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1. Introduction

When we consider control problems of physical systems, we often see time-delay in the
process of control algorithms and the transmission of information. Time-delay often appear in
many practical systems and mathematical formulations such as electrical system, mechanical
system, biological system, and transportation system. Hence, a system with time-delay is a
natural representation for them, and its analysis and synthesis are of theoretical and practical
importance. In the past decades, research on continuous-time delay systems has been active.
Difficulty that arises in continuous time-delay system is that it is infinite dimensional and a
corresponding controller can be a memory feedback. This class of controllers may minimize
a certain performance index, but it is difficult to implement it to practical systems due to
a memory feedback. To overcome such a difficulty, a memoryless controller is used for
time-delay systems. In the last decade, sufficient stability conditions have been given via
linear matrix inequalities (LMIs), and stabilization methods by memoryless controllers have
been investigated by many researchers. Since Li and de Souza considered robust stability
and stabilization problems in (8), less conservative robust stability conditions for continuous
time-delay systems have been obtained ((7), (11)). Recently, He disturbance attenuation
conditions have also been given ((10), (15), (16)).

On the other hand, research on discrete-time delay systems has not attracted as much attention
as that of continuous-time delay systems. In addition, most results have focused on state
feedback stabilization of discrete-time systems with time-varying delays. Only a few results
on observer design of discrete-time systems with time-varying delays have appeared in the
literature(for example, (9)). The results in (3), (12), (14), (18) considered discrete-time systems
with time-invariant delays. Gao and Chen (4), Hara and Yoneyama (5), (6) gave robust
stability conditions. Fridman and Shaked (1) solved a guaranteed cost control problem.
Fridman and Shaked (2), Yoneyama (17), Zhang and Han (19) considered the He disturbance
attenuation. They have given sufficient conditions via LMIs for corresponding control
problems. Nonetheless, their conditions still show the conservatism. Hara and Yoneyama
(5) and Yoneyama (17) gave least conservative conditions but their conditions require many
LMI slack variables, which in turn require a large amount of computations. Furthermore,
to authors’ best knowledge, few results on robust observer design problem for uncertain
discrete-time systems with time-varying delays have given in the literature.

In this paper, we consider the stabilization for a nominal discrete-time system with
time-varying delay and robust stabilization for uncertain system counterpart. The system
under consideration has time-varying delays in state, control input and output measurement.
First, we obtain a stability condition for a nominal time-delay system. To this end, we define
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180 Discrete Time Systems

a Lyapunov function and use Leibniz-Newton formula and free weighting matrix method.
These methods are known to reduce the conservatism in our stability condition, which are
expressed as linear matrix inequality. Based on such a stability condition, a state feedback
design method is proposed. Then, we extend our stabilization result to robust stabilization for
uncertain discrete-time systems with time-varying delay. Next, we consider observer design
and robust observer design. Similar to a stability condition, we obtain a condition such that
the error system, which comes from the original system and its observer, is asymptotically
stable. Using a stability condition of the error system, we proposed an observer design
method. Furthermore, we give a robust observer design method for an uncertain time-delay
system. Finally, we give some numerical examples to illustrate our results and to compare
with existing results.

2. Time-delay systems

Consider the following discrete-time system with a time-varying delay and uncertainties in
the state and control input.

x(k+1) = (A+AA)x(K) + (Ag + AAL)x(k — dy) + (B + AB)u(k)
+(By + ABg)u(k — dy) (1)

where x(k) € R" is the state and u (k) € R™ is the control. A, A4, B and B, are system matrices
with appropriate dimensions. dj is a time-varying delay and satisfies 0 < d,;, < dy < dp; and
diyq < di where d;; and d) are known constants. Uncertain matrices are of the form

[AA AA; AB AB;| = HF (k) [E E; Eq Ep] (2)
where F(k) € ®/*J is an unknown time-varying matrix satisfying FT (k)F(k) < I and H, E, E,
E; and Ej are constant matrices of appropriate dimensions.

Definition 2.1. The system (1) is said to be robustly stable if it is asymptotically stable for all
admissible uncertainties (2).

