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1. Introduction 

For recent decades, due to the intrinsic electromechanical coupling, piezoelectric ceramics 
have been used widely in the modern aeronautical and astronautic engineering, the medical 
apparatus and the instruments, etc. However, their brittleness might result in damage and 
failure. Therefore, it is very important theoretically and practically for fracture analysis, 
reliability design and lifetime prediction of piezoelectric ceramics to investigate the fracture 
mechanism.  
On the basis of linear piezoelectric fracture mechanics, some solutions were obtained by Pak 
(1990, 1992), Sosa and Pak (1990), Sosa (1991, 1992), Suo et al (1992), Suo (1993) and others, 
but they contradict the piezoelectric fracture experiments (Park and Sun, 1995; Heyer et al, 
1998). The linear piezoelectric fracture mechanics predicted that the stress intensity factors 
were independent of the applied electric field, but the experimental results (Park and Sun, 
1995; Heyer et al, 1998) showed that an existing electric field might impede or accelerate 
crack propagation, which was related to the applied electric field direction.  
Regarding piezoelectric ceramics as a class of mechanically brittle and electrically ductile 
solids, Gao et al (1997) put forward a strip saturation model analogous with the classical 
Dugdale model for plastic yielding, in which electrical displacement is assumed to yield 
when electric field is up to its linear limit. Yang and Zhu (1998) thought that piezoelectric 
nonlinearity comes from domain switching, so they proposed a small-scale 
domain-switching model to explain the toughening mechanism. Fulton and Gao (2001) 
proposed an electrical nonlinearity model based on piezoelectric microstructure. They 
simulated polarization switching and saturation in ferroelectrics by using a collection of 
discrete electric dipoles superimposed on a medium satisfying the linear piezoelectric 
constitutive law, and then derived a local crack driving force which generates a qualitative 
match to experimental observations. Based on the field limiting space charge model, Zhang 
et al (2003) proposed a charge-free zone model, and estimated the electric field at the tip of 
an electrically conductive crack according to the electric field intensity factor. Assuming that 
the electric field in a strip ahead of the crack tip is equal to the dielectric breakdown strength, 
Zhang et al (2005) developed a strip dielectric breakdown model similar to the strip 
saturation model.  
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In the above nonlinear models, only electrical nonlinearity is considered. However, the 
experiments (Zhang and Gao, 2004) demonstrated that in addition to the nonlinearities in 
the relationships of polarization versus electric field and strain versus electric field, the 
stress-strain curves are nonlinear. From the viewpoint of continuum damage theory, material 
nonlinearity is caused by damage, so that the continuum damage mechanics can be extended 
to describe nonlinear behaviors of piezoelectric ceramics. Mizuno (2002) introduced a single 
damage variable into the constitutive equation of piezoelectric ceramics to take the effect of 
damage on material properties into account, and after that, Mizuno and Honda (2005) 
analyzed the steady-state crack growth in a double cantilever piezoelectric beam. 
In our work, an anisotropic damage constitutive model involving mechanical and electrical 
damages was proposed (Yang et al, 2003 and 2005a), and the phenomenological damage 
tensors were qualitatively connected with microstructure parameters by the unit cell 
method (Yang et al, 2007 and 2008; Zeng et al, 2008). The linear and nonlinear piezoelectric 
fracture criteria were established after the damage analysis of the well-known piezoelectric 
fracture experiments of Park and Sun’s (Yang et al, 2005b). Finally, the damage constitutive 
model and the nonlinear fracture criterion were used to investigate the quasi-static 
propagation behavior of the midspan crack in a three-point bending PZT-4 beam, and 
effects of mechanical and electric loads on crack growth were observed.  

 
2. Piezoelectric damage constitutive model 

Damage in a piezoelectric solid can come from a number of sources, including fabrication, 
connection, service, etc. After homogenization, a damaged material element from the solid is 
regarded as a homogeneous continuum, so that its constitutive behavior can be 
characterized by new three-dimensional anisotropic constitutive equations with c , e , and 

λ  as the elastic, piezoelectric and dielectric constants. 
 
 , .ij ijkl kl kij k i ikl kl ik kc e E D e E            (1) 

 
These constants are called effective elastic, piezoelectric, and dielectric constants, 
respectively. They are related to the undamaged constants c , e , and λ  by 
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where ω  and G  are two second-order continuity tensors, and δ  is the Kronecker Delta. 
The mechanical and electrical damage variables DM and DE, which characterize damage 
degree of the material element, can be expressed in terms of the continuity tensors as 
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Eq.(1) combined with Eqs.(2) and (3) are called piezoelectric damage constitutive model. It 
can be rewritten in matrix form as follows. 
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And according to Eq.(2), we have 
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The transversely isotropic constant matrices can be expressed as follows 
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If damage is transversely isotropic and has the same principal axes as the material, Eq.(7) 
can be reduced to 
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Accordingly, only four scalar quantities are needed for transversely isotropic piezoelectric 
damage, namely, 11 , 33 , 11G , and 33G , and the correponding four damage variables 
are 
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3. Relation between damages and microstructure parameters 

