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General Theory and Practice of Basic Models in 
the Building of Hydroacoustical Antennas 

Zvonimir Milošić 
Institute for Research and Development of Defence Systems - MoD, HR 10000 Zagreb, 

Croatia 

1. Introduction  

The general form of a model of electromechanical vibration system with concentrated 
parameters, presented in Fig. 1.1., is a good example for the input in the analysis of transmit 
and receive sensitivity of hydroacoustical transducer. A well known model of 
electromechanical elements transformed in electrical substitute components of 
hydroacoustic transducer, presents a widely known procedure for de-embedding its 
different characteristics which are necessary in producing of antenna. This procedure has 
been derived on an idealized model of block scheme of hydroacoustic transducer on the 
level of electrical analogy of all electric and mechanical parameters. In a hydroacoustical 
system with one piezoelectric element (hydrophone), different values of a phase angle at 
electric clamps come from phase relations of mechanical force and vibration velocity in a 
mechanical vibration system.    
 

steel aluminium

                               ξ, v, a

 Fm

  mCm ,  r
 

Fig. 1.1. Model of illustration of general mechanical system with potential mechanical force, 
vibrating spring and concentrated parameters of mass  

This general form of a mechanical model of vibration of medium with concentrated 
mechanical parameters presented as a starting point of analysis of receive sensitivity of 
hydroacoustical transducers on the basis of well known differential equations (Aronov & 
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Matveev 1953) and with Laplace transformation has very complex mathematical solves 
which in the domain of the complex variable have a special usability and meaning. 
On the level of mathematical solves in the domain of the complex variable harmonic 
motions are characterised by the values as follows,  
F(N)=Fm(N)–the amplitude of mechanical force on the elastic system of motion and 
vibration is at the same time an active generator of mechanically forced 
vibrations/oscillations. The mechanical force brings piezoelectric system in interaction with 
piezoelectric effect of electrical force with mechanical mass of the system. In that case, F(t) as 
mechanical force in dependence of time t, is given in a general form as follows 

 F(t)=Fmejωt= Fejωt (1.1) 

The amplitude of harmonic motion, elongation-ξm(m), or the highest displacement of 
material point of elastic medium to the central position of motion, and ξ(t) as displacement 
of material point of elastic medium to the point at the beginning as a function of time t in 
general form, can be in the phase of moving to the mechanical force and it can be written in 
mathematical form as follows  

 ξ(t)=ξmej(ωt-ψ)  (1.2) 

where is   
T(s)–time as a period of one vibration of material point of mass,  
ω(rad/s)–angular velocity as frequency of mechanical oscillator or number of vibrations in 
2π seconds,  
t(s)–time,   
ψ(rad)–phase angle of phase shift of deviation of material point in given time t in the 
reference to mechanical force F damped with mass m   
v(m/s)–velocity as value of velocity of projection of material point on axes which is parallel 
to elongation, this is explained as the change of distance in time  

 
t

tv
∂
∂

=
ξ

)(    (1.3) 

or simpler in a symbolic form, when we have  

 v=v(t)= ξ ’  (1.4) 

As the first derivation of moving in time, the velocity of material point in elastic medium is  

v=jω· ξ m·ej(ωt-ψ 

 v=vm· ej(ωt-ψ+π/2)   (1.5) 

with amplitude of this velocity vm= ω· ξ m. 
Furthermore, the acceleration of a particle in harmonic motion a(t) in a mathematical form is 
equal 
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or simpler, in a symbolic form we can write   
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 a= ξ ’’  (1.7) 

After a double derivation of displacement ξ(t) as a variable in time t we have a symbolic 
form as follows  

 ξ ’’=-ω2· ξ ·ej(ωt-ψ)=-ω2· ξ (t)   (1.8) 

Using the known meaning of parameters in mechanics, we can arrive to the known 
differential equation as follows  
C(m/N)–constant of mechanical elasticity of the vibration system of concentrated 
parameters,  
m(kg)–mass of material point,  
r(Ns/m)–resistance of friction and mechanical losses in the vibration system   
δ(1/s)–factor of suppressing of mechanical vibration defined by r and m in mathematical 
relation as follows   

 
2
r

m
δ =  (1.9) 

By introducing partial expressions for all forms of energies contained in different forces, we 
have the force of elastic system Fe as follows   

 e
m m

( )t
F

C C

ξ ξ
= =   (1.10) 

The force of acceleration Fa of mass m in moving is  

 Fa=m·a(t)=m·ξ ’’   (1.11) 

The force of resistance of friction and mechanical losses in the vibration system is 

 Ft=r·v(t)=r·ξ ’  (1.12) 

