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Introduction to Stability of Quasipolynomials

Ltcia Cossi
Departamento de Matemitica, Universidade Federal da Paraiba
Jodo Pessoa, PB, Brazil

1. Introduction

In this Chapter we shall consider a generalization of Hermite-Biehler Theorem! given by
Pontryagin in the paper Pontryagin (1955). It should be understood that Pontryagin’s
generalization is a very relevant formal tool for the mathematical analysis of stability of
quasipolynomials. Thus, from this point of view, the determination of the zeros of a
quasipolynomial by means of Pontryagin’s Theorem can be considered to be a mathematical
method for analysis of stabilization of a class of linear time invariant systems with time delay.
Section 2 contains an overview of the representation of entire functions as an infinite product
by way of Weierstrass” Theorem—as well as Hadamard’s Theorem. Section 3 is devoted to
an exposition to the Theory of Quasipolynomials via Pontryagin’s Theorem in addition to a
generalization of Hermite-Biehler Theorem. Section 4 deals with applications of Pontryagin’s
Theorem to analysis of stabilization for a class of linear time invariant systems with time
delays.

2. Representation of the entire functions by means of infinite products

In this Section we will present the mathematical background with respect to the Theory
of Complex Analysis and to provide the necessary tools for studying the Hermite-Biehler
Theorem and Pontryagin’s Theorems. At the first let us introduce the basic definitions and
general results used in the representation of the entire functions as infinite products?.

2.1 Preliminaries

Definition 1. (Zeros of analytic functions) Let f : () — € be an analytic function in a region
O—i.e., a nonempty open connected subset of the complex plane. A value « € () is called a zero of f
with multiplicity (or order) m > 1 if, and only if, there is an analytic function g : ) — € such that
f(z) = (z —a)"g(z), where g(«) # 0. A zero of order one (m = 1) is called a simple zero.

Definition 2. (Isolated singularity) Let f : O — Cbe an analytic function in a region Q). A value
B € Qs called a isolated singularity of f if, and only if, there exists R > O such that f is analytic in
{ze C0<|z—B| <R} butnotin B(B,R) = {z € C: |z— B| < R}.

! See Levin (1964) for an analytical treatment about the Hermite-Biehler Theorem and a generalization of
this theorem to arbitrary entire functions in an alternative way of the Pontryagin’s method.
2 See Ahlfors (1953) and Titchmarsh (1939) for a detailed exposition.
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2 Time-Delay Systems

Definition 3. (Pole) Let () be a region. A value p € Q) is called a pole of analytic function
f: Q2 — C if, and only if, B is a isolated singularity of f and lirn/3 |f(z)] = oo.
z—

Definition 4. (Pole of order m) Let B € Q) be a pole of analytic function f : O — C. We say that
B is a pole of order m > 1 of f if, and only if, f(z) = zél + A 5+ o+ L)m +g1(2),

B (z—B) (z—p
where g7 is analytic in B(B, R) and Ay, Ay, ..., Am € Cwith Ay, # 0.

Definition 5. (Uniform convergence of in nite products) The in nite product

—+o00

[T0+fu(2) =0+ fA(2) 1+ f2(2)) ... A+ fu(2) ... 1)

n=1

where { fu}neN is a sequence of functions of one variable, real or complex, is said to be uniformly
convergent if the sequence of partial product p,, de ned by

n

pn(z) = [T+ fu(2) = 1+ fi(2) A1+ f2(2) ... 1+ fu(2)) 2

m=1

converges uniformly in a certain region of values of z to a limit which is never zero.

+oo

Theorem 1. The in nite product (1) is uniformly convergent in any region where the series Y _ | fu(z)|
n=1

is uniformly convergent.

Definition 6. (Entire function) A function which is analytic in whole complex plane is said to be

entire function.

2.2 Factorization of the entire functions

In this subsection, it will be discussed an important problem in theory of entire functions,
namely, the problem of the decomposition of an entire function—under the form of an in nite
product of its zeros—in pursuit of the mathematical basis in order to explain the distribution
of the zeros of quasipolynomials.

2.2.1 The problem of factorization of an entire function

Let P(z) = auz" + ... +a1z+ ap be a polynomial of degree n, (a, #0). It follows of the
Fundamental Theorem of Algebra that P(z) can be decomposed as a ' nite product of the
following form: P(z) = a,(z —a1) ... (z — ay), where the a1, ap, ..., a, are—not necessarily
distinct—zeros of P(z). If exactly k; of the a; coincide, then the a; is called a zero of P(z) of
order kj [see Definition (1)]. Furthermore, the factorization is uniquely determined except for
the order of the factors. Remark that we can also find an equivalent form of a polynomial

N
: . . z
function with a “nite product of its zeros, more precisely, P(z) = Cz" [ (1 — ’X—), where
j=1 j

N

C=uay H(—(xj), m is the multiplicity of the zero at the origin, a; # 0Gj=1,...,N) and
j=1

m—+ N = n.
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Introduction to Stability of Quasipolynomials 3

We can generalize the problem of factorization of the polynomial function for any entire
function expressed likewise as an in nite product of its zeros.
Let’s supposed that

[ee]

f(z) = 2"e8 Hl—— (3)

where ¢(z) is an entire function. Hence, the problem can be established in following way: the
representation (3) should be valid if the in._nite product converges uniformly on every compact set [see
Definition (5)].