It is well known that damage degree depends on microstructure geometry, density, 
interactions, etc. As the first step, it needs to be solved how the phenomenological damage 
tensors is quantitatively connected with microstructure parameters. Eq.(10) reveals a way to 
determine quantitative connections between the mechanical and electrical damages and 
microstructure parameters, because the effective properties of the damaged material 
element can be calculated by means of micromechanical mechanics methods, such as the 
unit cell method. 

 
3.1 Insulating microvoids 
PZT-7A piezoelectric ceramics with the material constants listed in Table 1 is assumed to 
contain many periodically distributed ellipsoidal insulating microvoids, shown in Fig.1(a). 
As the smallest periodical unit which contains sufficient microstructure information, a unit 
cell is taken out from the material, and only quarter of the cell model needs to be considered 
because of symmetry. See Fig.1(b). Accordingly, the displacement boundary conditions of 
the model can be described as  
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Materials 11c    12c     13c     33c     44c  31e     33e     15e  11     33  
 GPa C/m2 10-9F/m 

PZT-7A 148   76.2   74.2    131    25.4 -2.1     9.5    9.2 4.07   2.08 
PZT-4 139   77.8   74.3    113    25.6 -6.98  13.84  13.44 6     5.47 

Table 1. Material properties 
 

 
(a) PZT-7A with periodically distributed microvoids  (b) Quarter of the cell model 
Fig. 1. Computational model 
 
Different loading and boundary conditions are imposed on the cell model in order to 
evaluate its effective properties. For example, when the displacement degree of freedom 

1 1 1xU    is applied in the boundary planes 
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In the above two expressions, 

1 1xQ 
 and 

3 1xQ 
 are the active force in the planes 

1 1x   and 

3 1x  , respectively. When only the electric field E2 is imposed along the x2-direction through 
applying the voltage 

2 1xV 
 in the plane x2=1 and 

2 0xV 
 in the plane x2=0 of the cell, we have 

2 15 32 33 2D e E    , so that the dielectric constant 11  can be evaluated by 
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Applying the voltage 

3 1xV 
 in the plane x3=1 and 
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 in the plane x3=0 of the cell, the 

dielectric constant 33  can be obtained by 
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In the above two expressions, 
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 and 
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 are the average components of electric flux 

density in the planes x2=1 and x3=1, respectively. Further, the mechanical and electrical 
damages can be determined in accordance with Eq.(10).  
Similarly, the piezoelectric coefficients can be evaluated by 
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x1=1 , x2=1 and x3=1, respectively. On the other hand, according to the obtained mechanical 
and electrical damage components, the piezoelectric coefficients can be also obtained from 
Eq.(6). By comparison of these results from the above two kinds of method, it can be 
checked if the hypothesis of transversely isotropic damage is rational. 
In the unit cell, the ellipsoidal void geometry is characterized by its volume fraction v m/f V V , 
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32.1%, in order to evaluate the influences of the void volume fraction f on the damages. The 
variation curves of damages with the void volume fraction f are drawn in Fig.2(a). It is 
apparent that both the mechanical and electrical damages increase with the increasing void 
volume fraction f and the curves of M

11D  and M
33D  superpose each other, which reveals that 

the mechanical damage induced by spherical voids is isotropic. This is in good agreement 

with our knowledge. And then, the void volume fraction f is fixed at 6.54% and the void 
aspect ratio S is changed from 0.3 to 2.0, in order to observe influences of the void aspect 
ratio S on the damages. The variation curves of the damages with the void aspect ratio S are 
plotted in Fig.2 (b). While M

33D  goes down rapidly in forepart but slowly afterward with the 
increasing void aspect ratio S, M

11D  always goes up slowly. This is understandable because 
A3 decreases but A1 or A2 increases with the increasing aspect ratio S for a fixed volume 
fraction f. Nevertheless, E

11D  and E
33D   hardly change, which shows that the electrical 

damage components are independent of the void aspect ratio S.  
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The effective piezoelectric coefficients are calculated from Eq.(6) and from Eq.(16) or (17), 
respectively, and the variation curves of the effective piezoelectric coefficients with the void 
volume fraction and the void aspect ratio are drawn in Fig.3 (a) and (b), respectively. 
Apparently, the results from the two methods are very approximate, which reflects that the 
hypothesis of transversely isotropic damage is reasonable for the analyzed piezoelectric 
solid with voids. 
 

