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1. Introduction

In this paper, mathematical models for the analysis of processes of generation and
resonance scattering of wave packets on a transversely inhomogeneous, isotropic, cubically
polarisable, non-magnetic, linearly polarised (E polarisation) medium with a non-linear,
layered dielectric structure, and methods of their numerical simulation are considered. In
general, electromagnetic waves in a non-linear medium with a cubic polarisability can be
described by an infinite system of non-linear differential equations. In the study of particular
non-linear effects it proves to be possible to restrict the examination to a finite number of
equations, and also to leave certain terms in the representation of the polarisation coefficients,
which characterise the physical problem under investigation.

Here we investigate the situation where the incident field consists of a packet of three waves
oscillating with single, double and triple frequency. An intense field at the basic frequency
leads to the generation of the third harmonic, i.e. of a field at the triple frequency. In this case
it is possible to reduce the mathematical model to a system of two equations, where only the
non-trivial terms in the expansion of the polarisation coefficients are taken into account (see
Angermann & Yatsyk (2010)). The consideration of a weak field at the double frequency or at
both the double and triple frequencies allows to analyse its influence on the generation process
of the third harmonic. In this situation, the mathematical model consists of three differential
equations.

The rigorous formulation finally leads to a system of boundary-value problems
of Sturm-Liouville type, which can be equivalently transformed into a system of
one-dimensional non-linear integral equations (defined along the height of the structure) with
respect to the complex Fourier amplitudes of the scattered fields in the non-linear layer at the
basic and multiple frequencies. In the paper both the variational approach to the approximate
solution of the system of non-linear boundary-value problems of Sturm-Liouville type (based
on the application of a finite element method) and an iterative scheme of the solution of the
system of non-linear integral equations (based on the application of a quadrature rule to each
of the non-linear integral equations) are considered.
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176 Numerical Simulations - Applications, Examples and Theory

The numerical simulation of the generation of the third harmonic and the resonance
scattering problem by excitation by a plane wave packet passing a non-linear three-layered
structure is described. Results of the numerical experiments for the values of the non-linear
dielectric constants depending on the given amplitudes and angles of the incident fields are
presented. Also the obtained diffraction characteristics of the scattered and generated fields
are discussed. The dependence characterising the portion of generated energy in the third
harmonic on the values of the amplitudes of the excitation fields of the non-linear structure
and on the angles of incidence is given. Within the framework of the closed system under
consideration it is shown that the imaginary part of the dielectric constant, determined by the
value of the non-linear part of the polarisation at a frequency of the incident field, characterises
the loss of energy in the non-linear medium which is spent for the generation of the third
harmonic, where the contributions caused be the influence of the weak electromagnetic fields
of diffraction are taken into account.

2 Maxwell equations and wave propagation in non-linear media with cubic
polarisability

Electrodynamical and optical wave phenomena in charge- and current-free media can be
described by the Maxwell equations

10B

1

cot’ 1)
V-D =0, V-B =0.
Here E = E(r,t), H = H(r,t), D = D(r,t) and B = B(r,f) denote the vectors of electric
and magnetic field intensities, electric displacement, and magnetic induction, respectively,
and (r,t) € R? x (0,00). The symbol V represents the formal vector of partial derivatives

w.r.t. the spatial variables, i.e. V := (9/0x,d/9y,9/ BZ)T, where the symbol T denotes the
transposition. In addition, the system (1) is completed by the material equations

D=E+47P, B=H-+471M, )

where P and M are the vectors of the polarisation and magnetic moment, respectively. In
general, the polarisation vector P is non-linear with respect to the intensity and non-local both
in time and space.

In the present paper, the non-linear medium under consideration is located in the region Q/,
where QO denotes the closure of the set Q defined by

O:={r=(x,y,2)" eR®: |z| <275}

for some 6 > 0 being fixed. That is, the non-linear medium represents an infinite plate of
thickness 4714.

As in the book Akhmediev & Ankevich (2003), the investigations will be restricted to
non-linear media having a spatially non-local response function, i.e. the spatial dispersion
is ignored (cf. Agranovich & Ginzburg (1966)). In this case, the polarisation vector can be
expanded in terms of the electric field intensity as follows:

P=xYE+ (xPE)E+ ((XYE)E)E+..., 3)
where (1), x@, x©) are the media susceptibility tensors of rank one, two and three, with
components { Xl(jl) ?,j:l' {ngzk) ?,j,k:l and {)(Z(;()l}f’ ik =1, Tespectively (see Butcher (1965)). In
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Generation and Resonance Scattering of Waves on Cubically Polarisable Layered Structures 177

the case of media which are invariant under the operations of inversion, reflection and
rotation, in particular of isotropic media, the quadratic term disappears.
It is convenient to split P into its linear and non-linear parts as

p=p) 4 p(ND),

where P(L) .= x(VE, Similarly, with & := 1 + 47txV) and D) := ¢E, where I denotes the
identity in C3, the displacement field in (2) can be decomposed as

D =DW 4 47PN (4)

¢ is the linear term of the permittivity tensor. Furthermore we assume that the media are
non-magnetic, i.e
M =0, )

so that
B=H (6)

by (2). Resolving the equations (1), (4) and (6) with respect to H, a single vector-valued
equation results:

1 82 L 47T 82 (NL) _
ZarP gt =0 Y
Equation (7) is of rather general character and is used, together with the material equations
(4), in electrodynamics and optics. In each particular case, specific assumptions are made that
allow to simplify its form. For example, the second term in (7) may be ignored in a number of
cases. One such case is the study of isotropic media considered here, where

V2E—-V(V-E) —

e=¢e1
with a scalar, possibly complex-valued function (1), Then
V- (eE)=Vel) . E4+ eV . E. )
From (1), (4) and (8) we see that
0=V -D=V-(eE) +4nV - PN = Vell) . E 4 ¢V . E + 47V . pPND),
hence

1 47T
Fe—_— wvell) . _ 2 . p(NL)
V-E D Ve E N0 V-P . 9)

In addition, if the media under consideration are transversely inhomogeneous w.r.t. z, i.e.
e(l) = ¢(L) (z), if the wave is linearly E-polarised, i.e. E = (E1,0,0)", H=(0,H, H3) ", and if
the electric field E is homogeneous w.r.t. the coordinate x, i.e.

E(r,t) = (E1(ty,2),0,0) ", (10)

then the first term of the r.h.s in (9) vanishes.
For linear media, in particular in R3 \ Q! , the second term of the r.h.s in (9) is not present. In

the layer medium the expansion (3) together with (10) implies that the vector P(NL) has only
one non-trivial component which is homogeneous w.r.t. x, i.e. PINL) (r,t) = (P; (t;y,2),0,0) 7.
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178 Numerical Simulations - Applications, Examples and Theory

Then the second term of the r.h.s in (9) vanishes in O, too. Consequently, the second term in
equation (7) disappears completely, and we arrive at

| S

(L) 32 47 92

€ T

e p(NL) _
2 ot? c2 ot? 0,

V?E — (11)
where V2 reduces to the Laplacian w.r.t. y and z, i.e. V2.=9%2/ ayz + 02 /922,

In this paper we consider resonance effects caused by the irradiation of a non-linear dielectric
layer by an intense electromagnetic field of the frequency w, where we also take into
consideration the higher-order harmonics of the electromagnetic field. A mathematical model

for the case of a weakly non-linear Kerr-type dielectric layer can be found in Yatsyk (2007);
Shestopalov & Yatsyk (2007); Kravchenko & Yatsyk (2007).

P . (A

T-QJIJ
Fig. 1. The non-linear dielectric layered structure

The stationary problem of the diffraction of a plane electromagnetic wave (with oscillation
frequency w > 0) on a transversely inhomogeneous, isotropic, non-magnetic, linearly
polarised, dielectric layer filled with a cubically polarisable medium (see Fig. 1) is studied in
the frequency domain (i.e. in the space of the Fourier amplitudes of the electromagnetic field),
taking into account the multiple frequencies sw, s € IN, of the excitation frequency generated
by non-linear structure, where a time-dependence of the form exp(—iswt) is assumed. The
transition between the time domain and the frequency domain is performed by means of
direct and inverse Fourier transforms:

N N 1 N N
fi(r,0) = / F(r,0el%d,  F(rt) =5 / fi(r,0)e e,
R R

where F is one of the vector fields E or P(NL).
Applying formally the Fourier transform to equation (11), we obtain the following
representation in the frequency domain:

L)d)z

c2

~2
B(r,0) + MC—E"?WU(L@) =0. (12)

. (
V2E(r, @) + £

A stationary (i.e. ~ exp(—i@t)) electromagnetic wave propagating in a weakly non-linear
dielectric structure gives rise to a field containing all frequency harmonics (see Agranovich
& Ginzburg (1966), Vinogradova et al. (1990)). Therefore, the quantities describing the
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electromagnetic field in the time domain subject to equation (11) can be represented as Fourier
series ,
F(rt) =5 2 F(r,nw)e M, Fe{EPN} (13)
nez

Applying to (13) the Fourier transform, we obtain

F(r,0) = %/ Y F(r,nw)e” "tei®t gt = —”?TF(r,nw)(S(ca,nw), Fe {E PN}, (14
R ez
where 4(s,sg) 1= ﬁ Ir e!(s=50)t 4t is the Dirac delta-function located at s = sg.

Substituting (14) into (12), we obtain an infinite system of equations with respect to the Fourier
amplitudes of the electric field intensities of the non-linear structure in the frequency domain:

e(l) (sw)?
2

47t (sw)?

2 PIND) (r,50) =0, seZ. (15)

V2E(r,5w) + E(r,sw) +
For linear electrodynamic objects, the equations in system (15) are independent.
In a non-linear structure, the presence of the functions P(VL) (r,500) makes them
coupled since every harmonic depends on a series of E(r,sw). Indeed, consider a
three-component E-polarised electromagnetic field E(r,sw) = (E1(sw;y,z),0,0) ", H(r,sw) =
(0; Ha(sw;y,z), H3(sw;y,z)) T . Since the field E has only one non-trivial component, the system
(15) reduces to a system of scalar equations with respect to Ej:

() (sw)? 471 (sw)?

NL
V2E; (r,50) + C—ZEl(r,sw) + C—zPl( )(

r,sw) =0, s€lN. (16)

In writing equation (16), the property E1 (r; jw) = E} (r; —jw) of the Fourier coefficients and the
lack of influence of the static electric field E;(r,sw)|s—9 = 0 on the non-linear structure were
taken into consideration.

We assume that the main contribution to the non-linearity is introduced by the term
p(N L)(r,sw) (cf. Yatsyk (2007), Shestopalov & Yatsyk (2007), Kravchenko & Yatsyk (2007),
Angermann & Yatsyk (2008), Yatsyk (2006), Schiirmann et al. (2001), Smirnov et al. (2005),
Serov et al. (2004)). We take only the lowest-order terms in the Taylor series expansion of the

-
(NL) (¢, 500) = (Pl(NL) (r,sw),0,0) of the polarisation vector in the vicinity of

non-linear part P
the zero value of the electric field intensity, cf. (3). In this case, the only non-trivial component
of the polarisation vector is determined by susceptibility tensor of the third order x(®), that is
characteristic for a non-linear isotropic medium with cubic polarisability. In the time domain,

this component can be represented in the form (cf. (3) and (13)):

Pt = 5 8 PN (sw)e = i E B (5 DE (5,)
seZ\{0}
= % ) Xﬁ)n(sw;nw,mw,pw)El(r,mu)E1(r,mw)El(r,pw)e_iSWt,
{n,m,p,sEZ\{O}
n+m+p=s
(17)
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where the symbol = means that higher-order terms are neglected. Applying to (17) the Fourier
transform with respect to time (14) we obtain an expansion in the frequency domain:

Pl(NL)(rzsw) = ! Z Xﬁ’)ll(SW}WW,mw,pw)El(r,nw)El(r,ma))El(r,pa))
{ n,m,peZ\{0}
n-+m+p=s
1 3 , : ,
= 1 ¥ i (wje, —jw,sw) [Ea (1) PE (1,50)
i (18)
7 ) X\ (sw;new, mew, pw) Ex (x, 1) Ey (r,mew) Ey (x, peo).
n,m,peZ\{0}
n#—m, p=s
m#—p, n=s
n#—p, m=s
n+m+p=s

The addends in the first sum of the last representation of Pl(NL) (r,sw) in (18) are usually called

phase self-modulation (PSM) terms (cf. Akhmediev & Ankevich (2003)). We denote them by

Pl(FSM) (r,sw). Since the terms in formula (18) contain the factor E; (r,sw), they are responsible

for the variation of the dielectric permittivity of the non-linear medium influenced by a
variation of the amplitude of the field of excitation. We obtained them taking into account
the property of the Fourier coefficients E; (r;jw) = E (r; —jw), where the factor 3 appears as a
result of permutations {jw, —jw,sw} of the three last parameters in the terms
Xﬁ)ll(sw;jw, —jw,sw).

