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Discrete Deterministic and Stochastic
Dynamical Systems with Delay - Applications

Mihaela Neamtu and Dumitru Opris
West University of Timisoara
Romania

1. Introduction

The dynamical systems with discrete time and delay are obtained by the discretization of the
systems of differential equations with delay, or by modeling some processes in which the time
variable is n € IN and the state variables at the moment n — m, where m € IN, m > 1, are taken
into consideration.

The processes from this chapter have as mathematical model a system of equations given by:

Xpi1 = f(Xn, Xn—m, ), (1)

where x, = x(n) € RP, xp—py = x(n—m) € RP,a € Rand f : R  x RF x R — R isa
seamless function, n,m € IN with m > 1. The properties of function f ensure that there is
solution for system (1). The system of equations (1) is called system with discrete-time and delay.
The analysis of the processes described by system (1) follows these steps.

Step 1. Modeling the process.
Step 2. Determining the fixed points for (1).

Step 3. Analyzing a fixed point of (1) by studying the sign of the characteristic equation of the
linearized equation in the neighborhood of the fixed point.

Step 4. Determining the value & = «( for which the characteristic equation has the roots
11(ag) = u(ao), po(ag) = fi(ag) with their absolute value equal to 1, and the other roots with
their absolute value less than 1 and the following formulas:

dlp(a)|

#0, u(w)f #£1, k=1,2,3,4
do =0

hold.
Step 5. Determining the local center manifold Wy, (0):

1 1
y=zq+zq4+ szozz + wy12Z + Ewmzz +...

where z = x1 + ixp, with (x1,x) € Vj C R%, 0 € Vv, g an eigenvector corresponding to
the eigenvalue p(0) and wyq, w11, wop are vectors that can be determined by the invariance
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478 Discrete Time Systems

condition of the manifold Wy, (0) with respect to the transformation x,—n, = XL, x, = a™,

Xy+1 = X1, The restriction of system (1) to the manifold W{, _(0) is:

1 -~ 1 _ _
Zn+1 = wlag)zn + EgzoZ% + 8112Znzn + Egozzﬁ + §017%2n/2, (2)

where ¢20, 911,802,821 are the coefficients obtained using the expansion in Taylor series
including third-order terms of function f.

System (2) is topologically equivalent with the prototype of the 2-dimensional discrete
dynamic system that characterizes the systems with a Neimark-Sacker bifurcation.

Step 6. Representing the orbits for system (1). The orbits of system (1) in the neighborhood of
the fixed point x* are given by:

* = = 1 2 = 1 52
Xp = X" +2pq +Znq + 5720Zn + 1r11ZnZn + 5702%n 3)
where z;, is a solution of (2) and ry, 11, o2 are determined with the help of wyg, w11, wp,.
The properties of orbit (3) are established using the Lyapunov coefficient I1(0). If ;(0) < 0
then orbit (3) is a stable invariant closed curve (supercritical) and if /;(0) > 0 then orbit (3) is
an unstable invariant closed curve (subcritical).
The perturbed stochastic system corresponding to (1) is given by:

Xn+1 = f(xn/ Xn—m, D‘) +g(xn/ xn—m)gn/ (4)

where x, = xg,, n € [ = {—m,—m+1,...,—1,0} is the initial segment to be Fy-measurable,
and &, is a random variable with E(&,) = 0, E(&2) = ¢ > 0 and « is a real parameter.

System (4) is called discrete-time stochastic system with delay.

For the stochastic discrete-time system with delay, the stability in mean and the stability in
square mean for the stationary state are done.

This chapter is organized as follows. In Section 2 the discrete-time deterministic and
stochastic dynamical systems are defined. In Section 3 the Neimark-Sacker bifurcation for
the deterministic and stochastic Internet control congestion with discrete-time and delay
is studied. Section 4 presents the deterministic and stochastic economic games with
discrete-time and delay. In Section 5, the deterministic and stochastic Kaldor model with
discrete-time is analyzed. Finally some conclusions and future prospects are provided.

For the models from the above sections we establish the existence of the Neimark-Sacker
bifurcation and the normal form. Then, the invariant curve is studied. We also associate
the perturbed stochastic system and we analyze the stability in square mean of the solutions
of the linearized system in the fixed point of the analyzed system.

2. Discrete-time dynamical systems

2.1 The definition of the discrete-time, deterministic and stochastic systems

We intuitively describe the dynamical system concept. We suppose that a physical or biologic
or economic system etc., can have different states represented by the elements of a set S. These
states depend on the parameter t called time. If the system is in the state s; € S, at the moment
t; and passes to the moment £, in the state s, € S, then we denote this transformation by:

Dy, 1,(s1) =52
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Discrete Deterministic and Stochastic Dynamical Systems with Delay - Applications 479

and @y, 4, : S — S is called evolution operator. In the deterministic evolutive processes the
evolution operator @, ;,, satisfies the Chapman-Kolmogorov law:

Dy p, 0 Pty = Praty, Pt = ids.

For a fixed state sy € S, application ® : R — S, defined by t — s; = ®4(s(), determines a
curve in set S that represents the evolution of state sy when time varies from —oo to cc.

An evolutive system in the general form is given by a subset of S x S that is the graphic of the
system:

Fi(t1,t2151,52) = O, i=1.n

where F;: RZ x S — R.

In what follows, the arithmetic space R™ is considered to be the states’space of a system, and
the function ® is a C"-class differentiable application.

An explicit differential dynamical system of C" class, is the homomorphism of groups & :
(R,+) — (Diff"(R™), 0) so that the application R x R"™ — R defined by (t,x) — ®(t)(x)
is a differentiable of C"-class and for all x € R™ fixed, the corresponding application
®(x): R — R™is C"*l-class.

A differentiable dynamical system on R™ describes the evolution in continuous time of a
process. Due to the fact that it is difficult to analyze the continuous evolution of the state
xo, the analysis is done at the regular periods of time, for example at t = —n,...,—1,0,1, ..., n.
If we denote by ®; = f, we have:

P (x0) = f(x0), P2(x0) = FP(x0), ..., Pu(x0) = f) (x0),
®_1(x) = fV(x0), ., @—n(x0) = [ (x0),

where f?) = fof, .. f0) =fo..of, f~() = f=Do  of(-1)

Thus, @ is determined by the diffeomorphism f = ®;.

A C’-class differential dynamical system with discrete time on R", is the homomorphism of
groups ® : (Z,+) — (Dif f"(R™), o).

The orbit through xy € R™ of a dynamical system with discrete-time is:

Of(x0) = {ov f7 1 (x0), s F(x0), X0, £ (%0), s [ (x0), ..} = { ) (20) }rez-

Thus Of(xp) represents a sequences of images of the studied process at regular periods of
time.

For the study of a dynamical system with discrete time, the structure of the orbits’set is
analyzed. For a dynamical system with discrete time with the initial condition xg € R™(m =
1,2,3) we can represent graphically the points of the form x, = f"(x() for n iterations of the
thousandth or millionth order. Thus, a visual geometrical image of the orbits’set structure
is created, which suggests some properties regarding the particularities of the system. Then,
these properties have to be approved or disproved by theoretical or practical arguments.

