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1. Introduction

Much attention has recently been given to statement and investigation of new problems
for the models of heat and mass transfer. The control problems for Navier-Stokes and
Oberbeck-Boussinesq equations are examples of such kind problems. This interest to control
problems is connected with a variety of technical applications in science and engineering
such as the crystal growth process, the aerodynamic drag reduction, the suppression of a
turbulence and mass flow separation. In control problems the unknown densities of boundary
or distributed sources, the coefficients of model differential equations or boundary conditions
are recovered from minimum of certain cost functionals depending on controls and state (the
solution to the original boundary value problem). The number of papers is devoted to study
of control problems for models of heat and mass transfer. We mention in particular papers
(Gunzburger et al., 1991; 1993; Ito & Ravindran, 1998; Alekseev, 1998a;b; Alekseev & Tereshko,
1998a;b; Capatina & Stavre, 1998; Lee & Imanuvilov, 2000a;b; Lee, 2003) devoted to theoretical
study of control problems for stationary Oberbeck-Boussinesq equations.

Along with control problems, the inverse problems for models of heat and mass transfer
play an important role. Importantly, these inverse problems can be reduced to corresponding
control problems by choosing a suitable minimized cost functional that adequately describes
the inverse problem in question (Alekseev, 2000; Alekseev & Adomavichus, 2001; Alekseev,
2001; 2002; 2006; 2007a;b; Alekseev et al., 2008; Alekseev & Soboleva, 2009; Alekseev &
Tereshko, 2010a). As a result, both control and inverse problems can be analyzed by applying
a unified approach based on the constrained optimization theory in Hilbert or Banach
spaces. These theoretical results, the increasing power of computers and the development of
numerical methods for the flow simulation itself motivate the numerical study of the optimal
flow control problems under consideration.

Oberbeck-Boussinesq equations are the most often used model of convection. Rigorous
derivation of these equations from full model of viscous compressible heat conducting fluid
can be found in (Gershuni & Zhukhovitskii, 1976; Joseph, 1976). Limits of applicability
of this model are indicated in (Pukhnachev, 1992) for heat convection description and
in (Perera & Sekerka, 1997) for concentration convection. In these papers new models
of convection with non-solenoidal velocity field were proposed. In (Pukhnachev, 2004)
the hierarchy of thermal gravitational convection models in closed domains, including the
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486 Advanced Topics in Mass Transfer

traditional Oberbeck-Boussinesq equations, was constructed using the asymptotic expansions
of the original equations with respect to the parameters of weak compressibility and
microconvection. This theory was further developed in (Andreev et al., 2008). It is shown
there that the non-solenoidal effect results in a minor correction to the velocity field in the
case of steady flows. At the same time, there are significant differences in predictions of
classical and new models for dramatically unsteady flows, caused by large gradients of the
initial temperature field or by long-term time-periodic changes in the boundary temperature
regime. These differences are most noticeable in the case when the microconvection parameter
1 = g1®/(vA1) has the order one. Here g is the acceleration of gravity, [ is the characteristic
linear scale, A1 is the thermal diffusivity.

Let O be a bounded domain in the space R? (d = 2,3) with a Lipschitz boundary I' consisting
of two parts I'p and I'y. In this chapter we consider the model of heat and mass transfer
in a viscous incompressible heat conducting fluid. The model consists of the Navier-Stokes
equations and the convection-diffusion equations for the substance concentration and
the temperature that are nonlinearly related via buoyancy in the Oberbeck-Boussinesq
approximation and via convective mass and heat transfer. It is described by the equations

—vAu+ (u-V)u+Vp=£+ (BcC—B7rT)G, divu=0in (), u=gonT, (1)
“AAC+u-VCH+kC=finQ, C=gponTp, AdC/dn=xonTy, 2)
—AlAT—I-U'VT:fl il’lQ, TZ(POI’IFD, A](aT/aTl—{-OCT):?]OIer. (3)

Here u, T and C denote the velocity, temperature and substance concentration fields
respectively, p = P/p where P is a pressure and p = const is the density of medium, v is the
kinematic viscosity coefficient, f is the mass density of body forces, G is the gravitational
acceleration vector, k is the coefficient of decomposition of the substance due to chemical
reactions, f and f; are volume densities of the substance and heat sources, ¢ is the solutal
expansion coefficient, B is the volumetric thermal expansion coefficient, A and A are the
diffusivity and thermal diffusivity coefficients, g is a given vector-function on I,  and ¢ are
given functions on a part I'p of T, x and «, 7 are functions given on another part I'y =T\ I'p
of I, n is the unit outer normal. We note that all the quantities in (1)—(3) are dimensional and
their dimensions are defined in terms of SI units.

Hereinafter it is assumed that the parameters v,A, A1, B¢, BT, k are constants. This assumption
is physically justified if the temperature T varies in a small range (Batchelor, 2000). The
temperature change has the greatest influence on the viscosity. For example the viscosity
of water decreases by more than twice during heating from 1°C to 99°C. As to the solvability
of the boundary value problems for thermal convection model with temperature-dependent
transport coefficients see (Goncharova, 2002) and references therein. Group-theoretical
properties of the equations of this model and their exact solutions are considered in (Andreev
et al., 1998). We note the anomalous property of water concerning with the nonmonotonic
dependence of density on temperature near T = 4°C. The dependence of parameters in
equations (1)-(3) on the substance concentration C is less significant. It should be noted
also that the applicability of our concentration convection model is limited to small values
of concentration C.

In the special case where Bt = 0 and k = 0 problem (1)—(3) splits into two: problem (1), (2)
for the mass transfer model in the Oberbeck-Boussinesq approximation (see (Joseph, 1976)),
and the linear boundary value problem (3) (for given u) for temperature T, which describes
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Boundary Control Problems for Oberbeck—Boussinesq Model of Heat and Mass Transfer 487

the convection-diffusion of a heat. We shall refer to problem (1), (2) at B = 0 as Model 1.
In another special case where B = 0 problem (1)—(3) splits into problem (1), (3) for a heat
transfer model in the Oberbeck-Boussinesq approximation (see (Joseph, 1976)), and the linear
boundary value problem (2) for substance concentration C. We shall refer to problem (1), (3)
at Bc = 0 as Model 2. Finally problem (1)—(3) itself is referred to as Model 3.

Our goal is the study of the boundary control problems for the models under consideration.
The problems consist in minimization of certain cost functionals depending on the state and
controls. In order to formulate a boundary control problem for Model 1 we divide the set of all
data of Model 1 into two groups: the group of controls containing the functions g € H'/?(T)
and x € L?(T'y), which play the role of controls, and the group of fixed data comprising the
invariable functions f, f,k, B¢ and . We assume that the controls g and x vary in some closed
convex sets K; C H/?(T) and K, C L?(Ty). The mathematical statement of the boundary
control problem for Model 1 is as follows: to find a pair (x,u), where u = (g, x) € K=Kj x Ky,

= (u,p,C) € X=HY(Q) x L3(Q) x H(Q) such that F(x,u) =0 and

_H
T80 = 21(x) +

HgHHuz HXHLz (ry) — inf.
Here F(x,u) = 0 is the operator constraint in the form of a weak formulation of Model 1; u,
11, Ji2 are nonnegative constants, I(x) is a cost functional.
Similar boundary control problems can be formulated for Models 2 and 3. We divide the set of
all data of Model 2 into two groups: the group of controls containing the functions g € H!/2(T)
and 57 € L?(Ty) and the group of fixed data comprising the invariable functions f, f;, B7,« and
¢. It is assumed that the controls g and 7 vary in some closed convex sets K; C H/2(T') and
K3 C L*(Ty). A boundary control problem for Model 2 consists of finding a pair (x,u), where
u=(gn) € K=Ky xKs, x=(u,p,T) € X =H(Q) x LF(Q) x H'(Q) such that G(x,u) =0
and

J0ogn) = 22100 + E gl + B I, — inf. (4)

Here G(x,u) = 0 is the operator constraint in the form of a weak formulation of Model 2,
o, 1 and p3 are nonnegative constants. Finally, a boundary control problem for Model 3
consists of finding a pair (x,u), where u = (g, x,7) € K=K; x K x K3, x= (u,p,C,T) € X =
HY(Q) x L3(Q) x HY(Q) x Hl(Q) such that H(x,u) = 0 and

Jxgx1) = %I( x) + IIgHHm ||X||Lz (Iw) ||,7|| ) = inf.