 
Fig. 1.2 Dependence of module of elongation of mass ξ(f) with concentrated parameters on 
working frequency f  
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The balance of energy is made by the balance of all forces in a harmonic vibration system 
and then we get a differential equation as follows 

 m·ξ’’+ r·ξ ’+ ξ /Cm=F·ejωt  (1.13) 

By using mathematical expression for ω0 as a parameter in conditions of mechanical 
resonance, we have     

 2
0

m

1
m C

ω =
⋅

  (1.14) 

and with a factor of choking and damping of mechanical vibration δ in (1.9) we have a 
symbolic form of differential equation as follows  

 2
0'' 2 ' e j tF

m

ωξ δ ξ ω ξ+ ⋅ + ⋅ = ⋅   (1.15) 

To solve this differential equation we need to determine the beginning conditions of 
displacement of a material point of the vibration system in t=0. By using differential solves 
of stationer state we can get Fig. 1.2 as a model of physical state of the matter. We have two 
important fields in the frequency domain of hydroacoustic transducer sensitivity: constant 
value of displacement of material point in medium and the field of resonance.   
 

 
Fig. 1.3 Dependence of phase angle of working frequency f of elongation of mass ξ(f) with 
concentrated parameters as function on vibration frequency  

On the other hand, according to Fig. 1.3, the values of phase angles with too high dispersion 
of different parameters at a receive multi-element antenna can have negative influences on 
the parameters which are very important for detection, in the resolution and in the less of 
great ranges of sonars and medicine ultrasound scanners, too. Accordingly, with the 
analysis of the behaviour of mathematical functions of sensitivity and sources of wide 
dispersion of phase angles of antenna elements at hydroacoustical and ultrasound 
transducers, we can choose the best model for an optimal range in the given system.  
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2. The accordance of a model of mechanical vibration system with 
concentrated parameters and composed hydroacoustical transducer 

On the basis of their mathematical solutions we analyze the frequency characteristic of 
receive sensitivity of hydrophone. In a hydroacoustical antenna system with one 
piezoelectric element (hydrophone) the values of phase angles on electrical clamps come 
from phase relations of mechanical vibrations in an electromechanical vibration system of 
single elements.  
The value of a phase angle is not of great importance and influence on other parameters of 
single elements. On the other hand, the values of a phase angle with too wide dispersion of 
different parameters of single element at receive multi-elemental antenna, can have negative 
influence on parameters, which is very important for great ranges of sonars and medicine 
ultrasound scanners, too. Accordingly, with the analysis of the behavior of mathematical 
functions of sensitivity and sources of wide dispersion of phase angles of antenna elements 
at hydroacoustical and ultrasound transducers, we can choose the best model for optimal 
range in the given system. 
 

 
Fig.2.1 Model of hydroacoustical composed transducer with general positions of all 
parameters, ones on the side of water and others on the side of electrical ends and inside 
their mechanical body, (Milošić 2004)  

2.1 Theory of hydroacoustical composed transducer in the form of two-port 
network(6pt) 

In this chapter is presented the procedure of calculating some characteristics of 
hydroacoustical antenna. The procedure is derived on an idealized model of a 
electromechanical block scheme of hydroacoustical transducer, (Masson 1950, Beranek 1954, 
Kinsler&Frey 1962, Caruthers 1977, Sverdlin 1976, 1980, Bogorodskii&All 1983, Wilson 
1998). 
We analyze the complex behavior of mechanical vibration system of hydroacoustic 
transducer analyzing at electrical analogy of electric impedance on its electrical ends in 
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specific conditions. We more often use the block scheme of hydroacoustical transducer in 
Fig. 2.1.1 as electromechanical two-port network devices in theory and practice of the 
system than in the construction analyses of the transducer. 
 

1 : Φ

U

Ro Co

Cm
Lm Rm

Zr

FrΦ U

I v 1

1

2

2  
Fig. 2.1.1 Model of electromechanical block scheme of hydroacoustical composed transducer 
in the form of two-port network devices for determining electrical frequency characteristic 
of sensitivity  

Mutual dependence of mechanical and electrical components of parameters is defined by 
coefficient of mechanical transformation Φ (N/V). The balance of electromechanical 
vibration system must be realized at all lines of spreading of the sound, from source of 
electric energy to impedance of radiation of acoustical energy and reversely.   
By using the model of electromechanical block scheme Fig. 2.1.1 of hydroacoustical 
transducer on the left electrical circuit, we can write that is  

 I=UY0+ Φv   (2.1.1) 

Mechanical vibration system in the second circuit on the right is in balance with equation 
(2.1.2) also, and then yield  

 F=ΦU+vZm  (2.1.2) 

But, on the other hand, we can introduce mechanical force F and vibration of velocity of the 
transducer face of effective surface in equation (2.1.3), as  

 
rZ

F
v −=  (2.1.3) 

In this case, we have three equations as starting points for different directions with solves of 
different important parameters of hydroacoustic transducer.  

