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Abstract

We consider the mean-variance hedging problem under partial information. The underlying
asset price process follows a continuous semimartingale, and strategies have to be constructed
when only part of the information in the market is available. We show that the initial mean-
variance hedging problem is equivalent to a new mean-variance hedging problem with an
additional correction term, which is formulated in terms of observable processes. We prove
that the value process of the reduced problem is a square trinomial with coefficients satisfying
a triangle system of backward stochastic differential equations and the filtered wealth process
of the optimal hedging strategy is characterized as a solution of a linear forward equation.
2000 Mathematics Subject Classification: 90A09, 60H30, 90C309.

Key words and phrases: Backward stochastic differential equation, semimartingale market
model, incomplete markets, mean-variance hedging, partial information.

1. Introduction

In the problem of derivative pricing and hedging it is usually assumed that the hedging strate-
gies have to be constructed by using all market information. However, in reality, investors
acting in a market have limited access to the information flow. For example, an investor may
observe just stock prices, but stock appreciation rates depend on some unobservable factors;
one may think that stock prices can be observed only at some time intervals or up to some
random moment before an expiration date, or an investor would like to price and hedge a
contingent claim whose payoff depends on an unobservable asset, and he observes the prices
of an asset correlated with the underlying asset. Besides, investors may not be able to use
all available information even if they have access to the full market flow. In all such cases,
investors are forced to make decisions based on only a part of the market information.

We study a mean-variance hedging problem under partial information when the asset price
process is a continuous semimartingale and the flow of observable events do not necessarily
contain all information on prices of the underlying asset.

We assume that the dynamics of the price process of the asset traded on the market is de-
scribed by a continuous semimartingale S = (S, t € [0, T]) defined on a filtered probability
space (), A, (A, t € [0,T]),P), satisfying the usual conditions, where A = Ar and T < oo
is the fixed time horizon. Suppose that the interest rate is equal to zero and the asset price

www.intechopen.com



582 Stochastic Control

process satisfies the structure condition; i.e., the process S admits the decomposition

t
5, :50+Nt+/0 Md(Ndw, (A-N)p<oo as., (1.1)

where N is a continuous A-local martingale and A is an .A-predictable process.

Let G be a filtration smaller than A: G; C A; forevery t € [0,T].

The filtration G represents the information that the hedger has at his disposal; i.e., hedging
strategies have to be constructed using only information available in G.

Let H be a P-square integrable Ar-measurable random variable, representing the payoff of a
contingent claim at time T.

We consider the mean-variance hedging problem

to minimize E[(X}" — H)?] overall 7 € II(G), (1.2)

where I1(G) is a class of G-predictable S-integrable processes. Here X" = x + fot T, dSy
is the wealth process starting from initial capital x, determined by the self-financing trading
strategy 77 € I1(G).

In the case G = A of complete information, the mean-variance hedging problem was intro-
duced by Follmer and Sondermann (Follmer & Sondermann, 1986) in the case when S is a
martingale and then developed by several authors for a price process admitting a trend (see,
e.g., (Duffie & Richardson, 1991), (Hipp, 1993), (Schweizer, 1992), (Schweizer, 1994), (Schal,
1994), (Gourieroux et al., 1998), (Heath et al., 2001)).

Asset pricing with partial information under various setups has been considered. The mean-
variance hedging problem under partial information was first studied by Di Masi, Platen, and
Runggaldier (Di Masi et al., 1995) when the stock price process is a martingale and the prices
are observed only at discrete time moments. For general filtrations and when the asset price
process is a martingale, this problem was solved by Schweizer (Schweizer, 1994) in terms of
G-predictable projections. Pham (Pham, 2001) considered the mean-variance hedging prob-
lem for a general semimartingale model, assuming that the observable filtration contains the
augmented filtration FS generated by the asset price process S

F’ C Gy forevery te0,T]. (1.3)

In this paper, using the variance-optimal martingale measure with respect to the filtration
G and suitable Kunita—Watanabe decomposition, the theory developed by Gourieroux, Lau-
rent, and Pham (Gourieroux et al., 1998) and Rheinldnder and Schweizer (Rheinlander &
Schweizer, 1997) to the case of partial information was extended.