The addends in the second sum of the last representation of Pl(NL) (r,sw) in (18) are
responsible for the generation of the multiple harmonics. Some of them generate radiation
at multiple frequencies, others describe the mutual influence of the generated fields at
multiple frequencies on the electromagnetic field being investigated. Moreover, those of
them which clearly depend at the multiple frequency sw on the unknown field of diffraction
induce a complex contribution to the dielectric permittivity of the non-linear medium.

They are denoted by Pl(GC) (r,sw). The remaining terms of the second sum are denoted by

Pl(G) (r,sw). They play the role of the sources generating radiation. In summary, we have the

representation

p(NL)(

I,5W) = P!

A r,5w) + Pl(GC) (r,5w) + Pl(G) (r,50). (19)

Thus, under the above assumption, the electromagnetic waves in a non-linear medium with
a cubic polarisability are described by an infinite system (16)&(18) of non-linear equations
(Yatsyk (2007), Shestopalov & Yatsyk (2007), Kravchenko & Yatsyk (2007), Angermann &
Yatsyk (2010)). In what follows we will consider the equations in the frequency space taking
into account the relation x = ¢.

In the study of particular non-linear effects it proves to be possible to restrict the examination
of the system (16)&(18) to a finite number of equations, and also to leave particular terms in
the representation of the polarisation coefficients, which characterise the physical problem
under investigation. For example, in the analysis of the non-linear effects caused by the
generation of harmonics only at three combined frequencies (i.e., neglecting the influence of
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Generation and Resonance Scattering of Waves on Cubically Polarisable Layered Structures 181

higher harmonics), it is possible to restrict the investigation to a system of three equations.
Taking into account only the non-trivial terms in the expansion of the polarisation coefficients,
we arrive at the following system:

V2E; (r,x) + e L 2E; (r,x) + 47'L'K2P1(NL) (r,x) = 0,
V2E; (r,2) + (1) (26)2Ey (x,2) + 47(26) 2PV (r,26) = 0,
V2E; (1,3x) + e(L) (3x)2Ey (1,3x) + 47 (3c)2P\NH (1,3x) = 0,
3
Pl(NL) (r,nx) = 1 (Xﬁ)n(mc;x, —x, 1K) |E1 (r,)|* + Xﬁ)n(nK}ZK, —2x,nx) | Eq (r,2x) |2

354 (35, ~36, 1) | Ex (5,3%) ) Ex (1,16

31 (3
+onyg {X§1)11(K?_K1_Kr3’<) [ (x,%)]* Eq (x,3x)
+ Xﬁ)n (1;2x,2x, —3x) E3 (x,2x) E} (r,3;<)}

+5n22 ) (2 —2x,x,3%) E (x,26) Ex (1, %) Ex (1, 35)

1 (3 3 3
+d,3 { ngl)ll (3x; %, K,K)E%(I,K) + ngl)ll (3x;2x, 2k, —K)E%(r,ZK)ET (r,x) } ,

n=12,3,
(20)
where J,,;; denotes Kronecker’s symbol. Using (19), we obtain
( V2E; (r,x) 4 L) k2E; (r, ) + 471ic (Pl(FSM)( r,K))
= —47‘CK2P (r,K),
V2E; (r,2x) + €1 (21)2E; (x,2i) + 477(2k)? (P(FSM)(r 2K) + P 1',2K))
V2E; (r,3x) + eL) (3)2Ey r(x, 3x) +47r(31c)2P (FSM) (¢, 3¢)
( = 47t(3K)2P1( >(r,3;<),
3
Pl(FSM)(r,nK) = Z()Cﬁ)ll(nx,ﬁc,—K,mc)|El(r,1c)|2 —|—Xﬁ))n(nK,‘ZK,—ZK,TZK)’El(l‘,ZK)‘Z
-31—)(%3{)11(111(;31(,—31(,111()|E1(r,3x)|2)E1(r,nK), n=1,23,
GC X
Pl( )(I',K) = Z}(ﬁ)ll(x;—x,—x,(%x) [E] (I',K)]ZEl( ,3K)
3 Ej(r,x
- gt )
PO rx) = §7(1111(K 2k, 2%, —3x) E2 (x, 2) E} (1, 3x),
Pl(GC)(r,ZK) = 4 1111(2K,—2K,K,3K)Eik( r,2x)Eq1(r,x)Eq(r,3K)
El(r2x) .
= 4 1111(2K,—2K,K,3K) Ei( P ) Eq(r,x)Eq(r,3x)Eq(r,2x),
Pl(G)(r,?;K) = 3 {3X§1)11(3K;K,K,K)E%( ) + 11)11(31( 2k,2k, —K)E3(r, 2K ) E; (1, % )}

(21)
The analysis of the problem can be significantly simplified by reducing the number of
parameters, i.e. the coefficients of the cubic susceptibility of the non-linear medium. Thus,
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182 Numerical Simulations - Applications, Examples and Theory

by Kleinman'’s rule (Kleinman (1962), Miloslavski (2008)),

(11)11(711( K,—K,nK) = )(E?H(nk;ZK,—ZK,nK) = X?ﬂ(”" 3k, —3k,nkK)
3 3

_ XH% (K, —x,3x) = X%%)ll(K;ZK,ZK,—BK) = X%%)H( ; —2K, K, 3K)

= X11)11(3K KKK =X )1 (3x;2K,2k, —x)  =: )(11)11, n=1,2,3.

Therefore, the system (21) can be written in the form

( (FSM)

V2E; (r,x) 4+ L) k2E; (r, k) + 471ic? (Pl (r,% ) (1, )
—47‘CK2P ) (x,x)

,2K) + P r,ZK))
)

4

V2Ex (1,2) + (1) (262 (x,2¢) + 47(2)? (PP (x

V2E1(5,30) + (1) (30 E (1,36) + arr(3x)2P{"M (1,3
\ . = 47((31()2131( (x,3x),
Pl(FSM) (r,nK) — ngel’)llﬁEl (l‘,K)|2 + |E1 (1‘,21{)|2 —I— |E1 (I',3K)|2>E1 (r,nK), n = 1,2/3/
GC 3 3 E*(I',K> 2
P (k) = ZX§1)11 %El(nfm)&(fﬂ)/
3 *
Pl(G) (l‘,K) — ngi)llE%(r,ZK)El (1‘,37(),
3 E 2K
P (r,2x) = 4Xﬁ)11 E Er 2K§ Eq(r,6)Eq (1,3%)Er (r,2x), P (r,2x):=0,
P93, = xid {%E%u,x) B 20E (00 b, {0 (130) =0,

(22)
The permittivity of the non-linear medium filling a layer (see Fig. 1) can be represented as

e = el & s&’,f” for |z| <279. (23)

Outside the layer, i.e. for |z| > 2716, e« = 1. The linear and non-linear terms of the permittivity
of the layer are given by the coefficients at (nx)?E; (r,nx) in the second and third addends in
each of the equations of the system, respectively. Thus

(L) _ D (x,nx)

18 (1)
E(rne) 1+4mxy, (24)

where the representations for the linear part of the complex components of the electric

displacement DgL)(r,nK) = Ei(r,nx) + 47TP1(L)(1‘,1’ZK) — ¢(L)E (r,nx) and the polarisation

Pl(L) (r,nx) = XS) Eq(r,nx) are taken into account. Similarly, the third term of each equation of

the system makes it possible to write the non-linear component of the permittivity in the form

(NL) Pl(FSM) (r,nx) + Pl(GC)(r,mc)
Enic = 4r
Eq(r,nx)
= a(2)[|E1 (%) [* + [Er(r,26) [* + [Ex (r,3x) (25)
2
E; E;(r,2
+ o1 MEl (1,3K) + 5yp —1 (x,2r) Ei(r,x)E1(r,3x)],

Eqi(r,x) Eq(r,2x)
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where a(z) := 371)(5?11 (z) is the so-called function of the cubic susceptibility of the non-linear
medium.

For transversely inhomogeneous media (a layer or a layered structure), the linear part (L) =
el(z) =1+ 47t)(§11) (z) of the permittivity (cf. (24)) is described by a piecewise smooth or a
piecewise constant function. Similarly, the function of the cubic susceptibility « = a(z) is also
a piecewise smooth or a piecewise constant function. This assumption allows us to investigate
the diffraction characteristics of a non-linear layer and of a layered structure (consisting of a
finite number of non-linear dielectric layers) within one and the same mathematical model.

3. The condition of phase synchronism. Quasi-homogeneous electromagnetic
fields in a transversely inhomogeneous non-linear dielectric layered structure.

The scattered and generated field in a transversely inhomogeneous, non-linear dielectric
layer excited by a plane wave is quasi-homogeneous along the coordinate y, hence it can be
represented as

(C1) Eq(r,nx) =: Eq(nk;y,z) = U(nk;z)exp(ipncy), n=1,2,3.

Here U(nk;z) and ¢py := nksin ¢ denote the complex-valued transverse component of the
Fourier amplitude of the electric field and the value of the longitudinal propagation constant
(longitudinal wave-number) at the frequency nx, respectively, where ¢, is the given angle of
incidence of the exciting field of frequency nx (cf. Fig. 1).

The dielectric permittivities of the layered structure at the multiple frequencies nx are
determined by the values of the transverse components of the Fourier amplitudes of the
scattered and generated fields, i.e. by the redistribution of energy of the electric fields at
multiple frequencies, where the angles of incidence are given and the non-linear structure
under consideration is transversely inhomogeneous. The condition of the longitudinal
homogeneity (along the coordinate y) of the non-linear dielectric constant of the layered
structure can be written as

eNB) (2, a(z), Eq (1,6), Eq (1,26), Eq (1,31)) = e (z,a(2), U(x;2), U(2;2), U(3K;2)).  (26)
Using the representation (25) and the conditions (C1), (26), we obtain the following physically
consistent requirement, which we call the condition of the phase synchronism of waves:
(C2) ¢pux =n¢x, n=1,23.
Indeed, from (25) and (C1) it follows that

et = a(z)[|E1(t) 2 + |Ex(r,26)|> + |E (1,3x) 2

“(r, )] (r
%El (1‘,31() + 5112 %El(r,K)E1<r,3K)] ,
= a(2)[|U(xz)]? + U (2;2) > + [U(3K;2) (27)
e uwiz)exp 1i[-3¢i -+ 9anly)

U (r,2 |
ﬁu(iﬁz)u@mz)exp{z [—2¢0 + ¢Pxc + ¢3K]y}], n=123

+ 5711

+ 5711
+ 5712

Therefore the condition (26) is satisfied if

{ - 3‘PK + P3x
- 24’21{ + 471{ + (PSK

I
S

(28)

I
e
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From this system we obtain the condition (C2).
According to (23), (24), (27) and (C2), the permittivity of the non-linear layer can be expressed
as

enc(z,a(z), E1(1,x), E1 (1,2x), E1 (1, 3K))
= enK(z a(z),U(x;z),U(2k;z),U(3k;z))
= B (z) +az) [|U(2)? + [U(2K2)]* + [U(3K;2) |2
+ 0, U* (x;z) exp { —2iarg(U(x;z)) } U(3k;z)
+ dpp exp { —2iarg(U(2x;z)) } U(x,z)U(3x;2) |
= eD(z) +a(2) [|U(x;2)]? + [U(2;2) |2 + |U(3x;2) |?
+ 0m |U(1;2) [|U (31;2) | exp {i [—3arg(U(x;2)) — 3y + arg(U(3x;z2) ) + ¢pacy] }
+ 00 |U (x;2) ||U(3K;2) | exp {i [-2arg (U (2x;2)) — 2¢oy + arg(U(x;z)) + Pxy
+ arg(U(3x;2)) + ¢paxy]} ]
= eD(2) +a(z)[|JU(c;2)]? + |U(2K;z) > + |U(3K;2) |2

