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1. Introduction

Two principles for coordination of large-scale systems, namely Interaction Prediction
Principle and Interaction Balance Principle were postulated by Mesarovic et al. [1], [2] to
provide guidance in synthesizing structures for multi-level or hierarchical control of large-
scale systems and obtain the optimal solution. Hierarchical structures are feasible structures
which reduce the complexity of large-scale control systems and improve the solution
through decomposition, coordination and parallel processing [3]-[6]. In two-level
hierarchical approaches, the overall system is first decomposed into several interactive sub-
systems, at the first level, where the optimization problem is redefined for each one of them.
The interactions between these sub-systems, at the first level, and the coordinator, at the
second level, called the coordination parameters, are used so that the overall solution is
obtained. In compare to centralized approaches, where the whole problem is considered for
the solution at once, the computational efforts in hierarchical approaches are based on sub-
problems, having smaller order, requiring less computational time, in addition to the
coordination strategy.

The Goal Coordination based on Interaction Balance Principle approach of Mesarovic et al.
has already been applied to large-scale systems and the results are reported in [3]- [5]. In
applying the Interaction Balance Principle, the supremal controller modifies the infimal
(i.e. first-level) performance functions, compares the interface inputs (interactions)
demanded by the infimal controllers and those which actually occur, then provides new
performance modifications whenever the error is observed as being outside the acceptable
bounds. A brief description of the Goal Coordination and Interaction Balance Principle is
presented in the following section. Although a more detailed discussion of this principle can
be found in [1] ,[2] and also, voluminous literature on large-scale systems theories and
applications including survey articles, textbooks and monographs can be found in [6]-[12].
Based on Interaction Balance Principle, a new goal coordination scheme, as a foundation for
intelligent coordination of large-scale systems is postulated in this chapter. The approach is
formulated in an intelligent manner such that it provides the update of the coordination
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38 Advances in Reinforcement Learning

parameters so to reduce the coordination errors directly and improve the convergence rate
of the solution. The proposed scheme is a neuro-fuzzy based reinforcement learning
approach which can be used to synthesize a new supervisory coordination strategy for the
overall two-level large-scale systems, in which the sub-systems, at the first level of
hierarchy, and also the overall process control objectives are considered as optimization
problems. So with the aim of optimization, the control problem is first decomposed into m
sub-problems at the first level, where each sub-problem can be solved using a neuro-
regulator. The neural networks which are capable of learning and reconstructing non-linear
mappings could also be used for modeling each corresponding sub-system. By using the
new methodology which is based on a Fuzzy Goal Coordination System and Reinforcement
Learning; using TSK model, a critic vector and the gradient of the interaction errors
(difference between the actual interactions and the optimum calculated interaction values)
and also their rate of changes, appropriate change of coordination parameters are generated
at the second level and the coordination of the overall large-scale system is done. The
proposed scheme results in faster reduction of the interaction errors, which finally vanish to
Zero.

This chapter is organized into several sections. In Section 2, the problem formulation and
control problems are defined. Also a brief review of the classical Goal Coordination and
Interaction Balance Principle is presented. In Section 3, decomposition of the overall large-
scale system into m sub-problems and modelling each corresponding subsystem is done. In
Section 4, the first level sub-problems are solved with neuro-regulators, and in Section 5, the
new Fuzzy Goal Coordination System based Reinforcement Learning is presented to
generate the appropriate change of coordination parameters. In Section 6, the efficacy and
advantages of the proposed approach is demonstrated in an open-loop power system
consisting of a synchronous machine connected to an infinite bus bar through a transformer
and a transmission line. It is shown how the convergence of the interaction errors exceeds
substantially those obtained using the classical goal coordination method. Finally, Section 7
contains some concluding remarks.

2. Statement of the problem

As it was mentioned in the Introduction, two cases arise as how the coordination might be
effected and the infimal control problems can be defined. In this chapter, a new approach for
coordination of large-scale systems based on Interaction Balance Principle, which is more
convergent than the previously suggested classical methods, has been presented.