When we discuss a nominal system, we consider the following system.
x(k+1) = Ax(k) + Agx(k —dy) + Bu(k) + Byu(k — dy). (3)

Our problem is to find a control law which makes the system (1) or (3) robustly stable. Let us
now consider the following memoryless feedback:

u(k) = Kx(k) 4)

where K is a control gain to be determined. Applying the control (4) to the system (1), we have
the closed-loop system

x(k+1) = ((A+AA)+ (B+AB)K)x(k) + ((Ag+ AA;) + (By + ABy)K)x(k—di).  (5)
For the nominal case, we have
x(k+1) = (A+ BK)x(k) + (Ag + B4K)x(k — dy.). (6)

In the following section, we consider the robust stability of the closed-loop system (5) and the
stability of the closed-loop system (6).
The following lemma is useful to prove our results.
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Robust Control Design of Uncertain Discrete-Time Systems with Delays 181

Lemma 2.2. ((13)) Given matrices Q = QT, H, Eand R = RT > 0 with appropriate dimensions.
Q-+ HF(K)E+ ETFT(k)HT <0

for all F(k) satisfying FT(k)F (k) < R if and only if there exists a scalar ¢ > 0 such that
Q+ 1HHT +¢ETRE < 0.

3. Stability analysis

This section analyzes the stability and robust stability of discrete-time delay systems.
Section 3.1 gives a stability condition for nominal systems and Section 3.2 extends the stability
result to a case of robust stability.

3.1 Stability for nominal systems
Stability conditions for discrete-time delay system (6) are given in the following theorem.

Theorem 3.1. Given integers d,, and dy;, and control gain K. Then, the time-delay system (6) is
asymptotically stable if there exist matrices Py >0, P, > 0,Q1 > 0,02 >0,5>0, M > 0,

Ly Ny T;
Ly Ny T
L=|Ly|, N=|Ns;|, T=|T;
Ly Ny Ty
Ls Ns Ts
satisfying
o_ |P1HELHE[+EN+HEL+Er+EL VAMZ] _ )
NZINvA -S
where
P 0 0 0 0
0 Py 0 0 0
d;=10 0 -Q;—-M 0 0 ,
0 0 0 Oy —bP
0 0 0 —Py, Py — Qy

Dy =P +0Q1+(dy—du+1)M,
Dy = P+ Q2 +dpyS,

0
0
/ = 0 + N,
P,
)
B, =[L-L0-L0],
Ex=[0N-N00],
[

T —T(A+BK) —T(Ag+ B4K) 00].
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182 Discrete Time Systems

Proof: First, we note from Leibniz-Newton formula that

26T (K)LIx(k +1) — x(K) — e(K)] = 0, ®)

2T (k)N x (k) — x(k — dy) — 2 9)

where e(k) = x(k+1) — x(k) and
T (k) = [x"(k+1) x" (k) xT(k—dy) " (k) e (k—dy)].
It is also true that
26T (k) Tx(k +1) — (A+ BK)x(k) — (A4 + BgK)x(k — d;.)] = 0. (10)
Now, we consider a Lyapunov function

V(k) = Vi (k) + Va(k) + V3 (k) + Vi (k)

where
k—1 k—1
Vi(k) = xT(k)Pix(k) + Y e" ()P, Y. e(i),
i=k—dj i=k—dy
k—1 k—1
Va(k) = ), xT()Qux(i) + ) e (i)Qaeli),
k—dy i=k—dj
k—1 T
L Y
i=—dy j=k+i
—dy k-1
2 2 xT(z)Mx(z)
j=—dm i=k+j

and Py, Py, Qq, Q2, S and M are positive definite matrices to be determined. Then, we calculate
the difference AV = V(k+ 1) — V(k) and add the left-hand-side of equations (8)-(10).
Since AV;(k), i =1,--- ,4 are calculated as follows;

k k
AVi(k) = xT(k+1D)Pix(k+1)+ Y @), Y e(i)
i=k+1— dk+1 i:k+1*dk+1

k-1
k)Pyx(k 2 el Z e(i)
dk d

i=k k
ng(k +1)Pyx(k + 1) — xT(k)Pyx (k) + e (k) Pye(k)
1

k
—2¢T (k) Pye(k — di) + 2¢ (k) P, Y e(i)
i=k—dj
€T(k — dk)Pze(k — dk) — 2€T(k — dk)Pz kil €(i),
i=k—dy
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Robust Control Design of Uncertain Discrete-Time Systems with Delays 183