An explicit dynamical system with discrete time has the form:

xn—i—l = f(xi’l—P/ xi’l)/ ne N/ (5)

where f : R" x R" — R", x, € R", p € N is fixed, and the initial conditions are x_, X1-p,
.y Xg € R™.
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480 Discrete Time Systems

For system (5), we use the change of variables x! = Xn—p, = x,_ ( xP = x,_1,

p—1)r+-er
xP*1 = x,,, and we associate the application

F:(x',.,xP*) e R" x ... x R" — R" x ... x R"™

given by:
Xl x2
F . — .
xP xp+1
xp+1 f(xl,xp'H)

Let (Q), F) be a measurable space, where () is a set whose elements will be noted by w and
F is a c—algebra of subsets of (). We denote by B(R) c—algebra of Borelian subsets of R. A
random variable is a measurable function X : () — R with respect to the measurable spaces
(Q, F) and (R, B(R)) (Kloeden et al., 1995).

A probability measure P on the measurable space ((, F) is a c—additive function defined on
F with values in [0, 1] so that P(Q)) = 1. The triplet (Q), F, P) is called a probability space.

An arbitrary family ¢(n,w) = ¢(n)(w) of random variables, defined on () with values in R,
is called stochastic process. We denote &(n,w) = ¢(n) forany n € N and w € Q). The functions
X(-,w) are called the trajectories of X(1). We use E(&(n)) for the mean value and E(¢(n)?)
the square mean value of (1) denoted by ¢,.

The perturbed stochastic of system (5) is:

X1 = f(xn—p, Xn) + 8(xn)¢n, n€N

where ¢ : R" — R" and ¢, is a random variable which satisfies the conditions E({,) = 0 and
E(2) =0 >0.

2.2 Elements used for the study of the discrete-time dynamical systems
Consider the following discrete-time dynamical system defined on R™:

Xn4+1 = f(xn)/ neN (6)

where f : R" — R™ is a C" class function, called vector field.

Some information, regarding the behavior of (6) in the neighborhood of the fixed point, is
obtained studying the associated linear discrete-time dynamical system.

Let xg € R™ be a fixed point of (6). The system

Upr1 = Df(xp)uy, ne N

where .
off
ox/

Df(xo) = ( ) (x0), ij=1L.m

is called the linear discrete-time dynamical system associated to (6) and the fixed point xg = f(x).
If the characteristic polynomial of D f (xy) does not have roots with their absolute values equal
to 1, then x is called a hyperbolic fixed point.

We have the following classification of the hyperbolic fixed points:
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1. xg is a stable point if all characteristic exponents of D f(x() have their absolute values less
than 1.

2. x¢ is an unstable point if all characteristic exponents of D f(xy) have their absolute values
greater than 1.

3. xp is a saddle point if a part of the characteristic exponents of D f(xg) have their absolute
values less than 1 and the others have their absolute values greater than 1.

The orbit through xg € R of a discrete-time dynamical system generated by f : R" — R™ is
stable if for any € > 0 there exists é(¢) so that for all x € B(xg,d(¢)), d(f"(x), f"(x9)) < ¢, for
alln € N.

The orbit through xo € R™ is asymptotically stable if there exists & > 0 so that for all x €
B(xo,4), lim d(f"(x), f"(x0)) = 0.

If xg is a fixed point of f, the orbit is formed by xj. In this case O(xg) is stable (asymptotically
stable) if d(f"(x), xg) < ¢, foralln € N and nlgrgof”(x) = Xp.

Let (), F,P) be a probability space. The perturbed stochastic system of (6) is the following
system:

Xnt1 = f(xn) + 8(xn)Cn
where &, is a random variable that satisfies E(&,) = 0, E(&2) = ¢ and g(xp) = 0 with xq the
fixed point of the system (6).
The linearized of the discrete stochastic dynamical system associated to (6) and the fixed point
Xp 188

un+1 - Aun + énBun, ne N (7)

A= (%) (x0), B = <%) (x0), 1i,j=1.m.

We use E(uy) = Ep, E(upul) = Viy, uy = (uh,u2, .., ul")T.
Proposition 2.1. (i) The mean values Ej; satisfy the following system of equations:

where

E,i1=AE,, neN (8)
(ii) The square mean values satisfy:
Vi1 = AV, AT +0BV,BT, ne N 9)
Proof. (i) From (7) and E(¢,) = 0 we obtain (8).
(ii) Using (7) we have:
un+1u,€+l = Auyul AT + & (Auyul BT + Buyul AT) + & Bu,ul BT (10)

By (10) and E(&,) = 0, E(£2) = o we get (9).
Let A be the matrix of system (8), respectively (9). The characteristic polynomial is given by:

Py(A) = det(Al — A).

For system (8), respectively (9), the analysis of the solutions can be done by studying the roots
of the equation P,(A) = 0.
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482 Discrete Time Systems

2.3 Discrete-time dynamical systems with one parameter
Consider a discrete-time dynamical system depending on a real parameter «, defined by the
application:

x— f(x,a), x€R", a€R (11)

where f : R"™ x R — R™ is a seamless function with respect to x and «. Let xp € R" be a
fixed point of (11), for all « € R. The characteristic equation associated to the Jacobian matrix
of the application (11), evaluated in xg is P(A, a) = 0, where:

P(Aa) = A" 4 g ()AL o o (@) A + e ().

The roots of the characteristic equation depend on the parameter «.

The fixed point xq is called stable for (11), if there exists « = wg so that equation P(A,ap) = 0
has all roots with their absolute values less than 1. The existence conditions of the value «g,
are obtained using Schur Theorem (Lorenz, 1993).

If m = 2, the necessary and sufficient conditions that all roots of the characteristic equation
A% +c1(x)A + cp(a) = 0 have their absolute values less than 1 are:

2(@)[ <1, fer(@)] < fea(a) +1].
If m = 3, the necessary and sufficient conditions that all roots of the characteristic equation
A3+ cp(a)A? + o (a)A + c3(a) =0

have their absolute values less than 1 are:

1+cy(a) +ca(a) +c3(w) >0,1—cy(a) +cp(a) —cz(a) >0
1+ca(a)—c3(a)(cq(a)+ez(a)) >0, 1—cp(a)+c3(a)(c1 () —c3(a)) >0, |e3(a)| < 1.
The Neimark—Sacker (or Hopf) bifurcation is the value « = «p for which the characteristic

equation P(A,ag) = 0 has the roots uq(ag) = p(ag), Ha(ag) = H(ap) in their absolute values
equal to 1, and the other roots have their absolute values less than 1 and:

a) % a:ao# 0. b) pufag) #1,k=1,234

hold.
For the discrete-time dynamical system

x(n+1) = f(x(n),a)

with f: R"™ — R, the following statement is true:
Proposition 2.2. ((Kuznetsov, 1995), (Mircea et al., 2004)) Let «g be a Neimark-Sacker bifurcation.
The restriction of (11) to two dimensional center manifold in the point (xq, xg) has the normal form:

- 1
1= ne® (14 5dly?) + O(=2)

wherey € C,d € C. If c =Re d # 0 there is a unique limit cycle in the neighborhood of xy. The
expression of d is:

d= ;e—if’o < v*,C(v,0,9) + 2B(v, (L — A)"'B(v,0)) + B(v, (%1, — A)“VB(v,0)) > 0
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. ‘ 2
where Av = ey, ATo* = e=100p* gnd < v*,0 >=1, A = <8f> ,B = (8 f) and
( (x0,0)

ox2
3
- (24)
ox (XOIIXO)

The center manifold in xq is a two dimensional submanifold in R™, tangent in x to the vectorial space
of the eigenvectors v and v*.
The following statements are true:

Proposition 2.3. (i) If m = 2, the necessary and sufficient conditions that a Neimark—Sacker
bifurcation exists in & = «g are:

dea(w)

i > 0.