+ 01 |U(x;2)||U(3x;z) |exp {i[—3arg(U(k;z)) + arg(U(3k;z))] }
+ 02 |U(x;2)||U (3x;2) | exp {i[—2arg(U(2x;z) ) + arg(U(x;z)) + arg(U (3« _Z)l)]z} ]3
"(29)

The investigation of the quasi-homogeneous fields E;(nx;y,z) (cf. condition (C1)) in a
transversely inhomogeneous non-linear dielectric layer shows that, if the condition of the
phase synchronism (C2) is satisfied, the components of the non-linear polarisation Pl(G) (r,nx)
(playing the role of the sources generating radiation in the right-hand sides of the system (22))
satisfy the quasi-homogeneity condition, too. Indeed, using (25) and (C1), the right-hand sides

of the first and third equations of (22) can be rewritten as

—47‘CK2P1(G)(I',K) — _p((z)KZE]ZZ(r,ZK)ET(r,SK)
= —a(z)K2U(2z)U* (3K;:2) exp {i [2¢ax — p3c v}
= —a(z)K?U?(2x;2)U* (31;2) exp (iry)

and
—47(36)2P( (1,3¢) = —a(z)(3K)> %Ei(r,x)+E%(r,zK)E;(r,K)}

= a2 (30 | U (52) exp Bigiy)
: + UZ(ZK;Z)U* (K,'Z) exp{i [2(P2K = 4)1(]]/}}
= —a(z)(3x)2 { gu?’(;c;z) + U (2152)U* (x;2) } exp (iscy),

respectively. This shows that the quasi-homogeneity condition for the components of the

non-linear polarisation Pl(G) (r,nx) is satisfied.
In the considered case of spatially quasi-homogeneous (along the coordinate v)

electromagnetic fields (C1), the condition of the phase synchronism of waves (C2) reads as
sin@yux =sing,, n=1,2,3.

Consequently, the given angle of incidence of a plane wave at the frequency x coincides with
the possible directions of the angles of incidence of plane waves at the multiple frequencies
nk. The angles of the wave scattered by the layer are equal to @5t = — ¢y, in the zone of
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reflection z > 2716 and @5t = 71 + @, and in the zone of transmission of the non-linear layer
z < —27mé, where all angles are measured counter-clockwise in the (y,z)-plane from the z-axis
(cf. Fig. 1).

4. The diffraction of a packet of plane waves on a non-linear layered dielectric
structure. The third harmonics generation

As a first observation we mention that the effect of a weak quasi-homogeneous
electromagnetic field (C1) on the non-linear dielectric structure such that harmonics at
multiple frequencies are not generated, i.e. E1(r,2x) = 0 and E;(r,3x) = 0, reduces to find the
electric field component Eq(r,«) determined by the first equation of the system (22). In this
case, a diffraction problem for a plane wave on a non-linear dielectric layer with a Kerr-type
non-linearity e, = eI (z) 4+ a(z)|E; (r,x)|? and a vanishing right-hand side is to be solved,
see Yatsyk (2007); Shestopalov & Yatsyk (2007); Kravchenko & Yatsyk (2007); Angermann &
Yatsyk (2008); Yatsyk (2006); Smirnov et al. (2005); Serov et al. (2004).
The generation process of a field at the triple frequency 3« by the non-linear dielectric structure
is caused by a strong incident electromagnetic field at the frequency x and can be described
by the first and third equations of the system (22) only. Since the right-hand side of the second
equation in (22) is equal to zero, we may set Eq(r,2x) = 0 corresponding to the homogeneous
boundary condition w.r.t. E1(r,2x). Therefore the second equation in (22) can be completely
omitted.
A further interesting problem consists in the investigation of the influence of a packet of waves
on the generation of the third harmonic, if a strong incident field at the basic frequency x and,
in addition, weak incident quasi-homogeneous electromagnetic fields at the double and triple
frequencies 2x, 3x (which alone do not generate harmonics at multiple frequencies) excite the
non-linear structure. The system (22) allows to describe the corresponding process of the third
harmonics generation. Namely, if such a wave packet consists of a strong field at the basic
frequency x and of a weak field at the triple frequency 3x, then we arrive, as in the situation
described above, at the system (22) with E1(r,2x) = 0, i.e. it is sufficient to consider the first
and third equations of (22) only. For wave packets consisting of a strong field at the basic
frequency x and of a weak field at the frequency 2x, (or of two weak fields at the frequencies
2x and 3x) we have to take into account all three equations of system (22). This is caused by
the inhomogeneity of the corresponding diffraction problem, where a weak incident field at
the double frequency 2x (or two weak fields at the frequencies 2k and 3x) excites (resp. excite)
the dielectric medium.
So we consider the problem of diffraction of a packet of plane waves consisting of a strong
field at the frequency x (which generates a field at the triple frequency 3x) and of weak fields
at the frequencies 2x and 3«x (having an impact on the process of third harmonic generation
due to the contribution of weak electromagnetic fields of diffraction)

{EilnC(r,K) — EilnC(K;y,z) = ainr}cc exp (i(cpmy —Tp(z — 27‘[(5))) }i y z > 270, (30)
with amplitudes 4l and angles of incidence @uy, |@| < 7/2 (cf. Fig. 1), where ¢y :=
nk sin @, are the longitudinal propagation constants (longitudinal wave-numbers) and I’ :=

\/ (mc)z — ¢2, are the transverse propagation constants (transverse wave-numbers).
In this setting, the complex amplitudes of the total fields of diffraction

Ei(r,nx) =: Ey(nx;y,z) := U(nk;z) exp(ipncy) = Eilnc(nx;y,z) + Eicat(nx;y,z)
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of a plane wave (30) in a non-magnetic, isotropic, linearly polarised

E(r’nK> = (El(”K)ylz)/O/O)T,

. . T
H(r,nK) — <0, : 1 aEl(”K/]/,Z)’_ ‘ 1 aEl(?’lK,y,Z)>
inwpg 0z inwpg dy

(E-polarisation), transversely inhomogeneous e(&) = ¢(L) (z) =1 + 471)(511) (z) dielectric layer
(see Fig. 1) with a cubic polarisability P(NL) (r, nk) = (P 1( 2 (nx;1,2),0,0) " of the medium (see
(20)) satisfies the system of equations (cf. (22) — (25))
( VPEA) e (z0(2) B (56), Ex (528) (530 s 1)
= —a(z) 2Ez(f 2) E7 (x,31),
(z,a(z),Eq(r,x),E1(r,2x),E1(1,3%))E1(r,2c) = 0, 31)
«(z,a(2),Eq r,K) Eq(r,2x),Eq1(r,3x))Eq(r,3x)
= —a(z)(3x 2{ E3(r,x) + E2(r,26)E} (1, K)}

V2E;(r,2) + (2
VZEl (I‘, 3K) + (

)?
)?

K 827{
K)~€E3

\

together with the following conditions, where Etg(nx;y,z) and Hig (nx;y,z) denote
the tangential components of the intensity vectors of the full electromagnetic field

{E(ni;y,2) b1 05, {H(1KY,2) }2q 051
- (C1) Eq(nx;y,z) =U(nk;z)exp(ipncy), n=12,3

(the quasi-homogeneity condition w.r.t. the spatial variable y introduced in Section 3),
- (C2) ¢ux=n¢,, n=123,

(the condition of phase synchronism of waves introduced in Section 3),

- (C3) Ey(nx;y,z) and Hig(nx;y,z) (ie. Eq(nk;y,z) and Hy(nxk;y,z)) are continuous at the
boundary layers of the non-linear structure,

scat

- (C4)  Es(ni;y,z) = {Zscat} exp (i (puxy £ Tnx(z F279))), z2+2m6, n=1,23
(the radiation condition w.r.t. the scattered field).

The condition (C4) provides a physically consistent behaviour of the energy characteristics
of scattering and guarantees the absence of waves coming from infinity (i.e. z = £00), see
Shestopalov & Sirenko (1989). We study the scattering properties of the non-linear layer,
where in (C4) we always have JmI'y, = 0, Rel'yx > 0. Note that (C4) is also applicable for
the analysis of the wave-guide properties of the layer, where JmI';;c > 0, Rel';;c = 0.

Here and in what follows we use the following notation: (r,t) are dimensionless
spatial-temporal coordinates such that the thickness of the layer is equal to 47d. The
time-dependence is determined by the factors exp(—inwt), where w := «c is the dimensionless
circular frequency and « is a dimensionless frequency parameter such that x = w/c := 27/ A.
This parameter characterises the ratio of the true thickness h of the layer to the free-space
wavelength A, i.e. /A = 2ké. ¢ = (egpg) ~'/? denotes a dimensionless parameter, equal to the
absolute value of the speed of light in the medium containing the layer (Jmc = 0). gy and yg
are the material parameters of the medium. The absolute values of the true variables t/,#, '
are given by the formulas v’ = hr/475, t' = th/47, ' = w4né/h.
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The desired solution of the diffraction problem (31), (C1) — (C4) can be represented as follows:

E1(nx;y,z) = U(nx;z) exp(ignxy)
anCexp (i(pnxy — Tux(z — 2708))) + aS@texp (i(Puxy + Tnx(z — 2716))),  z > 2716,

= ¢ U(nx;z) exp(ipuxy), |z| <2ms, (32)
bt exp (i(Puxy — T (z + 2716))), z < —=2716,
n=12,3.

Note that depending on the magnitudes of the amplitudes {ai"¢,all¢,al"°} of the packet of

incident plane waves, the amplitudes {a$5t, bScat 221 of the scattered fields can be considered

as the amplitudes of the diffraction field, of the generation field or of the sum of the diffraction

and generation fields. If the components {al"® = ai{nc(w),aizrj‘f = aizr;cc(w),ag}cc = aérllc(w)} of the

packet consist of the amplitudes of weak fields, then {a$$at = adif pseat = pdif33 .
The presence of an amplitude of a strong field at the basic frequency « in the packet {ai"® =
aicnc(s),aizr;cc =ay ), alie = ag;cc(w)} leads to non-trivial right-hand sides in the problem (31),

(C1) — (C4). In this case the analysis of the following situations is of interest (see (32)):

( a%{nc _ qicnc(s) 7& 0, W

scat _ ,dif scat _ scat _ 8N
gine — ginew) ._ - gt =, ap” =0, az’= ”gg
2k Yok =Y pscat — pdif  pscat _ ) pscat _ SN (7
ginc amc(w) 0 K K s 2K 4 3x 3x
\ "3k T "3k

i i en
. . ‘ W {aicat = qdif, agf{at =0, agfft = ag}f + agg }
2 2 : ’ scat __ j,dif scat __ scat __ pdif n (s
x ~ fo J 3 bt = pdif, b3t =0, b3t = b 4 pE

Ay~ = scat __ ,dif gen scat __ ,dif scat __ ,8&en
ginc — ainc(w) £0 = Py = Oy tax , a0 = L 11%6
2k — "2k ’ pscat — pdif 4 pE pscat _ pdif - pscat _ g0 (T
ginc — amc(w) —0 K 3 kK s Yog 2k 7 Y3k 3k
\"3x — "3k T

(airc — aich(S) #0 en en
7 . . .
gine — gine) o L {a;cat = afil 4ol ot = ol ot = ol 4 }
- t _ pdif gen t — gdif t _ gdif n(-
= i LRC S D S

inc __ ,inc(w) J 2K 7
\ a13;<c - a3;c 7é 0

The boundary conditions follow from the continuity of the tangential components of the full
fields of diffraction {Ewg(nx;y,2)},_;,4 {Hig(ny,2)},_, , 4 at the boundary z = 276 and
z = —27é of the non-linear layer (cf. (C3)). According to (C3) and the presentation of the
electrical components of the electromagnetic field (32), at the boundary of the non-linear layer
we obtain:

U(nk;278) = a$@t+alte,  U'(niG2ms) = iTpe (45588 — alll), (33)
U(nk;—21t6) = b3, U'(ni;—2m6) = —ilpb33, n=1,2,3,

where “’” denotes the differentiation w.r.t. z. Eliminating in (33) the unknown values of

the complex amplitudes {a5'}, _ 55, {b3"},_; 5 Of the scattered field and taking into

consideration that al'® = U™ (nx;276), we arrive at the desired boundary conditions for the
problem (31), (C1) - (C4):
iTpcU(nx; —276)  + U (nk;—2m6) = 0,

iT U (112706 — U (nk;27s = 2iT,a™, n=1,23. (34)
nK
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Substituting the representation (32) for the desired solution into the system (31), the
resulting system of non-linear ordinary differential equations together with the boundary
conditions (34) forms a semi-linear boundary-value problem of Sturm-Liouville type, see
also Shestopalov & Yatsyk (2010); Yatsyk (2007); Shestopalov & Yatsyk (2007); Angermann
& Yatsyk (2010).

