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A Statistical Theory of the Electromagnetic 
Field Polarization Parameters at the Scattering 

by Distributed Radar Objects 

Victor Tatarinov and Sergey Tatarinov 
Tomsk State University of Control Systems and Radioelectronics 

Russian Federation 

1. Introduction 

The development of coherent radars leads to discovery of coherent images specific 
properties at the electromagnetic waves scattering random distributed radar objects 
(RDRO). It was fixed that these images are having a stochastic – spotty structure. This 
structure is stipulated by interference of waves scattered by a random collection of RDRO 
secondary radiation centers. The similar phenomenon in optics has named as “speckles”. 
So far all existent investigations both in the optic area and in RDRO coherent images for 
microwaves area (speckles theory) were made only for the case of electromagnetic waves 
linear polarization. However, the results of scattered wave’s polarization parameters 
extensive experimental investigations at the scattering by man – made RDRO have 
demonstrated the existence of speckle – effect for scattered field polarization parameters.  
 One from main aspects of a developed polarization parameters statistical theory appears 
an establishment of connection between RCRO coherent images polarization parameters 
with these objects space spectra. It is demonstrated that a formation process of RDRO 
coherent images polarization – energetically parameters can be considered as the 
interference process. A validity of emergence principle for polarization – energetically 
parameters at the scattering by RDRO has demonstrated. A polarization coherence notion 
has introduced. 
A generalization of Fresnel – Arago interference laws has demonstrated an emergence of a 
new physical effect, which demonstrates that at the scattering by RDRO a scattered field 
polarization - energetically parameters are not defined by an union of RDRO separate 
scatterers polarization parameters. How it is demonstrated, in the reality these parameters 
are defined be relations between RDRO separate scatterers properties.  
As far as polarization - energetically parameters of RDRO coherent images are having the 
intensity dimension, then RCRO random polarization - energetically responses 
autocorrelation functions (ACF) will be as correlations of the 4-th order. It is 
demonstrated for the first time that ACF of the 4-th degree and a distribution of 
polarization proximity (distance) along a RDRO space spectra are related by Fourier 
transformations pair. Thus, a connection between scattered field polarization - 
energetically parameters distribution and polarization parameters distribution along a 
RDRO space spectrum can be found.  
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2. Electromagnetic waves scattering by random distributed object 

2.1 Scattering geometry for random distributed object 

A considerable number of articles are devoted to radar objects (RO) scattering properties. So, 
the scattering properties of RO having the simplest form were analyzed in «Proceedings of the 
IEEE» (1965. Vol. 53, № 8) and in the book (Ufimtsev, 1963). The special issues of «Proc. of the 
IEEE» (1985, Vol. 77, № 5), and «IEEE Trans. on Antennas and Propagation» (1989, № 5) were 
devoted to complex radar objects scattering properties. At this case complex radar objects were 
defined as non-regular bodies in contrast with simplest objects, which are usual body of 
rotation. However, all these investigations did not take into account a polarization of 
electromagnetic field. Complex (distributed) RO can be presented also as a combination of 
“point” scatterers (point RO) (Ostrovityanov, 1982), (Shtager, 1994). It is necessary to point out 
into attention that the notion of a “brilliant” point (or secondary center of radiation), which is 
defined by Fresnel the first zone is well known an it is used in radar theory at the definition of 
a radar object cross section ((RCS). For the correct definition of radiation secondary center we 
will use the expression for a radar object cross section in the form  

 ( ) 02
exp 2 cos

2
I z j k z dz

π βσ
λ

⎧ ⎫= ⎨ ⎬
⎩ ⎭∫ $ , (1) 

which is valid both two-position and one-position radar (Kell, 1965). The expression (1) is 

one from the forms of Stratton-Chu integral (Stratton & Chu, 1939) for the electromagnetic 

wave scattering by object having an arbitrary form . Here value β  is two-positional 

scattering angle. The OZ axis is coinciding with this angle bisector. A vectorial function 

( )I z$  is connected with electrical and magnetic vectors of an incident wave. The integral (1) 

can be decomposed to an union of integrals. Every from these integrals is integrated into an 

area z , where integrand function is continuous. All these integrals can be interpreted as a 

“simplest” center of secondary radiation (Kell, 1965), which is stipulated by a stationary 

phase area . A contribution of every secondary radiation center in full diffraction integral (1) 

is connected with a stationary phase area size, i.e. an area near considered radiation center. 

Into the limits of this area a summarized phase of integrand function 

( ) { }0exp 2 cos / 2I z j k z β$  is differing not more than /2π  from its value in the central point 

of secondary radiation area.  
If a radar object will have only one area (center) of secondary radiation, it will be an one-
point radar object. In this case an unique are of secondary radiation must have a fixed phase 
center. An object area, which is defined a scattered field can be as ideal conducting surface 
or it can be having an electric anisotropy (Kell, 1965).  

An electric anisotropy property of a secondary radiation area is defined the connection 

between of incident and scattered waves electric vectors IE
f$

 in the form of matrix equation, 

which for the case of one-position radar has the form [Tatarinov et al, 2006] 

 1 11 12 1

2 21 22 2

S I

S I

E S S E

E S S E
=

$ $$ $

$ $ $
 (2)  

where the matrix jlS$  ( ),  1,  2j l = is so-called back-scattering matrix (or scattering matrix) 

of a point scattering radar object.  
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Let us consider that a random complex radar object (RDRO) is a system of N  rigidly 

connected scattering centers ( ),  1,  ... MT M N=  each having local scattering matrix m
jlS$ . All 

scattering centers are contained in area T. The outline of this area is the outline of the RDRO 

( see fig. 1 ). 
 

 

Fig. 1. The scattering geometry 

Every realization of such a random system is a collection of a large number N of points 

reflectors (scattering centers ). The M th−  scattering center has a position ,  yM Mx in the 

coordinate system XOY connected with the object. The origin of coordinates is the "center of 

gravity" of the reflecting system. The conditions 
1 1

0 ;       0 
N N

M M
M M

x y
= =

= =∑ ∑  are existing in 

this connection. The values σ ,   X Yσ  are essential mean square of the random reflecting 

system sizes and these values can be written as ( ) 2

1

1 / 1  ;  
N

X M
M

N xσ
=

= − ∑  

( ) 2

1

 1 / 1 .
N

Y M
M

N yσ
=

= − ∑  For the case 1N >> the approximation 

  ( ) 2

1

1 /  ; 
N

X M
M

N xσ
=

= ∑ ( ) 2

1

1 /
N

Y M
M

N yσ
=

= ∑  (3)  

will be correct. Then mean square sizes of the distributed reflecting system along essential 

directions ,   OX OY  can be defined in the form 

 ( ) 2

1

2 1 /  ;   
N

X M
M

L N x
=

= ∑ ( ) 2

1

2 1 /
N

Y M
M

L N y
=

= ∑ . (4) 

If the probability density of reflectors coordinates is uniform, we can write (Kobak, 1975) 

 ( )max min / 3 ;   XL x x= − ( )max min / 3.YL y y= −  (5)  

Yσ

Gravity center

Object outline

MT

X

'X
Y

Y'

maxx

minx

maxy  

miny
0R MR

0ϕ δϕXσ
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The distributed (complex) radar object representation in the form of scattered centers 
collection can be confirmed by the experimental results. 
 

 

Fig. 2. The sea ship picture 

So, on fig. 2 the picture of a sea ship is shown and on fig. 3 the optical simulation results of 
electromagnetic waves scattering by this ship are placed (Shtager, 1994). On this picture a lot 
of brilliant points are represented. These points are secondary scattering centers. A random 
collection of brilliant points is characterizing an electromagnetic field scattered both by 
complex (distributed) radar object and by the sea surface. 
 

 

Fig. 3. The optical simulation results of electromagnetic waves scattering by the ship 

Modern methods of complex radar objects experimental investigations allows us to have the 
sizes of the resolution cell equal to 1× 1 m. In this case the resolution along the range is 
provided using ultra short pulses (5-7 nanosecond) and angular resolution is provided by 
aperture synthesis. This experimental radar has been designed in USA (Steinberg, 1989).. 
The fig. 4 presents two-dimensional radar map of the plane Locheed L – 1011 that was 
obtained with the use radar mentioned and its picture. It follows from these pictures that 
scattering centers distribution correctly represents the plane structure.  
 