If G is not containing F®, then S is not a G-semimartingale and the problem is more involved.
Let us introduce an additional filtration F = (F;, t € [0, T]), which is an augmented filtration
generated by F° and G.

Then the price process S is a continuous F-semimartingale, and the canonical decomposition
of S with respect to the filtration F is of the form

3PN
St = So+ | ALd(M)y + M, (1.4)
where AF is the F-predictable projection of A and

t ~
M; = N, +/0 N — AEJA(ND
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Mean-variance hedging under partial information 583

is a continuous F-local martingale. Besides (M) = (N, and these brackets are F5-predictable.
Throughout the paper we shall make the following assumptions:
(A) (M) is G-predictable and d(M);dP a.e. Af = AC; hence P-a.s. for each ¢

E(MA|FE V Gi) = E(A|Gy);

(B) any G-martingale is an F-local martingale;

(C) the filtration G is continuous; i.e., all G-local martingales are continuous;

(D) there exists a martingale measure for S (on Fr) that satisfies the reverse Holder condition.
Remark. Tt is evident that if F* C G, then (M) is G-predictable. Besides, in this case G = F,
and conditions (A) and (B) are satisfied.

We shall use the notation Y; for the process of the G-projection of Y (note that under the present
conditions, for all processes we consider, the optional projection coincides with the predictable
projection, and therefore we use for them the same notation). Condition (A) implies that

~ b _
S; = E(S1|G) = So+ | Aud (M) + .
Let , t
H; = E(H|F) :EH+/ hydMy +L; and H; :EH+/0 hSdM, + LY
0

be the Galtchouk-Kunita—Watanabe (GKW) decompositions of H; = E(H|F;) with respect to
local martingales M and M, where h and hC are F-predictable processes and L and LS are

local martingales strongly orthogonal to M and M, respectively.
We show (Theorem 3.1) that the initial mean-variance hedging problem (1.2) is equivalent to
the problem to minimize the expression

(x + /OT 714dSy — ﬁT)z + /OT (72 (1-02) + 27 d(M)u] (1.5)

over all 7 € TI(G), where

E

Et = htG‘O% — il\t and p% =

Thus, the problem (1.5), equivalent to (1.2), is formulated in terms of G-adapted processes.
One can say that (1.5) is the mean-variance hedging problem under complete information
with an additional correction term.

Let us introduce the value process of the problem (1.5):

VH(t,x)= essinf E

nell(G) (x * /tT n”dé\”_ﬁT>2+/tT [715 (1 - P%) +27Tuﬁu] d<M>u’Gt] . (1.6)

We show in Theorem 4.1 that the value function of the problem (1.5) admits a representation

VAt x) = V,(0) — 2V (1)x + Vi(2)?,
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584 Stochastic Control

where the coefficients V;(0), V¢(1), and V;(2) satisfy a triangle system of backward stochastic
differential equations (BSDEs). Besides, the filtered wealth process of the optimal hedging
strategy is characterized as a solution of the linear forward equation

N t 52 2 PN t 2 3 PR
RF=x— Puq’u%) + /;uVuQ) X:dS, +/ PuPu(1) ;L)\u‘z/u(l) + hy is,. 17)
0 1—pz+puVu(2) 0 1—pu+piuVu(2)

Note that if FS C G, then
p=1, h=0, M=M, and S=S5. (1.8)

In the case of complete information (G = .A), in addition to (1.8) we have A=Aand M = N,
and (1.7) gives equations for the optimal wealth process from (Mania & Tevzadze, 2003).