K=WNg

lca(wo)| =1, [er(wo)| <2, c1(ap) #0, c1(ag) # 1,

(ii) If m = 3, the necessary and sufficient conditions that a Neimark—Sacker bifurcation exists in
n = g, are:
le3(a) <1, ca(ag) = 1+ e1(ag)es(ag) — ca(an)?,
c3(ao) (e1 (@) ez (o) + 3 (wo)cz(wo) — 5 (ag) — 2c3(ap) ez (o))
1+ 2c5(a) — c1(a0)es (o)
|c1(ag) —ca(wo)| # 0, |eq(ag) — c3(ao)| # 1.

> 0,

In what follows, we highlight the normal form for the Neimark—Sacker bifurcation.
Theorem 2.1. (The Neimark-Sacker bifurcation). Consider the two dimensional discrete-time
dynamical system given by:

x — f(x,0), x€R*acR (12)
with x = 0, fixed point for all |«| small enough and

pia () = r(a)e* 9
where r(0) = 1, ¢(0) = 60y. If the following conditions hold:
i r(0)#£0, o: e £1,k=1,234

then there is a coordinates’transformation and a parameter change so that the application (12) is
topologically equivalent in the neighborhood of the origin with the system:

(1) = (o9 =m0 Ly () +

ot 5 8) (3) =enes

where 6(0) = 6, a(0) = Re(e"%C;(0)), and

220000811 (0)(1 —2p0) | [g11(0)* | 802(0)]* | £21(0)
Q)= 2(ug — po) T, +2(u%—ﬁo) T2

Ho = €', 820, 911, §02, §21 are the coefficients obtained using the expansion in Taylor series including
third-order terms of function f.

i
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484 Discrete Time Systems

2.4 The Neimark-Sacker bifurcation for a class of discrete-time dynamical systems with
delay
A two dimensional discrete-time dynamical system with delay is defined by the equations

xn—i—l = xi’l +fl (xn/]/n, 0()

(13)
Yn+1 = Yn ‘f‘fz(xnfm/]/n, 06)

where « € R, fi, f» : R® — R are seamless functions, so that for any |a| small enough, the
system f1(x,y,a) =0, f(x,y,«) = 0, admits a solution (¥, y)T € R

Using the translation x, — x, +%, y» — yn + ¥, and denoting the new variables with the
same notations x, ¥,, system (13) becomes:

Xn+1 = Xn +f(xn/ Yn, 0‘)

(14)
Yntl =Yn + g(xn—m/ Yn, 0‘)
where:
fnyn ) = fi(xn +%,yn +7,4); §(Xn—m, Yn, &) = fo(Xn—m + X, yn + 7, ).
With the change of variables x! = x,_;, x* = Xy (1) X=Xy, Ml =y, M2 =
Yn, application (14) associated to the system is:
1
X 2
x2 X
: — . . . ) (15)
R B R (Ca e et
xm+2 xm+2 + g(xllxm+2,“)
We use the notations:
d
ay = axT]:l(O, O, 0(),6101 = W(O,O,zx),
og og
b1 = Fy (0,0, ), by = Sy i2 (0,0,a)
82f 82f
aro = W(O, 0,06), a1 = W(O, O,DC),
P’ f P’f
ap2 = W(O/ O/“)r asp = axm+1axm+laxm+l (Or O/ 0‘)/ (16)
83f 83f
a21 = QxMH1gym+1gym+2 (0,0,&), arp = QM1 m+2gm+2 (0,0,a),

_ f
003 = 3 mt2gmT2gmt2 (0,0,4)
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BZg azg
b20 = W(OIOI 0‘)/ b].l = W(OIOIO‘)/
82g 83g
bor = 5z (0.0,0), b= 5=95(0,0,4), -
3¢ 93¢
bt = 5 Ttz 000 b= g (00,0),
83g
bos = QxM 2 xm+27xm+2 (0,0, ).
With (16) and (17) from (15) we have:
Proposition 2.4. (Mircea et al., 2004)) (i) The Jacobian matrix associated to (15) in (0,0)7 is:
01... 0 0
00... 0 0
A= | (18)
0 0...1—|—L110 anl
bip 0 ... 0 1+ boy
(ii) The characteristic equation of A is:
A2 (24 agg + bor )A™ T+ (1 + a19) (1 + bor)A — agg by = 0. (19)

(iii) If p = wu(a) is an eigenvalue of (19), then the eigenvector ¢ € C™*2, solution of the system
Aq = uq, has the components:

; b
o R = B o 10
g1=149,=u ,1—2,...,m+1,qm+2—7}1_1_%1. (20)

The eigenvector p € C"*2 defined by AT p = 7ip has the components

(—1—a10)(—1—bo1) 1 .
1 u u 11(211 'Pi= = ,1=2,...,m,
P1 m(‘u—l—alo)(‘u—l—bm)—|—‘u(2‘u_2_a10_b01) Pi ‘ul—lpl on
- : _E
Pm+1 = a1 —1— alo)Plf Pmi2 = bio p1-

The vectors q, p satisfy the condition:

m+-2
<qp>=) qp=1
i=1
The proof is obtained by straight calculation from (15) and (18).
The following hypotheses are taken into account:

H;. The characteristic equation (19) has one pair of conjugate eigenvalues u(«), p(a) with
their absolute values equal to one, and the other eigenvalues have their absolute values less
than one.
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Hj. The eigenvalues u (), ji(«) intersect the unit circle for « = 0, and satisfy the transversality
condition

d
7x | (@)]a=0 # 0.
Hj. If arg(p(a)) = 0(a), and 6y = 6(0), then ek £ 1,k = 1,2,3,4.

From H, we notice that for all || small enough, p(«) is given by:
H(#) = r(a)e®

with 7(0) = 1, 6(0) = 6y, ¥'(0) # 0. Thus r(a) = 1+ B(«) where p(0) = 0 and p'(0) # 0.
Taking B as a new parameter, we have:

n(p) = (1+p)e? P (22)

with 6(0) = 6p. From (22) for B < 0 small enough, the eigenvalues of the characteristic
equation (19) have their absolute values less than one, and for B > 0 small enough, the
characteristic equation has an eigenvalue with its absolute value greater than one. Using
the center manifold Theorem (Kuznetsov, 1995), application (15) has a family of invariant
manifolds of two dimension depending on the parameter . The restriction of application (15)
to this manifold contains the essential properties of the dynamics for (13). The restriction of
application (15) is obtained using the expansion in Taylor series until the third order of the
right side of application (15).

2.5 The center manifold, the normal form
Consider the matrices:

A = (ﬂzo ﬂn)/ C, = <ﬂ30 am)/ Dy = (1121 ﬂ12>
a1 ao2 az1 ai2 ai2 ao3
byo b11 > <b30 by ) (bz1 blz)

Ay = , Cy = , Dy =

2 (bn bop 2 by1 b1o 2 b12 bos
with the coefficients given by (16) and (17).

Denoting by x = (x!,...,x"+2) € R™*2, application (15), is written as x — F(x), where
F(x) 1 (le ., xm’xm+1 + f(xm-i-l’ xm+2’“)’xm+2 + g(xl, xm+2,0¢)).