  

Fig. 4. The secondary scattering centers of the plane Locheed L – 1011 and its picture  

θ
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Let us now to find a distance MR  between a scatterer MT  and radar, taking into account 

that a positional angle ϕ  of object has defined in the form 0ϕ ϕ δϕ= ± , where 0ϕ  is a mean 

positional angle. In what follows we will define a scattered field into some angular interval 

δϕ±  relative to angle 0ϕ . In far zone a distance MR  can be found in the form 

 ( ) ( )0 0 0 0 0cos sin sin cos sin cos ]M M M M MR R x y y xϕ ϕ δϕ ϕ ϕ δϕ⎡= − − + +⎣ . (6) 

Using the approximation sin , cos 1δϕ δϕ δϕ≈ ≈ we see that the expression (6) will have the 

form [ ]0 'M M MR R x yδϕ′= − + , where 0 0cos sinM M Mx x yϕ ϕ′ = − , 0 0' cos sinM M My y xϕ ϕ= +  

are Cartesian coordinates of M - th scattering center into new coordinate system 0 'X Y′  that 

is rotated on an angle 0ϕ  relative to initial coordinate system XOY  (see fig. 1). With regard 

to statistical independence of values Mx , my  we can find mean square sizes of distributed 

radar object into new coordinate system 0 'X Y′  in the form 

 ( )2 2
20,5 1 0X X Y TL L L C ϕγ′ = + + ; ( )2 2

20,5 1 0Y X Y TL L L C ϕγ′ = + −  (7)  

Here and later on the designation cos  ;  sinC Sϕ ϕϕ ϕ≡ ≡  for the writing shortening are used. 

Into the expressions (7) the designation ( ) ( )2 2 2 2/T X Y X YL L L Lγ = − +  was introduced, where 

values XL , YL  are mean square sizes of distributed radar object into its initial coordinate 

system XOY . So, a value Tγ  is dimensionless factor for characteristic of distributed radar 

object on the average. We will name this factor as “distributed radar object geometric 

anisotropy degree”. 

2.2 Polarization invariants of distributed object elementary scatterer and their 
geometric representation 

For the definition of an electromagnetic field at the scattering by random distributed object 
we must determine of polarization parameters system for description of scattering process 
by elementary (point) scatterer in the best way.  

Let us to write an electromagnetic field, scattered by point scattering center MT  in the form 

 ( ) ( )
0

exp 2

4

MM M
S jl

M

j kR
E S E

R
ω

π
−

=
f f$ $ , (8a)  

taking into account the coherent nature of scattering process. Here a value MR  is the 

distance between scatterer mT and radar; matrix M
jlS  is a scattering matrix of distributed 

radar object elementary scatterer; vectors 0E
f$

 and SE
f$

are complex Jones vectors of radiated 

and scattered waves respectively. Now we will analyze most important invariant of 

elementary scatterer scattering matrix – a complex degree of point radar object polarization 

anisotropy. For this parameter introduction we will use the writing of radar object scattering 

matrix in the Cartesian polarization basis under the condition of arbitrary angle of object 

eigencoordinates system and radar coordinates system mutual orientation  

( ) ( )
( ) ( )

1 2 1 2 2 1 2 21

2 1 2 2 1 2 1 2 2

( )0
0,5 .

0 ( )
jl

С SC S C S
S

S C S C S С
β ββ β β β

β β β β β β

λ λ λ λ λ λλ
λ λ λ λ λ λ λ

+ + − −−
= =

/ − − + − −

$ $ $ $ $ $$
$

$ $ $ $ $ $
 (8b)  
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Here β  is mutual orientation angle, { } { }1 1 2 2exp / 2 ,  exp / 2i iλ λ ϕ λ λ ϕ= = −$ $  are scattering 

matrix complex eigenvalues, 1 2,  λ λ  are their modules and ϕ  is arguments difference. Let us 

decompose this matrix using Pauli matrix system: 

0 1 2 0

1 0 1 0 0 1 0
0,5

0 1 0 1 1 0 0
SM SM SM SM

jl

i
S S S S S

i

⎧ ⎫⎪ ⎪= + + +⎨ ⎬− −⎪ ⎪⎩ ⎭
$ , 

where { } ( ),  j=0, 1, 2, 3SM
j j jlS Sp Sσ= $  are developing coefficients. So,we can rewrite the 

expression (8b) in the form 

 ( )1 2

1 0 cos2 sin 2
0,5 ,

0 1 sin 2 cos2jlS
β β

λ λ μ
β β

⎧ ⎫⎪ ⎪= + +⎨ ⎬−⎪ ⎪⎩ ⎭
$ $ $  (9) 

where the complex value 

 ( ) ( )1 2 1 2/μ λ λ λ λ= − +$ $ $ $$  (10)  

is the “complex degree of the polarization anisotropy” (CDPA). It follows from this 

expression that a scattering matrix jlS  can be presented in the weighted sum of an 

isotropic radar object, i.e. trihedral corner reflector and dihedral corner reflector, a weight of 

which is defined by μ$  value. Let us write the CDPA module as follows 

 ( )2 2 2 2
1 2 1 21 2 1 22 / 2ϕ ϕμ μμ∗= = λ + λ − λ λ λ + λ + λ λ$ $ $ C C . (11) 

The real part, imaginary part and argument of the CDPA can be written in the form 

{ }
2 2
1 2

2 2
1 2 1 2

Re ;
2 ϕ

μ
λ − λ

=
λ + λ + λ λ

$
C

{ }
2 2
1 2

1 2

1 2

2
Im

2

ϕ

ϕ
μ

λ λ
=
λ + λ + λ λ

$
S

C
; { }

2 2
1 2

1 22
arg arctan

ϕμ
λ λ⎛ ⎞

= ⎜ ⎟⎜ ⎟λ − λ⎝ ⎠
$

S
, (12) 

where 1λ  and 2λ  are the modules of the eigen values; { } { }1 2arg argϕ λ λ= −$ $  is the 

arguments’ difference corresponding to the phase shift caused by the object’ electric 

properties. It is obvious that the values { } { } { },  Re ,  Im ,  argμ μ μ μ$ $ $ $  are also the invariants 

of the scattering matrix. Thus, the CDPA fully describes the polarization properties of the 

object. The introduction of the CDPA notion allows presenting on the complex plane the 

objects’ polarization properties how it was demonstrated in (Tatarinov at al, 2006). 

Let us consider this aspect more explicitly. It can be shown with the use of expressions (11) 

and (12) that μ$ −value can be presented on the complex plane { } { }Re Imjμ μ μ= +$ $ $  (fig.5). 

The points of this plane are connected with the polarization properties of the radar objects as 

far as μ$ −value is a radar object scattering matrix polarization invariant. The origin of the 

coordinates ( )0μ =$  corresponds to the object characterizing by values 1 2 ,  0ϕλ = λ =  (a 

phase shift between eigenvalues is zero). It follows from the necessity to simultaneously 

satisfy the conditions { }Re 0,μ =$  { }Im 0.μ =$ The physical analog of this point is 

polarization isotropic radar object (trihedral corner reflector, sphere, metal plate ). The point 

at infinity corresponds to the object having the following polarization properties: 
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1 2 ,  ϕ πλ = λ = ± . The physical analog of the point at infinity is the dihedral corner reflector. 

All points of the imaginary axis correspond to the objects with { }Re 0μ =$ , i.e. 1 2λ = λ . In 

this case, the points laying on the positive imaginary semi-axis, present radar objects which 

are characterized by the phase shift 0ϕ > , while the negative imaginary semi-axis  
 

 

Fig. 5. The complex plane of radar objects 

( { }Im 0μ <$ ) depicts the objects with 0ϕ <  . The points j±  present the objects having 

( )/ 2ϕ π= ±  phase shift. All real axis’s points of the complex μ$  −plane correspond to the 

objects with zero phase shift 0;ϕ = (i. e. { } Im 0μ =$ ). However, the given case is 

complicated by the fact that the object, which corresponds to the point at infinity, is the 

dihedral reflector. This contradiction can be solved, considering the equality sin 0ϕ =  both 

for 0;ϕ =  and ;ϕ π=  cases. Then the points of the real axis of the complex μ$ −plane must 

be determined with the use of the conditions ( cos0 1,  cos 1π= = − ) as 

{ } ( ) ( )2 2 2 2
1 2 1 2 1 2Re / 2 ϕμ = λ − λ λ + λ + λ λ$ C . Thus, into the interval { } { }Re 0;  Re 1μ μ= =$ $  the 

value 2λ  reduces from 1 2λ λ=  in the origin up to 2 0λ =  in the point { }Re 1μ =$  (horizontal 

oriented object). This point depicts the “degenerated” radar object (long linear object, dipole, 

i.e. polarizer). The phase shift in the point has an undefined value. It changes spasmodically 

by π  when passing the point { }Re 1μ =$ . Then, the value 2λ  increases from 2 0λ =  (in the 

point { }Re 1μ =$ ) up to 1 2λ λ=  (the point at infinity). In this case, the phase shift along the 

ray { } { }Re 1;  Reμ μ= = ∞$ $  equals toπ . The similar analysis can be made with respect to the 

negative semi-axis { }Re μ$ . Thus, the complex μ$ −plane has the properties equivalent to the 

properties of the circular complex plane . However, at that time when the circular complex 

plane presents the polarization properties of electromagnetic waves, the complex μ$ −plane 

is intended for presentation of the invariant polarization parameters of the radar objects 

scattering matrix.  