k k

ALy = Y 2T+ Y e (i) Qoeli)
i= k+1 dk+1 i=k+1—dpsr
k—1
kzd 2 (1) Qx(i) kzd e’ (i)Qae(i)
< xT(0)Qux(k) + T (k) Qae(k) — x7(k — d) Qu(k — )
—eT (k — dy)Qae(k —kdkl)f .
AV3(k) = diqel (k)Se(k) — Y. el (i)Se(i)---— Y e’ (i)Se(i)
1 k dii1 i=k—dy
< dMe Z el
AVa(K) = (day — dys + 1)xT(k)Mx(k) - kfjm ¥ (1) Mx(i)
i=k—dy+1

< (dp — dm + D)xT (kK)Mx (k) — xT (k — di)Mx(k — dy.),

we have

AV (k) = AVy(k) + AV, (k) + AV5(k) + AVy(k)

<&k (@ + B+ Ef +ENy+EL +Er +ETE() + Y eT(k)zs 1zT¢ (k)
i=k—dy
k—1
T()Z +eT(1)S)S™HZTE(k) + Se(i))
i=k—dj

<&k @+ B+ & +EN+EL +Er +EL +dyzs1zT)E (k)

If (7) is satisfied, by Schur complement formula, we have ®; + &1 + E{ + &N + EIT\, + &1+
EL +dpzS1ZT < 0. 1t follows that AV (k) < 0 and hence the proof is completed.

k-1 k-1
Remark 3.2. Weemploy Y () in our Lyapunov function instead of Y (x). This gives a less
i=k—dy =k— dM

conservative stability condition.

3.2 Robust stability for uncertain systems
By extending Theorem 3.1, we obtain a condition for robust stability of uncertain system (5).

Theorem 3.3. Given integers d,, and dy;, and control gain K. Then, the time-delay system (5) is
robustly stable if there exist matrices Py > 0, P, > 0,Q1 >0,Q2 >0,5S >0, M > 0,

Lq Ny T
Ly N, T
L= |Lz|, N=|[N3|, T=|T;
Ly Ny Ty
Ls N5 Ts
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184 Discrete Time Systems

and a scalar A > 0 satisfying

rT T
H:{CDJr)_\EEH ]<0, a1)

H —Al

where @ is given in Theorem 3.1, and
H=[-HTTf —H'T] —HTT] —-HTT] —H'TI 0],
and
E=[0E+EKE;+EK000].

Proof: Replacing A, A;, B and B, in (7) with A+ HF (k)E, A; + HF (k)E;, B+ HF (k)E; and
B + HF(k)Ey, respectively, we obtain a robust stability condition for the system (5).

&+ HTF(K)E+ETFT(k)A <0 (12)

By Lemma 2.2, a necessary and sufficient condition that guarantees (12) is that there exists a
scalar A > 0 such that

&+ \ETE + %HTH <0 (13)

Applying Schur complement formula, we can show that (13) is equivalent to (11).

4, State feedback sabilization

This section proposes a state feedback stabilization method for the uncertain discrete-time
delay system (1). First, stabilization of nominal system is considered in Section 4.1. Then,
robust stabilization is proposed in Section 4.2

4.1 Stabilization

First, we consider stabilization for the nominal system (3). Our problem is to find a
control gain K such that the closed-loop system (6) is asymptotically stable. Unfortunately,
Theorem 3.1 does not give LMI conditions to find K. Hence, we must look for another method.

Theorem 4.1. Given integers dy, and dyy, and scalars p;, i = 1,---,5. Then, the controller (4)
asymptotically stabilizes the time-delay system (3) if there exist matrices Py > 0, P, > 0, Q1 > 0,
Q2 >0S>0M>0,G,Y

Ly Ny
L, N,
L=|Ls|, N=|Ns|,
Ly Ny
Ls Ns

satisfying

_ [¥1+0OL+06] +0y + O +0r + 07 ViyZ

¥ Jan 2T -3

<0 (14)
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where
Py 0 0 0 0
0 ¥y 0 0 0
Y, 0 0 -O1—M O 0 ,
0 0 0 Yu —P»
0 0 0 —P, P, — Oy