2.2.2 Weierstrass factorization theorem
The problem characterized above was completely resolved by Weierstrass in 1876. As matter
of fact, we have the following definitions and theorems.

Definition 7. (Elementary factors) We can to take
Eo(z) = 1—2z and 4)

2

p
Ey(z) = (1-2z) exp(z+%+...+%), forall p=1,2,3,.. )

These functions are called elementary factors.

Lemmal. If |z| <1, then |1 —Ep(z)| < |z|PT, forp = 1,2,3, ...

Theorem 2. Let {ay, },cN be a sequence of complex numbers such that a, # 0and lirr}r |ay| = oo.
n——+0o0

If {pn } ne is a sequence of nonnegative integers such that
o
,
Z r_ VP < 0o, where |ay| = 1y, (6)

for every positive r, then the in nite product

2) = [ Ep.() )
n=1 n

de me an entire function f which has a zero at each point ay, n € IN, and has no other zeros in the
complex plane.

Remark 1. The condition (6) is always satis ed if p, = n — 1. Indeed, for every r, it follows that

1
ry > 2r forall n > ng, since  lim r, = oco. Therefore, rL < Efor all n > ny, then (6) is valid with
n n

—+00

respect to1 + py, = n.

Theorem 3. (Weierstrass Factorization Theorem) Let f be an entire function. Suppose that f(0) # 0,
and let a1, wy, ... be the zeros of f, listed according to their multiplicities. Then there exist an entire
function g and a sequence {py }ncN of nonnegative integers, such that

°° z {ﬁ+%(ﬁ>2+--~+ﬁ(ﬁ)“
_eg HEPn = ()H<1_>e ®)
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4 Time-Delay Systems

Notice that, by convention, with respect to n =1 the | rst factor of the in nite product should be

- L
a1

Remark 2. If f has a zero of multiplicity m at z = 0, the Theorem (3) can be apply to the function

i)

Remark 3. The decomposition (8) is not unique.

Remark 4. In the Theorem (3), if the sequence {py}n,eN of nonnegative integers is constant, i.e.,
pn = p forall n € IN, then the following in_nite product:

ITLE() ©)
1 n

(o]

converges and represents an entire function provided that the series converges for

all R > 0. Suppose that p is the smallest integer for which the series Z converges. In this

| ay |p+1
case, the expression (9) is denominated the canonical product associated with the sequence {ay } neN
and p is the genus of the canonical product 3.

With reference to the Remark (4) we can state:

Hadamard Factorization Theorem. If f is an entire function of ~nite order ¥, then it admits
a factorization of the following manner: f(z) =z me8(z H Ep ), where g(z) is a polynomial
function of degree q, and max{p,q} < 0.

The first example of infinite product representation was given by Euler in 1748, viz.,

o 2
sin(nz) = mz [ [(1 - %),where m=1,p=1,4=0][g(z) =0],and ¥ = 1.
n=1

3. Zeros of quasipolynomials due to Pontryagin’s theorem

We know that, under the analytic standpoint and a geometric criterion, results concerning
the existence and localization of zeros of entire functions like exponential polynomials have
received a considerable attention in the area of research in the automation field. In this section
the Pontryagin theory is outlined.

Consider the linear difference-differential equation of differential order n and difference order
m defined by

fiwx (t+v)=0 (10)
=00

3 See Boas (1954) for analysis of the problem about the connection between the growth of an entire
function and the distribution of its zeros.
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Introduction to Stability of Quasipolynomials 5

where m and 7 are positive integers and a,, (4 = 0,...,n,v = 0,...,m) are real numbers. The
characteristic function associated to (10) is given by:

5(z) = P(z,¢%), (11)

n m
where P(z,5) = Y ) a,,z"s" is a polynomial in two variables.
u=0v=0
Pontryagin’s Theorem, in fact, establishes necessary and sufficient conditions such that the
real part of all zeros in (11) may be negative. These conditions transform the problem a real

variable one.

Definition 8. (Quasipolynomials)* We call the quasipolynomials or exponential polynomials the
entire functions of the form:

F(z) = éi%)fé:(z)e/\ﬁz = fo(z)e)‘oz —|—f1(z)e)le +... —i—fm(z)e)"”z (12)

where fz(=0,...,m) are polynomial functions with real (or complex) coef cients, and
Ag(éz 0,...,m) are real (or complex) numbers. In particular, if the Ag(éz 0,...,m) are
commensurable real numbers and 0 = Ay < Aq,... < Ay, then the quasipolynomial (12) can be
written in the form (11) studied by Pontryagin.