2.1 Goal coordination and Interaction Balance Principle

Let B be a given set such that each B in B specifies, for each i=1,..., m, a performance
function Gig :U; x Z; x X; - V which is a modification of the original G;. Let the mapping gis
be defined on U; x Z; in terms of P; and G;p. For each fin B, the infimal control problems is
to find a pair o i,i i) In Ui x Z; such that

giﬁ(l}i’ZApi)zl’;’ljg giﬁ(Ui’Zi) ’ Q)

where minimization is over both sets U; and Z; ; the interface inputs are treated as free
variables. Let fin B be given; let Z,(f),....,Z,,(f) be the interface inputs required by the
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infimal controllers to achieve local optlmum, let Z,(p),..... Z,,(f) be the interface inputs that
occur if the control U (p)= [U (B, .LUL(B)] s 1mplemented, then the overall optimum is
achieved if the actual interface 1nputs are precisely those required by local optimization

Z(B)=2Z,(P) )

for each i = 1, ..., m (Interaction Balance Principle). If the Interaction Balance principle
applies, the supremal control problem is to find B in B such thate; = Z;(B)-Z;(B)=0, for
each i=1, ..., m. The application of the Interaction Balance Principle is shown in Fig. 1.
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N

Fig. 1. Application of Interaction Balance Principle for coordination of two sub-problems.

Now, let us suppose that we have a general non-linear dynamic system described by the
following state space equation

X[k +11=F(X[k]UK]) (3a)

X[0]=X, (3b)

where X is the state vector, U is the control vector and F is a continuously double
differentiable analytical vector function which is going to be replaced by 2m neural models
to describe the actual dynamics of m sub-systems and their interactions. The initial state
X, is also assumed to be known.

Now, the problem is to find U which minimizes the cost function given by

J=G(X[n+1])+ ZGk( 1. Ufk]) 4)
where Gy is in general, a scalar non-linear function of its arguments.

3. Decomposition of the overall problem into m sub-problems

Let us assume that the overall system comprises of m interconnected sub-systems. We
assume that the sub-systems themselves can be described by non-linear state space
equations of the following form
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Xi[k+1]= E(X;[k] U;[k], Z;[k]) (5a)

Xi[o] = Xjo (5b)

where X; is the state, U; is the control and Z; is the interaction input of the ith sub-system
that is assumed to be a non-linear function of the states of the m sub-systems

Z;[k]=H;(X[k]) = H;(X;[K],..., X;, [K]) (6)

In Goal Coordination method, it is necessary for non-linear functions H; to be separable. So
the interaction variables Z; must be defined in such a way that H; functions to be
separable, i.e.

Z[k] = H, (X, k], ., X, [K]) = > Hy (X, 1k]) )
j=1

The interaction relations which can be expressed as Z[k] = H(X[k]) are considered to be the
optimization constraints. So the Lagrangian can be defined as

L= Gpa( X[ 1))+ 3Gy (X[ UK )+ 3 ART (2041~ HK[H) ®

where B[k]'s are the Lagrange multipliers that we refer to them as the coordination
parameters. Now, since the interaction function H(X[k]) is separable, the Lagrangian can be
decomposed as

L=3I, (%)
i=1
where
L=G,_(X[n+11Z[n+1]) + > Gy (X,[k]U,[K], Z,[k]) + Z(ﬂi[k]z,-m - Zﬂj[le,xXi[k])] (9b)
k=0 k=0 j=1

So the overall problem can be decomposed into m first level sub-problems of the following
form

min L;=G; (X[n+1],Zn+1])+ Y Gy (X, (k] Ui[k], Zi[K])
X U;, 2 k=0

n+1 m (9b)
+Y) ﬂi[k]Zi[k]—Zﬂj[k]Hﬁ(Xi[k])]
k=0 j=1
st X,[k+1]=FE(X,[k],U,[k], Z][k])
X.[0]= X, (10)

and also one second level problem expressed as:
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Updating the coordination parameters f;[k] such that the interaction errors; Zi[k] - H; (Xi[k]
, ..., Xm[k]) , become zero (Interaction Balance Principle).
Remark. In general, H(.) can be considered as a function of X[k] and U[k].