5. The system of non-linear integral equations

Similarly to the results given in Yatsyk (2007); Shestopalov & Yatsyk (2007); Kravchenko &
Yatsyk (2007); Angermann & Yatsyk (2010); Shestopalov & Sirenko (1989), the problem (31),
(C1) — (C4) reduces to finding solutions of one-dimensional non-linear integral equations
(along the height z € (—2716,2719) of the structure) w.r.t. the components U(nk;z), n =1,2,3, of
the fields scattered and generated in the non-linear layer. We give the derivation of this system
of equations in the case of excitation of the non-linear structure by a plane wave packet (30).

The solution of (31), (C1) — (C4) in the whole space Q := {g=(1,2) : |y| < oo, |z| < oo} is
obtained using the properties of the canonical Green’s function of the problem (31), (C1)
— (C4) (for the special case € = 1) which is defined, for Y > 0, in the strip Q{y,oo} =

{a=(.2): [yl <Y, |z]| <o} CQby

Go (nx;q,90)
= 4Yexp{l[4>nx(l/ Yo) + Inxlz = zol]} /Tnx
(35)
—oxp(eignn) gy [ H (w0 + 2 2002 ) exp (Figned)

n=12,3

(cf. Shestopalov & Sirenko (1989); Sirenko et al. (1985)).

We derive the system of non-linear integral equations by the same classical approach as
described in Smirnov (1981) (see also Shestopalov & Yatsyk (2007)). Denote both the scattered
and the generated full fields of diffraction at each frequency nx, n = 1,2,3, i.e. the solution of
the problem (31), (C1) - (C4), by Ex (nqly—(y.z) ) = U(n:2) exp (igicy) (cf. (32)), and write
the system of equations (31) in the form

(V2+x2)Ei(icq) = [1—ec(qa(q),E1(xq), E1(2x;9), E1(3%;9))] k*Eq (1;9)
— a(q)x*EF (2x;9)Ef (3K;1),
(V24 @x) ) Er(2iq) = [1—eac(q,0(q), Ex(x:0), 1 (2550), 1 (35:0))] (2%)° Ea (2x;4),
(V24 (3)%) E1(Bk;q) = [1—eac(q,a(q), Ea(x;9), E1(2K;9), E1 (3x;9))] (3%)2E1 (3K;
\ - 0l { 3Bk wa) + EF260)E{ () |,

or, shorter,

(V2 + (nx)?) Er(ni;q) = [1—enc (9,a(q), E1(x:9), E1(2K;9), E1(3x;))] () Eq (x; )
— dma(q)(nx)*Ef (21;9) E (31;9)
_‘5113“(‘1)(”7()2{ E}(k:9) + ET (2159) E5 (; q)} n=12,3.
(36)
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At the right-hand side of the system of equations (36), the first term outside the layer vanishes,
since, by assumption, the permittivity of the medium in which the non-linear layer is situated
is equal to one, i.e. 1 — exx (q,a(q), E1(x;9), E1(2K;q), E1(3%;9)) = 0 for |z| > 2716.

The excitation field of the non-linear structure can be represented in the form of a packet
of incident plane waves {Ei"(nx;q)} satisfying the condition of phase synchronism,

where

n=1,2,3

EP(nx;q) = dyi exp {i[puy — Tux(z = 270)]}, n=1,2,3, (37)

Furthermore, in the present situation described by the system of equations (36), we assume
that the excitation field Ei"°(x;q) of the non-linear structure at the frequency « is sufficiently
strong (i.e. the amplitude al™ is sufficiently large such that the third harmonic generation
is possible), whereas the amplitudes a'°, "¢ corresponding to excitation fields E"°(2x;q),
Ein¢(3x;q) at the frequencies 2x, 3k, respectively, are selected sufficiently weak such that no
generation of multiple harmonics occurs.

In the whole space, for each frequency nx, n = 1,2,3, the fields {Eilnc (nx;q) }

plane waves satisfy a system of homogeneous Helmholtz equations:

H=123 of incident

(V2 + (nK)2> En(ni;q) =0, q€Q, n=1,23. (38)
For z > 2716, the incident fields {Eilnc(nK,'q) }n:1,2,3 are fields of plane waves approaching the
layer, while, for z < 2716, they move away from the layer and satisfy the radiation condition
(since, in the representation of the fields Eilnc(mc;q), n =1,2,3, the transverse propagation
constants I';,x > 0, n = 1,2,3 are positive).
Subtracting the incident fields Eilnc(nx;q), from the corresponding total fields Eq(nx;q), cf.
(32), we obtain the following equations w.r.t. the scattered fields Ej(nx;q) — Ei(nk;q) =:
Eicat(nx;q) in the zone of reflection z > 274, the fields Eq(nk;q), |z| < 278, scattered in the
layer and the fields Eq (nx;q) =: E§®(nk;q), z < 276, passing through the layer:

(V2 + (nx)?) [Ey(nx;q)  —  EP(nx;q)] = 0, z> 270,
(V2+ (m)2) Er(m;q) = [1 = ewe (9,0(9), Er(59), E1 (2%:9), E1 (3x:9))] (150)2En (113 )
— 6me(q) (nx)?Ef (21;9) Ef (3x;)
— 0,ae(q)(m)2 { S B} (639) + B3 (2:0)Ef (k30) ), |2] < 275,

(Vz + (mc)z) Ei(nk;q) = 0, z<—-2m6, n=1,23.
(39)

Since the canonical Green'’s functions satisfy the equations
<V2 + (1’11{)2> Go(nK,'q,l]o) = _5(‘7/5/0)/ n=1,2,3, (40)

where 6(g,q0) denotes the Dirac delta-function, it is easy to obtain from the above equations
(39), with g replaced by g, the following system:
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[Eq(nx;q0) — E*(nx;q0)| V2Go(nx;q,q0) — Go(nic;q,90) V' [Eq (nic;q0) — EX(nic; qo )|
—  — [Ex(niq0) — EN(n30)] 8(q,q0), = > 2716,

E1(nx;q0) V> Go(nx;4,q0) — Go(nx;q,40) VEq (115 0)
= —E1(nx;90)d(q,90)

— Go(nx;4,490) [1 — enx (90,2(q0), E1(x390), E1(2;q0), E1 (3x;q0) )] (1) *Eq (m1; o)

+ 01 Go(n1;4,q0)ae(q) () EF (2K ) Ef (3K;.)

+ 8:3Go(m;q,90)a(9) () { B3 (63) + B3 (2:0)Ef (30) |, [2] < 275,

E1(nx;q0) V>Go(nx;q,q0) — Go(nx;q,40) V2Eq (5 40)
= —Ei1(nx;90)6(q,90), z<-—-2mé, n=1,23.

(41)
Given Y >0, Z > 2716, now we consider in the space Q the rectangular domain

Quv,zy :={9=.2): [yl <Y, |z2| <Z},

and the subsets

Quv,z},z50n6 = {q=,2): [yl <Y, 2n6<z<Z},
Quv,z), lzj<2ns = {9=(v,2): ly[ <Y, |z[ <276},
Q{Y,Z},z<—2m5 = {q9=(2): [yl <Y, ~Z<z<-2n6},

and make use of Green’s formula.

We also mention that in the case of a non-linear layered structure consisting of a finite
number of layers the applicability of Green’s formula in the region Qyy 7} |;|<25s Occupied
by the dielectric follows from the continuity condition (C3) w.r.t. Etg(nx;q), Hig(nx;q) at
the boundaries. Indeed, consider a covering of Qy 7, by a finite number of disjoint
rectangles such that the restrictions of &, (qo,2(q0), E1(x;90), E1(2x;90), E1(3%;90)) to each
of these rectangles are smooth functions. At the common interfaces of these regions (i.e.
at the boundaries of the separate layers of the structure) due to the continuity of the
components Eig(nx;q) and Hig(nx;q) of the electromagnetic field (cf. (C3)), Eq(nx;q) and
dE(nx;q)/on are continuous (where n denotes the outward unit normal w.r.t. each of the
regions). Now, by Green’s formula and condition (C3) it is easy to obtain the system of
non-linear integral equations w.r.t. the unknown solutions Ej (nx;q), n = 1,2,3, in the region
Q(y,7}, |z|<2ns- This system forms an integral representation of the solution in the exterior
Qqv,z1 \ Qqv,7}, |z|<2rs ©Of the region occupied by the dielectric layer. Consequently, the
desired functions {Ej(nx;q)},_; » 3, which are twice continuously differentiable both within
(ie. Qgy 7}, z|<2ns) and outside (i.e. Qy 7} |z/>276) Of the region occupied by the dielectric
layer, are continuous and have continuous derivatives throughout the whole region Q(y 7 up

to and including the boundary 0Q y 7y, i.e. Ei(nx;q) € C? (Q{y/z}) Nnct <Q{Y,Z}> ,n=1,2,3.

The system of non-linear integral equations and the corresponding integral representations
of the desired solution are obtained by applying, in each of the rectangles Qy 71 <275/

Qqv,z}, |z|<2r6r Qqv,z}, z<—275, Green’s formula to the functions Eq(nx;q0) — Ein® (nx; q9) =:
Es(nx;q0) for qo € Qqy .z}, 252100 E1(nx;qo0) =: Ef*(ni;q0) for qo € Qv 7y, |z/<2ms
Eq(nx;qo) =: ES(nx;qo) for qo € Qqv,zy, 2 < =276, and Go(nx;q,q0) for 4,90 € Qqy,z):
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Sy oo ([ = BT 9260 =002 1 = 7]t

__ rinc
- (-] R aB ),

on on

Q(v,z}, 25276

0Gy oE;
av%%—cﬁﬂa,doz/ Gﬁ _Gy2L )do,
//Q{Y,Z}/ |2| <276 < > I Qiv,z}, |z<2ms on Jn I

i OF;
ElszO - GoVZEl d 0= / (E1 Go > d 0, nh= 1,2,3.
//Q{Y,Z},z<—2m$ ( ) 1 Q{Y,Z},z<—2n5 a a q
(42)

Taking into account the relations (41), we get

Eq(ni;q) — Eilnc (n;q), g€ Q{Y,Z},z>2m5
0, 7€ Qqy,zy \9Q(y,z}, 25275

. 9Go(nx;q,q90)
- = E : _ Finc : 9Go (nx;4,q0)
/E’Q{YZ} 2>2m6 ([ 1(n40) 1 qO)] on

d |Eq(nxk; — Einc(yy;
—Go(nx;9,q0) Enl Elo)an ()] ) dqo,
{E1(”K?‘1)l 7€ Qqy,z), |z|<2ns }
0, 7€ Qqy,zy \ Qqv,z}, 2| <276

= (nx) // (nx;q,q0) X
Qv,zy, \z\<zms
X [1— enx (40, «(q0),E1(x:90), E1(2%;90), E1(3%;90) )] E1 (1% 90)dq0

+ o (me)? | Go (19,90 (90) EF (26;0) Ef (31 q0) g
Q(v,z}, |z|<27s |
o [ Gl (o) { 3B i) + B0 ES (o) b
{Y, 2}, |z| <276

Gy (nx;4,q0) (nK qo))
— Eq(nx; — T Go(nk;g, J ,
/aQ{Y/Z}, |z|<2m6 1( qO) on 0( q qO) q0