 
(a) 

 
(b) 

Fig. 3. Variation curves of effective piezoelectric coefficients with (a) the void volume 
fraction and (b) the void aspect ratio 
 
3.2 Conductive microvoids 
For conductive microvoids, the shape ratio S is fixed at 1.0 (namely the microvoids are spherical) 
and the volume fraction f is changed from 0 to 32.1％, in order to investigate the effect of the 

volume fraction on damages. The variation curves of mechanical and electrical damages with the 
volume fraction are plotted in Fig.4(a). It can be found that both the mechanical and electrical 
damage components increase with the increasing volume fraction and the curves of M

11D  and 
M
33D  overlap each other. After that, the volume fraction f is fixed at 6.54% and the shape ratio S is 

changed from 0.4 to 2 in order to investigate the effect of the shape ratio on damages. The 
variation curves of mechanical and electrical damages with the shape ratio are plotted in Fig.4(b). 
For the mechanical damage components, M

33D  rapidly decreases but M
11D  slowly increases with 

the increasing shape ratio. For the electrical damage components, however, E
11D  slowly increases 

but E
33D  slowly decreases with the increasing shape ratio. 

 

  
(a) 

 
(b) 

Fig. 4. Variation curves of damages with (a) the volume fraction and (b) the aspect ratio for 
conducting voids 
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3.3 Conductive inclusions 
Consider a PZT-7A piezoelectric solid with periodically distributed ellipsoidal conductive 
inclusions, shown in Fig.5. The solid is polarized in the z direction. The inclusions have 

Poisson’s ratio of 0.25 and elastic modulus of 
11

5
6

E c . In order to evaluate the effect of 

inconlusion elastic modulus on damages, we fix f in 6.54% and S in 1, and change   from 
0 to 1. The curves of mechanical and electrical damages with   are plotted in Fig.6. It can 
be seen that the mechanical damage rapidly decreases as   increases, and goes to zero 
when   tends toward 1. This is because inclusions transform into microvoids when 

0   and approximates to the matrix material when 1  . However, the electric 
damage slowly increases when   increases, because the variation of   does not change 
the conductivity of inclusions. Obviously, the inclusion elastic modulus has great influence 
on the mechanical damage but a little on the electric damage.  
 

 
(a)                          (b) 

Fig. 5. Unit cell model and its coordinate system: (a) PZT-7A with periodically distributed 
inclusions; (b) 1/8 model of the cell 
 

 
Fig. 6. Variation curves of mechanical and electrical damages with elastic coefficient ratio 
 
In succession, we fix S in 1 and set   as 0.4 and 0.6, respectively, to investigate variation law 
of mechanical and electrical damages with inclusion volume fraction. The curves are drawn in 
Fig.7. It can be found that mechanical and electrical damages monotonously increase with 
inclusion volume fraction for different elastic moduli. This is possibly because increasing 
inclusion volume has greater influence on electromechanical properties of the materials. 
Finally, the effects of inclusion shape on damages are discussed, when f is fixed in 6.54% and S 
is set as 0.4 and 0.6, respectively. The computational results are shown in Fig.8. It is easily 
found that inclusion shape has very complex influence on mechanical and electrical damages, 
but the variation curves of damages with inclusion shape ratio have similar shape for different 
elastic moduli. Moreover, the inclusion shape variation has a little influence on the mechanical 
damage, but great influence on the electrical damage. For a constant inclusion volume, when 
the shape ratio increases, 3A  decreases, but 1A  and 2A  increase, so that E

11D  and E
33D  have 

opposite variation laws. 
 

 
Fig. 7. Variation curves of mechanical and electrical damages with the volume fraction 
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Fig. 8. Variation curves of mechanical and electrical damages with the aspect ratio 

 
4. Fracture criteria 

For the brittle piezoelectric ceramics, the onset of crack growth almost inevitably results in 
failure, so it is very important for understanding piezoelectric fracture behaviors to establish 
a useful fracture criterion. While the natural extension of linear elastic fracture mechanics 
provided an agreeably simple and general criterion (Suo et al, 1992), it was not supported by 
experimental studies (Park and Sun, 1995; Heyer et al, 1998). Arguing that fracture was a 
mechanical process and should be controlled only by the mechanical part of the energy, 
Park and Sun (1995) used the maximum mechanical strain energy release rate for predicting 
fracture loads. However, there was no fundamental reason to separate a physical process 
into two parts: mechanical and electrical. Shen and Nishioka (2000), Sih and Zuo (2000), and 
Zuo and Sih (2000) proposed an energy density criterion. 
In order to establish a damage-based fracture criterion, the damage constitutive equations in 
Section 2 are used to characterize the constitutive behavior of PZT-4 piezoelectric ceramics. 
The undamaged properties are given in Table 1. The specimens are respectively subjected to 
different critical mechanical loads and their corresponding electric fields given by Park and 
Sun (1995). The mechanical and electrical damages near the crack tips in the compact tension 
specimens and the three-point bending specimens are computed.  
The damage components M

33D  and E
33D  are dominant in the problems under consideration, 

so only these two components at crack-tips are observed. Their relationship is imitated by 
means of linear and nonlinear methods, and the parameters in the equations are calculated 
according to the method of least squares. 
 