2.2 The de-embedding of electric input impedance of hydroacoustical transducers   

By using three equations (2.1.1), (2.1.2) and (2.1.3) we can get electric input impedance at 
port 2-2 in general form as in equation (2.2.1) which is in accordance with equation (2.14) at 
reference (Caruthers 1977). Electric form of block scheme is given in Fig. 2.2.1.  

 Zin=Rin+jxin  (2.2.1) 

In accordance with equations above, we have a general form of real and imaginary part of 
impedance, then yield  
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Fig. 2.2.1 Electric block scheme is given in a general form of equation of electric parameters 
on the input and electric analogy of mechanical parameters of vibration system  
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= =
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 (2.2.3) 

where is 
Φ(N/V)-factor of electro-mechanical transformation of electrical parameters in associated 
mechanic parameters and reverse (electric voltage U(V) in mechanical force F(N)), 
R0(Ω)-resistor of electrical losses in piezoelectric material, can be measured with electrical 
tools at input electric clamps of transducer,   
C0(F)-electrical capacity of condenser of piezoelectric material at input clamp of 
electromechanical transducer, can be calculated from catalogue data and mechanical 
dimensions or measured with electrical tools at input electric clamps of transducer,  
Z0(Ω)-the clamped electric impedance as reciprocity value of electric admittance Y0 
calculated from data of parallel connection of R0 and C0 to Fig. 2.2.1, 
CM(F)-electrical capacity as analogous of mechanical system as mechanical capacitance defined as 
Cm. It can be calculated from catalogue data and data of special measured tools of transducer,  

 CM=Φ2Cm    (2.2.4) 

LM(H)-electric inductivity as analogous of elasticity of mechanical system defined as Lm. It 
can be calculated from catalogue data and data of measured tools of transducer,   

 LM= Lm/Φ 2   (2.2.5) 

RM(Ω)-electric resistor as analogous of mechanical resistance of mechanical system defined 
as Rm. It can be calculated from catalogue data and data of measured tools of transducer,  

 RM= Rm/Φ 2  (2.2.6) 

ZM(Ω)-electric impedance as analogous of mechanical impedance of mechanical system 
defined as Zm. We calculate it from calculated and measured data as follows,  

 ZM= RM +jxM= RM +j(xL+xC)= RM +j(ωLM-1/ωCM)= Zm/Φ 2   (2.2.7) 

RR(Ω)-electric resistor as analogous of acoustical resistance of acoustical effective radiated 
surface of system defined as Rr which presents the resistance of radiation of value of sound 
energy, can be calculated from catalogue data and data of measured tools of transducer,   
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 RR=Rr/Φ 2=ρcAKR/Φ 2  (2.2.8) 

xR(Ω)-electric reactive resistor as analogous of acoustical reactance of acoustical effective 
radiated surface of system defined as xr which presents the reactance of radiation system of 
sound energy, can be calculated from catalogue data and data of measured tools of 
transducer. In fact we make it to be zero or to obtain to zero (xR→0),   

 xR= xr/Φ 2=ρcAKx/Φ 2 (2.2.9) 

A(m2)-effective aperture, effective surface of radiated face of transducer,  
ρ(kg/m3)-specific mass of water as medium of spreading of sound,  
c(m/s)-velocity of sound in water or people’s body. Velocity in the sea is complex function 
of a lot of parameters, but approximately, we can take that c ≈ 1500 m/s  
ZR(Ω)-electrical value of acoustic radiation impedance Zr presents the value and character of 
radiated acoustic energy in space. We calculate it from data of RR and xR as follows   

 ZR=RR+jxR=Zr /Φ 2= ρcA(KR+Kx) /Φ 2 (2.2.10) 

KR(1)-coefficient of acoustic resistance Rr as real part of acoustical radiated impedance. By 
using Bessel and Struve special functions we can calculate it at piston model of transducer 
(Caruthers 1977) and it is shown in Fig. 2.2.2, but mainly using cylindrical model of 
transducer, we can calculate it with equation by using special Hankel functions (Rževkin 
1960, Smarišev 1973) or we take data in Fig. 2.2.3.  
Kx(1)-coefficient of acoustic reactance xr as imaginary part of acoustically radiated 
impedance at mentioned figures, 
 

 
Fig. 2.2.2 Graphic presentation of data for KR and Kx at circle piston model of transducer  
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Fig. 2.2.3 Graphic presentation of data for KR and Kx at cylindrical model of transducer  