3.1 Modeling the corresponding sub-systems with neural networks

It should be noted that the dynamics of each sub-system and its interactions which are
denoted by F; and Hj;, respectively, could also be replaced by neural network models. So in
this case, they can be denoted by NF; and NH;;, respectively.

X,k+1]= E(Xi[k],Ul.[k],Zi[k])é NF,(X,[k)U,[k], Z,[k]) (11)
Z,[k]=H(X[k])ANH,;(X,[k].... X, [k]) = iNHy(X_,-[k]) (12)
j=1

The first step in identification of the sub-systems is to provide the training data using the
actual system. To generate the training data, random inputs are applied to the actual system
and the resulting state values, in addition to the input data are used for training the neural
models.

4. Optimizing the first level sub-problems with neuro-regulators

In this approach, the first level sub-problems could be optimized with neuro-regulators [13].
The optimal control and interaction of each sub-system will be generated by non-linear
feedback functions of the following forms

ui[k]:NRUi(Xi[k]rWUi)} k=0,1,...,1’l (13)

Zi[k]ZNRZi(X[k]/WZi) ; k=0,1,...,7’l+1 (14)

where NR;; and NRy; could be considered as multilayer perceptron (MLP) neural networks,
and W;;; and W,,; are their parameters including weights and biases, respectively.
Now, the new Lagrangian L; can be defined as follows

Li=G, (X[n+1],Z[n+1])+ iGik(Xi[k],ui[k],Zi[k])
k=0
n+l m
+2 | BIKIZIK]= 2" BilkIH (X, [K])
k=0 j

=1

o3 AKXk + 11— F (XKL UKL Zi kD) (15)
k=0

+3 KUK~ NRy (X[ W)
k=0
n+1

+ 2 4z [ KI(Z[K] = NR7; (X[k];Wy;))
k=0

where Ai[k] , puilk] and pzi[k] are the Lagrange multipliers.
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Thus, the necessary conditions for optimality become

AL. oGy, JF,
P ———tk 21kl + plK]=0; k=0,1,.., 16
JU[k] ouik] Jujlk] et ! "

oL __%Ci. + 1, [n+1]=0 17
oZn+1] oZn+1] "4 17)
oL, G,  OF,
P K _ ! ﬂ«l k + lk =0, k=0,1,..., 18
o7k ozk oz k) ik il " (18)
. oG,
2 S RN oW WL\ LS PR U S T (19)
oX[n+1] X,[n+1] oX,[n+1]
AL, 4G, OF, ONR,,, ONR,,
- Ak -1]- ATk~ k] - [k]=0; k=1,2,..n (2
OX K] X[k el OX [k] A OX [k] Huilk] ax,.[k]””[] o k=12 (20)
where
Gy =Gi(X;[k], U [k], Z,,;[K]) (21)
Fy = E(X;[k], U;[k], Z,,[k]) (22)
NRyj = NRy o (X[k L Wy;) (23)
NRyzj = NRz(X;[k];Wy;) (24)

Now to train the neuro-regulators; NRy; and NRz;, based on preceding optimality conditions,
the following algorithm can be suggested

1. Choose initial small values for neuro-regulator parameters, namely Wy; and Wyz;.

2. Using initial state X,, and equations (3), (13) and (14), find the values of
X;[1], X;[2],.... X;[n + 1], U;[0],U,[2],...,U;[n], and Z,[0], ..., Z;[n+1] .

3. Calculate A4,[k], z;lk], w7;[k] for k=n,n-1,...,0, by using the following necessary

conditions , backward in time;

[n+1] o 25

A+ - n+l

:uZz é’Zi[n 4 1] ( )
oG:

An]= el ONRzn1 Hzi[n+1] (26)

S oX[n+1] 0X,[n+1]

é’Fik lz-[k] _ O”Gik

— ; k=n,n-1,...,0 (27)
aU;[k] aU;[k]