Analyzing the similarity, which exists between the μ$ −plane and the circular complex plane, 

we can conclude that it is expedient to choose the circular basis as the basis for presenting 

the radiated and scattered waves. The scattering matrix (8) in the circular basis can be found 

in the form (Tatarinov at al, 2006) 

 O 

μ$Im

 

Re $μ
 

μ$

 
μ$arg

 

μ$
 

j+

 

j−

 

1−
 

1+
 

Δϕ = 0

 

Δϕ = π

 

Δϕ = 0

 

Δϕ = π
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( ) ( ){ } ( )

( ) ( ) ( ){ }
1 2 1 2

1 2 1 2

exp 2 / 2
0,5

exp 2 / 2

RL
jl

j
S j

j

λ λ β π λ λ

λ λ λ λ β π

− − +
=

+ − − −

$ $ $ $

$ $ $ $
. (13) 

Change of the rotation direction under backscattering is also considered in this expression. 

Let us present the radiated wave in the circular basis ( ),  R Le e
f f$ $ . The circular polarization 

ratio for this wave can be written as /RL
R R LP E E=$ $ $ . Then, the circular polarization ratio for 

the scattered wave will have the form 

 [ ]{ } [ ]{ }exp - ( 2  - ) exp - ( 2  - )1 / 2 / / 2RL RL RL
S R RP P Pμ β π μ β π= + +$ $ $$ $j j . (14) 

It is possible to set the specific polarization state of the radiated wave, when polarization 

ratio of the scattered wave will have an unique form. So, if RL
RP = ∞$ , (right circular polarized 

wave ) then we can rewrite the expression (14) in the form 

 
     

2 arg(
     

1 exp{- ( 2 - / 2)}
lim exp{ [ ) / 2]}.

exp{- ( 2 - / 2)}

RL
RL R

S RL
RP

j P
P j

RL j P
R

μ β π
β μ π

μ β π→∞

+
= − − −

+$

$$$ $$$
 (15) 

If 0θ = , then we get 

 [ ]arg(exp{ ) / 2 }RL
SP jμ μ π= − +$ $ $ . (16a) 

Using the Jones vector RLE
f$

 we can find the circular polarization ratio in the form  

 ( ) ( ){ }tan / 4 exp 2 / 2 .RLP iα π β π= + − −$  (16b) 

Here α  is an ellipticity angle and β  is an orientation angle of polarization ellipse. 

The comparison of expressions (16a, b)shows that the measured module of the circular 
polarization ratio of the scattered wave (when the radiated wave has right circular 
polarization) is equal to the complex degree polarization anisotropy (CDPA) module 

 = tan(  +  / 4) =RL
SP α π μ$ $ . (17) 

The argument of the RL
SP$  (for the case 0θ = ) can be presented as 

{ }arg /2 2 / 2μ π β π+ = − +$  or { }arg 2μ β= −$ . The last expression demonstrates that the 

value of CDPA argument determines the orientation of the polarization ellipse in the 

eigencoordinates system of the scattering object. If 0θ ≠ , then the polarization ellipse will 

be rotated additionally an angle of 2β . The correspondence between the circular complex 

plane and the Riemann sphere, having unit diameter, was analyzed in details in (Tatarinov 

at al, 2006) with the use of the stereographic projection equations, which are connecting on-

to-one the circular complex plane points Re ImRL RL RLP P j P= +$ $ $  with Cartesian coordinates 

1 2 3,  ,  X X X  of the point S , laying on the Riemann sphere surface. The transition from the 

circular complex plane to the Poincare sphere , having unit radius, can be realized with the 

use the modified stereographic projection equations  
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2
2Re / 1 ,RL RLX P P⎛ ⎞= +⎜ ⎟

⎝ ⎠
$ $  

2
2Im / 1 ,RL RLY P P⎛ ⎞= +⎜ ⎟

⎝ ⎠
$ $  

2 2
2 / 1 0,5 .RL RLZ P P
⎧ ⎫⎛ ⎞= + −⎨ ⎬⎜ ⎟

⎝ ⎠⎩ ⎭
$ $  

Using these equations we can connect the complex μ$ -plane of radar objects with the sphere 

of unit radius(fig. 6).  
 

 
Fig. 6. Polarization sphere of radar objects 

We will assume that the axes 1 2,  S S
f f

 of the three-dimensional space 1 2 3,  ,  S S S  are 

coinciding with real and imaginary axes { } { }Re ,  Imμ μ$ $ of the radar objects complex plane 

Re Imjμ μ μ= +$ $ $  respectively. In accordance with stated above, all point of this TS  -sphere 

will be connected one-to-one with corresponding points of radar objects complex μ$ -plane. 

Let us consider now that a radar object is defined on the μ$ -plane by the point 

T R Ijμ μ μ= +$ . Then we will connect the point Tμ$  with the sphere north pole by the line, 

which crosses the sphere surface at point TS . The projections 1 2 3,  ,  T T TS S S  of the point TS  to 

the axes 1 2 3,  ,  S S S  will be defined to modified stereographic projection equation. It is not 

difficult to see that these values are satisfying to the unit sphere equation 

( ) ( ) ( )2 2 2

1 2 3 1T T TS S S+ + = .     

Thus, all points of the complex plane of radar objects are corresponding one-to-one to points 

of the sphere TS . We will name this sphere as the unit sphere of radar object . 

2.3 Scattering operator of distributed radar object and its factorization 

Let us to write now the Jones vector of the field scattered by the RDRO in the form 

 ( ) { } { } { }

{ } { }

11 12 0
11 10

0
0 2

21 22
1 1

exp 2 exp 2
exp 2

,  
4

exp 2 exp 2

N N
M M M M

M M
S N N

M M M M

M M

S j k S j k
Ej kR

E k
R E

S j k S j k

η η
δϕ

π
η η

= =
Σ

= =

−
=

∑ ∑

∑ ∑

$ $
$

$$ $
, (18) 

where m
m mx zη δϕ′ ′= +  and matrix 

3S

1S Re⇔ μ$

2S Im⇔ μ$

Tμ$

Im
Tμ$

Re
Tμ$

A  

0
TS

T
1S

T
2S

T
3S
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 ( ) { } { } { }

{ } { }

11 12
1 10

0
21 22

1 1

exp 2 exp 2
exp 2

,  
4

exp 2 exp 2

N N
M M M M

M M
jl N N

M M M M

M M

S j k S j k
j kR

S k
R

S j k S j k

η η
δϕ

π
η η

= =Σ

= =

−
=

∑ ∑

∑ ∑

$ $
$

$ $
 (19) 

is scattering operator, which includes space, polarization and frequency property of random 

distributed radar object. It follows from the expression (19) that all elements of the RDRO 

scattering operator ( ),  jlS k δϕΣ are the function of two variables. These variables are as the 

wave vector absolutely value and positional angle ϕ . A dependence from the wave vector 

absolutely value is the frequency dependence, as far as for a media having the refraction 

parameter 1n =  the wave vector has the form 2 / /k cπ λ ω= = , where c is light velocity 

and 2 fω π= . It is necessary to note here that scattered field polarization parameters at the 

scattering by one-point radar object are independent both from positional angle and 

frequency. For analysis of polarization-angular and polarization-frequency dependences of 

the field at the scattering by the RDRO we write the exponential function 

[ ]{ }exp 2 2M Mj kx kzδϕ′ ′− +  that has been included into the operator (19) elements. The index 

of this function is originated by the existence both angular and frequency dependences of 

the field scattered by the RDRO. We will rewrite this index for its analysis: 

 ( ), 2 2M M Mf k kx kzδϕ δϕ′ ′= + . (20) 

Let’s us assume that the initial wave is quasimonochromatic ( 0/ω ωΔ << 1) and that radar 

radiation frequency arbitrary changes are not disturbing this condition. We can write the 

wave vector k  absolutely value in the form 

 ( ) ( )0/ /k c cω ω ω= = + Δ , (21)  

where 0ω  is a mean constant frequency of radar radiation, and ωΔ  is a variable part 

originated by radar radiation frequency change or frequency modulation. The substitution 
of the expression (21) in the expression (20) give us  