In fact, according to the graph in Fig. 2.2.3, we can choose a transducer with cylindrical 
radiated face as a great advantage because in an equal volume cylinder, in relation to the 
piston transducer or to the composed transducer, it has a higher voltage sensitivity and 
lower reactive radiated impedance. Keeping in line with this logic, using transducers with 
cylindrical radiated face at circle (barrel) antennas systems in receive is very often.  
If we assume that R0 is infinite or increase to infinite, we have good conditions for special 
impedance analysis in frequency domain. By using mathematical operator ‘limes’ at 
expressions (2.2.2) and (2.2.3) with R0→0 we have shorter equations as follows  

 
2 2 2

MR 0 MR M
in t 2 2 2 2 2

MR 0 MR 0

( )

( )M M

R x R x
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= =

+ + +
 (2.2.12) 

By using different conditions of maximal and of minimal value of module of electric 
impedance Zt and admittance Yt and on condition that xt=xin=0 if it is possible, we can de-
embed the important series of frequencies as follows: fm<fs<fr<fa<fp<fn. Four of them: serial 
frequency fs, resonance frequency fr, anti-resonance frequency fa and frequency of parallel 
resonance of system fp in given conditions can be calculated to expressions as follows  

 
πMR

s r
0

M M

1
lim

2R
f f

L C→
= =  (2.2.13) (Hz)
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Fig. 2.2.4 Circle diagrams of input electric impedance and admittance of piezoelectric 
transducer at RMR=1600Ω, LM=0.25H, CM=0.5nF i C0=1.5nF, Rc=50Ω 
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We de-embed two of the frequencies: fm in relation to the minimum of module of electric 
impedance Zt and fn as frequency to the minimal value of admittance Yt at circle impedance 
and admittance diagrams respectively. Yield at example, Fig. 2.2.4.  

2.3 The matching of electric impedance of hydroacoustical transducers   

In accordance with maximal efficiency and maximal transmission of electric energy and 
maximal relations of signal/noise, we can calculate parameters of matching with electric 
transformer to Fig. 2.3.1 or with LC transformer to Fig. 2.3.3 (Milošić 1978, 2004, 2010). On 
the other hand, in accordance with maximal efficiency for noise factor we need to make the 
matching of electric impedance in conditions for the lowest noise (Jelaković 1973).  
The most suitable using of electric transformer is in active systems of transmitter with 
narrow band pass and stable transmitting frequency.  
General forms of original equations for matching in the system with electric transformers 
are taken over from the mentioned literature (Milošić 2010) and we have as follows  
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Fig. 2.3.1 Electric block scheme is given for general form of equation of electric parameters of 
electric transformer on input impedance of transducer Zt (Milošić 1976, 2004, 2010) 
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wp, Up

ws, Us

 
Fig. 2.3.2 The illustration of the turn spacing with the coiling conduct and the decimal value 
of the turn on the four-slot ferrite core, wp=0.75 turn and ws=1.75 of the turns in theory and 
in practice (Milošić 1978, 2010) 
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On the other hand, LC electric transformer is good in wide band sonar systems in receiving 
of signals and at physically very composed systems of antenna. Given parameters of LC 
transformers can be calculated very fast and precisely to (2.3.4), (2.3.5) and (2.3.6).  
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Fig. 2.3.3 Electric block scheme is given for general form of equation of electric parameters of 
LC transformer on input impedance of transducer Zt to reference (Milošić 1978, 2010) 

3. The de-embedding of the level of transmitting voltage sensitivity of 
transducers – LS (dB re 1μPa/V at 1m)  

Keeping in line with the de-embedding of the level of transmitting voltage sensitivity of 
transducer we need to eliminate the vibration velocity and with substituting equation (3.3) 
in (3.2) yield    

 F= ΦU+vZm= ΦU−FZm/Zr  (3.1) 

 m

r

1
Z

F UΦ
Z

⎛ ⎞
+ =⎜ ⎟⎜ ⎟

⎝ ⎠
 (3.2) 
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   (N) (3.3) 

On the other hand we have  

 F=pA   (3.4) 

If we substitute (3.4) in (3.3) we have  

R

R M
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Z Z
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 R

R M

p Φ Z

U A Z Z
=

+
  (3.5) 

and in accordance with the definition of transmitting voltage sensitivity S(Pa/V//1m) we 
have  

 R

R M

p Φ Z
S

U A Z Z
= =

+
   (3.6) 

 

So we have that the level of transmitting voltage sensitivity - LS is  

 LS=20 log |S|    (dB re 1Pa/V//1m)    or (3.7) 

 LS=20 log |S|+120     (dB re 1μPa/V//1m)  (3.8) 
 

By using (3.6) in the form of module value, we have that is 

 R

R M

20 log 120
Φ Z

LS
A Z Z

= ⋅ +
+

    (dB re 1μPa/V//1m)  (3.9) 