Hyilk]=
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skl = Oy li[k]—ﬂ} k=nn-1,..,0 (28)
0Z,[k] 0Z,[k]
Alk=11=—% gk Rk g Oy g POk kenn-1,.,1 (29)
oX[k] oX[k] oX[k] oX[k]
4. Calculate oL, and oL for k=n,n-1,...,0 ,using g[k] and py;[k]
Wy Wy,
6Wul 6Wul
5sz 6WZ,
OL; oL,

5. Update Wy;and Wz;, by adding AW, = -1, i and AW, = -1, to the prior
ui Zi
values of Wy;and Wy; .
6. If | L, L 9L "
oWy oWy,
Remark. We should indicate that, in case the use of neural networks and neuro-regulators
are not of interest, then the modelling and optimization process at the first level, can be

easily done using the same approach as explained in Ref. [14]-[16].

< ¢ stop the algorithm, else go to step (2).

5. Reinforcement Learning

To evaluate the operation of the fuzzy goal coordination system, with the use of
reinforcement learning, we define a critic vector [17] and develop a method to train the new
coordination strategy. The training is based on minimizing the energy of the critic vector. In
this approach, we use both the errors and the rate of errors to increase the speed of
convergence of the coordination algorithm.

5.1 Designing the critic vector

The critic vector includes m critic signals, where each of them evaluates the operation of the
corresponding sub-system. The value of each critic signal is in the range of [-1, 1] and
is expressed by a fuzzy system of the following form

r.[k]=R;(e[k], d;[k]) ; i=1,2,..,m (32)

where Ri is the fuzzy system, e¢;[k] is the interaction error and d,[k] is the rate of error,
defined by

e)[k]=Z[k]-Z;[k] (33a)

d;[k]12 d[k]D = e;[K] -, [K]V (33b)

also ! is the iteration index.
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The fuzzy system R; can now be defined by the fuzzy sets and rules as follows;

r=R(e,d)

if eis Ey and d is D, then r =R,

(34)
if eis Ey; and d is D, then r = Ry,
where R; isa real value in the range of
-1<R;<1; j=1,2,.,.M (35)
The relation of r with e and d can also be given by the following fuzzy inference system
M
ZﬂEj(e)‘ﬂD]’(d)Rj
5 =1
r=R(e,d) =" i (36)
ME;(e)- uD;(d)
j=1

where uE; and uD; are the membership functions of E;and D;, respectively.

5.2 Updating the coordination parameters
To update the coordination parameters, we use a fuzzy system that calculates the variation
of the coordination parameters as follows

ABIK] = S(elk], d[k]) 37)

where S is a fuzzy system based on Takagi-Sugeno-Kang (TSK) model [18], [19] and in this
case, is defined by the fuzzy sets and rules as follows;

if eis Ay and d is B, then s=a,e+b;d+c,v

(38)

if eis Ay and d is By then s=aye+byd+cyv
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where
m
. ST
v=[11 17]. (39)

Also A]- and Bj are the m dimensional fuzzy sets, expressed as

jm

jm

where their membership functions are given by

1A ()= Aj(er) uAp(er) - 1A (ey) (42)
pBj(d) = pBjy (dy)- uBjy(dy) -+ - By, (d,,) (43)
also
e=[ey, ey, ]" (44)
d=[d,,dy,....d,]", (45)

where uAj; and uBj; are the membership functions of Ay and Bj , respectively.
Moreover, aj , b]» and c; are real constant parameters.

To summarize, the relation of s with e and d is given by the following fuzzy inference
system;

N
Z#Aj(ﬁ)'/lBj(é)~ (aje+b;d+c;v)
s=5(ed)=""—y (40)
ZﬂA]‘(ﬁ)'ﬂB]’(d)
j=1

5.3 Training the fuzzy goal coordination system
The aim of training is to minimize the energy of the critic vector related to the system
parameters; a; , bj and Ci . where

1 n+1

E=— ikl rlk] 47)
2%
also
[kl =[ nlk]rlk],...n, k] ' (48)

Now to update the fuzzy system parameters, we use the following updating rule
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OE 1 okt
AW = -nN—= _UZ¢

S Gy (49)

where 7 is the training rate coefficient, and IV can be considered as each of the fuzzy system
parameters, given by