{El (nx;q), g€ Q{Y,Z},z<727r5 }
0, 7€ Quy,21Q(v,2},2<—2ns

_ . aGO(nK,'q/q0> . . aEl (nK;q()) B
B /aQ{Y 7}, 2<—2m5 (El (nK,qO)T GO(nK'q'qO)T dqo, n=1,2,3.
(43)

Suppose g € Qy, 71 |2|<2ns, 1-€. it lies in a rectangle containing the non-linear structure. Then
the equations of (43) take the form
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: Gy (nx;9,q0)
0 = —/ <E nk;qg) — E"¢(nx; —
S |Ex(n;q0) — EP®(n;q0)| =25

dqo,

d|E :q0) — EINC(nx;
—Go(na,q0) [Eq(nx;q0) — E(nx %)])

on

Ei(ncg) = —(m)? | Go(mx;0,40)
Qiv,z}, |z<2ms
X [1 = enx (q0,2(q0), E1(x;90), E1(2x;90), E1(3%;90) )] E1 (nx;q0)dqo

+onm? [[ Go(139,0)(90) E} (25 00) Ef (3x:0)
Qty,z}, |z|<2ns
+8(n)? [[ Go(134,0)(q0)
{Y,Z}, |z|<276
1 *
X {gE%(K;qo) + E3(2K;q90) E7 (%590) } dqo
0Go(nr;q,q0) 0Eq (nx;qo) )
nK;qg) —————~ — Go(nk;q,90) —————= | dqgo,
/BQ{vz} l2|<ams ( 1(n3q0) on 0(n:4,q0) on q0

. aGO(nK;q,qO)_ ) 9Eq (nx;q0)
= Loy ( 1(m0) ==5 07— Goltmq o) =57 ) ddo.

n=1,2.3.
(44)

If the parameter Z increases to infinity, Z — oo, the line integrals appearing in the first and
third equations of (44) along the lower [(—Z,—-Y),(—Z,Y)] and upper [(Z,Y),(Z,—Y)] parts
of the boundary 9Q (v,z} tend to zero for all n = 1,2,3. This is a consequence of the fact that,
for all frequencies nx, n = 1,2,3, the reflected field E; (nx;q) — EI"®(nx;q) =: E{®(nx;q), given
by the first equation of (44), and the field E; (nx;q) =: E5®(nk;q), passing through the layer
and described by the third equation of (44), satisfy the radiation condition (C4), and of the
asymptotic properties of the canonical Green’s function (35). The line integrals along the left
[(=2,Y), (2,Y)] and right [(Z,—Y), (—Z,—Y)] sides of the boundary 0Qy 7} cancel out each
other in all equations of the system (44).

Next we consider the components of the total fields Eq (nx;q) (i.e. Eig(nx;q) and M) (i.e.

Hig(nx;q)) at the common boundaries of neighbouring rectangles. At the upper z = 27T(5 and
lower z = —27t6 boundaries of the non-linear medium, they are continuous, cf. the interface
condition (C3). The orientations of the outer normals in the line integrals of the system (44)
(for the first and second equations, and for the second and third equations, for eachn =1,2,3)
at these common boundaries are opposite. Adding all equations of the system (44), we obtain
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E1(nx;q)
— —(nx)? / / Go(nx;4,q0)

Qy,z, |z|<276

X [1 — enx (q0,2(q0), E1(x;90), E1(2%;90), E1 (3%;90) )] E1 (n%;q0)dq0

+ o) [[ Go(;q,q0)a(00) EF (25:40) Ef (350 g
Qiv,z}, |z|<2ms (45)

1 .
+ Sl [ Go(mei o)a(ao) { 3EX i) + B3 @ei0 () |

Qqr.z}, el <2 3G ) X oEq ( )
oq, nK;
i El(nx;qo)quqO — Go(nK;q/%)quo) 4q0,

0Q(y,7=c0}, 25275

q < Q{er}r |Z|§27T(5’ n= 112/3-

In the line integrals of equation (45), at each of the frequencies nx, n = 1,2,3, the integration
runs along the lower boundary 0Qy 7—w »~25s Of the half-space Qy 7—wo}, ;275 Where the

normal vector n points into the non-linear layer. Changing the orientation of the normal vector
(which is equivalent to changing the sign of the integral) and considering the line integrals as
integrals along the upper boundary 0Qyy 7}, ,<2xs of the region Qry 71 <5, we get

Eq(nx;q)
= —(nx)? // Go(nx;4q,90) x

Qiy,2}, |z|<276
X [1 — enx (90,2(q0), E1(x;90), E1(2%;90), E1 (3%;q0) )] E1 (nx;q0)dqo
+ 1 (nx)? / / Go(nx;9,90)2(q0) E3 (21;90) E (3%;90)dqo
Qiy, 2}, |z|<276 ) (46)
o [ Golmig,q)atan) { 5B ) + B0 Ef(a0)  dao

Qy,z}, 121<276

9Go(nx;9,q90) OE (n1;q0)

— | | Ei(nx;q0) — =" — Go(nx;q,90) ——=—— | dq0,
/Q{Y,Z}, |z|<2n6 (i 40) on (nic;4,4q on q

q€ Qqy,z}, zj<2msr " =1,2,3.

The line integrals in (46) represent the values of the incident fields at the frequencies nx, n =
1,2,3, in the points g € Q{Y,Z}, 2| <278

in 0Go(nx;q,q0) oEq (nx;q0)
E(nq) = — /Q{Y,Z},z% <E1(nK;qo)T — Go(nx;q,q0) —— " ) da,
q€ Qqy,z), |z|<2nsr "=123.
(47)

Indeed, applying Green’s formula to the functions G(nx;q,q0) and EIN°(nk;q) in the

region Qqy 7}, |z|<2ms U Qy,z}, z<—27s (Where g € Qyy 71 |21<oms U Qty, 7}, z<—275) and letting
0Q(y,7}, z<—276 — —00, we arrive at (47). Substituting (47) into (46), we obtain the following

system of non-linear integral equations w.r.t. the unknown total diffraction field:
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Eq (nc;9)
= —wp? [ Go(n;4,q0) %

Qv 2}, |z|<2s

X [1 —enx (q0,2(40), E1(x;90), E1(2x;40), E1 (3%;40) )] Ex (115 40 ) dqo
+ o (mo? [ Go (14,90 (90) EF (2x;0) Ef (31 q0) o

{Y,Z}, |z|<2m6

o [ Golmin (o) { 3B i) + B 260 ES (i) b

Qiy,2y, |z|<26

+E{(ni;q), g€ Quy,z}, |z|<2nsr " =1,2,3.

Passing in the above equations to the limit Y — co (where this procedure is admissible because
of the free choice of the parameter Y and the asymptotic behaviour of the integrands as
@ (Yﬁl) , see (C1) and (35)) we arrive at a system of non-linear integral equations w.r.t. the
total diffraction fields in the strip Qs 1= Qy—co 7}, |z|<26 = 19 = (v,2) : |y| < o0, |2] <276}
filled by the non-linear dielectric layer:

Eq(nx;q)
=~ [ Golmeigq0)
x [1— e (90,2(q0), E1(x;90), E1(2x;90), E1(3x;q90) )] E1 (nx;q0)dq0
+ Oy (nx)? / /Qé Go(;4,90)a(q0) EZ (25, 90) Ef (31;90)dqo (48)

+0a(me)? [ Gomig q0)a(ao) { 3530 + ERria) i o) b
)

+ E¢(nx;q), q€Q; n=123.
The integral representations of the total diffraction fields Eq(nk;q), n = 1,2,3, in the points
q ¢ Qs located outside the layer can be derived similarly to the approach described above
(see (35) — (48)). For this situation it is sufficient to consider in (43) the points lying above (g €
Qfy=—co,7=c0}, z>276) and below (7 € Qry_o 70}, < —275) the layer. As aresult, we get that the
integral representations (48) are valid for all points in the region g € Q := Qy_co 7—c0}, 25276 U
Qs U Q{Y:oo,Z:oo},z<—27'C(5' that is

Eqi(nk;q)
=~ [ Golmia.q0) %
X [1 = enx (d0,(q0), Ex (x3q0), E1 (26:q0), E1 (36:40))] Ex (1153 90)dg
+ () [ Golnria,q0)a(a0) L (2590 Ef (30) o )

+0a(me)? [ Gomig q0)alao) { 3B 050 + ERria i (o) b
o

+ Eilnc(mc;q), geQ, n=1,23.
The expressions in (49) form a system of non-linear integral equations in the points g € Q;.
Provided that a solution of this system exists, it can be substituted into the right-hand side of
(49). In this way we also obtain an integral representation of the total diffraction field at points
located outside the layer, i.e. § € Q(y_o 7—c0}, 25276 OF § € Qy—c0 7—c0}, z<—2715-
Alternatively, the system (49) can be derived by means of an iterative approach developed in
Shestopalov & Sirenko (1989). Schematically it can be represented as follows (see also Yatsyk
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(2007)). In the region Q we construct a sequence {E1 p(nK; q)}p 0 = 1,2,3, of functions

(where each function, starting with the index p = 1, satisfies the conditions (C1) — (C4)) such
that the limit functions Eq (nx;q) = ph_{rc}o Ey1p (nx;q) at the frequencies nx, n = 1,2,3, satisfy (31),

(C1) - (C4), i.e.

1(n%;q)

), E1,

2ET(28;q)Ef (3K;4)

— Suza(q) (nx)? lE‘i’O(K,'q) + E%,O(2K,'q)Ei"/O(K;q)},...,

(V2 + (nx)?)

= [1—eum(q,a(q),
— Oma(q)

- 5;13“@)

(50)
p(K q) E1 0(2;9),E1,,(31;9)) | (n1)2Eq , (nx;q)
»(26:9)Ef ,(31;4)

)
>2{§ Lp(""?)+Eip(ZK:q)Ei‘,p(K;q)},...,
n=1,2,3.

The system of equations (50) is formally equivalent to the following;:

Ey o(nK LI) = E"(nx;9),
E11 nx;q)

= (nx) / Go(nx;9,40)
X [1= & (q0,(q0), El,o(K}ﬂlo)lEl,o(zK;ﬂIo)fE1,0(3K;¢70))] E1,0(nx;q0)dqo
+ 01 (m)? [ Golma,q0)a(q0) EL o (28 90) Ef (B0

1

1
+ 63 (nx) / Go(nx;q,q0)a (qo){ ES o(1:90) + E3 o(2:90) Ef o (x; qo)}dqo

+ Eq0(nx;q), ..
El,p+1(”K}Q)

= —(TlK)z//Q Go(nk;q,q0) X
o
x [1 = enx (90,4(q0), E1,p(;90), E1,p(2K;40), E1,(3%;40) ) | Ev,p(n%;q0)dq0
+ o (me)? /Q Go (134,90 (90) E3. (2%:40) ES.,(3:0) g

1
+ O3 (1) / Go(n1;4,40) (QO){ E,(1:q0) + ET ,(2K:q0) Ef , (i Clo)}d%
+ E10(n;4),..

(51)

geQ, n=1,23.

Letting in (51) p tend to infinity, we obtain (49) — the integral representations of the unknown
diffraction fields in the region Q.

We consider now the variation of the parameter g in the strip occupied by the dielectric layer,
i.e. g € Qs. Then the representation (49) can be converted into a system of non-linear integral
equations w.r.t. the unknown fields E;(nx;q), n = 1,2,3, g € Qg, scattered in the non-linear
structure, see (32). Namely, substituting the representations for the canonical Green’s
functions (35) into (49) and taking into consideration the expressions for the permittivity
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enx (90,2(q0),E1(%;90), E1(2%;40), E1(3%;90) ) = €nx (z0,a(20), U(x;20), U (2;20), U(3K;20) ),

we get the following system w.r.t. the unknown quasi-homogeneous fields
Eq <”K2‘ﬂqz(y,z)) = U(nr;z)exp (ipncy), n =1,2,3, |z| <2m6:

U(nik;z)exp ( chnKy
( 276
= _ylflo (4“,% exp (ipuxy) / / exp(iTux|z — zo|) X

[1— enx (2'20/ a(z0), U (x; Zo) U (2i;20) , U (3x;20) )| U (nic; 20) dyodzo )
nl 4(YF) exp(iduxy) *
/st/ exp (iTnx|z — zo|)a (ZO)U2(2K;ZO)U*(3K;zo)dy0dzo)

+ lim <(5n3 (;K) exp (ipuxy) X

Y —oo

276 1
/ / exp (iT'nx|z — zo|)a(20) {gu (1;20) +U? (21620 ) U* (x; zo)}dyodzo)
lec(mc z)exp(ipny), |z| <21, n=1,23.

