) represent experimental results from Dawber et al (Dawber et al., 2007). The insets 
in each figure show the corresponding curves in smaller scale (Chew et al., unpublished). 

4. Conclusion 

We have proposed a model to study the intrinsic interface coupling in ferroelectric 
heterostructure and superlattices. The layered structure is described using the Landau-
Ginzburg theory by incorporating the effect of coupling at the interface between the two 
constituents. Explicit analytical expressions describing the polarization at the interface 
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between bulk ferroelectrics and bulk dielectrics were derived and discussed. Here, we 
mainly discussed only cases where the transition of the ferroelectric constituent is of second 
order (Chew et al., 2003), though cases of heterostructure at the interfaces involving first-
order phase transition were also reported (Tsang et al., 2004).  
We further extend the model to investigate the ferroelectricity of superlattice by 
incorporating the thickness effect. Using the explicit expressions derived from the model, 
the polarization modulation profiles, phase transitions and dielectric susceptibilities of a 
superlattice are presented and discussed in detail (Ishibashi & Iwata, 2007; Chew et al., 2008; 
Chew et al., 2009). The effort to obtain the explicit analytical solutions using the continuum 
model of Landau-Ginzburg theory is worthwhile. This is because those expressions allow us 
to gain general insight on how the intrinsic polarization coupling at the interface influences 
the physical properties of those hybrid structures. Note that the effect of an applied electric 
field on the polarization behaviors of heterostructure at the interfaces (Chew et al., 2005; 
Chew et al., 2006) and superlattices (Chew et al., 2011; Chew et al., unpublished) is also very 
important. However, those studies were not discussed. We have also constructed a one-
dimensional model on the basis of the Landau-Ginzburg theory to investigate the 
polarization and dielectric behaviors (Chew et al., 2006; Chew et al., 2007), as well as the 
switching characteristics (Chew et al., unpublished).  
At the end of the discussion, we show how the present model can be applied to study the 
ferroelectric polarization of epitaxial PT/ST superlattices with the polarizations 
perpendicular to the surfaces/interfaces of the constituent layers (Chew et al., unpublished). 
The effects of interface, depolarization field and substrate-induced strain are required to 
include in the model. Our calculated polarizations (Chew et al., unpublished) agree 
reasonably well with recent experimental measurements (Dawber et al., 2007). From our 
study, it suggests that the recent experimental observation on the unusual recovery of 
ferroelectricity at thickness ratio of LPT/LST < 0.5 (Dawber et al., 2005) may be related to a 
weakening of ferroelectric coupling at the interface. It is certainly interesting to look at the 
dielectric susceptibilities and polarization reversals of the superlattices, which will be 
reported elsewhere. 
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