In section 5 we consider a diffusion market model, which consists of two assets S and 77, where
St is a state of a process being controlled and 7; is the observation process. Suppose that S;
and 7; are governed by

dSt = ]/ltdt + atdw?, di]t = thdt + btdwt,

where @ and w are Brownian motions with correlation p and the coefficients y,0,a, and b

are F'-adapted. In this case Ay = F; = Fts I "and the flow of observable events is G; = ]-";7 .
As an application of Theorem 4.1 we also consider a diffusion market model with constant
coefficients and assume that an investor observes the price process S only up to a random
moment T before the expiration date T. In this case we give an explicit solution of (1.2).

2. Main Definitions and Auxiliary Facts

Denote by M¢(F) the set of equivalent martingale measures for S, i.e., the set of probability
measures Q equivalent to P such that S is a F-local martingale under Q.
Let

MS(F) = {Q € M*(F) : EZ#(Q) < oo},

where Z;(Q) is the density process (with respect to the filtration F) of Q relative to P. We
assume that M5 (F) # @.

Remark 2.1. Note that M§(A) # @ implies that M§(F) # @ (see Remark 2.1 from Pham
(Pham, 2001).

It follows from (1.4) and condition (A), that the density process Z;(Q) of any element Q of
ME(F) is expressed as an exponential martingale of the form

E(=A-M+L),

where L is a F-local martingale strongly orthogonal to M and &(X) is the Doleans-Dade
exponential of X.

If the local martingale Z/Min = E(=A - M) is a true martingale, dQ"" /dP = ZMin defines the
minimal martingale measure for S.
Recall that a measure Q satisfies the reverse Holder inequality R, (P) if there exists a constant

C such that
ZZ
E ﬁﬂ-} <(C, P-as.
Zz(Q)

for every F-stopping time 7.
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Mean-variance hedging under partial information 585

Remark 2.2. If there exists a measure Q € MF(F) that satisfies the reverse Holder inequality
R, (P), then according to Theorem 3.4 of Kazamaki (Kazamaki, 1994) the martingale M2 =

“A-M+1L belongs to the class BMO and hence —A-Malso belongs to BMO, i.e.,

E (/T X§d<M>u|FT) < const 2.1)

for every stopping time 7. Therefore, it follows from Theorem 2.3 of (Kazamaki, 1994) that
E(—=A-M)isa true martingale. So, condition (D) implies that the minimal martingale mea-
sure exists (but Z"" is not necessarily square integrable).

Let us make some remarks on conditions (B) and (C).

Remark 2.3. Condition (B) is satisfied if and only if the c-algebras FtS V Gt and Gt are condi-
tionally independent given G for all t € [0, T] (see Theorem 9.29 from Jacod (Jacod, 1979)).

Remark 2.4. Condition (C) is weaker than the assumption that the filtration F is continuous.
The continuity of the filtration F and condition (B) imply the continuity of the filtration G, but
the converse is not true in general. Note that filtrations F and F 5 can be discontinuous. Recall
that the continuity of a filtration means that all local martingales with respect to this filtration
are continuous.

By X we denote the Dolean measure of an increasing process K. For all unexplained notations
concerning the martingale theory used below, we refer the reader to (Dellacherie & Meyer,
1980), (Liptser & Shiryaev, 1986), (Jacod, 1979).

Let II(F) be the space of all F-predictable S-integrable processes 7t such that the stochastic
integral

t
(7‘[ . S)t - /0 nMdSu, t € [0, T],

is in the 82 space of semimartingales, i.e.,

E (/OT n§d<M>S> +E (/OT ynsxsyduvns)z < .

Denote by I'I(G) the subspace of I1(F) of G-predictable strategies.

Remark 2.5. Since A - M € BMO (see Remark 2.2), it follows from the proof of Theorem 2.5 of
Kazamaki (Kazamaki, 1994) that

T 2 N N T
E( [ Imduld)a) = E(nl- M, 3] M0} <203 - MlowoE || nd (M), < oo

Therefore, under condition (D) the G-predictable (resp., F-predictable) strategy 7t belongs to
the class I'1(G) (resp., II(F)) if and only if E fOT m2d(M)s < oo.