~.

+ lim (o
Y —o0

Integrating in the region Qs w.r.t. the variable yy, we arrive at a system of non-linear Fredholm
integral equations of the second kind w.r.t. the unknown functions U (nx;z) € Ly (—276,275):

i(nx)? [2mo .
U(nk;z) + / exp(il';|z — zpl) X
(mz) + 5 [ exp(iluelz — z0])

X [1 — enx (20, a(z0), U(x;20) ,U(2K;20) ,U(3K;20) )| U(nik;zg)dzg

i(nx)? 27 . 5 .
= O exp (T x|z — zo|)a(zo)U* (2%; 20 ) U™ (3x; 29 ) dzg
zrl’lK —276
i(rlK)Z 2716 . ]. 3 ) "
+ 0,3 exp (iTnx|z — zo|)a(z0) § U7 (;20) + U (2;20) U™ (x;20) ¢ dzo
zrmc —276 3

+ UM (nx;z), |z| <2m8, n=1,2,3.
(52)
Here UM(nx;z) = allSexp [—iTpx(z — 276)], n = 1,2,3.
The solution of the original problem (31), (C1) — (C4), represented as (32), can be obtained
from (52) using the formulas

U (ni;2768) = a™ + a5 U(nk; —276) = b5, n=1,2,3, (53)
nK nK nK

(cf. (C3)).

The derivation of the system of non-linear integral equations (52) shows that (52) can be
regarded as an integral representation of the desired solution of (31), (C1) - (C4) (i.e. solutions
of the form Eq (nx;y,z) = U(nx;z) exp (ignxy), n = 1,2,3, see (32)) for points located outside
the non-linear layer: {(y,z): |y| < oo, |z| >27d}. Indeed, given the solution of non-linear
integral equations (52) in the region |z| < 2714, the substitution into the integrals of (52)
leads to explicit expressions of the desired solutions U (nx;z) for points |z| > 276 outside the
non-linear layer at each frequency nx, n =1,2,3.
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6. The system of non-linear Sturm-Liouville boundary value problems

The system of non-linear integral equations (52), as well as the problem (31), (C1) — (C4) reduce
to a system of non-linear Sturm-Liouville problems.

Indeed, applying the approach described in Yatsyk (2007), Shestopalov & Yatsyk (2007),
Kravchenko & Yatsyk (2007), Angermann & Yatsyk (2008), we write the system (52) for
arguments z lying in the non-linear layer, i.e. for |z| < 2714, in the form

i(nx)? i(nx)?
U(nik;z) + ;rm)c [Frne(z) +F—ux(z)] = (m .—l—5ng) (2Tn;)< [Py nx(z) + P— ux(2)] (54)
+ U™ (nx;z), |z| <2m8, n=1,2,3,
where
Z .
Fem(z) = [ exp(iTix(z—20)) x
X [1 — enx(zo,a(z0), U(K;20), U(2K;20), U(3%;20) ) |U(nK; z0) dzo,
270
F_uk(z) = / exp (—ilnx(z —z0)) X
z
X [1 — enxc(zo,a(z0), U(K;20), U(2K;20), U (3K;20) ) [ U (nK;20) dzg,
n=1,2,3,
and
ya . 5
Py (z) = /_m(sexp(zf,{(z—zo))oc(zo)u (21;z0) U™ (3K; 20 )dzg,
2716
P_(z) = / exp (—ilx(z — ZO))IX(ZO)UZ(ZK;ZO)U* (3%;z0)dzo,
ZZ 1
Poasle) = [ exp iz —20) (o) { 50 0520) + U2 2rsz0)U (520) | do
2716 ) 1 .
P_s3c(z) := /Z exp (—il3(z — zg)) (zp) {glﬁ(;{;zo) + U2(2K;ZO)U (K;Z())}dZo.

The integrands and their partial derivatives w.r.t. z are continuous on the set —2716 <z <274,
—27 < zg < 276. Therefore we may differentiate w.r.t. the argument z by means of the Leibniz
rule. Differentiating (54) twice w.r.t. z, we obtain the following system of integro-differential
equations:

;222 U(nk;z) + z;rli:;)cz [FY i (2) + F! e (2)]
= (6 + %)% [P (z) + P! (2)] — T2 U™ (nx;2), |z| <2718, n=1,23.
Because of )
F! e(z) + F! o (z) = iluc [Fy pe(z) — FL i (2)], n=1,23,
Pl @) + P (z) = iTu [Ply(z) =P (2)], n=1,3,

where
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Fl (z) = iTucFyne(z) + [1 —enc(z,a(2),U(x;2), U(2K;2), U(3x;2))] U (nx; z),
F’,/nK(Z) =  —ilpF— ux(z) — [1 — en(z,a(z), U(x;2), U(2x;2),U(3x;2) )| U (nx;z),
n=1,2,3,
P\ (z) = iTxPyx(z)+a(z)U?(25;2)U* (3K;2),
Pl (z) = —ilxP_x(z) —a(z)U?(25;2)U* (3k;z), (56)
P\ 3 (z) = T3Py 3¢(2) +a(2) {%U3(K;Z) + U?(26;2)U* (i6; 2) } ,
Pl 5 (z) = —il3P_j3c(z) —a(z) {%US(K;Z) + U2 (2x;2)U* (x;2) } ,
we see that
Fl (z) = F. 1 (z) = iTux [Fyux(z) 4+ F- ke (2)]
+2[1 — enx(z,a(2),U(k;2), U (2K;z), U(3K;2)) | U (nk; z),
n=1,2,3,
P, (z) = P (z) = ilx[Pyx(z)+P_x(z)]+ 2a(z)u2(2;1<;z)u* (3x;z2),
Pl 3 (z) = Pl (2) = T3 [Py 3x(2) + P_3¢(2)] +2a(2) {§U3(K;z) + LIZ(ZK;Z)U*(K;Z)}.

Consequently, the system (55) takes the form

( d? i(nx)?
?U(rm;z) — T 5 [Ft nx(2) + F— nx(2)]
— (n6)?[1 — enx(z,a(2), U(x;2), U(2x;2), U (3x;2) )] U (nx; 2)
2
= (5711 + 5113) (712K> FI’IK [P+,nK( ) +P_ MK (Z)]
— (nx)?a(z) ((5n1U2 (216;2)U* (3%;2) + O3 {%U3(K;Z) + U (2K;2)U* (x5, 2) })
| — 2 U (nx;z), |z| <2718, n=1,23.

Making use of the integral representations of the desired solution {U(nx;z)},_;,5 given
by (54), the elimination of the integral terms results in the following system of non-linear
second-order ordinary differential equations of Sturm-Liouville type:

2
%U(mc;z) + {T%K — (nx)?[1 — ene(z,0(2), U(x;2), U (2K;2), U(3K;2) )] } U(nx;z)
—(nx)%a(z) <5n1 U?(2i;2)U* (3x;2) + O3 {%LIB’(K;Z) + U?(2K;2)U* (x; 2)

|z| <276, n=1,2,3.

(57)

The boundary conditions at z = 271 for each of the equations from system (57) are derived
from those first-order integro-differential equations, which are obtained by differentiating the
integral equations (54) w.r.t. the argument z, i.e.

p .
e —U(nk;z) + 2T, [P_’,_,nK(Z) + F/—,mc (Z)}

= (6m +5n3) T [P (z) + PL o (2)] — iTpcU™ (nr;2), |z| <278, n=1,2,3.
nk
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Because of

Filo(z) T FL (z) = iTne[Frnx(z) — Fonx(2)], n=1,2,3,
Pf&—,mc (z) + Pl—,nK (z) = iTpx[Pyux(z) — P—ux(z)], n=13,

(cf. (56)) we get

d i(nx)?
—U(I’ZK;Z) + ulrmc [F+,mc (Z) 1 Ff,nK<Z)]
dz 2gnk
i(nk)~ . . i
= (m + 5n3)<2]“—)1rnk [Pt nx(2) = P— i (2)] — il U™ (n152),  |2| <275, n=1,2,3.
nK

(58)
Accordingly, at the boundary z = £274 the system of integro-differential and integral
equations (58), (54) can be represented as

L ) S [P D)

B i(nx)? . Py i (2706) 0 , inc [ 276
- (57’11 + 5?’!3) 2rn;< lrnK |:{ 0 - P—,nK (_27_[5) - ZrnKu nk; 2718 ’
n=1,2,3,

and

) ) o)
= (G ) [{P+’"K(§2n5)} B {P (O—ZmS)H Hu (""{—2;?5})

n=1,23.

Eliminating from both equations the terms containing the integrals, we obtain the boundary
conditions of third kind:

iT U (n5;27168) — diLI(nx;zn(S) = 20, U™ (nk;2715), 59)
59
ilpcU (nic; —2718) + EU(nK;—ZmS) = 0, n=1,2,3.

Therefore, the system of non-linear integral equations (54) (or (52)) according to (57) and (59)
is reduced to an equivalent system of non-linear Sturm-Liouville boundary value problems:

2
%U(nx;z) + {Ffm — (nx)?[1 — e (z,0(2), U(x;2), U (2K;2), U(3K;2) )] } U(nx;z)
= —(nx)%a(z) ((5n1 U?(2i;2)U* (3%;2) + O3 {%LI?’(K;Z) + UZ(ZK;Z)U*(K;Z)}> ,

‘Z‘ < 27'[(5, (60)

ilycU (nic; —2716) + diU(nK;—ZTL'5) = 0,
iT U (n5;27168) — EU(nK;ZmS) = 2T, U™ (nk;276),

n=1,23.

We recall that the boundary problem (60) on the interval |z| < 276 can also be obtained
by starting from the original problem (31), (Cl) — (C4) and the representation of the
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desired diffraction field (32), as shown at the end of Section 4 The system of non-linear
ordinary differential equations of Sturm-Liouville type follows directly from substituting the
representations (32) for the desired solutions, i.e. {E1(nx;y,z) = U(nx;z)exp (iPnxy)},—123

for |z| < 2716, into the system of equations (31), using the relations I'2, = (nK)2 — 2, n=1,2,3,
for the longitudinal and transverse propagation constants. The boundary conditions follow
from the continuity condition (C3) of the tangential components of the full field of diffraction
{Eg(nx;y,2) }n:1,3 {Hig(nx;y,2) }n:1,3 at the boundary z = +27t6 of the non-linear layer:

; d | .
U(nk;27t6) = aSt +alhe, EU(nK;ZmS) = iTy (a5t — allc), oD
d
U(nk; —2m) = b5, d—LI(nK;—ZmS) = —ilbs, n=1,2,3.
Eliminating in (61) the unknown values of the complex amplitudes {a5t ne1237

{b5t} . _ 12,3 Of the scattered field at the boundary z = 42716 and taking into consideration

that all® = U™ (nx;2716), we arrive at the same boundary conditions as in problem (60).

Thus we have established the equivalence of the non-linear problem (31), (C1) — (C4), of the
system of non-linear integral equations (52) and of the system of non-linear boundary-value
problems of Sturm-Liouville type (60) (cf. Angermann & Yatsyk (2010), Shestopalov & Yatsyk
(2007)).