Yoo = =P+ Q1+ (dy —dn+1)M,
Yy =P+ Qa +dpyS,
0
0
7 = 0 | +N,
_p,
p,
©.=[L-L0-L0],
Oy =[0N-N00],

01YT —p1 (AYT + BG
02YT —po(AYT + BG

p4Y —04(AYT + BG

-
-
-

—04(AsYT +B4G) 00

1(AgYT +B;G) 00
2(AyYT+B4G) 00

( ) —pa( )
( ) —pa( )
Or = p3YT —03(AYT + BG) —p3(A;YT +B;G) 00
( ) —pal( )
( ) —ps( )

05YT —o5(AYT + BG) —p5(A4YT +B4G) 00

In this case, a controller gain in the controller (4) is given by
K=GYy T (15)

Proof: Let T; = p;Y~!,i =1,--- ,5 where each p; is given. We substitute them into (7). Then,
we calculate ¥ = Z®XT with & = diag[Y Y Y Y Y]. Defining P; = YP;YT, Q; = YQ;YT, i =
1,2, S=YSYT, M=YMYT, L = YLYT, N = YNYT, we obtain ® < 0 in (14) where we let
G = KYT. If the condition (14) hold, state feedback control gain matrix K is obviously given
by (15).

Remark 4.2. Should Y be singular, Let Ly = 0. In this case, it follows from (1,1)-block of ¥ that
Py +p1(Y +YT) < 0. Then, if (14) holds, Y must be nonsingular.

4.2 Robust stabilization
In a similar way to robust stability, we extend a stabilization result in the previous section to
robust stabilization for uncertain discrete-time delay system (1).

Theorem 4.3. Given integers dy, and dp;, and scalars p;, i = 1,---,5. Then, the controller (4)
robustly stabilizes the time-delay system (1) if there exist matrices Py > 0, Py >0, Q1 > 0, Q2 > 0,
S>0M>0G,Y

Lq Ny
L, N,
L=|L3|, N=|N;|,
Ly Ny
Ls N5
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186 Discrete Time Systems

and a scalar A > 0 satisfying
NTTY BT
_|Y+AH'H E <0 (16)

A E —AI ’

where
H = [-pH" —poH" —p3H" —pyHT —psHT 0],
and
E=[0EYT+EGE;YT+EG000].
In this case, a controller gain in the controller (4) is given by (15).

Proof: Replacing A, A;, B and By in (14) with A + HF(k)E, A; + HF (k)E4, B+ HF (k)E; and
B + HF(k)E, respectively, we obtain robust stability conditions for the system (1):

Y+HFKE+ETFT (KA <0 (17)

By Lemma 2.2, a necessary and sufficient condition that guarantees (17) is that there exists a
scalar A > 0 such that

Y+ AHTH+ %ETE <0 (18)

Applying Schur complement formula, we can show that (18) is equivalent to (16).

5. State estimation

All the information on the state variables of the system is not always available in a physical
situation. In this case, we need to estimate the values of the state variables from all the
available information on the output and input. In the following, we make analysis of the
existence of observers. Section 5.1 analyzes the observer of a nominal system, and Section 5.2
considers the robust observer analysis of an uncertain system.

5.1 Observer analysis
Using the results in the previous sections, we consider an observer design for the system (1),
which estimates the state variables of the system using measurement outputs.

x(k+1) = (A+AA)x(k) + (Ag+ AAy)x(k —dy), (19)
y(k) = (C+AC)x(k) + (Cq + ACy)x(k — dy) (20)
where uncertain matrices are of the form:

e aet] = ] roote s

where F(k) € R/ is an unknown time-varying matrix satisfying FT (k)F(k) < I and H, Hy, E
and E; are constant matrices of appropriate dimensions.
We consider the following system to estimate the state variables:

2(k+1) = A(k) + K(y(k) — C2(k)) (21)

www.intechopen.com



Robust Control Design of Uncertain Discrete-Time Systems with Delays 187

where £ is the estimated state and K is an observer gain to be determined. It follows from (19),
(20) and (21) that

xc(k+1) = (A4 HF(k)E)xc(k) + (Ay 4+ HF (k)E;)xc (k — dy,). (22)
where x! = [xT eT]T, e(k) = x(k) — £(k) and

: [A 0 N I VR
A_[OA—KC}’Ad_{Ad—KCdO]’

< H £ -
A= [H_KHZ],E: [E0], £, = [E; 0].
We shall find conditions for (22) to be robustly stable. In this case, the system (21) becomes an

observer for the system (19) and (20).
For nominal case, we have

We first consider the asymptotic stability of the system (23). The following theorem gives
conditions for the system (23) to be asymptotically stable.