 
( ) ( ) ( )
( ) ( ) ( )

0 0

0 0

,  2 / 2 /

2 / 2 / 2 /

M m M

M M M M

f k x c z c

x c z c x z c

δϕ ω ω δϕ ω ω

ω δϕ ω δϕ ω ω

′ ′⎡ ⎤ ⎡ ⎤= + Δ + + Δ =⎣ ⎦ ⎣ ⎦
′ ′ ′ ′= + + Δ + Δ

. (22) 

As far as the value 0ω  is constant, then from all items of the expression (22) only the value 

2 /mx cδϕ ω′ Δ  is depending simultaneously both on variable positional angle δϕ  and on 

frequency variable ωΔ . However, it is not difficult to see that the inequality 

 ( ) ( )2 / 2 /M Mx c z cδϕ ω ω′ ′Δ << Δ  (23) 

is correct under the condition 1 Radδϕ <<  (i.e. 10δϕ ≤ c ). Taking into account this inequality, 

we can neglect by the value 2 /Mx cδϕ ω′ Δ  in the equation (23) and then we can rewrite it in 

the form 

 ( )0 0,  ,  2M M Mf k k x tδϕ ω δϕ ω′ ′Δ ≈ + , (24) 
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where 0ω ω ω= + Δ , 2 /M Mt z c′ ′= . Thus, the angular and frequency variables in the 

expression (24) are separated. It is so-called factorization operation. The value Mt is a 

doubled time interval, which is necessary for initial wave passage of a distance, which is a 

projection of segment Mz  on the OZ′  axis, i.e. on the propagation direction of radar initial 

wave. This analysis shows that the scattered field polarization parameters frequency 

dependence at the scattering by the RCRO is defined by the projections of the scattering 

centers co-ordinates on the OZ′  axis, which is coinciding with the radar initial wave 

propagation direction. In other words, a frequency dependence is defined by the RCRO 

extension along the initial wave propagation direction. It follows simultaneously from the 

equation (33) that the scattered field polarization-angular dependence on the mean 

frequency 0ω  is defined by the values mx′  collection. These values are projections of 

scattering centers positions on the OX′  axis that is perpendicular to radar initial wave 

propagation direction. So, an extension of the RCRO along the OX′  axis is originated a 

polarization-angular dependence of field polarization parameters at the scattering by a 

RCRO. 

3. Angular response function of a distributed object and its basic forms 

Taking into account the results of subsection 2.3 we can now consider separately the 

polarization-angular and polarization-frequency forms of a distributed radar object 

responses on unit action, having circular polarization. 

In accordance with the mentioned results the polarization-angular response of a complex 

object at mean frequency 0ω  is determined by extension of the object along the axis OX′ , 
that is perpendicular to direction of incident wave propagation’s. Taking into account the 

expression (18) we can write the scattering operator (28) of the distributed radar object for 

the circular polarization basis in the form 

 ( ) { } ( ) ( )
( ) ( )

, ,
11 0 12 00 0,

0 , ,
0 21 0 22 0

,  ,  exp 2
,  

4 ,  ,  

RL RL
RL

jl RL RL

S k S kj k R
S k

R S k S k

δϕ δϕ
δϕ

π δϕ δϕ

Σ Σ
Σ

Σ Σ

−
=

$ $
$

$ $ , (25) 

Where 

( ) [ ]{ },
11 0 0 3

1

, exp 2
N

RL M
M M

M

S k j k xδϕ δϕ βΣ

=

′= Δ −∑$ $ ; ( ) [ ]{ },
22 0 0 1

1

, exp 2
N

rl m
m m

m

S k j k xδϕ βΣ

=

′= − Δ −∑$ $ ; 

( ) ( ) [ ]{ }, ,
12 0 21 0 0 2

1

, , exp 2
N

rl rl m
m m

m

S k S k j j k xδϕ δϕ δϕ βΣ Σ

=

′= = Σ −∑$ $ $ . 

 

Here 2 arg 2M
M Mkzβ ′= Σ −$ ; 1 arg 2 2M

M M Mkzβ θ ′= Δ − −$ ; 2 arg 2M
M Mkzβ ′= Σ −$ ; 

3 arg 2 2M
M M Mkzβ θ ′= Δ + −$  and values M M M

1 2 1 2Δ =λ -λ ,   M M Mλ λΣ = +$ $$ $ $$  are the difference and 

union of M th− elementary scatterers eigen values . If the Jones vector of the incident wave 

is right circular polarized, we can write for the circular Jones vector of the wave, scattered 

by a distributed radar object in the form 
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 ( ) { } [ ]{ }

[ ]{ }

2
10 0,

0
0

1
1

exp
exp 2

,  
4

exp

N
M

M M
MRL

S N
M

M M
M

j j
j k R

E k
R

j

δϕ β
δϕ

π
δϕ β

=Σ

=

− Σ Ω −
−

=

Δ Ω −

∑

∑

$
f

$
. (26)  

We are using here the notion of spatial frequencies 02M Mk x′Ω =  (Kobak, 1975), (Tatarinov et 

al, 2006) that allows us to consider the elements of the Jones vector (26) as the sum of a large 

number harmonic oscillations. The moving coordinate of these oscillation is the variable 

positional angleδϕ . The frequencies of these oscillations are determined by projections of 

the coordinates of scattering centers MT  on the axis OX′ .  
Amplitudes of oscillations are the values MΣ$ , MΔ$  can be characterized by the Rayleigh 

distribution (Potekchin et al, 1966) and the random initial phases 1Mβ , 2mβ  may have the 

uniform distribution into the interval 0 2π÷ . Stochastic values of the spatial frequencies 

MΩ  may have the uniform distribution in the interval MIN MAXΩ ÷Ω . This interval 

correspond to domain of definition MIN MAXx x′ ′÷  along the OX′  axis. Thus, we can consider 

the sum (26) as a complex stochastic function of the moving coordinate δϕ .  

The circular polarization ratio for mean frequency 0ω we can write using elements of Jones 

vector (26) in this case will have the form 

 ( ) [ ]{ } [ ]{ }0 1 2
1 1

,  exp / exp
N N

RL M M
S M M M M

M M

P k j j jδϕ δϕ β δϕ β
= =

= Δ Ω − Σ Ω −∑ ∑$ $ $ . (27)  

This ratio represents an angular distribution of the polarization parameters of an RCRO and 
it is the polarization-angular response function of a random distributed radar object on the 
unit action, having the form of a circular polarized wave. 
Polarization-angular response function (27) is a generalization of the point object response 
(16a) on the unit action, having the form of a circular polarized wave. Both the polarization 
properties of scatterers, and geometrical parameters of a random distributed radar object are 
represented into the polarization-angular response (27). We will transform every item of the 
numerator of (27) in the following form 

[ ]{ } ( ) [ ]{ }
[ ]{ }

1 1

1

exp / exp

                                    exp

                      

M M M M
M M M M

M M
M M

j j

j

δϕ β δϕ β

μ δϕ β

Δ Ω − = Σ Δ Σ Ω − =

= Σ Ω −

$ $$ $

$ $  

Here the values Mμ$  are determined by expression (10) and represent modules of 

elementary scatterer’s MT  complex degree polarization anisotropy. The values Mμ$ , that 

are describing the polarization properties of elementary reflectors of an RDRO, make up a 

general expression by using the weight factors ( ) ( )
0,52 2

1 2 1 22 cosM M M M M
Mλ λ λ λ ϕ⎡ ⎤Σ = + + Δ⎢ ⎥⎣ ⎦

$ . 

Taking into account this fact, we can find 

www.intechopen.com



A Statistical Theory of the Electromagnetic 
Field Polarization Parameters at the Scattering by Distributed Radar Objects  

 

525 

 ( ) ( ){ } ( ){ }0 1 2
1 1

,  exp / exp
N N

RL M M M
S M M M M

M M

P k j j jδϕ μ δϕ β δϕ β
= =

= Σ Ω − Σ Ω −∑ ∑$ $ $$ . (28)  

The weight factors mΣ$ are connected with the radar cross sections of elementary scatterers. 