Notice that, some trigonometric functions, e.g., sin and cos are quasipolynomials since

1 . 1 _; 1 . 1 .
sin(mz) = 2—],(2]’”Z — 2—],6_]’”Z and cos(nz) = Ee]nz + Ee_]"Z, where j = v/—1,and m,n € IN.

Remark 5. If the quasipolynomial F(z) in (12) does not degenerate into a polynomial, then the
quasipolynomial F(z) has an infinite set of zeros whose unique limit point is in nite. Note that all
roots of F(z) are separated from one another by more than some distance d > 0, therefore it is possible
to determine non-intersecting circles of radius r < d encircling all the roots taken as centers.

Definition 9. (Hurwitz Stable) The quasipolynomial F(z) in (12) is said to be a Hurwitz stable if,
and only if, all its roots lie in the open left-half of the complex plane.

Definition 10. (Interlacing Property) Let f(w) and g(w) be two real functions of a real variable. The
zeros of these two functions interlace (or alternate) if, and only if, we have the following conditions:

1. each of the functions has only simple zeros [see De nition1];
2. between every two zeros of one of these functions there exists one and only one zero of the other;

3. the functions f(w) and g(w) have no common zeros.

We cannot refrain from remark that Cebotarev, in 1942, gave the generalization of the Sturm
algorithm to quasipolynomials, therefore we have a general principle for solving that problem
for arbitrary quasipolynomials. Notwithstanding, it is of interest to note that Chebotarev’s
result presuppose a generalization of the Hermite-Biehler Theorem to quasipolynomials.

4 See Pontryagin (1969) for a discussion detailed.
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6 Time-Delay Systems

Theorem 4. (Pontryagin’s Theorem) Pontryagin (1955) Let 6(z) = P(z,e*) be a quasipolynomial,
where P(z,s) is a polynomial function in two variables with real coef cients as de ned in (11). Suppose
that apm # 0. Let §(jw) be the restriction of the quasipolynomial 6(z) to imaginary axis. We can
express 0(jw) = f(w) + jg(w), where the real functions (of a real variable) f(w) and g(w) are the
real and imaginary parts of d(jw), respectively. Let us denote by w, and w;, respectively, the zeros
of the function f(w) and g(w). If all the zeros of the quasipolynomial 5(z) lie to the left side of the
imaginary axis, then the zeros of the functions f(w) and g(w) are real, alternating, and

§'(w)f(w) —g(w)f'(w) > 0. (13)

foreach w € IR. Reciprocally, if one of the following conditions is satis ed:

1. All the zeros of the functions f(w) and g(w) are real and alternate and the inequality (13) is
satis_ed for at least one value w;

2. All the zeros of the function f(w) are real , and for each zero of f(w) the inequality (13) is satis ed,
that is, g(wy) f' (wy) < 0;

3. All the zeros of the function g(w) are real, and for each zero of g(w) the inequality (13) is satis ed,
that is, §' (w;) f(w;) > 0;

then all the zeros of the quasipolynomial 6(z) lie to the left side of the imaginary axis.

Remark 6. Let us note that the above function 6(jw) in Theorem (4) has, also, the following form:

v

d(jw) = i i ayywh E(j)’““"_p‘vi!(cosw)f’(sinw)‘/—f) . (14)
u=0v=0 =0 P(V‘—Pﬂ

Consequently, the functions f(w) and g(w) can be express as Q(w) = q(w, cos(w),sin(w)), where
g(w, u,v) is a real polynomial function in three variables with real coef cients.

With respect to the Remark (6), it should be pointed out, the polynomial g(w,u,v) may be
represented in the form:

g(w,u,v) = Z Z w”¢;gv)(u,v), (15)

u=0v=0

where qu(lV) (u,v) is a real homogeneous polynomial of degree v in two real variables u and v.

The formula w”<p,(1m) (u,v) is denominated the principal term of the polynomial in (15). From
(15), we can define ¢;, (1, v) as follows

¢n(u,0) =Y ¢,(1V)(u,v). (16)
v=0
And by substituting u = cos(w) and v = sin(w) in (16) we can express
P (w) = ¢, (cos(w),sin(w)). (17)

Now, let wus consider the above formalization in complex field, that is,
®;(z) = ¢, (cos(z),sin(z)), wherez € C.

www.intechopen.com



Introduction to Stability of Quasipolynomials 7

Theorem 5. Pontryagin (1955) Let q(z,u,v) be a polynomial function, as given in (15), with three

complex variables and real coef cients, in which the principal term is z”@(lm)(u,v). If € is such that
®; (€ + jo) does not take the value zero for every real o, then the function Q(w + jo) has exactly
4kn + m zeros—for some suf ciently large value of k— for (w,o0) € [—2km + €,2km + €] x IR.
Hence, in order that the restriction of the function Q to IR, denoted by Q(w), have only
real roots, it is necessary and suf cient that Q(w) have exactly 4kn + m zeros in the interval
—2kt + € < w < 2k7t + € for suf ciently large k.