Theorem 5.1. Given integers dy, and dp;, and observer gain K. Then, the system (23) is
asymptotically stable if there exist matrices 0 < P; € 221", < Py € R2W21 (0 < Qp € R,
0 < Q2 c %2n><2nl 0<8§ec %anznlo < M c §R2n><2n,

L Ky T
L, N, T
I = i3 c §R10n><2n/ N = N3 c §R10n><2n’ T — T3 c éRlOi’lXZi’l
Ly N, T,
Ls Ns Ts
satisfying
- & +E +E+EN+EL +Er+ EL Ay Z
SR TIAZIZT NEEETET VIR <0 (24)
where
Py 0 0 0 0
0Py O 0 0
P, 00 -0;—-M 0 0 ,
0 0 0 dy -D
0 0 0 —b, P, — O

Dy = —P; +Q1 + (dM dm +1)M,

0
0

Z=1| 0 | +N,
_p,

P,
E.=[L-L0o-Lo,
Ey=[0N-No00],
Er=[T-TA-TA;00]
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188 Discrete Time Systems

Proof: We follow similar lines of proof of Theorem 3.1 for the stability of the system (23). Then,
the result is straightforward.

5.2 Robust observer analysis
Now, we extend the result for the uncertain system (23).

Theorem 5.2. Given integers dy, and d yy, and observer gain K. Then, the system (22) is robustly stable
if there exist matrices 0 < P; € N2, < Py € RZV2 0 < O € R¥V2,0 < Qp € R¥<21,
0<S§eR¥*2 0 < Me RI*2n

Ly Ny Ty
Ly N T
I = 13 c §R10n><2n, N = Ng, c 3%10nx2n’ T — T3 c %10n><2n
Ly Ny Ty
i5 NS TS

e

E=[0EE;000].
Proof: Replacing A and A, in (24) with A + HF(k)E and A; + HF (k)E,, respectively, and
following similar lines of proof of Theorem 3.3, we have the desired result.

6. Observer design

This section gives observer design methods for discrete-time delay systems. Section 6.1
provides an observer design method for a nominal delay system, and Section 6.2 proposes
for an uncertain delay system.

6.1 Nominal observer
Similar to Theorem 3.1, Theorem 5.1 does not give a design method of finding an observer
gain K. Hence, we obtain another theorem below.

Theorem 6.1. Given integers dy, and dy;, and scalars p; and p;, i = 1,---,5. Then, (21) becomes
an observer for the system (19) and (20) with AA = AA; = 0, AC = ACy = 0 if there exist matrices
0 < 151 c manZn, 0 < 152 c §R2n><2n, 0 < Q1 c %ZnXZn, 0 < QZ c %ZnXZn, 0< S ¢ %ZnXZn,
0 < M c %ZnXZn, G c §Rn><n, Y € pixn

Ly Ny T Ty
L, N, T T
i — i3 c %IOnx2n’ N- — NS c §R1()nx2n’ T — T3 c %Snxn,rf — T3 c %5n><n
Ly Ny Ty T
Ls Ns Ts Ts
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satisfying
5 ‘?14—@ @L+@N+® C) ¢) VauZ
Y — TMZT g <0 (25)
where
P, 0 0 0 0
0 ¥ ) 0 0 0
0 0 0 Yu -D
| 0 0 0 —Pz P2 -0y

0
0
Z=1 0 | +N,
~ B
D
O,=[L-Lo-Lo],

Ty p1Y —~T1A —p1(YA —GC) —ThAy —p1(YA; —GCy) 0000 0]