The angular distribution of the polarization ratio (28) completely describes the polarization 

structure of the field, scattered by a complex object 

 ( ) ( ) ( ){ }0 0 0,  tan ,  exp 2 ,  
4

RL
SP k k j kπδϕ α δϕ β δϕ⎡ ⎤= +⎣ ⎦
$ . (29) 

Here values ( )0 ,  kα δϕ  and ( )0 ,  kβ δϕ  are angular distributions both of the ellipticity angle 

and the orientation angle of the polarization ellipse of the scattered field. 
Existing measurement methods allow us to carry out direct measurements of the module of 
a polarization ratio. Thus, we have the possibility for the direct measurements of ellipticity 
angle of the scattered wave. The measurement of the orientation needs indirect methods.  
First of all we shall consider the opportunity of the characteristics of an ellipticity angle in 
the analysis of wave polarization, scattered by random distributed objects. We will use all 
forms of complex radar object polarization-angular response, which are different functions 
of an ellipticity angle. The following parameters are connected with an ellipticity angle 
value: 

- The value ( ) ( )0tan / 4 ,  RLP kα π δϕ+ = $ , determined in the interval 

( )0 tan / 4α π≤ + ≤ ∞ ; 

- The coefficient of ellipticity ( )0 ,  tanK k δϕ α=  , determined in the interval 

1 tan 1α− ≤ ≤ . This coefficient is connected with the module of circular polarization 

ratio RLP$  by 

 ( ) ( ) ( ) ( ) ( )0 ,  tan 1 / 1 tan 1 / tan 1
4 4

RL RLK k P P π πδϕ α α α⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = − + = + − + +⎢ ⎥ ⎣ ⎦ ⎣ ⎦⎣ ⎦
$ $ ; (30) 

- -The third normalized Stokes parameter 3 sin 2S α= , determined in the 

interval 31 1S− ≤ ≤ . 

This parameter is connected with the square of the circular polarization ratio module as 

 ( ) ( ) ( ) ( )
2 2

3 0 0 0 0,  sin 2 ,  ,  1 / ,  1RL RL
S SS k k P k P kδϕ α δϕ δϕ δϕ⎡ ⎤ ⎡ ⎤= = − +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
$ $ . (31a) 

The Stokes parameter 3S  and the ellipticity coefficient K  are connected by the expression 

 ( ) ( )2
3 sin 2 sin 2arctan 2 / 1S K K Kα= = = + . (31b) 

The inverse function ( )3K S  is the solution of the equation 2
3 32 0S K K S− + = . We will 

choose the solution ( ) ( )2
3 3 31 1 /K S S S= − −  from two versions ( )2

1/2 3 31 1 /K S S= ± − . It 

follows from conformity 1K = −  , 3 1S = − ; 0K =  , 3 0S = ; 1K =  , 3 1S =  that only solution 
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(4c) remains. Thus, we can use the initial polarization-angular response 

( ) ( )0 0,  tan ,  / 4rl
SP k kδϕ α δϕ π⎡ ⎤= +⎣ ⎦
$  and two other forms of responses - 

( ) ( )0 0,  tan ,  K k kδϕ α δϕ⎡ ⎤= ⎣ ⎦  and ( ) ( )3 0 0,  sin 2 ,  S k kδϕ α δϕ= . 

  

-1

-0,5

0

0,5

1

1 13 25 37 49 61 73 85 97 109 121 133 145 157 169 181 193

 

Fig. 7. The experimental realization of polarization- angular response function ( )3S δϕ  

For example, the experimental realization, having the form of narrow-band angular 

dependence ( )3S δϕ  has shown on the Fig. 7. The angular extension of this experimental 

realization is 020±  at the observation to radar object board . The samples of polarization- 

angular response function are following with the angular interval 00,2 . 

4. An emergence principle and polarization coherence notion 

The analysis of an electromagnetic field polarization properties at the scattering by space 
distributed radar object is closely connected with two key problems. The first problem is the 
influence of separated scatterers space diversity on scattered field polarization. The second 
key problem of polarization properties investigation at the scattering by distributed radar 
object is connected with scattered field polarization properties definition on the base of the 
emergence principle with the use of possible relations between complex radar object parts 
polarization properties.  

4.1 An emergence principle and space frequency notion for a simplest distributed 
object. polarization proximity and polarization distance  

Let us to define a field, scattered by RDO using the Stratton-Chu integral (1), which 

allows us to represent this field as the union of waves scattered by elementary scatterers 

(“bright” or “brilliant” points), forming complex object. For the case when every elementary 

scatterer is characterizing by its scattering matrix ( );  ,  l 1,  2M
jlS i =  then the scattered field 

complex vector can be defined in the form  

 ( ) { }0 0
0 0

10

exp 2
,  

4

N
M

S jl
M

j k R
E k S E

R
δϕ

π
Σ

=

−
= ∑

f f$ $
, (32) 

where 0R is a distance between the radar and object gravity center, δϕ  is a positional angle 

of the object and 0E
f$

 is the complex vector of initial wave. It is necessary to indicate here 

that the expression (32) has been represented only individual polarization properties of 
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every from scatterers, which are forming a large distributed radar object. Unfortunately, a 

large system property in principle can not be bringing together to an union of this system 

elements properties. The conditionality of integral system properties appear by means of its 

elements relations. These relations lead to the “emergence” of new properties which could 

not exist for every element separately. The emergence notion is one from main definitions of 

the systems analysis (Peregudov & Tarasenko, 2001). Let us consider the simplest 

distributed radar object in the form of two closely connected scatterers A  and B  

(reflecting elliptical polarizers), which can not be resolved by the radar. These scatterers are 

distributed in the space on the distance l  and are characterizing by the scattering matrices 

in the Cartesian polarization basis: 

 1
1

2

0

0

a
S

a
=

$
$

, 1
2

2

0

0

b
S

b
=

$
$ .  (33) 

It will be the case of coherent scattering and its geometry is shown on the fig. 8. 
 

 

Fig. 8. The scattering by two-point radar object 

Here the distances 1 2,  R R  between the scatterers and arbitrary point Q in far zone can be 

written in the form 1,2 0 00,5 sin 0,5R R l R lδϕ δϕ≈ ± ≈ ±  under the condition 00,5l R<< . Using 

these expressions, we can find the Jones vector of the scattered field for the case when 

radiated signal has linear polarization 450  

 ( ) ( ) ( )
( ) ( )

1 1

2 2

exp exp2

2 exp exp
S

a j b j
E

a j b j

ξ ξ
δϕ

ξ ξ

+ −
=

+ −

$f $$
$$

, (34) 

where klξ θ= . Let us to define now a polarization- energetical response functions in the 

form of Stokes momentary parameters 0 3,  S S  angular dependences 

( ) ( ) ( ) ( ) ( )0 ;X X Y YS E E E Eδϕ δϕ δϕ δϕ δϕ∗ ∗= +$ $ $ $  ( ) ( ) ( ) ( ) ( )3 [ ].X Y Y XS i E E E Eδϕ δϕ δϕ δϕ δϕ∗ ∗= −$ $ $ $  

The expanded form of the energetically response function ( )0S δϕ  can be found as 

 ( ) ( )2 2 2 2
0 0 0 1 1 2 2 1 2 1 2 1 2 1 2 10,5 cos 2A BS S S a b a b a a b b a a b bδϕ ξ η∗ ∗ ∗ ∗⎡ ⎤= + + + + + +⎣ ⎦

$ $ $ $$ $ $ $ , (35a) 

where ( ) ( ){ }1 1 1 2 2 1 1 2 2arctan Im /Rea b a b a b a bη ∗ ∗ ∗ ∗⎡ ⎤= + +⎣ ⎦
$ $ $ $$ $ $ $ and 2 2

0 1 2
AS a a= + , 2 2

0 1 2
BS b b= + . The 

values 0 0,  A BS S  are the Stokes zero-parameters of elementary scatterers A  and B . The 

polarization-angular response function ( )3S δϕ  has the form 

0R
2R

1R δϕ

0, 5l
A B

0, 5l
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 ( ) ( )2 2 2 2
3 3 3 1 1 2 2 1 2 1 2 1 2 1 2 20,5 2 ( ) sin 2A BS S S a b a b a a b b a a b bδϕ ξ η∗ ∗ ∗ ∗⎡ ⎤= + + + − + +⎣ ⎦

$ $ $ $$ $ $ $ , (35b) 

 where ( ) ( ){ }2 1 2 2 1 1 2 2 1arctan Im /Rea b a b a b a bη ∗ ∗ ∗ ∗⎡ ⎤= − −⎣ ⎦
$ $ $ $$ $ $ $  and ( )3 1 2 1 205AS j a a a a∗ ∗= − −$ $ $ $ , 

( )3 1 2 1 20,5BS j b b b b∗ ∗= − −$ $ $ $  are the 3-rd Stokes parameters of elementary scatterers A  and B . 