Here H(x,u) = 0 is the operator constraint in the form of a weak formulation of Model 3.

The work consists of two parts. In the first part the solvability theorems for boundary
control problems under study are formulated and proved. Optimality systems describing the
first-order necessary optimality conditions are derived and analyzed. Sufficient conditions
to the data ensuring the local uniqueness and stability of optimal solutions for concrete
tracking-type functionals are established. The local uniqueness conditions are rather
cumbersome. To simplify them, we introduce analogues of dimensionless parameters widely
used in fluid dynamics, namely, the Reynolds number and the diffusion or temperature
Rayleigh and Prandtl numbers. In terms of these parameters, the uniqueness conditions
can be written in a relatively simple form and are similar to those for the coefficient inverse
problems for the stationary linear convection-diffusion-reaction equation (see e.g. (Alekseev
& Tereshko, 2008)).
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In the second part a numerical algorithm based on Newton’s method for the optimality
system and finite element method for linearized boundary value problems is formulated and
analyzed. Some computational results connected with the vortex reduction in the steady
2D viscous fluid flow around a cylinder in a channel by means of the temperature and
hydrodynamic controls on some parts of the boundary are given and discussed. The details
of theoretical and numerical studies can be found in (Alekseev & Tereshko, 2008).

2. Statement of boundary control problem for mass transfer model

We begin our study with consideration of Model 1 having in denotions of Sect. 1 the form

—vAu+ (u-V)u+Vp=1£+BcCG,divu=0in (), u=gonT, )

—AC+u-VC+kC=finQ), C=¢ponIp, AdC/dn = x onTIy. (6)

Under theoretical study of control problems for Model 1 we shall use the Sobolev spaces
H*(D) with s € R and the spaces L' (D) with r > 2 where D denotes (), its subset Q, I or
its part I'y with positive measure. The corresponding spaces of vector functions are denoted
by H°(D) and L"(D). The norms and inner products in H*(Q), H*(T') and in their vector
analogies are denoted by || - ||s o, || - |lsr and (+,-)s,0, (-,-)s,r- The inner products and norms
in L?(Q) or in L?(Q) are denoted by (-,-)g and || - [|o. If Q = Q then we set || - o = - ||,
(,)a = (-,+). The inner product and norm in L?(I'y) are denoted by (-,-)r, and || - ||r,,- The
norm and seminorm in H!(Q) or in H!(Q) are denoted by || - ||y and | - |;. The duality relation
for the pair of dual spaces X and X* is denoted by (-, -) x+x x or simply (-, -). Let the following
assumptions hold:

(i) Q) is a bounded domain in RY, d =2,3 with a boundary I' € o1 consisting of N connected
componentsI';,i =1,2,...,N. The open segments I'p and I'y of I' obey the conditions I'p € Cco1,
I'y € Co’l, I'p 0, TpNIy :Q),l":fD UTN.

Let D(Q) be the space of infinitely differentiable finite in Q functions, H}(Q2) be a closure of
D(Q) in H{(Q), H)(Q) = H (Q)?, V= {veH}(Q):divv=0}, H 1 (Q) = H}(Q)*, L3(Q) =
{pel?(Q):(p1)=0}, T=HYQ,TIp)={Se H(Q):S|r, =0}, L2 (D)={uecl?>(D): u>
0}. We shall use the following inequalities which are implied by the embedding theorems and
the continuity of the trace operator:

lullg < collulli, [lrotull < crllully, ulli/2r <crfulli YueHY(Q). )

Here cq, ¢y, cr are constants depending on Q).

Together with H!'(Q)) and HY/2(I') we shall consider their closed subspaces H'(Q) =
{ue H'(Q) : w'n|r, = 0,(wn), =0, i = LN}, H, (Q) = {v e H(Q) : divv = 0},
HY, (Q) = {veHY(Q):divv =0}, H/%(T) = {u|r : u € H(Q)}, and also duals H'(Q)*,
H'/2(T)* of the spaces H!(Q), H/2(T"). Let us introduce the following bilinear and trilinear
forms: ap: H'(Q)? = R, b: H'(Q) x L3(Q) > R, a1 : HY(Q)? 5 R, by : H(Q) x H{(Q) » R,
c:H'Y(Q)? = R, c; : HY(Q) x HY(Q) x H'(Q) — R by

ap(u,v) = (Vu,Vv), b(v,q) = —(divv,q), c(u,v,w) = ((u - grad)v,w),
a1(C,S) = (VC,VS), by (5,v) = (bS,v), ¢1(u,C,S) = (u-VC,S), b=BcG.
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We note that forms c and c; possess the next properties (Alekseev & Tereshko, 2008; Girault &
Raviart, 1986):

c(u,v,w) = —c(u,w,v), c(u,v,v) =0vuc H} (Q), (v,w) €H}(Q) x H'(Q), (8)

c1(u,C,S) = —¢1(u,5,C), ¢1(u,C,C) =0 Vue HY (Q),(C,S) e T x HY(Q).  (9)

Besides all the forms are continuous and the following technical lemma holds (Alekseev &
Tereshko, 2008).

Lemma 1. Under conditions (i) there exist constants &y, 01, yo, y1, Y2 and By depending on Q) such
that

lag(w,v)| < [lull1[[v]l1 ¥(u,v) € H'(Q)?, ag(v,v) > & v[|7 Vv € Hy(Q), (10)
a1(C,9)| < [IChlIS]1 ¥(C,S) € H'(Q)x € H'(Q), a1(C,C) > &|C[f VCeT,  (11)
le(w,v,w)| < pollull1[[v]1llwli ¥V(u,v,w) e H (Q)?, (12)

le1(w,C,9)| < mful1[Cl1lIS]ly Yue H'(Q), (C,S) e H(Q)x e H'(Q),  (13)
b1(C,v)| < B1[Cllallvll VC € HY(Q),v € Hy(Q), (14)

06Oyl < lxliey €Iy < 72llxliry €I ¥C € HY(Q). (15)
Bilinear form b(-,-) satisfies inf-sup condition

inf sup blv.q) > B = const > 0. (16)

qGLg(Q)IQ¢0ng5(Q),‘,7&Q vll1lgl

Let in addition to (i) the following conditions take place:

(i) f€e H1(Q), b e L}(Q), f € L2(Q), k€ L2 (Q), p € H/2(Tp);

(iii) g € H/2(T), x € L*(Tn).

In order to formulate an extremum problem for Model 1 we divide the set of all input data
in problem (5), (6) into two groups. One consists of control functions g and y, and the other
consists of fixed data, namely f,b, f,k and 1. Assume that controls g, x vary over some sets
K7 and K3 such that

(j) Ky € HY/2(T), K, C L*(Ty) are nonempty convex closed subsets.

Let X = H(Q) x L2(Q) x H'(Q), Y = H1(Q) x L3(Q) x HY2(T) x T* x HY/2(Tp), x =
(u,p,C) € X. Introduce an operator F = (F,F,, F3,Fy, F5) : X x K1 x K — Y, defined by

(Fi(x,u),v) =vag(u,v)+c(u,u,v)+b(v,p) — by (C,v) — (f,v),

(F(x,u),r) =b(u,r) = —(divu,r), F3(x,u) =ulr — g, F5(x,u) =Clr, — ¢,
(Fa(x,u),S) = Aay(C,S) + (kC,S) +¢1(u,C,S) — (f,S) — (X, S)ry-

We multiply the first equation in (5) by v € H}(Q), the equation in (6) by S € T, integrate the
results over () with use of Green formulas, and use boundary conditions in (5), (6) to obtain a

www.intechopen.com
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weak formulation of problem 1. It consists of finding a triple x = (u,p,C) € X satisfying the
relations

vag(u,v) +c(u,u,v) +b(v,p) —b1(C,v) = (f,v) Vv e H(lj(Q), (17)
Aay(C,S) + (kC,S) +¢1(w,C,S) =(L,S) =(f,S) + (X, S)ry VSET, (18)
divu=0inQ, ulr =g, Clr, =¥, (19)

which one can rewrite in an equivalent form of the operator equation
F(x,u) = F(u,p,C,g,x) =0. (20)