W:a]',b]',cj' ; j:1,2,...,N (50)
Now, using the chain rule, we can write

orlk] _ orlk] odk], orlk] odk]
OW  Jde[k] oW  adlk] oW

1)

So to calculate the right side of this equation, we need to calculate
Orlk] oelk] orlk] . Odlk]
oe[k]” oW " 4d[k] oW

, where

M
ZﬂEj(ei[k])-ﬂDj(di[k])Rj

nlkl = R(e,[k], d;[k]) = 2 IEZU\N/L . 52)
> wE;(e[K]). uD;(d;[K]) i
j=1
Hence, we have
M , M /
5wk ;#Ej (e;[k]). uD;(d;[KDR; NUM, ]Z; KE; (e [K]) D (d{K])
2elkl DEN, } DEN? (53)
and
M , M ’
& r[k] ;ﬂEj(ei[k])/le (d[kDR; NUMi;,qu(ei[k])_ﬂD]. (d;[k])
odfk] DEN, B DEN? (54)

where ,uE]-'(.) and ,uD]-,(.) denote the derivatives of the corresponding membership
functions, respectively. Therefore

[ On[k] O
e, [k]
In,[k]
orlk] _ dey[k] (55)
oelk]
0 onlk]
] e, [K] |
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and
[ on[k] 0 ]
od,[K]
(k]
orlk] _ Idy k] (56)
ad[k]
0 Ir[K]
i é’dm[k]_

The gradient of the interaction errors related to the system parameters is also given by

ok _ ok OB PR )
oW Bkl W oW =
where D[k]= oelk] , as given in Appendix.

o plk]

Now in order to calculate 0”;\/ , since we have

N
D 1A (elk])uB;(dIk])(a; elk] + b;d[k] + c;v)
NUM =
ALK = S(elk) dli) A — = = 0 (58)
= > uA(elk))uB,(d[K])
j=1
Thus we get
ANBIK]  pA;(elK]). B, (d[K])elK] )
da; DEN
ALK A, (elk]). B (@D Ik] )
b, DEN
APLk]  pAj(elk]). uB;(d[k])o (61)
dc; DEN '
where ¢[k] and d[k] are the values in the previous iteration i.e., k'™ and d[k]¢Y .
Now to calculate é’j[k] , since we have
d[k]? = efk1V — e[k, (62a)
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according to the definition of T[k], we get

Ak _ 4 _ ppaer-1)
e T[k]® - T[k] (62b)

So we can calculate ﬁ .
oW

The fuzzy system parameters can now be updated using the following updating rule

AE w1 or[k]” .

AW =-p——=— k 63
N '7,;) v K] (63a)
where
Wzﬂ]',bj,Cj ; ]=1,2,,N (63b)

Now, considering W as the fuzzy system parameters, we can update the coordination
parameters with the following rule

Aplk]=S(e[k], d[k]; V) (64)

where Wis the updated value, given by

WD = Ay (65)

Thus, we can write

g[k](m) = é[k](z) T A é[k]””)

(66)
= é[k](l) + S(g[k](l),é[k](l)l,w(lﬂ))

The various steps of the new coordination algorithm based on Interaction Balance Principle

using Fuzzy Goal Coordination System based Reinforcement Learning, can now be

summarized as follows:

1. Choose initial values for g and W.

2. Solve the first level sub-problems using neuro-regulators (or the gradient technique, as
described in [14], [15]).

3. Calculate the gradient matrices j—; and D[k] . Then update W and consequently update
the coordination parameters £, using the Fuzzy Goal Coordination System.

4. Calculate the sum-squared error. If it is smaller than a small constant stop the
algorithm, else go to step (2).

The new goal coordination strategy based on Fuzzy Goal Coordination System, Neural

Modeling, Neuro-Regulators and Reinforcement Learning is shown in Fig. 2.

6. Simulation results

The application of this approach is demonstrated on an open-loop power system, consisting
of a synchronous machine connected to an infinite bus bar through a transformer and a
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transmission line. For this system, Iyer and Cory [20], [4] have derived a sixth order non-
linear dynamical model. The optimization problem is to minimize a cost function of the
following form

K;-1
1-2 % lewa-xf, -, 7)
2 oL g "= =k
where Q and R are the weighting matrices, with appropriate dimensions and definiteness.