The angular harmonic functions [ ]1cos 2klδϕ η+ , [ ]2sin 2klθ η+  in the expressions (35a,b), 

are representing the influence of scatterers A  and B space diversity to the scattered field 

polarization-energetically parameters distribution in far zone. The derivative from angular 

harmonic functions full phases ( ) 2 kklψ δϕ δϕ η= +  ( 1,  2k = ) along the angular variable is 

the space frequency ( )( )[ ]1 /2 / 2 2 /SP kf d d kl lπ δϕ δϕ η λ= + = .    

Now we will analyze the amplitudes of angular harmonic functions [ ]1cos 2klδϕ η+ , 

[ ]2sin 2klδϕ η+ . Let us write first of all the polarization rations 2 1/AP a a=$ $ $ and 2 1/BP b b= $ $$  

which are characterizing the point radar objects A  and B  on the complex plane of radar 

objects . We can find the spherical distance between the points ,  A BS S , laying on the surface 

of the Riemann sphere having unit diameter, which are connected with points ,  A BP P$ $  of 

radar objects complex plane. The coordinates of the points ,  A BS S  on the sphere surface are 
2

1 Re /(1 );X P P= +$ $  
2

2 Im /(1 );X P P= +$ $  
2 2

3 /(1 )X P P= +$ $  and a spherical distance 

between these points can be found in the form (Tatarinov et al, 2006) 

2 2
( ,  ) / 1 1S A B A B A BS S P P P Pρ = − + +$ $ $ $ , (36) where A BP P−$ $  is the Euclidian metric on 

the complex plane of radar objects. After substitution of the polarization ratios 

2 1/AP a a=$ $ $ and 2 1/BP b b= $ $$  into the expressions (46) we can write 

 
( )

( )( )

2 2
2 2 2 2
1 1 2 2 1 2 1 2 1 2 1 2

2 2 2 22 2
1 2 1 2

( )
( ,  )

1 1

A B A B A B

S A B

A B

P P P P P P a b a b a a b b a a b b
S S

a a b bP P

ρ
∗ ∗ ∗ ∗ ∗ ∗+ − + + − +

= =
+ ++ +

$ $ $ $ $ $ $ $ $ $$ $ $ $

$ $
, (37) 

where the value  

 ( )( )2 2 2 2 2 2 2 2
1 1 2 2 1 2 1 2 1 2 1 2 1 2 1 2( ) /D a b a b a a b b a a b b a a b b∗ ∗ ∗ ∗⎡ ⎤= + − + + +⎣ ⎦

$ $ $ $$ $ $ $  (38) 

is so-called polarization distance between two waves (or radar objects polarization states), 
having different polarizations (Azzam & Bashara, 1980), (Tatarinov et al, 2006). It is not 

difficult to demonstrate that the waves having coinciding polarizations ( A BP P=$ $ ) are having 

the polarization distance value 0D =  and the waves having orthogonal polarizations 

( 1 /B AP P∗= −$ $ ) have the polarization distance value 1D = . Thus, it follows from (37) and (38) 

that ( )( )2 2 2 2 2 2 2 2
1 1 2 2 1 2 1 2 1 2 1 2 1 2 1 2( )a b a b a a b b a a b b D a a b b∗ ∗ ∗ ∗+ − + = + +$ $ $ $$ $ $ $ .  

We can use also so-called polarization proximity value 1N D= − . Using values ,  N D  we 

can rewrite the expressions (35a,b) in the form 

 ( ) ( )0 0 0 0 0 10,5 2 cos 2A B A BS S S S S Nδϕ ξ η⎡ ⎤= + + +⎢ ⎥⎣ ⎦
. (39) 
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 ( ) ( )3 3 3 0 0 20,5 2 sin 2A B A BS S S S S Dδϕ ξ η⎡ ⎤= + + +⎢ ⎥⎣ ⎦
. (40) 

We can consider these expressions as generalized interference laws as far as these 
expression are the generalization of Fresnel-Arago interference laws (Tatarinov et al, 2007). 
It follows from the expression (39) that the orthogonal polarized waves can not give an 

interference picture, as far as for the polarization proximity value 0N = . However, the 

expression (40) demonstrates that in this case we will have the maximal value of this 
interference picture visibility. It follows from expressions (40) that for every Stokes 
parameters have the place some constant component, which is defined by the according 

Stokes parameters of both objects ( A  and B ), and space harmonics function 

[ ]1cos 2klδϕ η+ , [ ]2sin 2klδϕ η+  , having amplitudes 0 02 A BS S N , 0 02 A BS S D  and 

space initial phase kη . So, the polarization-energetically properties of complex radar object 

can not be found only with the use of its elements properties. The conditionality of integral 
system properties appear by means of its elements relations. These relations in our case are 
polarization distance and polarization proximity. The use of these values leads to the 
“emergence” of new properties which did not exist for every element separately.  

4.2 A polarization coherence notion and its definition as the correlation moment of the 
forth order  

Let us to define a momentary visibility of generalized interference law (39) in the form 

 ( ) ( ) ( ) ( ) ( )0 0 0 0 0 0 0 0/ 2 /MAX MIN MAX MIN A B A BW S S S S S S N S Sθ θ θ θ⎡ ⎤ ⎡ ⎤= − + = +⎣ ⎦ ⎣ ⎦ . (41) 

The equation (41) is coinciding with well known expression for partial coherent field 
interference law visibility (Born & Wolf, 1965 ), (Potekchin & Tatarinov, 1978) 

( ) ( ) ( ) ( ) [ ]1 2 12 1 2/ 2 / ,MAX MIN MAX MINW I I I I I I I Iθ θ θ θ γ⎡ ⎤ ⎡ ⎤= − + = +⎣ ⎦ ⎣ ⎦  

where 1 2,  I I  are power of waves summarized and 12γ  is a coherence degree. If 1 2I I=  then 

an interference law visibility is defined by coherence degree having the second order. 

So, we can claim, that from physical point of view the parameter N  can be considered as 

polarization coherence parameter, which defines a proximity of elementary scatterers 

polarization states, analogously coherence degree of stochastic waves summarized. In this 

case we have “momentary” value of polarization coherence, at the some time a coherence 

degree 12γ  is the correlation value. In this connection it is necessary to analyze statistical 

effects and polarization coherence mean value.  

If we will consider the interference law (39) visibility, then we can see that it is defined by a 

value N , which is a magnitude of space harmonic function [ ]1cos 2klδϕ η+ . It is necessary 

to point out that a value N  is corresponding to polarization coherence of the second 

order. However, it is clear that value N is corresponding to polarization coherence of the 

forth order. On the fig. 9 the interference law (39) is presented for the case 0 0
A BS S= . In this 

case the interference law visibility is defined by value N . 
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Fig. 9. To polarization coherence definition 

A magnitude of space harmonic function [ ]2sin 2klδϕ η+  into the interference law (40) for 

the third Stokes parameter is defined by elementary scatterers A  and B  polarization states 

distance D . As far as 1D N= − , then a value D  can be considered also as 

polarization coherence of the second order. 

It follows from the expressions (39, 40) that polarization states proximity and distance are 

included into the interference laws in the form N  and D . It provides power dimension 

for these laws. Let us to find now an autocovariance function of the interference law (39) for 

polarization coherence mean value definition. We will assume here that space harmonics 

amplitudes N  and space initial phase η  are random independent variables. For this case 

their two-dimensional probability distribution can be presented as two one-dimensional 

distributions densities product ( ) ( ) ( )2 1 1,  W N W N Wη η=  . We will assume also that 

( ) 1 / 2W η π= ). We can presuppose also that 0 0 0
A BS S S= = . At that time auto covariance 

function can be defined in the form of the mean value 

 ( ) [ ] ( ){ } ( )0 2 2 0
0 1 1 01 cos 2 cos 2 1S SK S N kl kl S Bϕ δϕ η δϕ ϕ η ϕ⎡ ⎤Δ = + + ⎡ + Δ + ⎤ = + Δ⎣ ⎦ ⎣ ⎦  (42) 

that is statistical moment of the forth order. Here the function ( )0
SB θΔ  is the autocorrelation 

function of scattered field intensity 

 ( ) ( ) [ ] ( ) ( ) ( ) ( )20
1 1 1 1

0

cos 2 cos 2SB N kl kl W N W d N dϕ δϕ η δϕ ϕ η η η
∞ ∞

−∞

Δ = + ⎡ + Δ + ⎤⎣ ⎦∫ ∫ . (43) 

The integration of this expression gives us 

 ( ) ( ) ( ) ( ) ( ) ( )
2

0
1

0

0,5
cos 2 0,5 cos 2 ,

2
SB N kl W N d N d N kl

π

π

ϕ ϕ η ϕ
π

∞

−

Δ = Δ = Δ∫ ∫  (44) 

where N  is the mean value of elementary scatterers A  and B  polarization states 

proximity. It is defined amplitudes of space harmonics collection having 2 / .SPf l λ=   

Thus, both autocovariance function and autocorrelation function are correlation function of 

the forth order and they are describing the intensity correlation for interference law (39). In 

this connection autocovariance function (42) is the interference law of the forth order. A 

visibility of this law is defined by polarization coherence degree N .  