4. Applications of Pontryagin’s theorem to analysis of stabilization for a class of
linear time invariant systems with time delay

In this Section we will explain some relevant applications concerning the Hermite-Biehler
Theorem and Pontryagin’s Theorems in the framework of Control Theory. Apropos to the
several methodological approaches about the subject of the Section 3, we have in technical
literature some significant publications, viz., Bellman & Cooke (1963), Bhattacharyya et
al. (2009) and Oliveira et al. (2009). These methods constitute a set of analytic tools for
mathematical modeling and general criteria for studying of stability of the dynamic systems
with time delays, that is, for setting a characterization of all stabilizing P, PI or PID controllers
for a given plant. It should be pointed out that the definition of the formal concept of
signature—introduced in the reference Oliveira et al. (2003)—allows to extend results of the
polynomial case to quasipolynomial case via property of interlacing in high frequencies of the
class of time delay systems considered °.

The dynamic behavior of many industrial plants may be mathematically modeled by a linear
time invariant system with time delay. The problem of stability of linear time invariant
systems with time delay make necessary a method for localization of the roots of analytic
functions. These systems are described by the linear differential equations with constant
coefficients and constant delays of the argument of the following manner

3

i: Z aw,u J(t—1,) =h(t) (18)
u=0v

where the coefficients are denoted by a,, € R(y=0,...,n,u=0,...,m) and the constant
delays are symbolized by 7, € R(v =0,...,m) with0 =19 < 7, ... < Ty

> The Hermite-Biehler Theorem provides necessary and sufficient conditions for Hurwitz stability of
real polynomials in terms of an interlacing property. Notice that, if a given real polynomial is not
Hurwitz, the Hermite-Biehler Theorem does not provide information on its roots distribution. A
generalization of Hermite-Biehler Theorem with respect to real polynomials was first derived in a report
by Ozgiiler & Kogan (1994) in which was given a formula for a signature of polynomial—not necessarily
Hurwitz—applicable to real polynomials without zeros on the imaginary axis except possibly a single
root at the origin. This formula was employed to solve the constant gain stabilization problem. It may
be mentioned that, in Ho et al. (1999), a different formula applicable to arbitrary real polynomials—but
without restrictions on root localizations—was derived and used in the problem of stabilizing PID
controllers. In addition, as a result of Ho et al. (2000), a generalization of the Hermite-Biehler Theorem
for real polynomials—not necessarly Hurwitz—to the polynomials with complex coefficients was
derived and, as a consequence of that extension, we have a technical application to a problem of
stabilization in area of Control Theory.

www.intechopen.com



8 Time-Delay Systems

We can denominate the equation (18) as an equation with delayed argument, if
the coefﬁcient ﬂno #0 and the remaining coefficients a,, =0(v =1,...,m), that is,

aou™ )+ Z 2 awu t— Ty) = h(t); analogously, the equation (18) is denominated
u=0v=0
an equation with advanced argument, if the coefficient a,0 =0 and, if only for
one v>0, ay #0, that is, ap,u u(m —Ty) + Z Z”W” (t — 1) =h(t), for only
u=0v=

one 1g € {1,...,m} and, finally, the equation (18) is denominated an equation of
neutral type, if the coefficient ano #0 and, if only for one v >0, ay #0, that is,

a0t () + apy,u —Tyy) + 2 Z awu )(t —1,) = h(t), for only one vy € {1,...,m}.
u=0v=

Let us consider h(t) =0 in equation (18), we obtain the homogeneous linear equation with
constant coefficients and constant delays of the argument like

YN apu(t—7) =o0. (19)
u=0v=0

Assuming that u(t) = %/, where z denotes a complex constant, is a particular solution of the
equation (19) and, by substituting in (19) we obtain the so-called characteristic equation

n m
Yo ) apzte ™ =0. (20)

u=0v=0

From the equation (20) we can define the characteristic quasipolynomial in the following form

= i i ayyzhe W2, (21)

Note that the equation (20) has an infinite set of roots, therefore to every root z; corresponds

[e]
a solution u(t) = e*! of the equation (19). And, if the sums of infinite series Z Cre®t of
k=0
solutions converge and admit n — fold term-by-term differentiation, then those sums are also

solutions of the equation (19).
Multiplying the equation (21) by ™, it follows that

n m m
5(z) = e™*6*(z Z Z apy2e (TR = Y py (2)eTm T, (22)
u=0v=0 v=0
where py, (z Z awzy v=0,...,m). For m # 0, the function (22) belongs to a general class

u=0
of quasipolynomials [see Definition (8)]. It is evident that 6(z) = ¢™*§*(z) and §*(z) have the
same zeros . Thus, from this point of view, the zeros of the function §(z) can be obtained

from the Theorems (4) and (5).