This triple (u, p,C) € X will be called the weak solution to problem (5), (6).
Let I : X — IR be a weakly lower semicontinuous cost functional. Setting K = K; x Kp, u =
(g,x), uo = (f,b, f,k,¢) we formulate the following constrained minimization problem

J(x1) = (p0/2)1(x) + (u1/2)|18lI5 o r + (#2/2)l|XIIF,, = inf, F(x,1) =0, (x,u) € X x K. (21)

Here pp > 0 and p1 > 0, p > 0 are positive dimensional parameters which serve to regulate
the relative importance of each of the terms in (21). Another purpose of introducing y; is to
ensure the uniqueness and stability of solutions to control problems under consideration (see
below). The possible cost functionals are defined as

LX) = [[v=valg, LO)=lv-vallf o L(x)=lrotv —nalley, La(x) =llp—palyy. (22)

Here Q is a subset of Q, v; € L2(Q) (or vy € H'(Q)), 174 € L*(Q) and p; € L*(Q) are functions
which are interpreted as measured velocity, vorticity or pressure fields. Define Z,; = {(x,u) €
X x K:F(x,u) =0,](x,u) < oo}. Let us assume in addition to (j) that

Gj) po >0, w1 >0, up > 0 and K is a bounded subset or pg > 0, p11 > 0, pp > 0 and functional I
is bounded from below.

According to general theory of extremum problems (see (loffe & Tikhomirov, 1979)) we
introduce an element y* = (£,0,¢,60,(°) € Y* = H}(Q) x L3(Q) x H2(T')* x T x HY/?(Tp)*
which is reffered to as the adjoint state and define the Lagrangian £ : X x K x R x Y* = R,
where RT = {A € R: A > 0}, by the formula

Lu,Ao,y") = AoJ (x,u) + (FL(xu),8) + (F2(x,u),q)+

(T, F3(x,u))r + 2(Fy(x,u),0) + 2(0°, F5(x, 1)),

Here ({,8)r = (C,8)m2(ry iz for ¢ € HY2(D)*, (T, ¢)ry, = (€5 9) mra(rp) <y for
7¢ € HY?(Tp)*, » is a dimensional parameter. Let the dimension [3] be chosen so that the
dimensions of ¢,s,0 at the adjoint state y* coincide with those at the basic state x = (u,p,C)
ie.

) =[u] = LoTy ', [6] = [C] = MoLy >, [s] = [p] = L§T, ~. (23)
Here Ly, Ty, My denote the SI dimensions of the length, time and mass units expressed in
meters, seconds and kilograms respectively. A simple analysis of (23) shows that necessary
condition for fulfillment of (23) is [»] = L8T; ZMO_ 2 (see (Alekseev & Tereshko, 2008)).
Below we shall use some results concerning problem (5), (6) and extremum problem (21). The
proofs of the theorems are simular to those in (Alekseev & Tereshko, 2008).
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Theorem 1. Let conditions (i), (ii) be satisfied. Then for any u € K problem (5), (6) has a weak
solution (u,p,C) € X that satisfies the estimates ||ully < My(uo,u), ||p|| < Mp(uo,u), [|Cll1 <
Mc(uo,u). Here My(ug,u), Mp(ug,u) and Mc(ug,u) are nondecreasing continuous functions of

the norms ||£[| v, [bll, [|f[l, [Ik]l, I9ll1/2,05, [I8ll1/20, [IXIlry- If the functions £,b, f, k, ¢, g, x are
small (or the viscosity v is high) in the sense that

YoMu(uo,u) | 1 B171 M (1, 1)

24
Sov Gov oA s (24)

then the weak solution to problem 1 is unique. Here éy,01,70,v1, B1 are the constants from (10)—(14).
Theorem 2. Under conditions (i), (ii), (j) and (jj) let I : X — R be a weakly lower semicontinuous
functional and Z,5 # ©. Then control problem (21) has at least one solution.

Theorem 3. Under conditions (i), (ii), (j) let uy >0, p; > 0 or ug > 0, u; > 0 and K; be the bounded
sets, | =1,2. Then control problem (21) has at least one solution for I = I, k =1,2,3,4.

Theorem 4.  Under conditions (i), (ii), (j) and (jj) let (%,1) = (4,p,C,8,%) € X x K be a local
minimizer in problem (21) and let the functional I be continuously differentiable at the point X. Then,
there exists a nonzero Lagrange multiplier (A, y*) = (Ao, &,0,(,0,0¢) € RT x H{(Q) x L3(Q) x
H/2(T)* x T x H/?(T'p)* that satisfies the Euler-Lagrange equation FL(%,01)*y* = —AoJL(X,1),
which is equivalent to the identities

VaO(W/C) + C(ﬁ,W,C) + C(W,ﬁ,g) + %Cl(u/ére> + b(W,O’) + <€;W>r =

— Ao(o/2){Th (%), w) Yw € HY(Q), b(&,r) = —(dive,r) = —Ag(po/2) (I)(%),7) Vr € Lg(gg;

sx[Aaq (T,0) + (kT,0) + ¢1(0,7,0) + (¢, )1, ] — b1(T,8) =

— Ao(po/2) (I (%), ) VT € HY(Q), (26)

and satisfies the minimum principle L(X,11, A, y") < L(X,u,Ag,y") for all u € K and the variational
inequality

Aom1(g8—8)1/2r — (0,8 — &) + Ao (XX — X)ry — 20 x — X)ry 2 0Vu=(g,x). (27)

Theorem 5. Let the assumptions of Theorem 4 be satisfied and inequality (24) hold for all u € K.
Then: 1) homogeneous problem (25), (26) (if Ay = 0) has only trivial solution y* = (¢,0,(,0,0°) =0;
2) any nontrivial Lagrange multiplier satisfying (25), (26) is reqular, i.e. it has the form (1,y*).
Relations (25), (26), together with variational inequality (27) and operator constraint (20)
constitute an optimality system. It consists of three parts. The first part has the form of a
weak formulation (17)—(19) of problem (5), (6), which is equivalent to operator equation (20).
The second part consists of identities (25), (26) for the Lagrange multipliers ¢, o, {, 6 and °.
Finally, the last part of the optimality system is the variational inequality (27) with respect to
controls g and x which is the consequence of the minimum principle.

Remark 1. We emphasize that the multiplier (adjoint velocity) ¢ is in a general case a
nonsolenoidal vector-function except the situation when the cost functional I independent
of pressure p. Only in this case it follows from (25) that div¢ = 0 and moreover ¢ € V.
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Remark 2. Denote by g; = g|r, the restriction of the boundary vector g to the component I';
of I and introduce values (flows) g; of the vector g; through I'; by g; = (g;,n)r, = fl"i g - ndo.
We note that the incompressibility condition divu = 0 in (5) results in the following necessary
condition for g;:
(gn)r=q1+q2+...+qv=0.

At the same time Theorem 1 is proved under more strict condition g € H'/2(T) on g equivalent
to N conditions g1 =0, g =0,...,qn = 0 for the vector g. The latter is connected with the fact
that the proof of Theorem 1 is based on the generalization of the Hopf’s lemma see (Hopf,
1941). According to this generalized Hopf’s lemma for any vector g € H'/2(T) and any & > 0
there exists such a solenoidal expansion uy € H. (Q) into Q) for which

(v V)uo,v)| <ellglli/rlvli Vve V.

Using this lemma one can look for a weak solution of problem (5) at B¢ = 0 in the form
u = ug + @1, where @ € V is a new unknown function and to obtain a “coercitive” nonlinear
operator equation for function . The existence of the solution 1 of the latter equation can be
proved using Schauder theorem (see e.g. (Alekseev & Tereshko, 2008)). It should be noted
that the question of Hopf’s lemma validity and proof of the existence theorem for problem (5)
at Bc = 0 under fulfillment only condition (g,n)r = 0 to the vector g € H'/?(T) is till open.
One can read about this problem (so called Leray problem) in more details in (Alekseev &
Tereshko, 2008, Appendix 5) and in (Pukhnachev, 2009; 2010).

The sufficient conditions of solvability of the stationary boundary value problem for the
Navier-Stokes equations without the assumption q; =0, i = 1,...,N are stated in mentioned
papers. Besides a detailed bibliography on Leray problem is provided. As to the
general boundary value problem (1)-(3) for stationary heat and mass transfer equations,
its uniqueness, even when the equalities q; = 0 hold, can be proved only in the case when
values of thermal and diffusion Rayleigh numbers are small. Moreover the branching of
stationary solutions is possible in the case of large values of Rayleigh numbers (Gershuni
& Zhukhovitskii, 1976; Joseph, 1976).