7. Numerical solution of the non-linear boundary value problem by the finite
element method

Using the results given in Angermann & Yatsyk (2008), Angermann & Yatsyk (2010), we can
apply the finite element method (FEM) to obtain an approximate solution of the non-linear

boundary value problem (60). Let
U(x;z)
U(z):= [ U(2;2) |,
U(3xk;z)

(T2 — 21 — e (z,a(2), U(K;2), U(2;2), U (3K;2))] } U(x; 2

+ a(z) 2112(2;( z) ( ;Z)

F(z,U) = | {T3 — (20)%[1 — ea(z,a(2), U(x;2), U (2K;2), U (3x;2)) | } U (2K;2)
LA A o v st i L

+ a(z)(3x)? {%U3(K,z)+uz(2xz K,z)}

Then the system of differential equations in (60) takes the form
—U"(z) =F(z,U(z)), ze€Z:=(-2m8,2m0). (62)
The boundary conditions in (60) can be written as

U'(-2n6) = —iGU(-2md),
U'(2r8) = iGU(276) — 2iGa™,

I, 0 O _ e
G=|0 Iy O and a"c = QIZII‘(C .
0 0 T ainc

(63)

where
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U3
multiplying the vector differential equation (62) by the complex conjugate v* and integrating
w.r.t. z over the interval Z, we arrive at the equation

—/U”-v*dz:/F(z,U)-v*dz.
T A

Integrating the left-hand side of this equation by parts and using the boundary conditions
(63), we obtain:

Taking an arbitrary complex-valued vector function v : [—276,27m8] — C3, v = (02) ,

— ;U -v*"dz = [[U -v*dz— (U -v*)(2mr6) + (U - v*) (—2m0)
= ;U -v*dz —i[((GU) - v*) (2716) + ((GU) - v¥) (—2718))]
+ 2i(Ga™) - v*(2719).

Now we consider the complex Sobolev space H'(Z) consisting of functions with values in
C, which, together with their weak derivatives belong to Ly(Z). For w,v € [Hl (I)]3, we
introduce the following forms:

a(w,v) = [;w v'dz—i[((Gw) v*) (276) + ((Gw) - v¥) (—2710)],
b(w,v) = [;F(z,w) vidz—2i(Ga™) v*(270).

So we arrive at the following weak formulation of boundary value problem (60):

Find U € [H! (Z)]3 such that

a(Uv)=b(Uy) e [H(D)] (64)

Based on the variational equation (64), we obtain the numerical method. We consider N nodes
{zi}fil such that —2716 =: 21 < zp < ... < zy_1 < zN := 2715, and define the intervals Z; :=
(zi,zi11) with the lengths h; := z; 1 — z; and the parameter h := maX;c(q,. N1} hi- Then, for
i€ {1,...,N} we introduce the basis functions ¥; : [—276,2716] — R by the formula

(Z—Zi,1>/]’li,1, ze€Z, 1andi>2,
i(z) =

(Zl'Jrl_Z)/hl', zeZ;andi < N —1,
0, otherwise

and the corresponding space V}, := {vh = Zfil Aii s Aj € C} (defined by a set of all linear

combinations of the basis functions). It is well-known that V}, C H(Z) (cf. Samarskij & Gulin
(2003)). Therefore the following discrete finite element formulation of the problem (64) is
well-defined (see Angermann & Yatsyk (2008), Samarskij & Gulin (2003)):

Find U;, C Vg’ such that

Un1
a(Uh,vh) = bh (Uhrvh) Vvh = (UhZ) S V}?. (65)
Un3

The non-linear discrete form by, is a slight modification of the right-hand side b of the problem
(64) defined as follows:

by, (Wi, V),) = /I [F}f) (z,wy,) + FND) (z,wh)] vidz —2i(Ga™) - v} (275),
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where
{12 —«2(1— )} wy
FUzw,) = [ {12 — @20 —eD)w, |,
{12, — (3)2(1 — 1))} wy

K 2 [ gNL) (zi, a(z;), w1, woi, w3;) e
+ a(z)wiwy] ¢
F;,NL)(Z,Wh) = | (@0 NL) (zi, a(z), w1, Wo, W3;) Wo; P;

NL
( ) Zl 1 €3K )(Zi,ﬂé( ') wlizw2irw3i)w3i

+ a(z) { w3, + wiw}; H ¥i

In fact, the problem (65) reduces to solving a non-linear system of algebraic equations w.r.t.
3N complex scalars.

As in Angermann & Yatsyk (2008) the weak formulation (64) and the discrete formulation
(65) can be used to prove, under certain assumptions, the existence and uniqueness of the

solutions U € [H}(T)] % and Uy, € V3, respectively. Furthermore, the convergence of the finite
element solution to the weak solution can be established.

8. Third harmonic generation and resonant scattering of a strong electromagnetic
field by the non-linear structure. A numerical algorithm for solving systems of
non-linear integral equations

Consider the excitation of the non-linear structure by a strong electromagnetic field at the
basic frequency x only (see (30)), i.e.

{El™(x;q) =0, Ein¢(2k;q) =0, EN(3x;9) =0}, where {ai" =0, al¢ = gin¢ = 0},

In this case, the number of equations in the system of non-linear boundary-value problems
(31), (C1) - (C4) and in the equivalent system of Sturm-Liouville problems (60), and the
number of non-linear integral equations in the system (52) can be reduced (cf. Angermann
& Yatsyk (2010)). As noted above, the second equation in each of the systems (31), (60) and
(52), corresponding to a problem at the double frequency 2x with a trivial right-hand side,
can be eliminated by setting E; (r,2x) := 0. The dielectric permittivity of the non-linear layer
depends on the component U(x;z) of the scattered field and on the component U(3x;z) of the
generated field, i.e. the expression (29) simplifies to

em<z,a<> 1(50),0,E1 (136)) = e (2,(2), U(72),U(3872))

=: (z)+8n,< (a(z),U(x;2),U(3x;z)) (66)
= el(z) +a(z) [|U(Kz2) 2 + |UGKz) ]
+ 5n106( )]U(K,Z)HU(BK z)|exp[i{—3argU(x;z) +argU(3x;z)}], n=1,3.

Now we discuss the numerical realisation of the approach based on the non-linear integral
equations (52). In the case under consideration, the problem is reduced to finding solutions
to one-dimensional non-linear integral equations (along the height z € [—-275,27t4] of the
structure) w.r.t. the components U (nx;z), U(3nk;z):
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( iK2 r2mé '
U(x;z) + o/, 5exp(zFK]z —z0]) [1 — ex (zo,a(20), U(K;20), U(3x%;20) )] U(K;20)dzg
. K J =27
= U™M(x;z), |z| <274,
i(3x)% 270 ,
U(3x;z) + o, /2m5 exp(iTax|z — zo]) [1 — €3¢ (20, (z0), U(1;20), U(3K;20) )| U (3%; 29)dzg
o J-
i(3K)2 2ms . 3
= / exp(il'3x |z — zo|)a(zo) U’ (x;20)dzo, |z| <276,
\ 6r31c —27d

(67)
where UM (x;z) = aiMexp [—iTx(z — 2716)].
The desired solution of the diffraction problem (31), (C1) — (C4) can be represented as follows
(cf. (32)):

Eq(niy,z) = U(nx;z) exp(idnxy)
810 exp (i(Puxy — Tnx(z — 2716))) + aS@texp (i(Puxy + Tk (z — 2718))), z > 276,

= ¢ U(nk;z) exp(ipuxy), |z| <276,
b%%atexp<i(¢nxl/ — Tux(z +2719))), z < =270,
n=1,3,
(68)

where U(x;z), U(3k;z), |z| < 27, are the solutions of the system (67). According to (53) we
determine the values of complex amplitudes {a35", b5t : n =1,3} in (68) for the scattered
and generated fields by means of the formulas
U (ni;2md) = 8,1alS + as2t,  U(ni; —270) = b5, n=1,3. (69)
The solution of the system of non-linear integral equations (67) can be approximated
numerically by the help of an iterative method. The proposed algorithm is based on the
application of a quadrature rule to each of the non-linear integral equations of the system (67).
The resulting system of complex non-linear inhomogeneous algebraic equations is solved by
a block-iterative method, cf. Yatsyk (September 21-24, 2009), Yatsyk (June 21-26, 2010).
Thus, using Simpson’s quadrature rule, the system of non-linear integral equations (67)
reduces to a system of non-linear algebraic equations of the second kind:
{ (I - BK<UKlU3K)>UK = Uicnci (70)
(I Y B3K(UK /U3K))U3K = Cs (UK) y

where, as in Section 7, {z; }Y | is a discrete set of nodes —2716 =:z7 < 23 <... <zy < ... < zy =:
279.

Upi = {Un( px)}nNzl ~ {U( ;91<;zn)}2]:l denotes the vector of the unknown approximate
solution values corresponding to the frequencies px, p = 1,3. The matrices are of the form

BpK (UK/ U3K> = {AmKnm (PK; Uy, U3K> }nN,m:1

with entries

1 2
Kum (pK, Uy, Uz) = —1(2’;’;1 exp (iTpelzn — zul) |1 = {e® (zn)
+a(zm) (|Unm (k) [ + [Um (3x) 2

T Gy [ ()| U (3K) | exp {i [ ~Barg U (x) + arg U (36)] 1)}
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The numbers A, are the coefficients determined by the quadrature rule, I := {(5nm}nN m—1 18
the identity matrix, and J,,;, is Kronecker’s symbol.
The right-hand side of (70) is defined by

uine .= [gine exp[—iFK( 27T5)]}n 1 .
Ca (Ux) = { é?;;) 21 Amexp (iTax|zn — zm|) & (zm) U% () }
K m n=1

Given a relative error tolerance ¢ > 0, the approximate solution of (70) is obtained by means
of the following iterative method:

{[I—Bx(U£5‘1>,U§53q))]U<s):Uinc}Sq:'Uisq o )9
COLT T s ; .o
{1 B, (U, U) U) — ()T e -

where the terminating index Q € IN is defined by the requirement
-1 -1
max { [US — U@ /Ui, Ul - Ul /i) ) <

We mention that, as in Yatsyk (2006), Shestopalov & Yatsyk (2007), a sufficient condition
for convergence of the iterative process (71) can be derived. Similarly, under appropriate
assumptions, a condition for existence and uniqueness of the solution of the problem can be
obtained.

9. Numerical analysis. Resonant scattering of waves and the generation of the
third harmonic

We consider a non-linear dielectric layered structure (see Fig. 1), the dielectric permittivity

enx(z,a(2),U(x;z),U(3K;2)) = el) ¢ s,(f,\gL)

of which is given by (29), where

I3 16, x =y ¢, € [-2m8,2y = —2m5/3)

{E(L) (Z),Dé(Z)} = £(L) =64, a=0nrp, ZzZE [Zl = =-276/3, Zy = 27-[5/3] ,
el) =16, 0 = ey z € (zp =2md/3, 2716]

a1 = a3 =0.01, ap = —0.01, 6 = 0.5. The excitation frequency is given by x = 0.25, and the angle
of incidence of the plane wave at the basic frequency « is ¢ € [0°,90°).

By Wi = [a$52t|% + |b$52t|2 we denote the total energy of the scattered and generated fields
at the frequenc1es nk, n = 1,3. Thus Wy is the total energy scattered at the frequency x of
excitation, and Wj, is the total energy generated at the frequency 3x. Fig. 2 (left) shows the
dependence of W3,/ Wy on the angle of incidence ¢, and on the amplitude i of the incident
tield. It describes the portion of energy generated in the third harmonic by the non-linear
layer when a plane wave with angle of incidence ¢, and amplitude ai"° is passing the layer.
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Fig. 2. The portion of energy generated in the third harmonic (left) and some graphs

describing the properties of the structure at 4" = 38 and ¢, = 0° (right): #1 ... (L), #2 ...
|U(x;z)|, #3 ... [U(BK;2)|, #4 ... Re(ex), #5... Tm(ex), #6 ... Re(esy), #7 ... Tm(eze) =0

In particular, W3, /W), = 0.132 at al" = 38, i.e. W3, amounts to 13.2% of the total energy Wy
scattered at the frequency of excitation .

Fig. 2 (right) shows the absolute values of the amplitudes of the full scattered field (total
diffraction field) |U(x;z)| at the frequency of excitation x (graph #2) and of the generated
field |U(3k;z)| at the frequency 3« (graph #3). The values |U(x;z)| and |U(3x;z)| are given
in the non-linear layered structure (|z| < 276) and outside it (i.e. in the zones of reflection
z > 2716 and transmission z < —276). Fig. 2 (right) also displays some graphs characterising
the scattering and generation properties of the non-linear structure. Graph #1 illustrates the
value of the linear part (L) of the permittivity of the non-linear layered structure. Graphs #4
and #5 show the real and imaginary part of the permittivity at the frequency of excitation,
while graphs #6 and #7 display the corresponding values at the generation frequency.

Figs. 3, 4 and 5 show the numerical results obtained for the scattered and the generated fields
and for the non-linear dielectric permittivity in dependence on the amplitude ai"® at normal
incidence ¢, = 0° of the plane wave.