6 see El'sgol’ts (1966) for a fully discussion.
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Introduction to Stability of Quasipolynomials 9

Now, consider a special class of quasipolynomials (with one delay) given by

5*(z) = polz) + e pi(2), (23)

n—1 n

where po(z) = 2"+ ) a0z with a0 € R(p=0,...,n—1), pi(z) =) a1z with
u=0 p=0

a1 € R(p=0,...,n)and L > 0. Multiplying the (23) by e!?, it follows that

5(2) = el%6*(2) = elpo(2) + pu (2). 1)
We consider the following Assumptions:
Hypothesis 1. d(py) < n [retarded typel
Hypothesis 2. d(p1) = nand 0 < |a,1| < 1 [neutral type]

where d(p1) stands for the degree of polynomial p;. Notice that, Hypothesis (1) implies that
ay1 = 0and a1 # 0 forsome p =0,...,n—1.
Firstly, in what follows, we will state the Lemma (2) and Hypothesis (3) to establish the
definition of signature of the quasipolynomials.

Lemma 2. Suppose a quasipolynomial of the form (24) given. Let f(w) and g(w) be the real and
imaginary parts of 6(jw), respectively. Under Hypothesis (1) or (2), there exists 0 < wqy < 00 such
that in [wo, 00) the functions f(w) and g(w) have only real roots and these roots interlace” .

Hypothesis 3. Let 17 + 1 be the number of zeros of g(w) and 15 be the number of zeros of f(w) in
(0,wy). Suppose that wy € R™, 1g,1 7 € IN are suf ciently large, such that the zeros of f(w) and
g(w) in [wo, 00) interlace (with wy < w1). Therefore, if 115 + 114 is even, then wo = wy, , where wg,
denotes the 11¢-th (non-null) root of g(w), otherwise wy = w fup? where w for denotes the 1 ¢-th root of

flw).

Note that, the Lemma (2) establishes only the condition of existence for wy such that f(w) and
¢(w) have only real roots and these roots interlace, by another hand the Hypothesis (3) has a
constructive character, that is, it allows to calculate wy.

Definition 11. (Signature of Quasipolynomials) Let &(z) be a given quasipolynomial
described as in (24) without real roots in imaginary axis. Under Hypothesis (3), let
0=wg <wg <...< Wy, < wqy and wp <...< wqu < wqy be real and distinct zeros of

g(w) and f(w), respectively. Therefore, the signature of  is de ned by
[ {sonlr ()] + 2( Sl C1sonl (o] ) + (-1l g, )] b1 sl
_ if my+1g is even;
a(9)
{sgnl ()] +2( Dl (-1 sgnl () ) b-1sglstaog, ),
L if np g is odd;

7 The proof of Lemma (2) follows from Theorems (4) - (5); indeed, under Hypothesis (2) the roots of §(z)
go into the left hand complex plane for |z| sufficiently large. A detailed proof can be find in Oliveira et
al. (2003) and Oliveira et al. (2009).

www.intechopen.com
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10 Time-Delay Systems

where sgn is the standard signum function, sgn[g(wy)] stands for lim+sgn[g(w)] and
(U-)(UA

wy, (A =0,...,8y,) is the A-th zero of g(w).
Now, by means of the Definition of Signature the following Lemma can be established.

Lemma 3. Consider a Hurwitz stable quasipolynomial 6(z) described as in (24) under Hypothesis (1)
or (2). Let 17y and 174 be given by Hypothesis (3). Then the signature for the quasipolynomial 6(z) is

given by o(8) = 15 + 1.

Referring to the feedback system with a proportional controller C(z) = kp, the resulted
quasipolynomial is given by:

5(z,kp) = e"po(2) +kpp1(2) (25)

where pg(z) and pi(z) are given in (24). In the next Lemma we consider 4(z,ky)
under Hypothesis (1) or (2). Consequently, we obtain a frequency range signature for
the quasipolynomial given by the product d(z, kp)p;(—z) which is used to establish the
subsequent Theorem with respect to the stabilization problem.

Lemma 4. For any stabilizing kyp, let ng + 1 and 115 be, respectively, the number of real and distinct
zeros of imaginary and real parts of the quasipolynomial 6(jw,ky) given in (25). Suppose 1q and
n¢ suf ciently large, it follows that é(jw,kp) is Hurwitz stable if, and only if, the signature for
(jw, kp)p1(—jw) in [0, wo] with wy as in Hypothesis (3), is given by g +1n¢ — o(p1), where oc(p1)
stands for the signature of the polynomial p,.