The following statements hold:
Proposition 2.5. (i) The expansion in Taylor series until the third order of function F(x) is:

F(x) :Ax+%B(x,x)+%C(x,x,x)+(9(]§!A), (23)

where A is the matrix (18), and

B(x,x) =(0,...,0,BY(x,x),B?(x,x))7,
C(x,x,x) = (0,...,0,Cl(x, x,x),C%(x, x,x))T,
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where:

Bl(x,x) = (x™+1,xm+2) A xm B2(x,x) = (x!,x"+2) A x!
’ - ’ 1 xm+2 ’ ’ - ’ 2 xm+2 ’

m—+1
Cl (x,%,x) = (xm+1/xm+2)<xm+1cl + xm+2D1) (ierz) ) (24)

1
C%(x,x,x) = (x1,x"*2)(x1Cy + x™+2D5) <x’ﬁ+2) '

(ii) Any vector x € R"2 admits the decomposition:
x=zq+zq+y, ze€C (25)

where zqg +2zq € Teenter, Y € Tstables Tcenter iS the vectorial space generated by the eigenvectors
corresponding to the eigenvalues of the characteristic equation (19) with their absolute values equal to
one and Tgaple 1S the vectorial subspace generated by the eigenvectors corresponding to the eigenvalues
of the characteristic equation (19) with their absolute values less than 1. Moreover:

z=<p,x> Yy=x—<px>qg—<px>4qg. (26)
(iii) F(x) given by (23) has the decomposition.:

F(x) = Fi(z,2) + Ea(y)

Fi(z,z) = G1(2)9 + G1(z1)§+ < p,N(zg +ZG +y) > q+ <P, N(zg +ZG+y) > 7
Gi(z) = pz+ < p,N(zq+zq+y) > (27)

B(y) = Ay + N(zg +27 +y)— <p,N(zg +27+y) > 9= <P, N(zg +Z§ +y) > 7
and
1
N(zq+zq+y) = 5B(z2q + 27 +y, 2 + 2§ +y)+
. (28)
+eCza+zq+y,20+2q+y, 2 + 24 +y) +O(2q9 +2q +y)
(iv) The two-dimensional differential submanifold from R™*2, given by x = zq +zq+ V(z,2), z €

Vo C C, where V(z,%) = V(z,3), < p,V(z,2) >=0, avgz,z)
space Teenter in 0 € C.

(0,0) = 0, is tangent to the vectorial

Proof. (i) Taking into account the expression of F(x) we obtain the expansion in Taylor series
until the third order (23).

(ii) Because R""2 = Teenter @ Tytaple and < p,y >= 0, for any y € Tyyap7., We obtain (25) and
(26).

(iii) Because F(x) € R""2, with decomposition (25) and < p,q >= 1, < p,q >= 0, we have
(27).

(iv) Using the definition of the submanifold, this submanifold is tangent to Tcenter-

www.intechopen.com



488 Discrete Time Systems

The center manifold in (0,0)T € R? is a two dimensional submanifold from R"*? tangent to
Teenter at 0 € C and invariant with respect to the applications G; and F,, given by (27). If
x =20+24+V(z,zZ),z € Vy C Cis the analytical expression of the tangent submanifold to
Teenter, the invariant condition is written as:

V(Gi(2), G1(2)) = B2(V(z,2)). (29)

From (27), (28) and (29) we find that x = zq +zq + V(z,z), z € V) is the center manifold if
and only if the relation:

V(pz+ < p,N(zq+zq+V(z,z) >, uz+ <p,N(zg+zq+ V(z,z)) >) = AV(z,z)+

30
+N(zq+zq+V(z,2))-< p,N(zqg+zq+ V(z,2)) > g < p,N(zq+zq+V(z,2)) > g (30)
holds.
In what follows we consider the function V(z,z) of the form:
V(z,z) = %wzoz2 + w2z + wpzt + O(|F°), eV ed (31)

Proposition 2.6. (i) If V(z,z) is given by (31), and N(zq +zq +y), withy = V(z,z) is given by
(28), then:

1 _ _ 1 _
Gi(z) = pz + 582022 + 1122 + g2 + 5821222 +... (32)

where:

90 =<p,B(q,9) >, g1 =<pB(q79) > g0o=<pB@G7q >

_ - (33)
821 =< p,B(q,w) > +2 < p,B(q,w11) >+ < p,C(q,9,9) >

(ii) If V(z,Z) is given by (31), relation (30) holds, if and only if woq, w11, wop satisfy the relations:

(W] — A)wyg = hpy, (I—A)wyy =hyy, (1 — A)wy = hpy (34)
where:
hao = B(q,9)— < p,B(q,9) > q— <p,B(q,9) > q
hii = B(q,9)— < p,B(q,9) > q— <p,B(q,9) > q
hoy = B(q,9)— < p,B(q,9) > q— <p,B(q,9) > 7.

Proof. (i) Because B(x, x) is a bilinear form, C(x, x, x) is a trilinear form, and y = V(z,z), from
(28) and the expression of G1(z) given by (27), we obtain (32) and (33).

(ii) In (30), replacing V(z,z) with (32) and N(zq +zq + V(z,Zz)) given by (28), we find that
wop, w11, wop satisfy the relations (31).

Let g € R™2, p € R™*? be the eigenvectors of the matrices A and AT corresponding to the
eigenvalues y and  given by (20) and (21) and:

a = BY(q,9), b =B%(q,q), a1 = B'(q,9), by = B*(4,9),C1 = C(q,9,9), C2=C?(q,9,7),
r3o =BY(q, wx), 3y =B2(q, wx),r}; = BY(q,w11), r3; = B>(q,w11),
(35)
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where B!, B2,C!,C2, are applications given by (24).
Proposition 2.7. (i) The coefficients g2, 811, 802 given by (33) have the expressions:
820 = Pm+14 + Pm2b, 811 = Pms101 + Pms2bi, 02 = P18 + Pruy2b. (36)
(ii) The vectors hyg, hi1, hop given by (34) have the expressions:
h20 = (0/ .--,0,a, b)T - (perla + pm+2b)q - (?m—é—la + ﬁm—i—Zb)q

hi1 = (0,...,0,a,b)T — (pui101 + Pusab1)q — (Pps101 + Pppyab)d (37)
hoa = hap.

(iii) The systems of linear equations (34) have the solutions:

T _ _
Wy = | vhy, u203 2yl a+ (1 —a10)p™ v\ pmr@+ Pma2b  Puia@t Prgo
207 #0207+ - s 20 do1 12—y w27

T _ _
win = [ ol ol ol ap + (1 - alO)U%l _ Pm+1m1 + pm+2bl B Pm+1%1 + pm—&—Zblf
11 1179117+ -7 Y11~ o1 1_ u 1 _ﬁ

aagr — b(y* — bo1) A g —a(1-bp)
u2 — a10) (% — b )2 — broagy” ' (1 —a10) (1~ bor) — broaon
(iv) The coefficient g1 given by (33) has the expression:

— 1
Wop = W20, Uyp = (

821 = Pm+17%0 + Pm+2730 + 2(Pmsariy + Pms2rty) + Pm41C1 + Pm2Coa. (38)

Proof. (i) The expressions from (36) are obtained from (33) using (35).

(ii) The expressions from (37) are obtained from (34) with the notations from (35).

(iii) Because u?, 72, 1 are not roots of the characteristic equation (19) then the linear systems
(34) are determined compatible systems. The relations (37) are obtained by simple calculation.
(iv) From (33) with (35) we obtain (38).