 

Also, if we substitute the complex value of electric impedance ZR and ZM in equation (3.9) 
we get real and imaginary part of transmitting voltage sensitivity SRe and imaginary SIm as 
follows  

 R R M
Re 2 2

R M M

( )

( )

R R RΦ
S

A R R x

+
=

+ +
   (dB re 1μPa/V//1m) (3.10) 

 R M
Im 2 2

R M M( )

R xΦ
S

A R R x
=

+ +
    (dB re 1μPa/V//1m) (3.11) 

 

If the module of transmitting voltage sensitivity|S| is given to (3.12)  

 2 2
Re ImS S S= +   (dB re 1μPa/V//1m) (3.12)  

 

then in the end we have the level of transmitting voltage sensitivity as follows   

 LS=20·log|S|+120   (dB re 1μPa/V//1m) (3.13) 
 

where is 
S(Pa/V)-transmitting voltage sensitivity S=SRe+SIm of hydroacoustical transducer 
|S|(Pa/V)-module of transmitting voltage sensitivity of hydroacoustical transducer 
LS(dB re 1μPa/V)-level of transmitting voltage sensitivity of hydroacoustical transducer 
with references of pressure in water of p0=1μPa and voltage of 1V, 
In accordance with equation (3.13) we can show given solves in a practical example as 
follows in Fig. 3.1. 
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Fig. 3.1 Level of transmitting voltage sensitivity of piezoelectric transducer – LS 

4. The de-embedding of the level of the receive voltage sensitivity of 
transducers – LM (dB re 1V/μPa)   

By using equations (2.1.1), (2.1.2), (2.1.3) and (3.4) to Fig. 4.1 in the system with equivalent 
electric elements and LC transformer we have that partial receive voltage sensitivity M22 at 
port 2 and at clamps 2-2 is defined by real and imaginary parts of impedances as follows.  
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Fig. 4.1 Electric block scheme for general form of equation of electric parameters on input 
and electric analogies of mechanical parameters of vibration system with LC transformer  
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These solves of receive voltage sensitivity have special solves with special values of resistor 
of losses R0. If we divide (at real Mr22 and imaginary Mi22) the numerator and denominator 
with the product of R0X0 and for R0>>, we can apply ‘limes’ with R0→∞, yields  
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0 0 M
r22 2 2

MR 0 M

( )
lim

( )R

X X XA
M

Φ R X X→∞

+
= ⋅

+ +
   (V/Pa) (4.3) 

 
0

MR 0
i22 2 2

MR 0 M

lim
( )R

R XA
M

Φ R X X→∞
= ⋅

+ +
   (V/Pa) (4.4) 

By using real and imaginary part of receive voltage sensitivity in the de-embedding and 
plotting of characteristics of level of receive voltage sensitivity in the complex form of 
presentation, yields that the module of complex value is  

 2 2
22 r22 i22M M M= +    (V/Pa) (4.5) 

In accordance with the general definition for level of receive voltage sensitivity LM22 at 
clamps 2-2, at valid reference of p0=1 μPa in hydroacoustics, we have 

 LM22 =20 log M22 -120   (dB re 1V/μPa) (4.6) 

Also, in accordance with equation (4.6) we have graphic presentation for analysis of 
parameters and conditions for next steps. Fig. 4.2 shows us the functional dependence of the 
receive sensitivity of frequency with high impact of values of acoustic resistors in the 
character of form and of colored functions. 
 

 
Fig. 4.2 Functional dependence of the level of the receive voltage sensitivity on frequency at 
different parameters contained in mechanical, electric and acoustical part of transducer 
body calculated with given numerical values inside figure 
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In this part of the analysis we can also see the characteristic of the functional dependence of 
receive voltage sensitivity of different values of capacity at clamps 2-2 given in the form of 
C0 and shown in Fig. 4.3. 
 
 

 
Fig. 4.3 Functional dependence of the level of the receive voltage sensitivity on the 
frequency at different parameters contained in mechanical, electric and acoustical part of 
transducer body calculated with given different numerical values of C0 noticed inside figure  

By using Fig. 4.1 we can write equations for the next step, the step of matching electric 
impedance of hydroacoustical transducer as a hydrophone. Then we have 

 3
c trj L

U
I

R X
=

+
 (4.7) 

 U3=I3Rc (4.8) 

 c
3

c trj L

R
U U

R X
=

+
 (4.9) 
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⎛ ⎞
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Fig. 4.4 Function of the level of the receive voltage sensitivity of hydrophone with LC 
transformer of inner impedance Zg of hydrophone as a generator of electric signal   

 