3. General property of the optimality system solutions

Let us consider control problem (21). Denote by (x1,u1) = (uy,p1,C1,81,x1) € X x K its
solution. By (xp,u2) = (up,p2,Ca,82,X2) € X x K we denote a solution of problem

Joou) = E0100) + Bl lgli} o + 2 xl1F, = inf, FOxu) =0, (xa) € X x K, (28)

which is obtained from (21) by replacing a functional I in (21) with another one I. In view of
Theorem 1 the following estimates for pairs (u;, p;) hold

[ul|y < Mg = sup My (ug, u), ||pill < M) =sup My (uo,u), [|Cill1 < ME = sup Mc (ug, u). (29)
uek uek uek

We introduce “model” Reynolds number Re, Rayleigh number Ra and Prandtl number P by

0
_ oMy _m BMc o, dov
Re=—5 Ra=50"53 P =5 (30)
and assume that . 0
M
Re+Ra=Y0Ma . m PMc (31)

(501/ 501/ (51/\
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Denote by (1,y;) = (1,¢;,0,0;,0;,(7), i = 1,2, the Lagrange multipliers corresponding to
the solutions (x;,u;) (these multipliers are uniquely determined under condition (31)). By
definition elements (¢;,0;,;,0;,(¢) satisfy relations

vag(w,&;) + c(u;,w,&;) + c(w,u;,&;) + »c1(w,C;,60;) + b(w,0;) + (Z;,w)r =

= —(po/2){(IN4(x), w) Yw € H'(Q), b(&;,r) = —(po/2) (1)}, (x:),7) ¥r € L(Q),  (32)

%[Aal(T/9i> + (leei) + Cl(ui/Tlei) + <Ci/T>FD] T bl(T/(:i) =

— (no/2){(I')-(xi),7) VT € HY(Q). (33)
Here we renamed [ = I, [ = 2. Let g8=81 8, X=X1— X2

u=u—uy, p=p1—p2, C=C1—Cp, { =G1—82, 0 =01—02, { =01—02, 0 =01—0, (" =505

(34)
Subtracting equations (17)-(19), written for up,p,Cp,up, from corresponding equations
(17)—(19) for uy, p1,Cq,u; gives

vag(u,v) + c(u,uy,v) + c(up,u,v) + b(v,p) — b1 (C,v) =0Vv e H(l)(Q), (35)
Aa1(C,S) + (kC,S) +¢1(u,Cq,S) + ¢1(up,C,S) = (X,S)rN VSeT, (36)
divu=0inQ, ulr =g, C|r, =0. (37)

Setting g = g1, x = X1 in (27) under Ay = 1, written for § = g>, X = X2, { = {» and
setting g = g,, X = X2 in (27) written for § = g1, ¥ = X1, { = {1, we obtain y1(82,8)1/21 —
(C2,8)r + 12 (X2, X)ry — (02, X)ryy = 0, —p1(81,8)1/2,0 + (1, 8)r — p2 (X1, X)ry +22(61, X )1y =
0. Adding up these inequalities yields the relation

— (Cg)r — (0, X)ry < —pllglF o — H2llx|IF,- (38)

Subtract equations (32), (33) written for (xp,up,y;) from corresponding equations for
(x1,u1,y7). We obtain

I/LZ()(W,(:) + C(ulrwrg) + c(u,w,('jz) + C(W,ul,('j) + C<w1ur§2) + sy (W,Cl,G) + scq (W/C192)+
b(w,0) = —(g,w)r — (p0/2){Iy(x1) — [ (x2), w) Yw € H'(Q), (39)

%[/\al(r,f)) + (kT,Q) +C1 (ul,T,Q) + Cl(u/TrGZ) + <€;T>FD] - bl (T/C) =
= (no/2){Ic(x1) — It (x2),7) VT € H(Q), (40)

b(E,r) = —(o/2) (I (x1) — Ty (x2),7) ¥r € L3(QY). (41)
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Setw=u, 7=C,r=pin(39), (40), (41) and add up the results. Taking into account (37) we
obtain

1/(7[()(11,6) + C(“l/“lC) + 2C<uluf€2) + C(“/“lr@) + 2y (urC119> + 2y (urC/92) + <€rg>l"+
%[Aal(C,G) + (kC,Q) +C (ul,C,Q) + C1(H,C,92)]—
b1(C,&) +b(¢,p) = —(po/2)(Iy(x1) — Iy (x2), w) — (4o /2){Ic(x1) — —Ic(x2),C)—

— (Ho/2) (I, (x1) = I, (x2), p)- (42)
Set v = ¢ in (35), S = 0 in (36) and subtract the results from (42). Using (38) and identities

2c(w,u,G2) +c(uy,w, &) = c(uz,u,§) = 2c(u,u,8) + c(u,u, &) = c(u,u,&y +&2),

2cq (u,C,92) + 1 (u,Cl,G) — (1 (u,Cz,G) =0 (u,C,91 + 92),

we obtain

c(w,u,81 + &) + 2201 (u,C,01 + 62) + (p0/2) Iy (x1) — Iy(x2),u)+

(o/2)(Ic(x1) = Ie(x2),C) + (4o/2) (I, (x1) — I (x2), p) < —pallgllf jor — p2llxlf,-  (43)

Thus the following result holds.

Theorem 6. Let under conditions of Theorem 4 for Iy = I and Iy = I pairs (xq,u1) =
(u1,p1,C1,81,x1) € X x Kand (xp,uz) = (up,p2,Ca,82,x2) € X x K are solutions to problems
(21) and (28) respectively, y; = (;,01,0;,0;,05), i = 1,2, are the Lagrange multipliers corresponding to
these solutions (x;,u;). Then the relation (43) for differencesu =u; —up, p=p1 — p2, C=C1 — Cy,

8 =81 — 82, X = X1 — X2 holds.

Below we shall need some estimates of differences u = u; — up and p = p; — p; via differences
C=C; —Cyand g =g; — g. In order to deduce them denote by ug € H'(Q) a function such
that divug =0, up|r = g, ||uol|1 < col|g]|1/2,r- Here a constant ¢y depends on Q). The existence
of ug follows from (Girault & Raviart, 1986, p. 24). Setu =u; —upy =up + @ wherett € Visa
certain function. Set u = ug + @, v = 1 in (35). Taking into account (8) we obtain

vag(a,@) = —vag(ug, @) — c(ug,uy, @) — c(i,uy, @) — c(up,ug, @) + b1 (C, ).
Using estimates (10), (12), (14), (29) and this relation we deduce, that
Sov|[allf < vl [y + yoMa|[allF +27v0Mg luoll1 (@l + B1lICll1 1)1 (44)
It follows from (31) that

(60v/2) < Gov — YoMy — == M < dov — YoMy, (45)

Rewriting (44) in view of (45) as

(ov/2) |} < (6ov —yoMu) [a][F < (v +270My) lwolll[alls + Bl Cllllall1,
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we obtain that

a1 < (2/80v) (v + 270M) lug 1 + (2B1/80v)||Cll1 < (265" + 4Re)|Jup |1+

+(2B1/60v)[|Cllt 2R |[wol1 + (281/60v)[[Clli, R =65 + 2Re.
Taking into account that u = ug + @, we deduce the following estimate:

lull1 < [[ugllr + [|al[1 < co(2R +1)||gll1/2,r + (2B1/d0v)||Cl|1- (46)

Analogous estimate holds and for pressure difference p = p; — p». We make use inf-sup
condition (16) for obtaining this estimate. By (16) for the function p = p; — p» and any (small)
number § > 0 there exists a function vo € H}(Q), vo # 0 such that b(vo,p) > Bo|voll1llpll,
Bo = (B — ) > 0. Set v = vy in (35). Using this estimate and (10), (12), (14) we have

Bollvoll1llpll < b(vo,p) < (v + 290MY) |Ivoll1][ulls + B1lICll1 [ vollr-

As ||vol|1 # 0 we deduce from this relation that

v+ 29oM0 oV
1ol < 2200 4 By = Ry + £y, @)
Bo Bo Bo Bo
Using (46) we obtain the following estimate for || p||:
501/ ,31
Ipll < ECOR(ZR +1)[lgll1/2r + %(273 +1)[[ClJ1. (48)

Based on Theorem 6 and estimates (46)—(48) we establish in the next section sufficient
conditions to input data which provide uniqueness and stability of the solution (X,1) to
problem (21) for a number of concrete cost functionals and controls.