Consider the discrete-time dynamical system with delay given by (13), for which the roots of
the characteristic equation satisfy the hypotheses Hy, Hy, H3. The following statements hold:

Proposition 2.8. (i) The solution of the system (13) in the neighborhood of the fixed point (%,y) € R?,
is:

_ _ _ 1 _ 1 _

Xn =X+ Gmi1Zn + G120 + EwgnoHZ% + w’lﬂlﬂznzn + Ewgé“z%
_ . _ 1 _ 1 _

Yn =Y+ qm+2Zn + 1 02Zn + Ew%+22% + w11nl+22nzn + Ew(’;?LzZ%l (39)
= S S N RIS U S

xnfm — un =X + qlzn + qlzn + szozn + wllznZn + 2wO22n

where zy, is a solution of the equation:
_ 1 5 S DU S . 40

Zn41 = PZn + 5820Zn + 811ZnZn + 580270 + 58212070 (40)
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and the coefficients from (40) are given by (36) and (38).
(ii) There is a complex change variable, so that equation (40) becomes:

W11 = H(B)wn + C1(B)wiwn + O(|2\|*) (41)

_ 820(B)gn (B)(1(B) — 3 — 2u(P))
2(u(B)> — pu(B)(#(B) = 1)

2 2
L lsnB) 2|802(5)!_ L 8a(B)
1—u(p)  2(w*(p) —H(p) 2
(iii) Let lg = Re(e~%Cy(0)), where 8y = arg(u(0)). If g < 0, in the neighborhood of the fixed point
(X, ) there is an invariant stable limit cycle.

Proof. (i) From Proposition 2.6, application (15) associated to (13) has the canonical form (40).
A solution of system (40) leads to (39).
(ii) In equation (40), making the following complex variable change

20 2 311 _ 802 -2
zZ=w+ —S——w W + ————— W+
2(p% —p) )2 —p 2(p% — )
830 3 812 2 803 3
6(u> —u) 2(p|p)? —p) 6(7° —u)

for B small enough, equation (41) is obtained. The coefficients g»¢, g11, 02 are given by (36)
and

830 = Pm+1C'(4,9,9) + Pm+2C*(4,9,9),
812 = Pu1C(,0,9) + pu12C*(9,4,9)
803 = Piu+1C (4,7,9) + pm+2C*(7,4,79)-
(iii) The coefficient C; () is called resonant cubic coefficient, and the sign of the coefficient I,

establishes the existence of a stable or unstable invariant limit cycle (attractive or repulsive)
(Kuznetsov, 1995).

3. Neimark-Sacker bifurcation in a discrete time dynamic system for Internet
congestion.

The model of an Internet network with one link and single source, which can be formulated
as:

(t) = k(w —af (x(t = 1)) (42)
where: k > 0, x(t) is the sending rate of the source at the time t, T is the sum of forward
and return delays, w is a target (set-point), and the congestion indication function f : Ry —
R, is increasing, nonnegative, which characterizes the congestion. Also, we admit that f is
nonlinear and its third derivative exists and it is continuous.

The model obtained by discretizing system (42) is given by:

Xpi1 = Xp — akf(Xp—m) + kw (43)

forn,m € N, m > 0 and it represents the dynamical system with discrete-time for Internet
congestion with one link and a single source.
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Using the change of variables xV = xpm, ., X = x,q, X" = x,, the application
associated to (43) is:
x1 x2
- — : (44)
M xm—H
xmt1 kw — akf(x') 4 x™M+1

The fixed point of (44) is (x*,...,x*)T € R™!, where x* satisfies relation w = af(x*). With
the translation x — x 4 x*, application (44) can be written as:

x1 2
x.m - xm.—l-l ()
M+l kw — akg(xl) + xm+1
where g(x') = f(x! +x*).
The following statements hold:
Proposition 3.1. ((Mircea et al., 2004)) (i) The Jacobian matrix of (45) in 0 € R™ 1 s
0 1 0...0
0O 0 1...0
A= (46)
0 0 0...1
—akpy 0 0 1
where p1 = g'(0).
(ii) The characteristic equation of A is:
AL A 4 gkoy = 0. (47)

(iii) If 4 € C is a root of (47), the eigenvector g € R™*1 that corresponds to the eigenvalue u, of the
matrix A, has the components:

qi:y' , i=1,... m+1

and the components of the eigenvector p € R™ V1 corresponding to i of the matrix AT are:

akps 1 : - [z
= - | — :2 ceoy —1, = , = —
p1 ﬁm+1 _ makpl' pi ﬁlil p1,1 ’ m Pm 1 P1, Pm+1 akpl

p1-

m+1
The vectors p € R™T1, g € R™ "L satisfy the relation 'y, p.q; = 1.
i=1

The following statements hold:
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Proposition 3.2. (i) If m = 2, equation (47) becomes:

A3 — A% + akpy = 0. (48)
Equation (48) has two complex roots with their absolute values equal to 1 and one root with the absolute
value less than 1, if and only if k = V5 - 1. Fork = ko = V5 1, equation (48) has the roots:
2apq 2apq
A1 = exp (£if(ko)i),
6(ag) = arccos - +4\/5. (49)
(ii) With respect to the change of parameter
k=k(B) =ko+g(p)
where:
o(p) = VI+4(1+B)°e —(1+8)2—-V5+1
2k0p1
equation (49) becomes:
A3 — A% 4 ak(B)py = 0. (50)
The roots of equation (50) are:
: ak(B)p1
=(1 + , AMB)=—
ma(B) = (14 lexp (Hico(B)), A(B) =~ (1 4
where:
(1+B)*+V/1+4(1+p)°

w(B) = arccos N1 p)e

(iii) The eigenvector q € R3, associated to the u = p(B), for the matrix A has the components:

=1 qg=u q=u’

and the eigenvector p € R® associated to the eigenvalue i = H(B) for the matrix AT has the
components:
72 D

p3 ¥

akpq |
w8 —2akpy

= dakgy g 2

3 —2akpr”
(iv) ag is a Neimark-Sacker bifurcation point.

Using Proposition 3.2, we obtain:

Proposition 3.3. The solution of equation (43) in the neighborhood of the fixed point x* € R is:
12

_ 1 _ 1
un — x* + Zn + Zn + Ew%oz% + w%lznz;/l + Eszzn

_ 1 _ 1 _
Xy = x* + q3zZn +4q3zZn + Ewg_oz% + w%lznzn + Ewgzzi
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where:
20,2 1 2 2 3
1 ue(p —1)hzo—(ﬂ _1)h20+h20 2 2.1 1 3 4.1 2,1 2
Why = , Why = U Wy — hyg, W5o = U Woy — U hyg —h
20 16 — 1% 1 akoy 20 20 20, W0 20 20 20
1 h%l 2 1 1 3 1 1 2
1= =7, Wi =wy —hyy, wyp =wyq —hyp —hy

o llkpl !
h3y = 4akpa(ps + P3), h3y = akpi(paqa + P3G), h3g = 4akpa (1 + p3qs + P33)
h}l T h%o' h%l T h%()f h?l = hgo

and z, € C is a solution of equation:

1 o
Zni1 = Hzn — 5 P3akp2 (2, + 22020 + 23) + 5 p3(—kapiwyg — kaprwy + p3),

oy = F(0), pa=F'(0), ps= f(0).