 
Fig. 4.5 Function of the level of the receive voltage sensitivity of hydrophone with LC 
transformer of inner impedance depending on the frequency at different parameters contained 
in mechanical, electric and acoustic part of transducer body calculated with given different 
numerical values of resistance RMR and resistance of electric cable Rc noticed inside figure  
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At this moment we have two new receive voltage sensitivities: new virtual Mvir(V/Pa) and 
new receive voltage sensitivity Mtr (V/Pa) with LC transformer. So, in the end, we must 
know that they are defined to (4.13) and (4.14) 

 3
tr

U
M

p
=    (V/Pa) (4.13) 

 vir
U

M
p

=    (V/Pa) (4.14) 

Both of them can be calculated to given equations, which can also be measured in the 
hydroacoustical tank separately.  
In accordance with the given equations we can calculate virtual receive voltage sensitivity to 
equation (4.5) with intervention in the new value of XCtrCo as a parallel connection of value 
Ctr and C0 or to equation (4.15) directly.  

 tr 0
22vir 22

0

20log
C C

LM LM
C

⎛ ⎞+
= − ⎜ ⎟⎜ ⎟

⎝ ⎠
   (V/Pa)  (4.15) 
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tr vir vir2 2 2 2
c tr c tr

j ( j )L

L L

R R X
M M M

R X R X
α β

⎡ ⎤
= − = ⋅ −⎢ ⎥

+ +⎢ ⎥⎣ ⎦
 

 Mtr=(Mrvir+jMivir)(α-jβ)=(αMrvir+βMivir)retr+j(αMivir-βMrvir)imtr= Mretr+ Mimtr  (4.16) 

And now, the module of receive voltage sensitivity of hydroacoustical transducer is given to 

 2 2
tr retr imtrM M M= +    (V/Pa) (4.17) 

In the end, we have the level of voltage receive sensitivity of transducer, as follows 

 LMtr=20 log │Mtr│-120    (dB re 1V/μPa) (4.18) 

It is good to say that in accordance with mentioned equations we will get a new function as 
follows in Fig. 4.5, where is voltage sensitivity approximately 11 dB less then at the 
beginning. 

5. The de-embedding of directivity pattern characteristic Rp(λ, θ, φ, LoSoS) of 
antenna  

In accordance with the previous matter, we also have directivity pattern as one of important 
parameters of acoustical transducers. Directivity pattern of one hydroacoustical transducer, 
and directivity pattern in array of antenna are fundamental roots of all analyses in the 
systems where they are installed. The de-embedding of all parameters of systems begins 
with main parameters of hydroacoustical directivity pattern characteristic of composite 
transducers separately or transducers in antenna array. 
By using this model of coordinate system to show and define the beginning conditions for 
de-embedding or the measurement of different functions of directivity pattern 

(dB re 1V/μPa)
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characteristics of antennas at frequency from infrasound to ultrasound range, we can make 
correct analyses of all parameters in the system without restricted parameters of producers 
and data of technology owner. 
 
 
 
 

 
 
 

Fig. 5.1 Coordinate system to show and define the beginning conditions in all derivations 
and analyses of contemporary systems of monitoring with special review on underwater 
technology, dS=r2cosθdθdφ  

Keeping in line with this intention, we can talk about a composite cylindrical barrel antenna, 
mainly installed in the bulb at bow of great tankers for monitoring of possibly forthcoming 
dangerous rocks, crags and shallows in the sea, or not less simple composed antenna array 
of ultrasound scanners in medicine. It is contained in equations taken over from literature 
(Evtjutov & Mitko 1981, Sverdlin 1980, Milošić 1996) in short explanation as follows 
By using equation (5.1) (Evtjutov & Mitko 1981) we can get directivity pattern characteristics 
for different model of contemporary sonar horn antenna as follows   
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Fig. 5.2 Model of block scheme of impulse method for measurement of receive voltage 
sensitivity characteristics and directivity pattern characteristics of antenna showing electric 
pulses in the real time domain in the process of calibration (BI, Zagreb) 

 
 

 
 

Fig. 5.3 Two different directivity pattern characteristics of baffled circle piston (Milošić 
1988/2010 to equations of Evtjutov&Mitko 1981, Smarišev 1973, Sverdlin 1976) 
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Fig. 5.4 Physical contain of forty transducers in specific form of circle series in symmetric 
positions with belonging function of directivity pattern characteristic of antenna (Milošić 
2008)  

 

 
Fig. 5.5 Directivity pattern characteristic of contemporary horn antenna at relations of 
outside diameter and wave length D2/λ=16 to (5.1)   

6. The new impact of directivity pattern characteristic Rp(λ, θ, φ, LoSoS) on 
directivity index and effective aperture Aeff(λ, θ, φ, LoSoS), of antenna 