Definition 12. (Set of strings) Let 0 = wq, < wq, < ... < wg, < wy be real and distinct zeros of
g(w). Then the set of strings Ay in the range determined by frequency wy is de ned as

A ={s0,...,sk:s0 € {-1,0,1};s; € {—-1,1};1=1,...,k} (26)
with sy identi ed as sgn|f (wyg,)] in the De nition (11).

Theorem 6. Let 5(zky) be the quasipolynomial given in (25). Consider

flw,kp) = fi(w) +kpfo(w) and g(w) as the real and imaginary parts of the quasipolynomial

d(jw, kp)p1(—jw), respectively.  Suppose there exists a stabilizing k, of the quasipolynomial

(z,ky), and by taking wy as given in Hypothesis (3) associated to the quasipolynomial 6(z,kp). Let

0= wqy < Wy, <...<wg < wy be the real and distinct zeros of g(w) in [0,wp]. Assume that

the polynomial p1(z) has no zeros at the origin. Then the set of all k,—denoted by I—such that

d(z,kp) is Hurwitz stable may be obtained using the signature of the quasipolynomial 6 (,(z, k)p)pl ((—z))

» . 1 : 1 1 filw) —jg(w

In addition, if 7, = (max |——=———|, min |[——=———1), where = ,
F = T Gl Y T Geg ) M Ghw) T @)

A, is a set of string as in Demition (12) , AF = {s; € A, : sp.sgn[fa(wg,)] =1} and
1 1

],

A7 ={sy € A, : 5. = -1}, h  that ——— ] < min [———
o~ e Aslalon)] =21 e e < B GG

then T = | ., with 1 the number of feasible strings.
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Introduction to Stability of Quasipolynomials 11

4.1 Stabilization using a PID Controller

In the preceding section we take into account statements introduced in Oliveira et al. (2003),
namely, Hypothesis (3), Definition (11), Lemma (2), Lemma (3), Lemma (4), and Theorem (6).
Now, we shall regard a technical application of these results.

In this subsection we consider the problem of stabilizing a first order system with time delay
using a PID controller. We will utilize the standard notations of Control Theory, namely, G(z)
stands for the plant to be controller and C(z) stands for the PID controller to be designed. Let
G(z) be given by

G(z) = e (27)

and C(z) is given by
C(z) =k, + ki +kyz
=kp + - 12,
where kj is the proportional gain, k; is the integral gain, and k; is the derivative gain.

The main problem is to analytically determine the set of controller parameters (kp, k;, k;) for
which the closed-loop system is stable. The closed-loop characteristic equation of the system
with PID controller is express by means of the quasipolynomial in the following general form

S(jw, kp, ki kg)p1(—jw) = flw, ki kq) + jg(w, kp) (28)

where
flw, ki kg) = fi(w) + (ki — kgw?) fo(w)
g(w,kp) = g1(w) +kpg2(w)

with
fi(w) = —w[w?p§(—w?)p§(—w?) + p§(—w?)p§ (—w?)] sin(Lw) + w? [w?p] (—w?) p§(—w?)
Py (—w?)p§ (—w?)] cos(Lw)
fo(w) = pi(—w?)p§ (—w?) + w?p} (—w?) pf (—w?)
81(w) = wlw?p§(—w?)p](—w?) + p§(—w?)p; (—w?)] cos(Lw) + w?[w?p}(—w?)pf(—w?) —

P (—w?)ps (—w?)] sin(Lw)

£2(w) = wh(w) = wlp](—w?)pi(—w?) + WP} (~?) P (—w?)]

where pj and pj stand for the even and odd parts of the decomposition
po(w) = pi(w?) +wpd(w?), and analogously for pi(w) = p$(w?) +wpi(w?). Notice
that for a fixed k, the polynomial g(w, kp) does not depend on k; and k;, therefore we can
obtain the stabilizing k; and k; values by solving a linear programming problem for each
¢(w, k), which is establish in the next Lemma.

Lemma 5. Consider a stabilizing set (kp, ki, ky) for the quasipolynomial (jw, kp, ki, kz) as given in
(28). Let 17g + 1 and 117 be the number of real and distinct zeros, respectively, of the imaginary and real
parts of 6(jw, kp, ki, kq) in [0, wo], with a suf ciently large frequency wq as given in the Hypothesis
(3). Then, 6(jw, kp, ki, ky) is stable if, and only if, for any stabilizing set (kp, k;, k) the signature of the

www.intechopen.com



12 Time-Delay Systems

quasipolynomial 5(z, kp, ki, kq)p1(—z) determined by the frequency cwy is given by ng + 117 — o(p1),
where o (py) stands for the signature of the polynomial p-.

Finally, we make the standing statement to determine the range of stabilizing PID gains.