Let
212 2 (= 212 2 2
paa k5 (0 —3 —2u)  a’k*p3|ps|® | ak|paps| 1 1
C = — — 2+ =+ —ako1wsn — akoqwi, +
1(;3) 2(;1/12—]/1)(‘14—1) 1—]/l Z(VZ_V) p3( P1W70 £1W11 p3)
and

10) = Re(exp (—i8(a0))C1 (0)):
If1(0) < O, the Neimark—Sacker bifurcation is supercritical (stable).
The model of an Internet network with r links and a single source, can be analyzed in a similar
way.
The perturbed stochastic equation of (43) is:

Xpi1 = Xn — &k f (Xp—m) + kw + &ub(xy — x) (51)

and x* satisfies the relation w = af(x*), where E(&,) = 0, E(¢2) = ¢ > 0.
We study the case m = 2. Using (46) the linearized equation of (51) has the matrices:

0 10 000
A = 0 01|,B=1000
—akp; 01 00b

Using Proposition 2.1, the characteristic polynomial of the linearized system of (51) is given
by:
Py(A) = (A% — (14 0b?)A% — ak%p%) (A2 + akpy A + ak%p3).

If the roots of P,(A) have their absolute values less than 1, then the square mean values of the
solutions for the linearized system of (51) are asymptotically stable. The analysis of the roots
for the equation P;(A) = 0 can be done for fixed values of the parameters.

The numerical simulation can be done for: w = 0.1, a = 8 and f(x) = x?/(20 — 3x).
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4. A discrete economic game with delay

The economic game is described by a number of firms that enter the market with a

homogeneous consumption product at different moments n, where n € IN. In what follows

we consider two firms Fj, F, and x, y the state variables of the model that represent the

firms’outputs. The price function of the product (the inverse demand function) is p : Ry —

R, derivable function with xlgr(}o p(x) =0, lerrol p(x) = oo and p’(x) < 0. The cost functions
+

are C; : Ry — Ry, i = 1,2, derivable functions with C/(x) # 0, C/(x) > 0. The profit
functions of the firms, 71; : Ri — R,i=1,2,are given by:

m(x,y) = p(x +y)x = Ci(x), m(xy)=px+y)y—Ca(y)

The non-cooperative game F;, F,, denoted by I' = (Ri, 11, 703 ) is called deterministic economic
game. The Nash solution of I is called the solution of the deterministic economic game.

From the definition of the Nash solution, we find that the solution of the deterministic
economic game is given by the quantities (¥,7)T € R2 for which the profit of each firm is
maximum. Thus, the Nash solution is the solution of the following system:

{mx =p'(x+y)x+plx+y) —C(x) 52)

0
Ty = P (x +y)y + px+y) — Ci(y) =0.

A solution (¥,7)T € R3 of (52) is a (local) maximum for 7t;, i = 1,2 if and only if:
PrE+y)x+2p(x+y) <G'(x), p'E+7)y+20' (x+7) <G'®)

At each moment n, n € IN the firms adjust their quantities x,,y,, proportionally to the
. ) 87'C1 87'[2
marginal profits —

o ay The quantities from the n + 1 moment satisfy the relations:

Xp1 = Xn +k(p' (Xn + yn)xn + p(xn + yn) — Cy(xn))

/
, 3 (53)
Yne1 = Yn +a(p" (Xn—m + Yn)yn + p(Xn—m +yn) — C3(yn))

where m € N, m > 1.

System (53) is a discrete dynamic economic game with delay.

With respect to the change of variables A =x, ..., X" = Xy_1, X
application associated to (53) is:

m+l — x,, x"*2 = y, the

xl x2

o= o . (54)
xm+1 xm+1 —i—k(p’ (xm—H +xm+2)xm+l —l—p(xmﬂ +xm+2)—C1 (xm+1 ) )
xMH2 X2 o (p! (a4 x™2) M2 4 p (! - x2)—Ch (x™12))

The fixed point of (54) is the point with the coordinates (xg, ..., X0, o) € R™ 2 where (xg, )
is the solution of the following system:

pPlx+y)x+plx+y) —Cx) =0, plx+y)y+plx+y) —Cyy) =0 (55)
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In what follows we use the notations:

i =p D E+7), pn =@, pp = @), i=1234 (56)
the derivatives of i = 1,2, 3,4 order of the functions p, C1, C; in the point (%,7),

ajg = 02X + 201 — H21, Ag1 = P2X + 1, A0 = P3X + 302 — Uz1,411 = P3X + 202,

ap2 = P3X + 2,30 = P4X + 403 — P41, 021 = P4X + 303,412 = P4X + 203,403 = p4X + 203,
(57)

bio = P2y + p1,bo1 = P2y + 201 — p22,boo = 3y + 2, b11 = 3V + 202, bo2 = p3Y + 302 — U3z,

b3o = P4y +203, b1 = 4y +203, b1o = 4y +3p3, boz = pay +403 — pa2, d1 = bo1 +k(a10bo1 —ao1b10)-
(58)

Proposition 4.1. (Neamtu, 2010)) (i) The Jacobian matrix of the application (54) in (xo, . .., X0, Yo)
is:

0 1 ... 0 0
A=] 0 ...... 1 0 . (59)
0 ...... 1+ klllo kll()l
Déblo 0 ... 0 14 Déb()l

(ii) The characteristic equation of A given by (59) is:

AMFZ _gamtl o pam o — 0

where

a=2 +kﬂ10 -+ Déb()l, b = (1 +kﬂ10)(1 -+ 061’)01), C = kDCLZOlblo.

(iii) The eigenvector ¢ € R™2, which corresponds to the eigenvalue u of the matrix A and satisfies
the system Aq = uq, has the components:

Déb]()

T (60)

gi=u"Yi=1,...,m+1, Guio=

The eigenvector p € R™T2, which corresponds to the eigenvalue 7 of the matrix A and satisfies the
system AT p = 1ip, has the components:

(71 — 1 — kayo) (71 — 1 — abyp)
m(ﬁ—l—kﬂlo)(ﬁ_l_kb01)+ﬁ(2ﬁ_2_kalo_ab01)
L oo m—2 = ! - L
ﬁi—l’ =Z,..., /pm+1_ﬁm,1(ﬁ_1_ka10)pll Pm—|—2_(xb10p1.

The vectors q, p given by (60) and (61) satisfy the condition

P1 =
(61)

pi =

m—+2

<qp>=) qp; =1
i=1
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The proof follows by direct calculation.
If m = 1, the following statements hold:
P s : bor
roposition 4.2. (i) If k # and
a0 b1o
(k(ag1b1o — boraro) — bor)> + 4karoa bio(bor — kagikig) > 0

and w is a solution of the equation:

kag1b1o(bor — kagibig)a® + (k(agibio — boraig) — bor)a — kazg = 0

so that:
aoklagibro| <1, |(bo1 — kagibio)ag + A + kayo| < 2,

then the equation:
A3 —agA% 4+ boA —cp =0 (62)

has two roots with their absolute value equal to 1 and one root with its absolute value less than 1, where:
ag = 2+ kayg + agbo1, by = (14 kayg) (1 + apbor), co = kagrbyono- (63)
(ii) If for | B| small enough, A1 () > 0, where
M (B) = ((1+ B)?(borco + kagibioag) — 2cokagrbio — (1+ B)*bor (1 + karp))*—
—4kag; b1o (bo1 (14 B)* —kag1b1o) (1+B)agco — g+ (1+B)* (1+agco—c5) + (1+8)°),

and ag, by, c¢o given by (63), then thereis ¢ : R — R, with g(0) = 0, ¢’(0) # 0 so that the variable
change:

«=ua(p) = ao +g(p)

transforms equation (62) in equation:
A —a(B)A* +b(B)A —c(B) =0 (64)

Equation (64) admits the solutions:

a(B)(1+B)* —c(B) A(B) = c(p) (65)

p2(B) = (L4 PP, 6(B) = arccos =25 7=

where:

o ﬁ)zzcokﬂ01b10+(1+5)41701(1+k1110)—(1+5)2(b0100+kao1b01ﬂo)+ A (B)
2kag; b1o (bt | 1+B[*—kag1b10) '

a(B) = ap + bo1g(B), b(B) = by + bo1(1+kayg)g(B), c(B) = co+ kagibiog(p)-

For m = 1, the model of a discrete economic game with delay (53) is written as:

Xp41 = Xn + k(p/(Xn +yn)x;1 + p(xn ‘I‘yn) — Ci(xn))

(66)
Yni1 = Yn +a(p' (xp—1 +yn)yn + p(Xn_1+yn) — Co(yn))-
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We have:
Proposition 4.3. (i) The solution of (66) in the neighborhood of (X, %,7) € R is:

. __ 1y 5 o 1 5 5
Xn =X+ q2Zn + qrZn + 2wzozn + Wwi1zZnzZn + zwozzn,
_ _ 1 _ _
Yn =Y+ q3zn + GaZn + Ewgozﬁ + W3 ZnZn + WEHZ2, (67)

- RN I A | K- 122
Uy = Xp_1 =X+ q12Zn + d1Zn =+ szozn + Wi12nZn + W2y,

where zy, is a solution of the equation:

1 _ 1 . 1 _
zn = U(B)zn + Egzozﬁ + 811ZnZn + Egozzi + Egzﬂﬁzn (68)

and the coefficients from (67) and (68) are given by (36) and (38) for m = 1, where
a1, 491, 420, 411, 402, 430, A21, A12, Aoz are given by (57) and q € R3, p € R3 are given by (60), (61)
form = 1.

(i) If Iy = Re(e(0)C;(0)), where 6(B) is given by (65) and then if ly < 0 in the neighborhood of
the fixed point (X,¥) there is a stable limit cycle.
For m = 2, the results are obtained in a similar way to Proposition 2.3.

We will investigate an economic game where the price function is p(x) = X # 0, and the cost
functions are Ci(x) = cjx + b;, withc; > 0,i=1,2.

The following statements hold:
Proposition 4.4. (i) The fixed point of the application (54) is (%, ..., %, y) € R™ T2 where:

¥=_ 2
(c14¢2)?’
— (o]
= . 69
y (c14+¢2)? (9)
(ii) The coefficients (56), (57) and (58) are:
o1 = —(c1+c2)?% p2 =2(c1 +¢2)%, p3 = —6(c1 +c2)*, 4 = 24(c1 + 2)°,
a9 = —2c1(c1 +¢2), agr = c% R c%,all = —2(c1 + c2)3, agy = 2(c1 + 02)2(c1 —203),
a0 = 6¢1(c1 +¢2)%, 112 = 12(c1 +2)3(c2 — 1), 821 = 6(c1 + 2)°(c2 — 3c1), az1 = a1,
asp = —24C1 (Cl + C2)3, blO = C% — C%, b01 = —2C2(C1 + C2), b20 = 2(C1 + C2)2(C2 — 2C1),

b1 = 2(c1 +2)*(2c2 — 1), bop = 602 (c1 + €2)?, bag = 12(c1 + ¢2)3(c1 — ¢2), by = b,
bip = 6(c1 + ¢2)*(c1 = 3c2), bog = —24cr(c1 + 02)°.

(iii) The solutions of system (66) in the neighborhood of the fixed point (X,%,y) € R® is given by (67).
The coefficients from (67), (68) are:

920 = paa + p3b, g11 = paay + p3b1, oo = p2d + p3b,
821 = paryg + parag + 2(party + pariy) + p2Cl + paC2,
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Aq(q2,93)T

= (92,93) A1 (
%%)Az(
72,93)A1(q,, G5

) Ao (

91,93)A2(q1, 93

4

T

4

4

—~ N T/~

)
)
)T
)T

4

C' = (92,93) (92411 + 33412) (70, 3) T, C* = (q1,93) (11421 + 93 A2) (G4, 75) ",
130 = (72, 73) A1(w3g, w30) T, 130 = (G, 93) Aa(w), wig) T,

i1 = (@, q3) A1(wiy, wi) T, 13y = (q1,43) Aa(wiy, w) T,

paa+psb  pra+ Psb

1
w = Uy — E—

20 nr—p w1

2 2 p2a + p3b poa+p3b_
w = Uo0 — 2 — — ,

20 H 142 —u q qu — 7 )

3 a+(y2—a10)y2020 B p2a-+p3b _?2614—?317_
Wro = 7 3 5 13

ap1 Ho—H H=—H

1 _ 1 2 -2 3 _ =3
Wy = Wyp, Whp = Wyp, Wpp = Wy

p2a1 +psbi  Pada + P3by

w%lzvll_ 1_;/[ 1—ﬁ ’
> _  pamptpsby  poma +pabi_

w1 = 1 1—u 1-n 2

B3, — ot (L—an)on _ poar + psby . Paft1 + P3b1_
1 a0 T—pu 1-7

py = (7 =1 — kayo) ( — 1 — abyp)
(#—1—kayo) (gt —1—kboy) +#(21 — 2 — kayg — abpy )

S - U [ _ _ . abypy
1 — kayy’ P3= b P n=1 q@=p 93= i —1—aby

p2 =

(iv) The variations of the profits in the neighborhood of the fixed point (x,y)T € R?, are given by:

T = P(Xn 4+ Yn)Xn — c1Xn — b1, 7o = p(Xn + Yn)Yn — C2Yn — bo.

The above model has a similar behavior as the economic models that describe the business cycles
(Kuznetsov, 1995), (Mircea et al., 2004).

The model can be analyzed in a similar way for the case m > 2.

For m =1, the stochastic system associated to (53) is given by:

Xp1 = Xn +k(p' (X0 + yn)xn + p(xn 4 yn) — 1 (xn)) + Enboo (X — ¥)

, 3 o)
Yni1 = Yn +k(p" (Xu—1 +yn)yn + p(xp—1 +yn) — c3(yn)) + Enb3z(yn — 9)

where (%,7) is the solution of (55).
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The linearized of (70) has the matrices:

0 1 0 00 O
A1 = 0 1+ klll() kﬂm ,B = 0 b22 0 (71)
abqg 0 1+ abyy 0 0 bss
Using Proposition 2.1, the characteristic polynomial of (70) is given by:
Py(A) = M(A* — Aanazs + 0bybss) — a23a33031) (MA — a3y) (A — 433 — 0b33) — a33a3;), (72)

where ayy = 1+ kayg, axs = kagy, a3y = abyg, asz = 1+ abyy.
The analysis of the roots for the equation P>(A) = 0 is done for fixed values of the parameters.
The numerical simulation can be done for cy = 0.1, c; = 0.4, k = 0.04, ¢ = 0.4.

5. The discrete deterministic and stochastic Kaldor model

The discrete Kaldor model describes the business cycle for the state variables characterized by
the income (national income) Y}, and the capital stock K;;, where n € IN. For the description
of the model’s equations we use the investment function I : Ry x Ry — R denoted by
I = I(Y,K) and the savings function S : Ry x Ry — R, denoted by S = S(Y,K) both
considered as being differentiable functions (Dobrescu & Opris, 2009), (Dobrescu & Opris,
2009).