T 1Y —T1A —p1(YA—-GC) —T1A; —p1(YA; —GCy) 00000

T2 sz T2A pz(Y GC) T2Ad — pz(YAd — ch) 00000

Ty poY —ThA —p(YA - GC) —Tr Ay — p2(YA; —GC;z) 00000

6. — |3 psY —TA —03(YA — GC) ~T3Aq — p3(YAs — GC;) 00000
T 15 p3Y —T3A —p3(YA — GC) —T3A4 — p3(YA; —GC,) 00000
Ty psY —TyA —ps(YA —GC) —T4Ay — ps(YA; —GCz) 00000

T4 p4Y T4A p4(Y GC) 4Ad — p4(YAd — ch) 00000

T5 p5Y T5A p5(Y GC) T Ad - p5(YAd - ch) 00000

_T5 p5Y T5A p5(Y GC) Ad — p5(YAd — ch) 00000]

In this case, an observer gain in the observer (21) is given by
R=Y1G. (26)

Proof: Proof is similar to that of Theorem 4.1. Let

_ |Lipi -
T, = [pr} i=1, ,5

where p; and p;, i = 1,---,5 are given. We substitute them into (24). Defining G = YK, we
obtain ¥ < 0 in (25). If the condition (25) hold, observer gain matrix K is obviously given by
(26).

6.2 Robust observer

Extending Theorem 4.1, we have the following theorem, which proposes a robust observer
design for an uncertain delay system.
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190 Discrete Time Systems

Theorem 6.2. Given integers dy, and dyy, and scalars p;, p;, i = 1,---,5. Then, (21) becomes an
observer for the system (19) and (20) if there exist matrices 0 < P; € R2"*2" 0 < P, € R2*21,
0< Ql c §R2n><2n, 0< QZ c m2n><2n/ 0<Se §R2n><2n/ 0 < M c §R2n><2n/ G e éRnxn/ Y € pnxn

Ly Ny T Ty
L, N, T T
I: _ f,3 c 3%10n><2n, N — N3 € 3%10n><2n, T — T3 c %Snxn, T — TS c §R5n><n,
Ly Ny Ty Ty
Ls Ns Ts Ts

} <0 27)

where ¥ is given in Theorem 6.1, and

H=—[HTT] +p1(YH — GHy)T HTT] + p1(YH — GHy)T HTT] + po(YH — GH,)"
HTT} + pp(YH — GH,)T HTTT+p3(YH GH,)T HTTT+p3(YH GH,)T
HTT4§ + 04(YH — GHQ)T HTTT +p4(YH — GHy)T HTTT +p05(YH — GH,)T
) HTTS + ps(YH — GHy)T 0 0],

E=[00EO0E;0000000].

In this case, an observer gain in the observer (21) is given by (26).

Proof: Replacing A and Ay in (27) with A + HF(k)E and A, + HF (k)E;, respectively, and
following similar lines of proof of Theorem 4.3, we have the desired result.

7. Examples

In this section, the following examples are provided to illustrate the proposed results. First
example shows stabilization and robust stabilization. Second one gives observer design and
robust observer design.

Example 7.1. Consider the following discrete-time delay system:

x(k+1) = [1'10“é 0.%7] x(k) + {:g:} —8.1} x(k = di)

9w + | 92wk —ay)
0.5 03

where « satisfies || < & for & is an upper bound of (k). First, we consider the stabilization for a
nominal time-delay system with a(k) = 0 by Theorem 4.1. Table 1 shows control gains for different
time-invariant delay dy, while Table 2 gives control gains for different time-varying delay dj.

Next, we consider the robust stabilization for the uncertain time-delay system with a(k) # 0. In this
case, system matrices can be represented in the form of (1) with matrices given by

11 0 —01 0
S D S
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Robust Control Design of Uncertain Discrete-Time Systems with Delays 191

dy p’s K

1/ (0101 —0.1 05 0.1] |[-1.1316 —0.1360
21 0101 —01050.1] [[-0.9690 —0.0976
3| [0101 —0.1050.1] |[-0.7908 — 0.0545
4[0.09 0.05 —0.1 0.55 0.1]|[—0.5815 — 0.0306

Table 1. The stabilization for time-invariant delay dj

dk p’S K
0<d,<1| [0101 —01 05 01] |[-1.1209 —0.1174]
0<dy<2| (0101 —0.1050.1] [[-0.9429 —0.0839
0<dr <3 (0101 —0.10.5 0.1 |[-0.7950 — 0.0469
0 < dy < 4[[0.09 0.05 —0.1 0.55 0.1]|[~0.5586 — 0.0253]