Remark 3. Let us note that if u = g (or u = x) then this boundary control problem can be
considered as a particular case of the general boundary control problem (21) corresponding to
situation when Kj (or K1) is singleton: K, = {x} (or K1 = {g}).

4. Uniqueness and stability of solutions of boundary control problems

In this section we firstly consider the problem (21) in the case where I = I; and u = g € Ky, i.e.
we consider one-parameter boundary control problem

J(x,8) = v =vallh + ZHlIgl} jor = inf, F(xg) =0, x=(v,g,9) eX,geKi.  (49)

Let (x1,u1) = (u1,p1,C1,81) be a solution to problem (49) which corresponds to a function

vy = u(gl) € L2(Q), (xp,u2) = (uz,p2,Ca,82) be a solution to problem (49) which corresponds

to another function v; = ufiz) € L2(Q). Setting g = g1 — g2, uy = ugl) —u(gz) in addition to (34),

we note that

(I1)u(xi), W) =2(u; —ug,w)g, ((I)y(x1) = (I1)u(x2),u) =2(u —ugu)g =

2(|lullly = (wug)g), (h)e=0. (50)
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The relations (35), (37) for problem (49) do not change while identities (36), (32), (33) and the
main inequality (43) take by (50) and remark 1 a form

Aai(C,S) + (kC,S) +¢1(u,Cq,S) +c1(up,C,S)=0VSeT, (51)

vag(w,&;) + c(u;, w, ;) + c(w,u;,6;) + 51 (w, G, 6;) + b(w,0;) + (Gi, w)r =
—uo(w;— ) w)oyw e HY(Q), GeV, i=12, (52)
%[)\ﬁ(TIGI) + (kTIGi) + 1 (ui/T/Gi) + <€i/T>rD] — bl(T,gi) =0Vte Hl(Q)/ (53)
c(w,u, & + &) + 21 (w,C,00 +62) + po([[ully — (wug)g) < —pallglli/or- (54)
It follows from (37) that C € 7. Set S = C in (51). Using (9) we obtain that
Aa1(C,C) + (kC,C) = —c1(u,Cq,C). (55)
It follows from (13), (14), (29) that

le1(w,C1,C)| < 1M ull[|Cll1, [b1(Cu)] < Biflull1][Clha. (56)

Taking into account (11), (56), we obtain from (55) that d;A [/ C||? < 1 M2||ul|1|C||;. From this
inequality we deduce the following estimate for ||C||1:

Y1 M2
IClh < 55wl (57)
Using (46), (57) and (30) we have
2 'ylMO
[ully <co(2R +1)][gll1/2r + % (51AC Jully = co(@R +1)||gll1/2,r +2Ral[ull;.  (58)

It follows from (58) and (30) that (1 —2Ra)||u|l; < co(2R + 1)|/g||1/2r- Taking into account
that 2Ra < 1 by (31) we obtain from this estimate, (57) and (48) that

CQ(ZR + 1)

ull; < m“gﬂl/z,p (59)
co(2R +1) y1 M2 Sovco(2R +1)(R + Ra)
< < .

Setw = ¢;, T =6, in (52), (53). Using (8), (9) and conditions §; € V, 6; € T we deduce that
vao (G, &) = —c(i,n;, &) — c1(Gi,C;, 0;) — po(u; — uf;),Ci)Q, (61)
x([Aay1(0;,0;) + (k6;,0;)] = b1(0;,8;), i=1,2. (62)

It follows from (10)—(14), (7), (29) that

ao(&:,&1) = Sol|ZillT, (&, )| < vollwill I1Ei1IF < voMallZilT, (63)
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a1(6;,6;) > 61/16;11%, 101(8;,8:)| < Ball6illllEill1, le1(8i Cir0:)| < MG N6, (64)

[(w; = u, &gl < Ilui — uf [lol1&illg < coleoMy + [ 0)1& - (65)
Taking into account (63)—(65) we deduce from (61) and (62) that

16]]1 <

1 171
s Gl (501/—me0 ‘fmMO)||cl|rl<uocg<cQM°+||ud lo)lIgilh-

Combining these inequalities with (45) and (30) gives

210773 ~B1 2uo7s
., < ZEY TS
el < 200 R+ Re), o1 < 5L 200 (Re 4 Re0) (66)
where o ) )
_ 2 0 __
V3 =@y Re _—50VCQ max(||ud HQ'Hud HQ) (67)

Taking into account (12), (13), (57), (66) and (30) we have
le(wu, &1+ &) < vollalF(IG1l + 162011) < 4por3(Re + Re)||ull3,
w1 (u,C 01 + 62) [ < seyaflull1[[Cll([|61][1 + [[62]]1) <
1M 7181 4o 73 (Re + Re)

51 A 51 A Yo
which yields

ul3 :4uovs<ne+7ze°>%ma||u||%

le(u,u,81 + &) + 201 (u,C, 01 + 62)| < 4poys(Re+ Re%) [1+ (71/70)PRa] lullf.  (68)
Using (59) we deduce from (68) that

lc(w,u,1 +G2) + 2c1(u,C, 01 +67)] <

4y073c%(272 + 1)2(Re + Reo) [1+ (71/70)PRa]
= IR 2 ||g||1/2,r-
(1—-2Ra)

Let input data for problem (49) and parameters ji, ;1 be such that

(69)

4ugy3c3 (2R +1)?(Re + Re®) [1 + (71/v0)PRa]

(=€) 2 (1—2Ra)?

, € = const > 0. (70)

Here and further € > 0 is a (small) constant. In view of (70) we find from (69) that

lc(w,u,&1 + &2) + 3201 (w,C,01 +62)| < (1— &) lgl5 /o r- (71)

Taking into account (71) we come from (54) to the inequality

mo(l[ully — (wug)g) < —c(w,u,8y + &) — 201 (w,C,01 + 62) — ||l /o r < €V1H8“1/2(r |
72
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It follows from (72) that |[ul|3 < (w,uy)g < [lul|g|lusllo, which yields [ul|g < [luyllg. As
1 _ (2

u=u; —up,uy=u;’ —u; wededuce the following estimate:

[ug — g < Huc(gl) - “fiz)HQ' (73)

The estimate (73) in the case where Q = () has the sense of the stability estimate of the
component 1 of the solution (#,p,C,§) to problem (49) with respect to small disturbances in
the L?(Q)-norm of the function v; € L?(Q)) which enters into the expression for the functional

I; in (22). In the case where ul(il) = u((iz) it follows from (73) that u; = up. This yields together

with (57), (47) and condition u|r = g = g1 — g in (35) that C; = Cy, p1 = pp and g = . The
latter means the uniqueness of the solution to problem (49) when Q = () and (70) holds.

We note that the uniqueness and stability of the solution to problem (49) under condition (70)
take place and in the case where Q C (), i.e. Q is a part of (). In order to prove this fact let us
consider the inequality (72). Using (73) rewrite it in the form

en|lglt o < c(w,u,& + &) + sec1(u,C, 0 + 602) + p1[|g15 o0 <

< —pollully + mollullgllugllo < polluglp.
From this relation, (59) and (60) we deduce the following stability estimates:

C()(ZR -+ 1)

URTI O R ))
181 —82ll1/2r < %”“d —u; (), llur —uzfly < 1 —2Ra

Ko (1) _ (2)
u,’ —u s(0)s
el lug i lme(g)

MR +1) [Ho (1) (2)
— < — — s
Soveo(2R +1)(R + Ra)

Ips = pall < s Loleg) =g (R=8" +2Re)  (7)

where s = 0. Thus we have proved the following theorem.

Theorem 7. Let under conditions (i), (ii), (j) and (31) the quadruple (u;, p;,C;, ;) be the solution to
problem (49) corresponding to a given function uc(;) € L2(Q), i = 1,2, and the condition (70) holds
where 3 and Re® are defined in (67). Then stability estimates (73) and (74) under s = 0 hold true.
We emphasize that the uniqueness and stability of the solution to problem (49) both under
Q =, and under Q C Q) is proved only if parameter yq in (49) is positive and satisfies (70).
This means that term (y1/2)]|g|| /o r in the expression for the minimized functional ] in (49)
has a regularizing effect on control problem (49).