ψ

0MAXSΣ

0MINSΣ

0SΣ

A B
0 0S S+

N
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For the interference law (40) under the condition 0 0 0
A BS S S= =  autocovariance function has 

the form  

 ( ) ( ) ( )
2

3 2 2 3
0 3 00,25 / 2S SK S S S Bϕ ϕΣ⎧ ⎫⎡ ⎤Δ = + Δ⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭

 (45) 

and it is (how earlier) statistical moment of the forth order. Here 3 3 3 ,A BS S SΣ = + and function 

( )3
SB ϕΔ  is autocorrelation function of the third Stokes parameter angular distribution. 

Using the assumption how earlier, we can write 

 ( ) ( ) ( ) ( ) ( ) ( )
2

3
1

0

0,5
cos 2 0,5 cos 2 ,

2
SB D kl W D d D d D kl

π

π

ϕ ϕ η ϕ
π

∞

−

Δ = Δ = Δ∫ ∫  (46) 

where D  is the mean value of elementary scatterers A  and B  polarization states distance, 

which was defined by the average of random values D  statistical set. The autocovariance 

function (45) is the interference law of the forth order . A visibility of interference law (45) is 

defined by polarization coherence degree 1D N= − by virtue of the result (46). 

The joint experimental investigation of generalized Fresnel – Arago interference laws in 

conformity to polarization-energetically properties of two-elements man-made radar objects 

were realized in the International Research Centre for Telecommunication-Transmission 

and Radar of TU Delft (Tatarinov et al, 2004). In this subsection we present an insignificant 

part of these results for the following objects: 1). Two trihedral, where the first was empty 

and the second was arranged by the elliptic polarizer in the form of special polarization 

grid. The transmission coefficients along the OX and OY axes are 0,5Y Xb b=  and mutual 

phase shift between polarizer eigen axes is / 2XYϕ π=  ( 1;  0,5;A BP P j= =$  

0,5;N =   0,5D = ); This object is presented on the fig. 10. 2).Two trihedral, where the first 

was empty and the second was arranged by the linear polarizer in the form of the special 

polarization grid. ( 0,5; 0,5N D= = );  
 

 

Fig. 10. Two-point radar object N1 

The phase centers of the trihedral were distributed in the space on the distance 100 cm, the 

wave length of the radar was 3 cm. For these parameters the space frequency and space 

period are 12 / ( ) ,SPf l Radλ −= 0,015SPT Rad=  (or 00.855 ).  The construction, where the 

trihedral were placed, has rotated with the angular step 00,25 .  

When the object includes the trihedral arranged by the elliptic polarizer and empty trihedral 

(combination N1), the polarization proximity and distance theoretical estimation is 

0,5.N D= = On the Fig.11a,b the experimental angular harmonics functions (generalized 
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interference pictures) ( ) ( )0 3,  S Sθ θ  are shown. It follows from these figures that the 

visibility for interference picture ( )0S θ  is 0 0,3W ≈  that corresponding to polarization 

proximity 0 0.54N =  (theoretical estimation is N=0.5). The visibility for ( )3S θ  is 3 1W =  that 

corresponding to polarization distance 0,5D = .  

For the system including the trihedral arranged by the linear polarizer and empty trihedral 

(object N2), we can find the theoretical estimation visibility values 0 0,66;W = 3 1W =  that 

correspond to polarization proximity values 0 0 3 30,82;  1N W N W= = = = . On the 

Fig.12a,b the angular harmonics functions ( ) ( )0 3,  S Sθ θ  for this situation are shown. 
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Fig. 11a. Generalized interference law Fig. 11.b. Generalized interference law for the 

parameter ( )0S θ (object N1) for the parameter ( )3S θ (object N1) 
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Fig. 12a. Generalized interference law Fig. 12.b. Generalized interference law for the 

parameter ( )0S θ (object N2) for the parameter ( )3S θ (object N2) 

The experimental estimation with the use of Fig.12a,b gives us 0 30,85;  1N N≈ =  what is the 

satisfactory coinciding with the theoretical estimation. 

5. Polarization – energetic parameters of complex radar object coherent 
image formation as the interference process. Polarization speckles Statistical 
analysis  

It is demonstrated in the given subsection that the scattered field polarization-energetically 
speckles formation at the scattering by multi-point random distributed radar object (RDRO) 
is the interference process. In this case the polarization-energetic response function of a 
RDRO can be considered as space harmonics collection. Every space harmonic of this 
collection will be initiated by one from a great many scattered interference pair, which can 
be formed by multi-point RCRO scatterers. In this connection every space harmonic will 
have an amplitude, which will be defined by a value of this pair scatterers polarization 
states proximity (or distance). As far as the RCRO elementary scatterers positions are 
stochastic, at the positional angle change and a random number of interference pairs, 
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having the same space diversity under the condition of these pair scatterers polarization 
states proximity stochastic difference, we have the classical stochastic problem. This setting 
of a problem has been formulated in the first time.  

Let’s to consider the scattering by a multi-point (complex) radar object (see Fig. 13). For the 

case of coinciding linear polarization both for transmission and receiving we can write the 

field scattered by a point IX  (RCS of this scatterer is Iσ ) for some point Q in far zone 

( ) ( ) ( )0
0

0

exp 2
exp 2

4
S I I

j kR
E E j kX

R
θ σ θ

π
= − −$ $ , 

where 0I IR R X θ≈ −  is the distance between the scatterers IX  and X ; 0E$  and SE$  are initial 

and scattered field electrical vectors respectively. For the case when a scatterers are 

characterizing by the scattering matrix ( ); , 1,2ik
IS i k =$  then the scattered field complex 

vector will be connected with initial field complex vector as 

 ( ) ( ) ( )0
0

0

exp 2
exp 2

4

ik
S I I

j kR
E S E j kX

R
θ θ

π
= − −

f f$ $$ . (47) 

Let us consider now the electromagnetic field polarization-energetic parameters distribution 
formation as the interference process at the scattering by multi-point RDRO. For the 
example we will find that the electrical vector of the field, scattered by 4-points complex 
object for the case of coinciding linear polarization both for transmission and receiving: 

( ) ( ) ( )
4

0 0

10

exp 2
exp 2 .

4
S I I

I

j kR E
E j kX

R
θ σ θ

π =
= − −∑

$
$  

 

 

Fig. 13. Waves scattering by multi-point RDRO 

Now we can define the instantaneous distribution of scattered field power in the space as 

the function of the positional angle θ : 

( ) ( ) ( ) ( ) ( )1 2 3 4 1 2 12 1 3 132 cos 2 2 cos 2S SP E E kd kdθ θ θ σ σ σ σ σ σ θ σ σ θ∗= = + + + + + +$ $  

( ) ( ) ( ) ( )1 4 14 2 3 23 2 4 24 3 4 342 cos 2 2 cos 2 2 cos 2 2 cos 2 .kd kd kd kdσ σ θ σ σ θ σ σ θ σ σ θ+ + + +  (48) 

2X 3X 4X1X

3R
2R1R

0R

0

Q

θ
4R

X
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So, the instantaneous distribution of scattered field power in the space as the function of the 

positional angle θ  is formed by the union of elementary scatterer radar cross section (4 items) 

plus 6 cosine oscillations. It is not difficult to see that every cosine functions are caused by the 

interference effect between the fields scattered by a pair of elementary scatterers forming the 

RCRO. The number of this pairs can be found with the use binomial coefficient 

( )!/ ! !N
MC M N M N= ⎡ − ⎤⎣ ⎦  , 

where M is a number of values, N is a number elements in the combination. In the case 

when 4M = , 2N =  , we have 2
4 6C = . So, the angular response function of the complex 

radar object considered will include 6 space harmonic functions as the interference result 

summarize how it follows from the expression (48) where the values 12 1 2 ;d X X= −  

13 1 3 14 1 4 23 2 3 24 2 4 34 3 4; ; ; ;d X X d X X d X X d X X d X X= − = − = − = − = −  are the space diversity 

of scattered elements for every interference pair. The space harmonic function 

( )cos 2i k ikkdσ σ θ  corresponds to the definition that was done in (Kobak, 1975), (Tatarinov 

et al, 2007) . In accordance with this definition, the harmonic oscillation in the space having 

the type ( )cos 2kdθ  is defined by the full phase ( ) ( )2 2 / 2kd dψ θ θ π λ θ= = , the derivative 

from which is the space frequency 2 /SPf d λ=  having the dimension 1Rad− . The period 

1 / / 2SP SPT f dλ= = has the dimension Rad , which corresponds to this frequency. 
So, a full power distribution of the field, scattered by complex radar object, is an union of 
the interference pictures, which are formed by a collection of elementary two-points 
interferometers.  
Thus, we can write a scattered power random angular representation, depending on the 
positional angle, in the form 

( ) ( )2

1 1

2 cos 2
M C

m i k ik
m

P kdθ σ σ σ θ
=

= +∑ ∑ , 

where 2
MC C=  is combinations number, M is a full number of RCRO elementary scatterers. 