Table 2. The stabilization for time-varying delay dj

di| @ p’S K

3 10.05 [0.1 0.1 —0.1 05 0.1] [—0.8622 —0.0059]
310.10 [0.1 0.1 —0.1 0.5 0.1] —0.6243 — 0.0000
2 10.15 [0.12 0.12 —0.1 0.5 0.05] —1.2515 —0.0115

Table 3. The robust stabilization for time-invariant delay d

dy x p’s K
0 <d, <3|0.05 [0.1 0.1 —0.1 0.5 0.1] |[—0.8394 — 0.0047]
0 <d, <3{0.10| [0.12 0.1 —0.1 0.5 0.1] |[-1.2539 — 0.0108]
0 <d, <2|0.15([0.12 0.12 —0.1 0.5 0.05]|[—1.1740 — 0.0015]

Table 4. The robust stabilization for time-varying delay d

For time-invariant delay dy, Theorem 4.3 gives control gains for different & in Table 3. Table 4 provides
the result for time-varying delay dj.

Example 7.2. Consider the following discrete-time delay system:

~ [085+01a 0 01 0
x(k+1) = 0 o097 ¥R+ oa —0.1} x(k =),

y(k) = [050.2] x(k) + [0.1 0.1] x(k — dy)

where w satisfies |«| < & for & is an upper bound of (k). We first consider the observer design for a
nominal time-delay system with «(k) = 0 by Theorem 6.1. Table 5 shows observer gains for different
time-invariant delay dy, while Table 6 gives observer gains for different time-varying delay dy. In the
following observer design, all p’s are set to be zero for simplicity.

Next, we consider the robust observer design for the uncertain time-delay system with a(k) # 0. In
this case, system matrices can be represented in the form of (1) with matrices given by

0.85 0 —01 0 )
A= { 0 0.97}’Ad: {—0.1 —0.1}'52 (a0],E;=E =[00],
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dy p’s K

1([-22625 —21 —19 —1.9] 8:;*2;3
2|[-219 67 —03 —26 —1.9] 8:2;2;
3| [-2348602 —19 —1.9] 8:253
4| [-9.0 264 02 —25 —1.9] Bﬁ?
5| [-9.0 259 02 —25 —1.9] :S:gggg

Table 5. The observer design for time-invariant delay dj

i p's K
0<dp<1|[-202 65 —21 —25 —19] 8:2??;
0<d,<2|[-219 67 —03 —26 —1.9] _gjgi%_
0<d <3| [-2208.6 02 —19 —19] 8:2329
0<d <4 [-22.086 02 —25 —1.9] 8:3;2{
0<d <5/ [-2258602 —19 —3.] 8:2;;2

Table 6. The observer design for time-varying delay dj

| & p’s K
1]0.5[[-22.6 25 —21 —19 —1.9] 8:22}%

2104|[-219 67 —03 —26 —19] -gjgggg—
310.3] [-23.4 86 02 —1.9 —19] -8222241!
4103 [-9.0 26.4 0.2 —25 —1.9] _:%Z%Lg
5/02| [-9.0 259 02 —25 —1.9] jﬁggg

Table 7. The observer design for time-invariant delay dy

For time-invariant delay dy, Theorem 6.2 gives observer gains for different & in Table 7. Table 8 provides
observer gains for time-varying delay d. by the same theorem.

8. Conclusions

In this paper, we proposed stabilization and robust stabilization method for discrete-time
systems with time-varying delay. Our conditions were obtained by introducing new
Lyapunov function and using Leibniz-Newton formula and free weighting matrix method.
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i |a o's K

0<dp <1/05/[-202 65 —2.1 —25 —1.9] 8j§§§§
0 <d, <2[0.4|[-219 6.7 —03 —2.6 —19] 8:2?%
0 <dj <3[03| [-220 86 02 —19 —19] 822832
0 < dy <4(03] [-220 86 02 —25 —19] 8:243112
0<d, <5/02| [-225 86 02 —19 —31] 8:?2;;

Table 8. The observer design for time-varying delay dj

Similarly, we also gave observer design and robust observer design methods. Numerical
examples were given to illustrate our proposed design method.
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