In the same manner one can study uniqueness and stability of solutions to boundary control
problems for another cost functionals depending on the velocity u. Let us consider for
example the control problem

Jx8) = B2 lv = vl o + ELlglR o — inf, F(xg) =0, x=(v,q,5) € X, g €K1, (75)

which corresponds to the cost functional I;(v) = ||v — VdH%Q' Denoting by (x;,u;) =

(uj, pi,Ci, i) the solution to problem (75) corresponding to a function v; = u(gli) € H'(Q),

i=1,2,and setting g =g — gp, u; = ul(il) — ul(iz) in addition to (34) we note that

(L) (xi),w) =2(w; —u), w)1 0, (B)a(x1) = (In)4(x2),u) = 2(u — ug,u)y 0
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=2(|lulli g — (wug)10), (L)c=0. (76)
In view of (76) relations (35), (37), (51), (53), (62) and estimates (57), (59), (60) do not change
while (43) and (32) under w = ¢; take instead of (54), (61) the form

c(w,u,81 + &) + 2c1(u,C,01 +62) + P‘O(Hqu,Q - (urud)l,Q) < -—m HgH%/z,r/ (77)

va(8;,G;) = —c(&i,w;,¢i) — 2c1(8i,Ci, 0;) — po(u; — uff),éi)l,g, g eV. (78)
Using the estimates (29) we deduce (instead of (65)) that

(i = uf )10l < lhui = w0 l&ilo < (MG + luy o)1
Proceeding as above we obtain estimates (66) for ||&;||1, ||6;]|1 and inequality (69) where
1 2
13=1, Re" = (70/dpv) max( a0, [ [1,0). (79)

Let us assume that condition (70) takes place where y3 and ReV are defined in (79). Using (70)
we deduce (71). Taking into account (71) we obtain from (77) that

VO(H“H%,Q —(wuy)1,0) < —c(uw,u,é1 +G2) — 2c1(u,C, 01 +65) — VngH%/zr < —5P‘1Hg||%/2,r-

(80)
It follows from (80) that Hu||%Q < (w,uy)1,0 which yields |lu|;,o < [Jugl|y,0 or
1 2
Jur — w10 < [luf — uf 10 (81)

In the case where Q = Q) we deduce from (81), relation u|r = g = g1 — gp, (7), (57) and (47) the
following estimates:

1 2 1 2
luy — gy < 0l —aP[11, 181 — g2ll1yor < crflul’ —ul? |y,

'ylMg Sov(R + Ra)
oA Bo

The estimates (82) have the sense of stability estimates for the solution (1, p,C,§) to problem
(75) under Q = Q with respect to small disturbances in H!(Q))-norm of the function v; which

1 _ @

enters into the expression for the functional I,. In the case where u;’ =u;” we deduce from
(82) that uy = up, g1 = go, C; = Cy, p1 = p2 which means the uniqueness of solution to control
problem (75) under Q = Q). If Q C ) the estimates (82) do not hold true but using (80) one can
obtain more rough estimates of kind (74) instead of them. In fact rewriting (80) in view of (81)
in the form

IC1 = Cofli <

lul — a2y, [Ip1 = pall < ol =@y (82)

emllgl? o < —mollulli g + wollullolluallio < wollualli g
and using (59), (60) we come to to the estimates (74) under s = 1. Thus we have proved the
following result.
Theorem 8. Let under conditions (i), (ii), (j) and (31) the quadruple (w;, p;, C;,g;) be a solution to

problem (75) corresponding to a given function u‘(;) € H'(Q), i = 1,2, and the condition (70) holds
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where 3 and Re° are defined in (79). Then stability estimates (81) and (74) under s = 1 hold true.
Furthermore estimates (82) hold if Q = Q).

We again note that the uniqueness and stability of the solution to problem (75) both under
Q= Oand under Q C Q) is proved above under condition that the parameter y/1 in (75) satisfies
(70). We can not prove the stability of the solution to problem (75) as well as to problem (49)
in the case where y; = 0. But we can establish the local uniqueness of the solution to problem

(75) under p1 = 0 in the case where Q = Q). In fact setting 1 =0, Q = (), ufil) = u(glz) in (77)
we obtain the inequality

c(u,u, &1 + &) + 301 (w,C, 01 +62) < —poul7. (83)
Let input data for problem (75) be such that
4(Re +Re®)[1+ (y1/70)PRa] < 1. (84)

It follows from (68) under 3 = 1 and (83) that u = 0, and from (57), (47) and relation u|r = g
we deduce that C; = Gy, p1 = p2, 81 = 82. So the next theorem holds.

Theorem 9.Let under conditions (i), (ii), (j) and (31) v; € H' (Q) be a given function, g >0, i1 >0
and the condition (84) takes place where Re® = (o/8gv)||v4|l1. Then the solution (4,p,C,8) to
problem (75) under Q = Q) is unique.

Let us consider the one-parameter control problem

J(x,8) = 2 lIrotv =l + L 81} op — inf, F(x,8) =0, x = (v,g,S) € X, g€ K1, (85)

corresponding to the cost functional I3(v) = |[|rotv — 7 Hé Denoting by (x;,u;) =
(u;, pi,Ci,8i), i = 1,2, the solution to problem (85) corresponding to the function 77; = d;) €
L2(Q),i=1,2,and setting g = g — g2, {4 = le) - Cf) in addition to (34) we note that

((I3) (x;), w) = 2(rotw; — I\ rotw) o, (1) (x1) — (Is)a(x2), u) =

= 2(rotu — {4, rotu)g, (I3)c=0. (86)

In view of (86) relations (35), (37), (51), (53), (62) and estimates (57), (59), (60) do not change
while (43) and (32) under w = ¢; transform to

c(u,u,81 + &) + »c1(w,C,01 + 65) + po(|[rotul|y — (g, rotu)g) < —pllglFor,  (87)

vay (i, Gi) = —c(Gi g, &) — 2c1(8;,Ci, 0;) — po(rotu; — C,(ii)/rotéfi)Q/ g eV. (88)
Using (7) and (29) we have

[(rotu; — ¢4, rot &) ol < ([rotwyllg + 12 l0) rot&illg < er(erM + 121 0) il (89)

Taking into account (63), (64), (89) we deduce from (88) and (62) that

Gi 17 '
o < B8 (50— nonal — B M) 118 < pocr (oM + 125 o) i
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In view of (45) we obtain from this inequality that ||&|l1 < (2uo/éov)c2 (MY + ¢; ! HCL(;) o)
which yields (66), (68) and (69) where

1=, Re’ = o max(1” o, 187 o) (©0)

Let us assume that the condition (70) takes place where 73 and Re® are defined in (90). Using
(70) we deduce (71). Taking into account (71) we obtain from (87) that

po([[rotulfgy — (rotw,ga)q) < —epilIgl7 o r- 1)

It follows from (91) that HrotquQ < (rotu, ;) which yields |[rotul|g < ||Z4]|g or

[rotu; — rotua||o < (121" — 7% 0. (92)

Rewriting (91) by (92) in the form ey ||g||% r S pt0||§d||2Q and using (59), (60) we obtain the

following stability estimates:

CQ(ZR + 1)

Ho ~(1) (2)
g1 — 82ll1/2r < ey 1857 —¢5 g, [[ug —uzlly < 1772

Ho (1) _ ~(2)
EMHCd gd HQr

T1ML (2R +1)

_ Ho ) _ 2
dovco2QR+1)(R+Ra) [Ho 1) ,(2)
_ < o _ )
”pl pZH — ,BO<1 _ 2Rﬂ> E‘l/ll Hz;d é'd HQ (93)

Thus we have proved the following theorem.

Theorem 10. Let under conditions (i), (ii), (j) and (31) the quadruple (u;, p;,C;,g;) be a solution to
problem (85) corresponding to a given function Cg) € L2(Q), i = 1,2, and condition (70) holds where
v3 and Re are defined in (90). Then stability estimates (92) and (93) hold true.