 
M E
33 33

M E E 2
33 33 33

0.5238 0.5651 ,

0.5029 0.8878 3.5384( ) .

D D
D D D

 

  
  (18) 

The curves are plotted in Fig.9. It is apparent that the nonlinear imitation is better than the 
linear. Eq.(18) can be rewritten as  
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Define (1) linearly combined damage: 
 
 M E

1 33 2 33,D a D a D    (20) 
 
and (2) nonlinearly combined damage: 
 
 M E E 2

0 33 1 33 3 33( ) .D b D b D b D     (21) 
 
In the above two formulations, coefficients 1a , 2a , 0b , 1b , and 2b  are material 
dependent, but independent of geometries, loading conditions and boundary conditions of 
specimens. For PZT-4, 1a =1.9092, 2a =-1.0789; 0b =1.9885, 1b =-1.7653, 2b =-7.0361. 
Accordingly, a piezoelectric fracture criterion can be given as follows. 
 
 

c ,D D   (22) 
 
where, 

c 1D  . This means that piezoelectric fracture occurs when the combined damage D 
reaches its critical value 

cD . 
 

 
Fig. 9. Linear and nonlinear imitations of mechanical and electrical damages at the crack-tips 
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5. Quasi-static crack propagation in piezoelectric beam 

As an important application of the aformentioned piezoelectric damage constitutive model 
and nonlinear fracture criteria, the quasi-static propagation behaviors of the midspan crack 
in a three-point bending PZT-4 beam with sizes of 19.1mm×9mm×5.1mm are simulated in 
different mechanically and electrically loading conditions. The beam is homogeneously 
poled along the x3-direction and subjected to a downward concentrated force F in the 
midspan and an electric voltage U excitateding an electric field parallel to its length 
direction. A midspan insulating edge crack with a depth of 4mm is perpendicular to the 
poling direction. The combined-damage determined by the dominant mechanical and 
electrical damage components is regarded as the fracture criterion and its gradient is 
assumed to control cracking direction. The influences of mechanical and electrical loads on 
the crack growth rate are evaluated.  

 
5.1 Effect of mechanical load on crack propagation 
Referring to the experimental data by Park and Sun (1995), we fix the electrical load at 
U=3KV and change the mechanical load F from 400N to 500 N, 600N, 700N and 800N in 
order to evaluate the effect of mechanical load on crack propagation. The crack growth 
increment a  at different computational steps is observed, and its variation and fitting 
curves with the computational step T  are drawn in Fig.10. It can be seen that the crack 
propagation has an increasingly accelerating trend and the mechanical load plays a very 
important role in crack growth. As an example, within the computational step range given 
in this paper, the crack depth increment a  has the minimum lower limit 

4(0.5 0.01) 10  mm at the start and the minimum upper limit  4(0.96 0.01) 10  mm at 
the final computational step for the external concentrated force F=400N, but the maximum 
lower limits 4(1.1 0.01) 10  mm and the maximum upper limit 4(1.79 0.01) 10  mm 
for F=800N. Accordingly, it is very obvious that mechanical load enhances crack 
propagation. Fig.11 exhibits the effect of mechanical load on the variation curve of the crack 
depth with the computational step. 
Mechanical loading is a dominant factor controlling piezoelectric fracture. This is why the 
conventional piezoelectric fracture theories using the stress intensity factor (Pak, 1992; Sosa, 
1992; Suo, 1992), the energy release rate (Park and Sun, 1995; Gao et al, 1997) and the energy 
density factor (Shen and Nishioka, 2000; Sih and Zuo, 2000; Zuo and Sih, 2000) as fracture 
criteria can give good fracture predictions for high stress cases.  
 

 
Fig. 10. Crack growth rate curves at different mechanical loads 
 

 
Fig. 11. Crack depth curves at different mechanical loads 

 
5.2 Effect of electric field on crack propagation 
Electric field is another important influencing factor. To observe the electromechanical 
coupling fracture behavior of piezoelectric media, Tobin and Pak (1993) early performed a 
series of indentation tests on PZT-8 ceramics under a given static electric field and an 
indentation load of 4.9N on different locations. The results showed that the cracks 
perpendicular to the poling direction became longer or shorter under a positive or negative 
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electric field. It was concluded that the positive field assisted the crack propagation, whereas 
the negative field retarded it. The analogous conclusion was also given by Park and Sun 
(1995) after completing the compact tension and three-point bending tests for PZT-4 
piezoelectric ceramics.  
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