The discrete Kaldor model describes the income and capital stock variations using the
functions I and S and it is described by:

Yn+1 == Yn + S(I(Yn,Kn) - S(Yn,Kn))

(73)
K}’Z+1 == Kn + I(Yn, Kn) — qKn.

In (73), s > 0 is an adjustment parameter, which measures the reaction of the system to the
difference between investment and saving.

We admit Keynes’s hypothesis which states that the saving function is proportional to income,
meaning that

S(Y,K) = pY, (74)
where p € (0,1) is the propensity to save with the respect to the income.
The investment function I is defined by taking into account a certain normal level of income
u and a normal level of capital stock @, where u € R, u > 0. The coefficient g € (0,1)
represents the capital depreciation. !

In what follows we admit Rodano’s hypothesis and consider the form of the investment
function as follows:

I(Y,K):pu+r<p—:—K>+f(Y—u) (75)
where ¥ > 0 and f : R — R is a differentiable function with f(0) = 0, f/(0) # 0 and
f///(o) 75 0

System (73) with conditions (74) and (75) is written as:
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Yig1 = (1 - SP)Yn — 15Ky +Sf(Yn — u) + spu (1 + %)

, (76)
Kyy1 =1 —r—q)Ky+ f(Yy —u)+pu (1—1—6)
withs > 0,9 € (0,1),p€ (0,1),r >0, u > 0.
The application associated to system (76) is:
(1—sp)y —rsk+sf(y—u)+spu (1 + Z)
(%) — 9 (77)

(I—r—q)k+f(y—u)+pu (H%)

The fixed points of the application (77) with respect to the model’s parameters s, q, p, r are the
solutions of the following system:

py + 1k = fy—u) = pu (1+g> o

(r+q)k—fly—u)—pu (1+%> =0

that is equivalent to:

gk — py =0, p<1+;)(y—u)=f(y—u). (78)

Taking into account that f satisfies f(0) = 0, by analyzing (78) we have:

Proposition 5.1. (i) The point of the coordinates P (u, p;) is the fixed point of the application (77).

(ii) If f(x) = arctanx, and p <1 + %) > 1 then application (77) has an unique fixed point
given by P (u, %) .
(iii) If f(x) = arctanx and p (1 + %) < 1 then the application (77) has the fixed points

P (u, %), R (yr, %), Q (yq, qu>, where y; = 2u — y, and y, is the solution of the

following equation:

arctan(y —u) = p <1 + %) (y —u)
Let (yo, ko) be a fixed point of the application (77). We use the following notations: p; =
f'(yo—u), 2= f"(yo—u),p3 = f"(yo —u) and

ayy = S(Pl _ P)/ agy = —718, b10 = 01, bOl =—q—-r
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Proposition 5.2. (i) The Jacobian matrix of (77) in the fixed point (yo, ko) is:

_(1+4ap an
A—< by 1-+boy ) (79)

(ii) The characteristic equation of A given by (79) is:
A —aA+b=0 (80)

wherea =2+ ay9 +bg;, b =14 ay9+ bpr — aog1b10-

(i) Eq+r<1,p <14+ At" =4

———— 2~ and s = sy, where:
(q+r—2)?

qg+r
(I—qg—r)(p1—p) +r

then equation (80) has the roots with their absolute values equal to 1.

S0 —

(iv) With respect to the change of variable:

(1+B)2—=1+qg+r

) = = —p) 7
equation (80) becomes:
A% —ay(B)A +bi(B) =0 (81)
where 5
m(p) =2+ WP ZIHPED) oy (5 = (142

(I=g=r)(or—p)+r
Equation (81) has the roots:
H12(B) = (1+ )P
where

_ a1(B)
6(B) = arccos 2(11+ﬁ)

(v) The point s(0) = s is a Neimark-Sacker bifurcation point.

(vi) The eigenvector g € R?, which corresponds to the eigenvalue y(B) = 1 and is a solution
of Aq = ug, has the components

p—1—ay

82
201 (82)

n=1 gq=
The eigenvector p € R?, which corresponds to the eigenvalue y and is a solution of ATp = 1p,
has the components:

B ap1bio
ambio + (F—1—ay9)?’
ag1 (1 —1—ap)
= — . 83
P2 ag1bo + (7 — 1 —ayp)? (83)

The vectors g, p given by (82) and (83) satisfy the condition < q,p >= q1p; + q2p, = 1.
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The proof follows by direct calculation using (77).
With respect to the translation y — v + yo, k — k + ko, the application (77) becomes:

(y> ((1—sp)y—rsk+sf(y—|—y0_u)_f(yo_u)>
_) .

(84)
k —(r+q)k+ f(y+yo—u) — f(yo — u)

Expanding F from (84) in Taylor series around 0 = (0,0)” and neglecting the terms higher
than the third order, we obtain:

1 1
(1+a10)y + aoik + 55P2y2 + 55P33/3
F(y, k) = . ,
bioy + bork + §P2y2 + 5P3y3

Proposition 5.3. (i) The canonical form of (84) is:

2 = 1) + 5 (S(B)p1 + pa)pa(2h + 2202+ 22) .

1 _ _ _
+ ‘ (s(B)p1 + pz)pg(z‘:’Z + 3z%zn + 32,12% + zfl)

(ii) The coefficient Cq(B) associated to the canonical form (85) is:

Ci(p) = (”’(’3)’“ TP (F=3+20) , [s(Bprtpal

2(u2 —pu)(E—1) 1—u
s(B)p1 + pal? s(B)p1 + p2
" W) A T

and 14(0) = Re(C1(0)e?(9). If 1;(0) < 0 in the neighborhood of the fixed point (yo, ko) then
there is a stable limit cycle. If [1(0) > 0 there is an unstable limit cycle.

(iii) The solution of (76) in the neighborhood of the fixed point (v, ko) is:
Yy =vyo+2zn+2zn, Kun=ko+qozn + qrzZn

where z;, is a solution of (85).

The stochastic system of (76) is given by (Mircea et al., 2010):

Yyi1=(1—=sp)Yy —rsKy +sf(Yn —u)+spu <1 + g) + Enb11 (Y —u)

Kot = (1= =Ko+ 06 =)+ pu (14 7) + Eubaa(K = 2)

with E(&,) = 0and E(&2) = 0.
Using (79) and Proposition 5.2, the characteristic polynomial of the linearized system of (5) is
given by:
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A= (1+ay)* —obf —a3; —2a01(1 +ayp)
—b, A—(1+by)?—oby  —2byg(1+bor)
Py(A) = det —b1o(1+aq0) —ag1 (1 + bor) A — (ag1b1o+ (86)
+(1+a10) (1 + bor)+
+obi1by)

The analysis of the roots for P»(A) = 0 can be done for fixed values of the parameters.

6. Conclusions

The aim of this chapter is to briefly present some methods used for analyzing the models
described by deterministic and stochastic discrete-time equations with delay. These methods
are applied to models that describe: the Internet congestion control, economic games and the
Kaldor economic model, as well. The obtained results are presented in a form which admits
the numerical simulation.

The present chapter contains a part of the authors’ papers that have been published in journals
or proceedings, to which we have added the stochastic aspects.

The methods used in this chapter allow us to study other models described by systems of
equations with discrete time and delay and their associated stochastic models.
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