Theorem 7. Consider the quasipolynomial 5(jw,kp, ki, ka)p1(—jw) as given in (28). Suppose there
exists a stabilizing set (ky, ki k) for a given plant G(z) satisfying Hypothesis (1) or (2). Let ¢, 11
and wyq be associated to the quasipolynomial (jw,kp, ki, k;) be choosen as in Hypothesis (3). For a

xed kp, let 0 = wg) < wg, < ... < wq, < wy be real and distinct zeros of g(w, kp) in the frequency
range given by wy. Then, the (ki k;) values—such that the quasipolynomial 6(jw,kp, ki ky) is
stable—are obtained by solving the following linear programming problem:

filwg,) + (ki — kgw3,) fa(wg,) >0,  for sp=1,
fl(wgt) + (kl - kdwét)fZ(wgt) <0, fO?’ st = —1;

with sy € A(t=0,1,...,1) and, such that the signature for the quasipolynomial
S(jw, kp, ki kq)p1(—jw) equals ng +117 —0(p1), where o(py) stands for the signature of the
polynomial py.

Now, we shall formulate an algorithm for PID controller by way of the above theorem. The
algorithm® can be state in following form:

Step 1: Adopt a value for the set (kp, k;, kg) to stabilize the given plant G(z). Select 777 and
11, and choose wy as in the Hypothesis (3).

Step 2: Enter functions f;(w) and g1 (w) as given in (28).

Step 3: In the frequency range determined by wy find the zeros of g(w, ky) as defined in (28)
for a fixed kp.

Step 4: Using the Definition(11) for the quasipolynomial é(z, kp, ki, kz)p1(—2), and find the
strings A, that satisfy o/(6(z, kp, ki, kq)p1(—2)) = ng + 117 — o(p1).
Step 5: Apply Theorem (7) to obtain the inequalities of the above linear programming problem.

5. Conclusion

In view of the following fact concerning the bibliographic references (in this Chapter): all
the quasipolynomials have only one delay, it follows that we can express 6(z) = P(z,¢%) as
in (24), where P(z,s) = po(z)s + p1(z) with d(pg) =1, d(p1) =0 and 9d(py) =2, d(p1) =1
in Silva et al. (2000), o(pg) = 2, d(p1) = 0 in Silva et al. (2001), d(pg) = 2, d(p1) = 2 in Silva
et al. (2002), d(po) =2, d(p1) = 2 in Capyrin (1948), d(pg) = 5, d(p1) = 5 in Capyrin (1953),
and d(pg) = 1, d(p1) = 0 [Hayes’ equation] and d(pg) = 2, d(p1) = 0, 1,2 [particular cases] in
Bellman & Cooke (1963), respectively. Similarly, in the cases studied in Oliveira et al. (2003)
and Oliveira et al. (2009)—and described in this Chapter—the Hypothesis (3) and Definition
(11) take into account Pontryagin’s Theorem. In addition, if we have particularly the following
form F(z) = f1(2)eM? 4 fo(z)e’??, with A1, A, € IR (noncommensurable) and 0 < A; < Ay, we
can write F(z) = ¢M7§(z), where 6(z) = f1(z) + fo(z)e2~M)? with 9(f,) > 9(f1), therefore
d(z) can be studied by Pontryagin’s Theorem.

8 See Oliveira et al. (2009) for an example of PID application with the graphical representation.
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Introduction to Stability of Quasipolynomials 13

It should be observed that, in the state-of-the-art, we do not have a general mathematical
analysis via an extension of Pontryagin’s Theorem for the cases in which the quasipolynomials
5(z) = P(z,¢*) have two or more real (noncommensurable) delays .

6. Acknowledgement

I gratefully acknowledge to the Professor Garibaldi Sarmento for numerous suggestions for
the improvement of the Chapter and, also, by the constructive criticism offered in very precise
form of a near-final version of the manuscript at the request of the Editor.

7. References

Ahlfors, L.V. (1953). Complex Analysis. McGraw-Hill Book Company, Library of of Congress
Catalog Card Number 52-9437,New York.

Bellman, R. & Cooke, K.L. (1963). Differential - Difference Equations, Academic Press Inc.,
Library of Congress Catalog Card Number 61-18904, New York.

Bhattacharyya, S.P.; Datta, A. & Keel, L.H. (2009). Linear Control Theory, Taylor & Francis
Group, ISBN 13:978-0-8493-4063-5, Boca-Raton.

Boas Jr., R.P. (1954). Entire Functions, Academic Press Inc., Library of Congress Catalog Card
Nunmber 54-1106, New York.

Capyrin, V.N. (1948). On The Problem of Hurwitz for Transcedental Equations (Russian). Akad.
Nauk. SSSR. Prikl. Mat. Meh., Vol. 12, pp. 301-328.

Capyrin, V.N. (1953). The Routh-Hurwitz Problem for a Quasi-polynomial for s=1, r=5
(Russian). In"en. Sb., Vol. 15, pp. 201-206.