We can not prove the stability of the solution to problem (85) in the case where 31 = 0. But we
can establish the local uniqueness of the solution to problem (85) under more strict conditions
on () and boundary vector g if we replace condition (j) by the next condition:

(j') Q is a simply connected domain with the boundary I' € C1; K; ¢ H/2(T) is a convex
closed set consisting of functions g which satisfy the condition g - n|r = g where g € H'/2(T)
is a given function.

Indeed, let us note that (87) takes under 1 =0, gfil) = Cff), Q=0Qaform

c(u,u, &1 + &) + sco(u,C,0; + 6,) < —pg||rotul|?. (94)

Under the first condition in (') the difference g = g1 — g has the zero normal component on T.
Therefore taking into account the simple connectedness of the domain () we have the estimate
|lul[1 < c3||rotu|| with the constant c¢3 depending on Q) (Girault & Raviart, 1986). Using this
estimate we deduce from (68) where 3 and Re® are given in (90) that

le(w,u,81 + &2) + 221 (w,C,01 + 02)] < 4pocic3(Re + Re”)[1+ (v1/70) PRal|rotul|*.  (95)
Let input data for problem (85) be such that

4c23(Re + Re®)[1 4 (71/70)PRa] < 1. (96)
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It follows from (94) and (95) that rotu = 0 which yields u = 0 or u; = uy. From (57), (47) and
the condition u|r = g we deduce that C; = Cp, p1 = p2, 81 = g»- Thus we have proved the
following theorem.

Theorem 11. Let under conditions (i), (ii), (j') and (31) 5 € L2(Q) be a given function, pg > 0,
11 > 0 and the condition (96) takes place where Re® = (o /dgvey)||n4l|. Then the solution (a,p,C, &)
to problem (85) under Q = Q) is unique.

In conclusion we consider two-parameter control problem corresponding to the cost
functional Iy, i.e. we consider the control problem

_ o 1 2 .
Joow) = B2 llv = vally + B gl o + B IxlIF, — int, Foxu) =0,

x=(v,q,5) €X, u=(g,x) € Ky xKp. (97)
Let (x1,u1) = (uy,p1,C1,81,X1) be a solution to problem (97) which corresponds to a
function v; = u[(il) € L2(Q), (xo,up) = (up,p2,Ca,82,Xx2) be a solution to problem (97) which

corresponds to another function v; = u(glz) € L2(Q). Setting g =g; — g2, Uy = ugl) - u;z) in

addition to (34), we note that the relations (50) hold true for problem (97). In view of (50)
relations (52), (53), (61), (62) and estimates (66), (67) do not change while (43) takes the form

c(u,u,1+62) + e (w, G+ 172) + o ([lull§y — (wua)g) < —pllglior — p2llxlf,- ©98)

Moreover instead of (51) we have to use the original identity (36). It follows from (37) that
C € T. Setting S = C in (36) and using (9) we obtain that

/\al(C,C) + (kC,C) = —cl(u, Cl,C) + ()(,C)rN. (99)

Using (11), (15) and the first estimate in (56) we deduce from (99) that §;A[|C||? <
y1ME[|ull1[ICll1 + 72/l x|Iry |Cl1- This yields the following estimate for ||C||:

y1 M2
SIA

T2
[Cl1 < Hu\|1+51—AHxHrN~ (100)

Taking into account (46) we obtain from (100) that

< 2P1 mMc

Y1 M2
| H1_(50V A ICll1 +co(2R+1)

SN

T2
Iglhar + 35 Il (101)

Using (30) and (46), (47) we deduce the following estimates for C, u and p:

icl < Q2R +1) ’Y1M0c||g||1/2,r+ T2l X Ty
1="(1-2Ra) 51A 51A(1—2Ra)’
Il <Co(273+1)HgH1/2,r 2B17201xlITy
L= 1—2Ra SovirA(1 — 2Ra)’
1) 2R+1)(R+R 2 1
Inl < ovco(2R +1)(R + ﬂ)||g|’1/2,r+/31( R+ 172l xllry (102)
Bo(1—2Ra) Bod1 A(1 — 2Ra)
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It follows from (12), (13), (66) and (102) that

(Re + Re)

2
le(w,u,81 +62)| < vollullT([IC1[l + [I82]l1) < 4.”073m

[co2R +1)|Igll1 /2,0 +

21 12

mn P
Sov S1A ”

Il | e (0,1 + 02 <semllalh €T (s + 10l < 4075 T 21
(Re+ Re)
’)/0(1 T 2Ra)2

il Y2lx Ty

281 12llxllry Y1 M2|gll1 /2,
—_ 2R +1 2
(2R +1) S\ S\

[CO(2R+ Dligllzar + 55 =53

Here 3 and ReV are defined in (67). From these inequalities and (30) we deduce that
le(wu, &y + &2) + 5c1 (w,C,01 +602)| < po(ar||8]I5 o r + a2llxlIF,)- (103)
Here constants a; and a; are given by

4 — 21oroy(Re + Re?)
! (1—2Ra)?

C3(2R +1)? [6 + %(sna + 1)732} ,
0

o 40707 (Re + Re®) (2B
27 (5v)2(1—2Ra)2 \ &A
Let input data for problem (97) and parameters p, 1, 42 be such that

2
) [3 + L (Ra+ 2)732} . (104)
Y0

(1 —e)pu1 > poar, (1—e)pua > poap, €= const > 0. (105)
In view of (105) we deduce from (103) that
le(wu,&1 + &2) + 5c1 (w,C, 01 +62)| < (1 — &) [glT /o r + (1 — €)pallxlIF,- (106)

Combining (98) and (106) we obtain the inequality

po(l[ully — (wug)g) < —c(w,u,8y + &) — 201 (w,C,01 + 62) — wa|Igll3 /o — p2llxllry <

—emllglt/or — ep2llxliry- (107)

Using (107) we deduce (73) which takes place under conditions (105). The uniqueness of the
solution to problem (97) follows from this estimate and (107), (102) when Q = ().
Rewriting (107) in view of (73) in the form

eprl|glls o r + epallxllf, < clww, &+ &)+ sc1(w,C,00 +605) + gl o r + p2llx|IF, <

< —pollullgy + mollullgllugllo < molluall3,
and using (102) we obtain the following stability estimates:

1 2 1 2
0 1u® —u@ o, fx1 = xallry < /22l —ulP 0,

— <
I8~ g2l </ 2 o
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B (2R +1) 28172 Moy () (@)
Juy — gy < [(l_m) N e s e R LR

- c0(2R+1) 'YlMO 72 Mo, (1) ()

2R +1 Sov(R + Ra)
I - pall < gL 0 Mm d 51@”}] \f o) —uPlo. (09

So the next theorem holds.

Theorem 12.Let under conditions (i), (ii), (j) and (31) the quintuple (u;, p;,C;,8i,Xi) be a solution
to problem (97) corresponding to a given function u( e L2(Q), i = 1,2, and conditions (105) hold
where parameters ay and a3 are given by relations ( 104) in which 3 and Re® are defined in (67). Then
stability estimates (73) and (108) hold true.

In the same manner one can study two-parameter control problems for another cost
functionals entering into (22). Consider for example the following control problem:

_ 10 M1 2 .
J(x,80) = 221 = pally + L1813 20 + B2 I, — inf,

F(x,u)=0, x=(v,4,5) € X, u=(g,x) € K1 x Ky, (109)
corresponding to the functional I4. The following theorem holds.
Theorem 13.Let under conditions (i), (ii), (j) and (31) the quintuple (u;, p;,C;, g:, xi) be a solution to

problem (109) corresponding to a given function pt(;) € L?(Q), i = 1,2, and the conditions (105) hold
where parameters ay and a3 are given by relations

~ 2upn0(R+Ra)M, 2 T 2
— 1 2Ra)? C5(2R +1) [6+ —(BRa+1)P ]

Y0

_ 4p070(R + Ra) M, <2ﬁm> {

G0 —2RaE \ an ) BT, (Rat2P }

70
in which
My = 5" (MY +max([lp{ o, Ip5 10)] -
Then the estimate
2 = pallo < Iy — Pl
and stability estimates

< _— <

(2R +1) 2B172
1—-2Ra)/m1 ~ dovoiA(1 — 2Ra) /2

(2R +1) My 72 oy, _ @)
(1—2Ra) siAygir A1 —2Ra) iz |\ e Fd Pl

fur =l < | B0 — pPllo,

IC1 = Collr <
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Ip1 — pall < gt D [oboRERA) | _Puva | fho, 0
L Y CE 77 BV TR YW/ G

hold true.