Depending on a model of antenna (linear array, circle array, barrel array or spherical array), 
of working frequency f(Hz), of their transmitting power P(W), of efficiency of antenna in 
receive or in transmitting η(1), to general known definition, we can have three forms of 
directivity index in receive DIR(dB) or in transmit DIT(dB) and effective aperture of antenna 
in receive AeffR or in transmit AeffT as follows: at rectangle cross section - CSr of main beam of 
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pattern, at circle cross section – CSc and at elliptical cross section of main lobe of pattern 
characteristic - CSe. In accordance with three models of cross sections of main lobe of pattern 
characteristic of antenna, mentioned above, we have five different new equations for 
Directivity Index-DI and five new functions for Effective Aperture-Aeff in antenna theory 
(Milošić 2004, 2005, 2007 and 2008). On the other hand, we have graphical presentation in 
two and three dimensions of both mentioned parameters for different conclusions, for 
practice. In accordance with equation (6.1) at the beginning, we have fundamental definition 
(Urick 1967, 1975, 1998, Smarišev 1973, Sverdlin 1976, Burdic 1984,)1 as the most suitable at 
new equations (Milošić 2004, AAAA2005, Acoustics’08 Paris) for rectangle, circle and ellipse 
CS (cross section) of main lobe with parameter LoSoS (Level of Suppression of Side lobes as 
negative value) in all equations to Fig. 5.1 and to ‘general definitions’2, as follows 
 

 4π
2π π/2

0 π/24π
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4π
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R Ω Rθ ϕ θ ϕ θ θ ϕ
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 DI=10·logDf (λ, θ, φ, LoSoS)   (dB) (6.2) 

 
2

eff f ( , , , )
4π

A D LoSoS
λ λ θ ϕ=   (m2)  (6.3) 

 
Also, we have equations for effective aperture Aeff as new function with parameter LoSoS.  

6.1 New function for directivity index DIr-cs on the basis of theory at rectangle cross 
section CSr of main lobe of receive or transmit directivity pattern characteristic  

In accordance with the mentioned condition in Fig. 5.1 we have correct values of DI at 
idealized directivity pattern characteristics in Fig. 6.1.1. 
Equation (6.1.1) is absolutely correct at given condition of rectangle CS of main lattice     

rectangle_CS

3dB10 10
3dB

2π
10log

1-10 sin 2π 10
2

LoSoS LoSoS
DI

θϕ −
−

=
⎛ ⎞ ⎛ ⎞⎜ ⎟ ⋅ + ⋅⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

 (dB) (Milošić 2004) (6.1.1) 

 

                                                 
1 Before about 1948, directivity index was regarded as negative instead of a positive quantity (Urick R. 
J., Peninsula Publishing, California, Los Altos, 3rd edition, page 42). 
2 By using the mathematical coordinate system (by all authors), at dS=r2sinθdθdφ as differential surface, 
they had a big problem to make a join of suppression of side lobes and directivity index in one function 
at contemporary sonar systems. It is important to point out Russian scientist Grigorii M. Sverdlin as one 
of the first authors who introduced so called ‘rectangle approximation’ in directivity pattern characteristic 
in Fig. 3.28 in the de-embedding of directivity index, at wrong equation 3.76, published in the book 
from 1976.  
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Fig. 6.1.1 Directivity patterns of the theoretical sonar antenna at azimuth angle θ-3dB=1º and 
elevation angle φ-3dB=15º and with LoSoS=–3 dB we have DI=3 dB, and also in the second 
example in azimuth of θ-3dB=1º and elevation angle φ-3dB=15º and with LoSoS=–10 dB and in 
that case we have that is DI=10 dB  
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Fig. 6.1.2 Directivity index shown in two and three dimensions to (6.1.1) as correct function 
for theory and practice in dependence of LoSoS (dB) (Milošić 2004, 2005, 2007)   

Directivity index of ideal mathematical case to (6.1.2) is mainly in use in theory and in 
practice as a beginning point in analysis. But, this value is mainly one of the largest wishes, 
which produces approximate error of directivity index to 20 dB. Taking the product of ideal 
directivity factor Df(1) and efficiency factor η(1) of antenna as final value of array gain or 
directivity index is additionally wrong. Efficiency factor and directivity factor are absolutely 
different parameters in the root (Caruthers page 27). Absolutely all solves of directivity 
index, effective aperture or array gain of antenna are contained in equations (6.1.1), (6.2.1) 
and (6.3.1) or in contemporary figures Fig. 6.1.2 to Fig. 6.3.5, (Milošić 2004, 2005, 2007, 2008). 
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6.2 New function for directivity index DIc-cs on the basis of theory at circle cross 
section CSc of main lobe of receive or transmit directivity pattern characteristic  

Both equations, (6.2.1) when used in practice and (6.2.2) as mathematical ideal function are 
new in theory and practice for circle CS of main lattice given and explained in the paper at 
Acoustics’08 (Milošić 2008). 
 