Fig. 3 shows the graphs of |Uj [al",z] | and |Us [ai",z] | demonstrating the behaviour of
the scattered and the generated fields, |U(x;z)| and |U(3k;z)|, in the non-linear layered

20
au 30 a4

Fig. 3. Graphs Qf the scattered and generated ﬁelds in the non-linear layered structure for
@ = 0% |Uy [a}¢,z] | at x = 0.25 (left), |Usy [ai,z] | at 3k = 0.75 (right)
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fm (53:)

Re '.'!-—tl

Fig. 4. Graphs of the permittivity at the frequency of excitation ¥ = 0.25 at normal incidence
of the plane wave @, = 0°: Re (ex [al™,z]) (left), Im (g, [, z]) (right)

structure in dependence on an increasing amplitude a;'° at normal incidence ¢, = 0° of the

K
plane wave of the frequency x = 0.25. According to (66), the non-linear parts eﬁ,‘(’” of the

dielectric permittivity at each frequency « and 3x depend on the values Uy := U(k;z) and

Usy := U(3x;z) of the fields. The variation of the non-linear parts S%L) of the dielectric
permittivity for an increasing amplitude ai"® of the incident field are illustrated by the
behaviour of Re (e, [alN°,z]) (Fig. 4 (left)) and Jm (g, [al"¢,z]) (Fig. 4 (right)) at the frequency
«, and by 3, [al'°, z] at the triple frequency 3« (Fig. 5 (left)).

In Fig. 4 (right) the graph of Jm(e,) for a given amplitude ai"® (denoted by Jm (g, [ai",z]))
characterises the loss of energy in the non-linear medium (at the frequency of excitation «)
caused by the generation of the electromagnetic field of the third harmonic (at the frequency

3x). In our case Jm |¢(L) (z)| = 0 and Im[a (z)] = 0, therefore, according to (66),
&

Jm(ex) = a(z)|U(x;2) | |U(3K;z) | Im (exp [i { —3argU (x;z) + argU (3x;z) }]) . (72)

Fig. 4 (right) shows that the third harmonic generation is insignificant, i.e. U(3k;z) ~ 0, if the
non-linear structure is excited by a weak field (cf. also Figs. 4 (left), 5 and 3). In this case, for
a small value of |ai™| in Fig. 4 (right) we observe a small amplitude of the function Jm(e),
i.e. |Jm(ec)| ~ 0. The increase of |ai™| corresponds to a strong field excitation and leads to
the generation of a third harmonic field U(3x;z). In this case, the variation of the absolute

i
|.'.4|‘J_c

Re ()= €3«

10
20

2 i, 30 g~

Fig. 5. Graph of the dielectric permittivity €3, [a}(nc,z] at the triple frequency 3x = 0.75 for
@x = 0° (left), behaviour of Re (e, [al"®,z]) — e5, [alNC, z] (right)
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values |U(x;z)|, |U(3k;z)| of the scattered and generated fields increase, see Fig. 3. Fig. 4
(right) shows that the values of Jm(e,) may be positive or negative along the height of the
non-linear layer, i.e. in the interval z € [—2716,2716]. The zero values of Jm(e,) are determined
by the phase relation between the scattered and the generated fields U(x;z), U(3x;z) in the
non-linear layer, see (72),

—3argU(x;z) + argU(3x;z) = pr, p=0,+1,...
We mention that the behaviour of both the quantities Jm(¢,) and
Re(ex) — e3¢ = a(2)|U(x;2) | |U(3K;z) |Re (exp [i { —3argU (x;z) + argU (3x;z) }])

plays a role in the process of third harmonic generation because of the presence of the last
term in (66). Fig. 5 (right) shows the graph describing the behaviour of Re (e [alN¢,z]) —
€3y [N, z] .

In order to describe the scattering and generation properties of the non-linear structure in the
zones of reflection z > 2714 and transmission z < —271J, we introduce the following notation:

R = a3 [2/[af P and Ty = [B352 /a2 .

The quantities Ry, Ty« represent the portions of energy of the reflected and the transmitted
waves (at the excitation frequency «), or the portions of energy of the generated waves in the
zones of reflection and transmission (at the frequency 3x), with respect to the energy of the
incident field (at the frequency «). We call them reflection, transmission or generation coefficients
of the waves w.r.t. the intensity of the excitation field.

We note that in the considered case of the excitation {ai" = O,LZizr;{C = O,agr]‘f =0} and for

non-absorbing media with Jm [¢(L) (z)| = 0, the energy balance equation
g gy q

RK+TK+R3K+T3K:1

is satisfied. This equation represents the law of conservation of energy (Shestopalov & Sirenko
(1989), Vainstein (1988)). It can be obtained by writing the energy conservation law for each
frequency x and 3x, adding the resulting equations and taking into consideration the fact that
the loss of energy at the frequency « (spent for the generation of the third harmonic) is equal
to the amount of energy generated at the frequency 3x.

The scattering and generation properties of the non-linear structure are presented in Figs. 6 — 8.
We consider the following range of parameters of the excitation field: the angle ¢, € [0°,90°),
the amplitude of the incident plane wave ai"® € [1,38] at the frequency x = 0.25. The graphs
show the dynamics of the scattering (Ri [¢x, 2], T [@x,al"], see Fig. 6) and generation
(R3y [goK,a}(“C} , Tax [cp,c,a}(nc] , see Fig. 7) properties of the structure.

Fig. 8 shows cross sections of the graphs depicted in Figs. 6 — 7 by the planes ¢, = 0° and
al™ = 38. We see that increasing the amplitude of the excitation field of the non-linear layer
leads to the third harmonic generation (Fig. 8 (left)). In the range 29 < ai"® < 38 (i.e. right
from the intersection of the graphs #1 and #3 in Fig. 8 (left)) we see that Rz, > Ry. In this
case, 0.053 < W3, /Wy < 0.132, cf. Fig. 2. If 34 < a}cnc < 38 (i.e. right from the intersection of
the graphs #1 and #4 in Fig. 8 (left)) the field generated at the triple frequency in the zones
of reflection and transmission is stronger than the reflected field at the excitation frequency «:
Ray > T3, > Ry. Here, 0.088 < W3, /Wy < 0.132, cf. Fig. 2.

Fig. 8 (right) shows the dependence of the coefficients of the scattered and generated waves
on the angle of incidence ¢, € [0°,90°) of a plane wave with a constant amplitude i = 38
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= 04

02

Fig. 6. The scattering properties of the non-linear structure at the excitation frequency
Kk = 0.25: Ry [@x,ai™] (left), Ty [@x, ai] (right)

of the incident field. It is seen that an increasing angle ¢ leads to a weakening of the third
harmonic generation. In the range of angles 0° < ¢, < 21° (i.e. left from the intersection of the
graphs #1 and #4 in Fig. 8 (right)) we see that T3, > Ri. In this case, 0.125 < W3,/ W, < 0.132,
cf. Fig. 2. The value of the coefficient of the third harmonic generation in the zone of reflection
exceeds the value of the reflection coefficient at the excitation frequency, i.e. R3 > Ry, in
the range of angles 0° < ¢, < 27° (i.e. left from the intersection of the graphs #1 and #3
in Fig. 8 (right)). Here, according to Fig. 2, 0.117 < W3,/ W) < 0.132. We mention that, at
the normal incidence ¢, = 0° of a plane wave with amplitude ai"® = 38, the coefficients
of generation in the zones of reflection Rs, [¢x = 0°,4in¢ = 38| = 0.076 and transmission
Tai [ = 0°,ai"¢ = 38] = 0.040 reach their maximum values, see Fig.s 7 and 8. In this case,
the coefficients describing the portion of reflected and transmitted waves at the frequency of
excitation x = 0.25 of the structure take the following values: Ry [(pK = Oo,a}cnc = 38] =0.017,
Ty [« = 0°,ain¢ = 38] = 0.866.

The results shown in Figs. 2 - 8 are obtained by means of the iterative scheme (71). We point
out some features of the numerical realisation of the algorithm (71). Figs. 9 and 10 display
the number Q of iterations of the algorithm (71) that were necessary to obtain the results
(analysis of scattering and generation properties of the non-linear structure) shown in Fig.
8. In Fig. 9 (left) we can see the number of iterations of the algorithm (71) for ¢, = 0°, the
range of amplitudes ai"® € [0,38] and the range of increments Aai™ = 1. Similarly, in Fig. 9
(right), we have the following parameters: ai"® = 38, ¢, € [0°,90°) and Ag, = 1°. The results

0,08

0.06

0,02

40
- 80

Fig. 7. Generation properties of the non-linear structure at the frequency of the third
harmonic 3k = 0.75: Ray [¢x, 2] (left), T3¢ [@x, ai™] (right)
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Fig. 8. Scattering and generation properties of the non-linear structure, x = 0.25, 3x = 0.75,
for g, = 0° (left) and a4, = 38 (right): #1 ... Ry, #2 ... T, #3 ... Rz, #4 ... T3

shown in Fig. 9 are also reflected in Fig. 10. Here the dependencies on the portion of the total
energy generated in the third harmonic W3, /Wj are presented that characterise the iterative
processes. We see that the number of iterations essentially depends on the energy generated
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Fig. 9. The number of iterations of the algorithm in the analysis of the generating and
scattering properties of the non-linear structure (x = 0.25, 3k = 0.75): Q[{agine—1,  —0-} for

Aai™® =1 and ¢, = 0° (left), Q\{A%Zlo, ainc=38} for Agx =1° and ain® = 38 (right)
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Fig. 10. The number of iterations of the algorithm in the analysis of the generating and
scattering properties of the non-linear structure (x = 0.25, 3x = 0.75) in dependence on the
value Wi,/ Wi: Ql¢pgine—1, g, —0-} for Aai™ =1 and ¢, = 0° (left), Ql{ag=1°, aine—3g} for
Agy =1° and ai"® = 38 (right)

in the third harmonic of the field by the non-linear structure.

The numerical results presented above were obtained by the iterative scheme (71) based on
Simpson’s quadrature rule, see Angermann & Yatsyk (2010). In the investigated range of
parameters of the non-linear problem, the dimension of the resulting system of algebraic
equations was N = 501, the relative error of calculations did not exceed & = 10~7. Finally,
it should be mentioned that the analysis of the problem (31), (C1) — (C4) can be carried
out by solving the system of non-linear integral equations (52) and (55) as well as by
solving the non-linear boundary value problems of Sturm-Liouville type (60). The numerical
investigation of the non-linear boundary value problems (60) is based on the application of the
finite element method Angermann & Yatsyk (2008), Angermann & Yatsyk (2010) Samarskij &
Gulin (2003).

10. Conclusion

We presented a mathematical model and numerical simulations for the problem of resonance
scattering and generation of harmonics by the diffraction of an incident wave packet by a
non-linear layered cubically polarised structure. This model essentially extends the model
proposed earlier in Yatsyk (September 21-24, 2009), Angermann & Yatsyk (2010), where only
the case of normal incidence of the wave packet has been investigated. The involvment of
the condition of phase synchronism into the boundary conditions of the problem allowed us
to eliminate this restriction. The incident wave packet may fall onto the non-linear layered
structure under an arbitrary angle. The wave packets under consideration consist of a strong
field leading to the generation of waves and of weak fields which do not lead to the generation
of harmonics but have a certain influence on the process of scattering and wave generation
by the non-linear structure. The research was focused on the construction of algorithms for
the analysis of resonant scattering and wave generation by a cubically non-linear layered
structure. Results of calculations of the scattering field of a plane wave including the effect
of the third harmonic generation by the structure were given. In particular, within the
framework of the closed system of boundary value problems under consideration it could
be shown that the imaginary part of the dielectric permittivity, which depends on the value
of the non-linear part of the polarisation at the excitation frequency, characterises the loss
of energy in the non-linear medium (at the frequency of the incident field) caused by to
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the generation of the electromagnetic field of the third harmonic (at the triple frequency).
For a sufficiently strong excitation field, the magnitude of the total energy generated by the
non-linear structure at the triple frequency reaches 13.2 % of the total energy dissipated at the
frequency of excitation. In addition, the paper presented the results describing the scattering
and generation properties of the non-linear layered structure.
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