Similar theorems can be formulated and proved for Models 2 and 3. Details can be found in
(Alekseev, 2006; 2007a; Alekseev & Soboleva, 2009; Alekseev & Tereshko, 2010a; Alekseev &
Khludnev, 2010).

5. Numerical algorithm. Results of numerical experiments for Model 2

In this section we discuss results of computational experiments related to the numerical
solution of control problem (4) for Model 2. Our numerical algorithm will be based on
optimality system for control problem (4) which is the analogue of relations (25), (26) and (27)
for control problem (21). For the sake of simplicity we consider the case where control sets
K; and K3 coincide with spaces H!(Q)) and L?(T'y) respectively. In this case the minimum is
reached in an internal point of set K and it is possible to express optimal controls g and 7 via
adjoint state by explicit formulas (see (Alekseev & Tereshko, 2010c))

g=(on—vag/on)/uy, 1="0/uy.
Using these expressions we can rewrite the optimality system as a nonlinear operator equation

®(u,p,T,E,0,0)=0.

For its numerical solution the iterative algorithm based on Newton’s method is proposed.
This algorithm consists of following steps:

1. For glven (ug, po, To, €o,00,00) and supposing u,, pu, Tn, &n, 0n, 0, are known, we define 4,
p, T, &, &, 0 by solving the following linear problem:

qD,(un/Pn/Tn;(?n;Un/en)( ﬁ Tlgla-/é) — _cD(un;Pn/Tn/gn/U'n/Qn)-

2. Then we calculate new approximations w11, Pn+1, Tn+1, Cn+1s Ont1, 01 foru, p, T, ¢, 0,
6 as
U,41 = Uy + ﬁ/ Pn—i—l Pn + P, n+1 T}’l + T/

‘:n—i—l X ‘:n + ‘ff On+1 = 0n +0, 9n+1 = en + é

3. If the condition || T),11 — Tul| /|| Tn|| < € for some sufficiently small number ¢ is not satisfied,
then we go to step 1.

Below we shall present some numerical tests which illustrate an application of the proposed
algorithm to the control problem (4). The first example is connected with the vortex reduction
in the steady 2D viscous fluid flow around a cylinder in a channel. As a control we use heat
flux 7 on some parts of the boundary. The initial uncontrolled flow is the solution of the
boundary-value problem for the dimensionless stationary Navier-Stokes equations

—RieAu—i— (u-grad)u+gradp =0, divu=0in Q =y \ Oy,

1 du
ulr, =0, ulr, =g1(y), <R—e% - pn) = 0. (110)

I
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Fig. 1. Streamlines for uncontrolled flow (Re=100)

Here Re = UL /v is the Reynolds number, U and L are characteristic velocity and length for
a flow. We prescribe the no-slip condition on the solid boundaries I'y (the surface of the
cylinder and channel walls), a parabolic inflow profile for the velocity on the inlet segment
I'1 and “do-nothing” boundary conditions on the outlet I';. The streamlines for uncontrolled
flow are shown in Fig. 1. They were obtained by solving the boundary-value problem (110)
using Newton’s method. The open source software freeFEM++ (www.freefem.org) with an
adaptive triangular mesh (about 3000 elements) is used for numerical solution of a linearized
boundary-value problem. Usually 4 iterations were required for convergence of Newton's
method when the solution to the corresponding Stokes problem plays the role of an initial
guess.

The flow separation past the body can be clearly identified in Fig. 1. In order to reduce
this recirculation the vorticity functional I3 with {; = 0 in (22) is minimized using the
proposed algorithm for the dimensionless analogue of Model 2. In this case we need to use
additional dimensionless parameter - the Rayleigh number Ra = BGL3AT/(vA), where AT is
a characteristic temperature difference. Firstly we choose the heat flux # only on the cylinder
surface as control. The streamlines of the controlled flow for this case are shown in Fig. 2. One
can see that flow separation past the body is eliminated.

In order to obtain a more laminarized flow we expand the area of action of temperature
control. In Fig. 3 the controlled flow is presented for the case when the temperature control
acts both on the cylinder surface and on the nearest parts of the channel walls (marked with
dashed lines in Fig. 3). The vorticity of this flow is small and there is no recirculation zone
past the cylinder. An analysis of the temperature field shows that the heat fluxes on additional
parts of the boundary compensate a high temperature action on the cylinder surface.

Re=20 | Re=40 | Re=60 | Re=80 | Re=100
Fig. 1 |rotul] | 7.68 | 847 | 914 | 971 | 1022
Cp 425 | 277 | 226 | 201 1.85
Fig.2 |rotul] | 727 | 756 | 784 | 810 | 835
Cp 406 | 260 | 216 | 195 1.83
Fig.3 |rotul] | 7.81 | 800 | 811 | 822 | 833
Cp 542 | 303 | 212 | 164 1.34

Table 1. Norm of the vorticity and drag coefficient values
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Fig. 3. Streamlines for the heat flux control on the cylinder and on the channel walls (Re=100)

In order to analyze the efficiency of different types of boundary control we calculate the norm
of the vorticity |[rotu| and the drag coefficient Cp for different values of Reynolds number
Re. These values for uncontrolled and controlled flows are shown in Table 1. The smallest
values of these parameters correspond to the last case of boundary control.

Analogous results were obtained for the steady 2D viscous fluid flow around a cylinder in a
channel with forward-facing step. The streamlines for uncontrolled flow are shown in Fig.
4. One can see a flow separation past the body and vortex at the corner. In order to reduce
these recirculations the vorticity functional I3 with {; = 0 in (22) is minimized. In Fig. 5 the
controlled flow is presented for the case when the heat flux control acts both on the cylinder
surface and on the nearest parts of the channel walls.

The regularization parameter y3 plays an important role in computations. If y3 is small then
we usually obtain a flow with high temperature gradients on the cylinder surface because
a substantial change of the velocity field requires powerful temperature action. This is the
reason for the simultaneous use of two controls: g and #. If main change in the velocity field
is achieved due to hydrodynamic control g then temperature control 7 will play only auxiliary
role and temperature gradients will be small.

In the next example we consider two types of control on different parts of the boundary.
As in the first example the heat flux on the cylinder surface and on the nearest parts of the
channel walls is used to avoid the flow separation past the body. Additionally the Dirichlet
control g on a part I'; of the boundary I' (marked with dotted lines) is used for corner vortex
suppression. Streamlines of corresponding controlled flow are shown in Fig. 6.
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Fig. 4. Streamlines for uncontrolled flow (Re=50)

Fig. 5. Streamlines for the heat flux control on the cylinder and on the channel walls (Re=50)

Fig. 6. Streamlines for the heat flux control on the cylinder and on the channel walls and
velocity control on the step (Re=50)
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Re=10 | Re=20 | Re=30 | Re=40 | Re=50
Fig. 4 |rotul| | 9.04 | 946 | 9.89 | 1029 | 10.64
Cp 716 | 409 | 311 | 263 | 234
Fig.5 |rotul] | 888 | 9.04 | 922 | 941 | 9.60
Cp 621 | 298 | 202 | 159 | 1.34
Fig. 6 |rotu] | 838 | 852 | 876 | 884 | 9.00
Cp 636 | 300 | 200 | 154 | 1.28

Table 2. Norm of the vorticity and drag coefficient values

The flow separation past the body is eliminated and the corner vortex is absent in this case
because of fluid suction at the corner. Calculated values of the norm of the vorticity and of the
drag coefficient Cp are shown in Table 2. It can be observed that a simultaneous application
of temperature and hydrodynamic controls results in the smallest values of ||rotu||. Moreover
in this case we obtain the smallest values of the temperature gradients.

The computational experiments showed that if the initial guess is selected sufficiently close to
the exact solution, then the algorithm converges for several iterations. The regularization
parameter u3 plays an important role. If its values are relatively large then we can not
obtain small values of the functional I3. But, on the other hand, the very small values of the
regularization parameter can lead to the instability and oscillations in the numerical solution.
An analysis of computational results shows that proposed method can be effectively used to
produce flows in channels with desired dynamical properties. Some results of other numerical
experiments can be found in (Tereshko, 2009; Alekseev & Tereshko, 2010b;c).
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