El'sgol’ts, L.E.(1966). Introduction to the Theory of Differential Equations with Deviating
Arguments. Holden-Day Inc., Library of Congress Catalog Card Number 66-17308,
San Francisco.

Ho, M., Datta, A & Bhattacharyya, S.P. (1999). Generalization of the Hermite-Biehler Theorem.
Linear Algebra and its Applications, Vol. 302-303, December 1999, pp. 135-153, ISSN
0024-3795.

Ho, M., Datta, A & Bhattacharyya, S.P. (2000). Generalization of the Hermite-Biehler theorem:
the complex case. Linear Algebra and its Applications, Vol. 320, November 2000, pp.
23-36, ISSN 0024-3795.

Levin, B.J. (1964). Distributions of Zeros of Entire Functions, Serie Translations of Mathematical
Monographs, AMS; Vol. 5, ISBN 0-8218-4505-5, Providence.

Oliveira, V.A., Teixeira, M.C.M. & Cossi, L.V. (2003). Stabilizing a class of time delay systems
using the Hermite-Biehler theorem. Linear Algebra and its Applications, Vol. 369, April
2003, pp. 203-216, ISSN 0024-3795.

Oliveira, V.A.; Cossi, L.V,, Silva, A.M.F. & Teixeira, M.C.M. (2009). Synthesis of PID Controllers
for a Class of Time Delay Systems. Automatica, Vol. 45, Issue 7, July 2009, pp.
1778-1782, ISSN 0024-3795.

Ozgiiler, A. B. and Kogan, A. A. (1994). An analytic determination of stabilizing feedback
gains. Institut fiir Dynamische Systeme, Universitat Bremen, Report No. 321.

www.intechopen.com



14 Time-Delay Systems

Pontryagin, L.S.(1955). On the zeros of some elementary transcendental functions, In: Izv.
Akad. Nauk. SSSR Ser. Mat. 6 (1942), English Transl. in American Mathematical
Society, Vol. 2, pp. 95-110.

Pontryagin, L.S.(1969). Equations Différentielles Ordinaires, Editions MIR, Moscou.

Silva, G. ]J., Datta, A & Bhattacharyya, S.P. (2000). Stabilization of Time Delay Systems.
Proceedings of the American Control Conference, pp. 963-970, Chicago.

Silva, G. J., Datta, A & Bhattacharyya, S.P. (2001). Determination of Stabilizing Feedback
Gains for Second-order Systems with Time Delay. Proceedings of the American Control
Conference, Vol. 25-27, pp. 46504655, Arlington.

Silva, G. J., Datta, A & Bhattacharyya, S.P. (2002). New Results on the Synthesis of PID
Controllers. IEEE Transactions on Automatic Control, Vol. 47, 2, pp. 241-252, ISSN
0018-9286.

Titchmarsh, E. C. (1939). The Theory of Functions, Oxford University Press, 2nd Edition,
London.

www.intechopen.com



_ Time-Delay Systems
SYSTEMS Edited by Prof. Dragutin Debeljkovic

Lt iy Ovagutic Debeljiondd

ISBN 978-953-307-559-4

Hard cover, 226 pages

Publisher InTech

Published online 10, February, 2011
Published in print edition February, 2011

Time delay is very often encountered in various technical systems, such as electric, pneumatic and hydraulic
networks, chemical processes, long transmission lines, robotics, etc. The existence of pure time lag,
regardless if it is present in the control or/and the state, may cause undesirable system transient response, or
even instability. Consequently, the problem of controllability, observability, robustness, optimization, adaptive
control, pole placement and particularly stability and robustness stabilization for this class of systems, has
been one of the main interests for many scientists and researchers during the last five decades.

How to reference
In order to correctly reference this scholarly work, feel free to copy and paste the following:

Lucia Cossi (2011). Introduction to Stability of Quasipolynomials, Time-Delay Systems, Prof. Dragutin
Debeljkovic (Ed.), ISBN: 978-953-307-559-4, InTech, Available from: http://www.intechopen.com/books/time-
delay-systems/introduction-to-stability-of-quasipolynomials

INTECH

open science | open minds

InTech Europe InTech China

University Campus STeP Ri Unit 405, Office Block, Hotel Equatorial Shanghai

Slavka Krautzeka 83/A No.65, Yan An Road (West), Shanghai, 200040, China

51000 Rijeka, Croatia FE BHIERFARK6SS HiBEFR R ARIRE I AE40582TT
Phone: +385 (51) 770 447 Phone: +86-21-62489820

Fax: +385 (51) 686 166 Fax: +86-21-62489821

www.intechopen.com



© 2011 The Author(s). Licensee IntechOpen. This chapter is distributed
under the terms of the Creative Commons Attribution-NonCommercial-
ShareAlike-3.0 License, which permits use, distribution and reproduction for
non-commercial purposes, provided the original is properly cited and

derivative works building on this content are distributed under the same
license.