Now, the system can be decomposed into two sub-systems of orders 4 and 2, respectively,
using the following sate vectors

X [K1=[X0k] X[kl Xs[kl  X4[kII" (68)

X,[k1=[X5[k]  Xo[kII" (69)

m

A
T

Critic Vector

Y | k] = Reelk, dik) — X

A 4

R Fuzzy Goal Coordination System B "
" Ap[k]=S(elk] d[k;W) N
Calculating Gradient Matrix
de
o7
2N R P A 4
Y Y
Optimal Optimal
Neuro-Regulators Neuro-Regulators
NRUI 4 NRZI NRUm 4 NR Zm
@) "
r) + Zl u] ) ’ ) Um Zm + A

vV v V _
Neural Model Neural Model
for Sub-system m

for Sub-system 1

NE, NE,
X Xin .
. 4 7
Z Neural Models Generating Interactions "
NH,

Fig. 2. Intelligent goal coordination strategy based on fuzzy goal coordination system and
reinforcement learning.
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optimal input (1)

optimal input [ U2 )

time { sec)

Fig. 3. Optimal control actions of sub-systems 1 and 2. Solid: The new goal coordination
approach; Dot: classical method.

and four neural networks, as represented below, to model these two sub-systems and their
interaction generators

X[k +T]ANFE (X, [k], Uy [k], Z [K], W) (70)
Xolk+1ANE(X,[k], Us[k], Z,[k], W, ) (71)
Z,[k]ANH, (X, [k], Xo[k], W) (72)
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Zo[k]ANH, (X, [K], X, [k], W, ) (73)

In this example, for describing the fuzzy system R, defined in (34) and also the Fuzzy Goal
Coordination System defined in (38), triangular membership functions are used for fuzzy
sets E;and D;, and also Gaussian membership functions are used for fuzzy sets A;and B,
respectively.

The resulting optimum control actions, state trajectories and the plot of the norm of the
interaction errors, using the proposed approach and the classical goal coordination method
are all shown in Figs. 3-5.

The results of using the goal coordination approach based on the proposed intelligent
coordination strategy shows that the interaction errors vanish rapidly. The advantage of this
method is its faster convergence rate in compare to the classical method. This is mainly
because of using the new strategy which the update of the coordination parameters directly
causes the reduction of the coordination error with the fuzzy goal coordination system
based reinforcement learning.

optimal state (x1)
s}
&

0.45

0.4

035+ B

06F T T T T T T T T J

0.4

=
[ ]

o

-0.4

optimal state (x2)

time [ sec)
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42

41

optimal state (x3)
4

33 34 35 36 37 38 39

optimal state (x4)

Fig. 4. Optimal state trajectories of sub-system 1. Solid: The new goal coordination approach;
Dot: classical method.

7. Conclusion

In this chapter, a new intelligent approach for goal coordination of two-level large-scale
control systems is presented. At the first level, sub-systems are modelled using neural
networks, while the corresponding sub-problems are solved using neuro-regulators. Fuzzy
Goal Coordination System based Reinforcement Learning is also used at the second level, to
coordinate the overall large-scale control system. The fuzzy goal coordination system learns
its dynamics through minimization of an energy function defined by a critic vector. The
minimization process is done using the gradient of interaction errors, while in addition, both
the critic vector and fuzzy goal coordination system use the variation of errors (rate of
errors) to update their parameters.

As it can be seen, the proposed goal coordination approach, in compare to the classical one,
results in much faster reduction of the interaction prediction errors.
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0&

optimal state (x5)
= = = =
= [ [ =

o

01

0.2

03k ! ! ! ! ! I I ! ! ,
2

time ( sec )

optimal state (x6)

time { sec)

Fig. 5. Optimal state trajectories of sub-system 2. Solid: The new goal coordination approach;
Dot: classical method.