It was demonstrated above that the electromagnetic field Stokes parameter 0 3,  S S  angular 

distribution at the scattering by two-point distributed object has the form 

( ) ( ) ( ) ( )0 0 0 0 0 3 3 3 0 02 cos 0,5 ;   2 cos 0,5 ,a b a b a b a b
ab abS S S S S N S S S S S Dθ ξ ϕ θ ξ ϕ= + + + = + + −  

where 2klξ θ= . It follows from this expression that the space harmonics functions 

( )cos 2klθ η± are having amplitudes 0 0
a b

abS S N  or 0 0
a b

abS S D . Here the values 

,ab abN D  are a proximity (distance) of distributed object elementary scatterers polarization 

states respectively.  

Taking into account above mentioned, we can write the Stokes parameters angular 

distribution for the field, scattered by random complex radar object as an union of the 

generalized interference pictures, which are formed by a collection of elementary two-points 

interferometers (see Fig.13): 

( ) ( )0 0 0 0
1 1

2 cos
M C

m
i k ik ik ik

m

S S S S Nθ ξ η
=

= + +∑ ∑ , 
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( ) ( )3 3 0 0
1 1

2 cos
M C

m
i k ik ik ik

m

S S S S Dθ ξ η
=

= + +∑ ∑ , 

where 2
MC C=  is combinations number. An amplitude of every space harmonics and initial 

space phases of these harmonics will be stochastic values and the further analysis must be 
statistical. First of all we will find a theoretical form of scattered field Stokes parameter S3 
angular distribution autocorrelation function. As far as we would like to find the 
autocorrelation function (not covariance function!), we must eliminate a random constant 

item 3
1

M
m

m

S
=
∑  from the stochastic function ( )3S θ  for the guarantee of zero mean value. 

Taking into account that the value 
3

1

M
m

m

S
=
∑  can be as no stationary stochastic function, the 

average must be made using a sliding window. After a mean value elimination and 
normalization we can write stochastic stationary function S3(θ) in the form 

( ) ( )3
1

cos 2
C

ik ik ikS D kdθ θ η= +∑  

Its autocorrelation function can be found as 

( ) ( ) [ ] [ ] ( ) ( )2

2
1

cos 2 cos 2 ( ) ,  
C

S N N N
N

B D kd kd W D d D dθ θ η θ θ η η η
∞ ∞

= −∞ −∞

Δ = + + Δ +∑ ∫ ∫ . (49) 

Here amplitudes D  and space initial phase η of space harmonics are random values, 

which can be characterized by two-dimensional probability distribution density ( )2 ,W D η , 

and 1 2θ θ θΔ = − . We will suppose that random amplitudes and phases are independent 

variables. For this case two-dimensional probability distribution can be presented as two 

one-dimensional distributions densities product 

( ) ( ) ( )2 1 1,  W D W D Wη η= . 

Let’s suppose also that random phase has the uniform probability distribution density on 

the interval ( ),  π π−  i.e. ( ) 1 / 2W η π= . A probability distribution density for the random 

amplitude D  can be preassigned, however for all cases it will be one-sided. After the 

integration we obtain the value of double integral in the form 

 ( ) ( ) ( ) ( ) ( )
2

1

0

0,5
cos 2 0,5 cos 2

2
N N N NI D kd W D d D d D kd

π

π

θ η θ
π

∞

−

= Δ = < > Δ∫ ∫ , (50) 

where ND< >  is the polarization distance mean value, which was found by the average 

along the statistical ensemble of random values ND  for all space harmonics having the 

space frequency 2 /N
SP Nf d λ= . Thus, we can write the theoretical form of scattered field 

Stokes parameter angular distribution autocorrelation function in the form 

 ( ) ( )
1

0,5 cos 2
C

S N N
N

B D kdθ θ
=

Δ = < > Δ∑ . (51) 

www.intechopen.com



 Wave Propagation 

 

536 

Taking into account that the every item of the union (51) is the autocorrelation function for 

an isolated space harmonic oscillation ( ) ( )cos 2N N N NS D kdθ θ η= +  having random 

amplitude ND  and random initial space phase Nη , i.e. 

 ( ) ( )0,5 cos 2SN N NB D kdθ θΔ = < > Δ  (52) 

it is not difficult to see that the autocorrelation function of the Stokes parameter stochastic 
realization is the union of individual autocorrelation functions of all space harmonics: 

 ( ) ( )
1

C

S SN
N

B Bθ θ
=

Δ = Δ∑ . (53) 

Let’s now to find a complex radar object averaged space spectra using the expressions (8) for 
polarization-angular response autocorrelation function. The power spectra for the case of 
isolated space harmonic can be found as the Fourier transformation above the 
autocorrelation function (52): 

( ) ( ) ( ) ( ) ( ) ( )exp 0.5 [ ]N N
SP SN SP N SP SP SP SPP B j d Dθ θ θ δ δ

∞

−∞

Ω = Δ − Ω Δ Δ = < > Ω −Ω + Ω +Ω∫ , (54) 

where ( )2 2 2 /SP SPf dπ π λΩ = =  is a space frequency. The spectra lines are placed on the 

distances N
SP±Ω  from the co-ordinates system origin and their positions are defined by the 

space frequency 2 /N
SP Nf d λ=  of two-point radar object. This space frequency is 

corresponding to space diversity of two reflectors distributed in the space. The intensity of 

power spectra lines is determined by polarization distance between polarization states of 

two scatterers forming the radar object. 

The full space spectra of stochastic polarization-angular response, i.e. Fourier 

transformation of the autocorrelation function (53) is: 

 ( ) ( ) ( )
1

0,5 [ ]
C

N N
SP N SP SP

N

P D δ δ
=

Ω = < > −Ω + +Ω∑ . (55) 

It is necessary to indicate here that a connection between scattered (diffracted) field 
polarization parameters and polarization parameters distribution along a scattering 
(diffracting) object in the form of Fourier transformation pair is established in the first time. 
However, this connection is correct for fourth statistical moments: scattered field intensity 
correlations (include mutual intensity) and polarization proximity (distance) distribution 
along a scattering (diffracting) object.  

In the conclusion we consider some results of scattered field polarization parameters 

investigation at the scattering by random distributed object having a lot of scattering centers 

– “bright” points. It follows also both from theoretical and experimental investigations 

results that polarization-angular response function of a RCRO in the form of the 3-rd Stokes 

parameter angular dependence corresponds to a narrow-band random process. The 

experimental realization of this parameter has shown on the fig.7. The angular interval for 

this dependence is 020± . The rotated caterpillar vehicle (the sizes 5,5x2,5x1,5 m) placed on 

the distance 2 km was used as complex radar object. The autocorrelation functions (ACF) of 
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this object response ( )3S θΔ are shown on the fig.14. The ACF on the angular interval 020±  

concerning the direction to the object board is designated by dotted line and the ACF into 

the same interval in direction to the stern of the object is continue line. The measurements in 

these directions allow us to take into account the difference in the radar object space spectra 

band at its observation in areas of perpendiculars to the board and to the stern of the object. 

On the fig. 15 RDRO mean power spectra are shown. Dotted line is corresponding to 

direction to the object board and continue line corresponds to object stern. 
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1

 

-0,5

0

0,5

1

 

Fig. 14. Autocorrelation functions of RDRO Fig.15. Mean power space spectra of RDRO 
stochastic polarization-angular response 

6. Conclusion 

In the conclusion we can to indicate that in the Chapter proposed a new statistical theory of 
distributed object polarization speckles (coherent images) has been developed. The use of 
fourth statistical moments and emergence principle allow us to find the answers for a series 
of problems which are having the place at the electromagnetic waves coherent scattering by 
distributed (complex) radar objects. 
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