 
 

 
Fig. 6.2.1 Directivity index and effective aperture of antenna at cone directivity pattern 
characteristic in condition of circle CS of main lobe (Milošić 2008) 

 circle_CS

2 3dB10 10

1
10log

1 10 sin 10
4

LoSoS LoSoS
DI

θ−

=
⎛ ⎞ ⎛ ⎞⎜ ⎟− ⋅ +⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

 (dB)    (Milošić Acoustics’08)  (6.2.1) 



General Theory and Practice of Basic Models in the Building of Hydroacoustical Antennas   

 

237 

 circle_CS 2
3dB

52525
10 log

( )
DI

θ −

= ⋅
°

  (dB)  (Milošić 2008, Acoustics’08) (6.2.2)

 

 

In accordance with mentioned equations (6.2.1) and (6.2.2) for circle CS of the main lobe of 
pattern characteristic of antenna, we have graphic presentation in Fig. 6.2.1 for DI in two 
dimensions and for Aeff in three dimensions. 

6.3 New function for directivity index DIe-cs on the basis of theory at ellipse cross 
section CSc of main lobe of receive or transmit directivity pattern characteristic  

In absolute accordance with the mentioned conditions of rectangle and circle cross section in 
this case, we have the best general function for the presentation of important parameters of 
antennas in the systems of monitoring, in the underwater or in the air.  
 
 

 
 
 

Fig. 6.3.1 Directivity patterns of sonar antenna at elliptic CS of the main lobe, if we have 
azimuth angle θ-3dB=4.8º and the value of given elevation angle φ-3dB=15º then with the level 
of suppression of minor lobes of characteristic LoSoS= −45 dB we have that is DI=28.5 dB  
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That is a general equation (6.3.1) (Milošić Workbench 2007 in Germany published & 
recessional unrealized OCEANS’09 & recessional unrealized in 158th ASA meeting 2009 & 
recessional unrealized Euronoise09 & recessional unrealized at ECUA2010) for using in 
theory and practice at all conditions of environmental influence and new equation (6.3.2), 
mainly as very high and unattainable value. 
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Fig. 6.3.2 Graphic presentation of DI as function of angles of sensitivity θ-3dB in azimuth and 
φ-3dB in elevation and the level of suppression of side lobes LoSoS of the sonar antenna 
(Milošić 2007, 2008) 

 
 

 
 

Fig. 6.3.3 Graphic presentation of DI(θ-3dB,φ-3dB,LoSoS) in three dimensions have a special 
meaning by comparison of different sonar systems (Milošić 2007, 2008) 
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Fig. 6.3.4 Graphic presentation of an effective aperture of antenna Aeff(θ-3dB, φ-3dB, LoSoS) in 
two dimensions at the model with elliptical cross section (CS) (Milošić 2007, 2008) 

 
 

 
Fig. 6.3.5 Graphic presentation of an effective aperture of antenna Aeff(λ, θ-3dB, φ-3dB, LoSoS) in 
three dimensions at the model with elliptical cross section (Milošić 2007, 2008) 
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7. Conclusion 

The presented model of vibration of medium with concentrated mechanical parameters as a 
starting point of analysis of transmitting or receive sensitivity of hydroacoustical transducer 
with mathematical solution of its differential equation is applicably carried out on the basis 
of the Laplace transformation of complex variable. Given analyses of antenna with 
concentrated mechanical parameters are in accordance with mathematical solutions by two-
port network model of hydroacoustical transducer with original concentrated electric 
parameters and with the electric substitute of mechanical parameters inside the body, at 
electrical clamp on one side and on the surface of the transducer in the water on the second 
acoustical side. 
With the analysis of the behaviour of mathematical functions of hydroacoustical sensitivity 
and sources of wide dispersion of phase angle of impedance of antenna elements at 
hydroacoustical and ultrasound transducers, we can choose the best model for optimal 
matching in the given sonar system. By using the ideal electric transformer models, special, 
original and general expressions were gained and tested in the long-time practice, we have 
enabled the correct computing of elements necessary for performance and the complete 
matching of electrical impedance at hydroacoustical antenna. In accordance with the 
mentioned intentions of presenting fundamental sensitivities of transducers, electro-
acoustical impedance and their matching, we have presented a new important expanded 
and correct opinion about the fundamentals of directivity index and effective aperture of 
antenna in a new form of absolutely correct mathematical functions dependent on important 
parameter LoSoS. Also, all of them in two and three dimensional graphs are the best support 
in the building of antennas and new technologies of contemporary systems of monitoring 
for a world without accidents in space and, especially, in the underwater. 
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