B0~ b

Surn-Sguared Interaction Errors

10 12 14 16 18 20
lteration

Fig. 6. Comparison between the norm of interaction errors using the proposed approach and
the classical method. Solid: The new goal coordination approach; Dot: classical method.
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With an extended version of the model coordination approach presented in [21], and the
proposed goal coordination strategy of this chapter, the interaction prediction approach
(mixed method) [22], [23], can also be extended to a new intelligent interaction prediction
strategy.

8. Appendix
In the sequel, the elements of the matrix p 2 9¢ will be calculated
op
de _0z oz (74)
B B P
where,
e i3 Z, Z,
e Z < | Z
g: _.2 ,é: ézz ’Z: __2 ,Zz _.2 (75)
e B L z,
and
e[0] z;[0] z;[0] £[0]
P R P I D P I DI B b (76)
e;[n+1] Zi[n+1] Z: [n+1] Bi[n+1]
X;[1] u; [0] 4[0]
x| X _(wlly Al (77)
x[ne]] ] 4l
Now using the optimization of the first level, we have
B=2=0, B=Sto0, =20, =220 78)
oX; oy, 04 oZ,;
where the corresponding variations can also be written as
oL SX; + oL ou; + oL M + oL S5Z; + oLi =0
0X; ou; = 04 0Z; p -
oL; SX; + oL ou; + oL M + oL S5Z; + oL =0
ox, Tleu, T ox oz T op - (79)
A A A A A
%&_@ + 2L ou; + oL M + oL 5Z; + oLi =0
ox, T ou, T oy ez T gt
oL; SX; + oL; ou; + oL; M + oL; 5Z; + oL; 3 =0
0X; ou; — o4 9Z; op -
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or equivalently,
LY6X; + L'6U; + LY 6% + LY 6Z; + LY 54 = 0
LY6X; + LU, + L6 + L6Z; + L5 = 0
(80)
L76X; + Lj'oU; + LY 64 + L 6Z; + L 55 = 0
LT6X, + L¥oU; + L 64 + L6Z; + LY = 0
which can be summarized as
Ly LY LY L syt L]
—1
Lo LY LY su, B Ly 5 1)
A A A 7A s |
I FCA S A o 7 I D #
SZ.
R S il e i
where
o/ =[-Hil - -H ], L =[-HT e -H
I ; i=j (82)
A ’
=0, L =[Lf AN gjﬂz{o i
and
inx =Mz inx = E‘H =My
Luiu =M;» Eﬁ'x = E'MT =Mn
L/}l =0 inu = LL;‘H = Milz (83)
inz = _DZi inz = inﬁ = —sz
H;'(i = T/h'ij Eﬁ'z T LZz’uT =—Tzin
T
HY; =Tgs, Lf =17 =Ty

In (83), the matrices Mjy;, My, Mini, Min, Mz, Tzin1, Tzim s Tzizi s Tpinjr Tpia; and

D,; can be find in Appendix of [22].
Now using (7), we can write

also 6Z; can be written as
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§Z;=[0 0 0 I = (85)

Therefore, by using the following definitions

Vi
Vs

<<
11>

/‘_/é

1

: (86)

1% Z

m

A
L=

[ rax
L;

ux
L;

L

xXu
L;

uu
L;

L

xA
L;

ul
L;

r

xz |
L;

uz
L;

L

4

Lvﬂ A

= =

LY
LY
A
LY

(87)

T S S L7

HisH) b

0 0],3&1?%[% H, ], 192[0 0 0 1]

and using (81), (84) and (85), for each subsystem, we obtain
L6V =-Li5p

52, =Y HYov <[ H}
j=1

7 Hy, |6V =HisV (88)

6Z; =176V,

Now, for the overall system we have

va5‘_/ — —Lvﬂ5é
57" =H'sV (89)
0Z=1°0V

where
LY 0 0 Ly

0o 0 L% 27
Iy 0 0 HY

-_m —m
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and using (89), it can be concluded that
-1
sV =—(L") 7op (91)

Therefore, by substituting (91) in (89), we obtain

8Z =-H" (L”” )_1 IR

5Z=—I" ( L )-1 1458 (92)
and as a result
se=67-07 =~(I"~H*)(L”) [¥op (93)
Finally,
() (94)
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