Define J2(F) and J2(G) as spaces of terminal values of stochastic integrals, i.e.,

Ji(F)={(n-S)r:m el(F)},  J#(G) ={(r-S)r: m € II(G)}.

For convenience we give some assertions from (Delbaen et al., 1997), which establishes neces-
sary and sufficient conditions for the closedness of the space J2(F) in L2.
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586 Stochastic Control

Proposition 2.1. Let S be a continuous semimartingale. Then the following assertions are equivalent:
(1) There is a martingale measure Q € MC(F), and J2(F) is closed in L?.
(2) There is a martingale measure Q € MC(F) that satisfies the reverse Holder condition Ry (P).
(3) There is a constant C such that for all 7t € I1(F) we have

[[sup (7t - S)ellr2py < ClI(7- S)7ll12(P)-
b<T

(4) There is a constant c such that for every stopping time T, every A € Fr, and every it € I1(F),
with T = 7l 1), we have

114 = (70 S)1ll2p) = cP(A)V2.

Note that assertion (4) implies that for every stopping time 7 and for every 7t € II(G) we have

T 2
E <<1+/ m,d&,) /FT> > . 2.2)

Now we recall some known assertions from the filtering theory. The following proposition
can be proved similarly to (Liptser & Shiryaev, 1986)( the detailed proof one can see in (Mania
et al., 2009)).

Proposition 2.2. If conditions (A), (B), and (C) are satisfied, then for any continuous F-local martin-
gale M, with My = 0, and any G-local martingale m®

_ td(M, mC
M; = E(M;|Gy) = /0 def—l—ﬁ;, (2.3)

where LS is a local martingale orthogonal to m©.

It follows from this proposition that for any G-predictable, M-integrable process 7t and any
G-martingale m©

(7t~ M), mC); = /Ot m,%d@n% = /Ot mud(M, mC), = (- M, mC),.

Hence, for any G-predictable, M-integrable process 7t

_ t ¢
(7 M) =E (/0 ndes|Gt) :/O ted M. (2.4)

Since 77, A, and (M) are G-predictable, from (2.4) we have

P t t ~
(7 S) = E </0 nudSu|Gt> :/0 77udS, (2.5)

where /

www.intechopen.com
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3. Separation Principle: The Optimality Principle

Let us introduce the value function of the problem (1.2) defined as

T 2
LIH(t,x) = essinfE ((x +/ 7T, dSy — H) |Gt> . (3.1)
nell(G) t
By the GKW decomposition
t
H, = E(H|F) = EH +/ hydM, + Ly (3.2)
0

for a F-predictable, M-integrable process i and a local martingale L strongly orthogonal to
M. We shall use also the GKW decompositions of H; = E(H|F;) with respect to the local
martingale M

b
H; = EH + / hCdM, + LS, (3.3)
0

where K€ is a F-predictable process and LC is a F-local martingale strongly orthogonal to M.
It follows from Proposition 2.2 (applied for mC = M) and Lemma A.1 that

(E(H|G.), t_/ 1S p2d( (3.4)
We shall use the notation o R
h = hCp? — hy. (3.5)

Note that 7z belongs to the class IT1(G) by Lemma A.2.
Let us introduce now a new optimization problem, equivalent to the initial mean-variance
hedging problem (1.2), to minimize the expression

E

<x+/T ,dS, — HT> +/ 1—pu)+27rufzu)d(M>u] (3.6)

over all 77 € I1(G). Recall that §; = E(S;|G;) = So + fot Aud (M), + M;.

Theorem 3.1. Let conditions (A), (B), and (C) be satisfied. Then the initial mean-variance hedging
problem (1.2) is equivalent to the problem (3.6). In particular, for any 7t € I1(G) and t € [0, T]

<x+ /tT 7TudSy — H>2 \Gt] .y [(H— HT)2 |Gt]

(x+/ TudSy — HT) +/ 1—pu> +2nuﬁu> d(M)u|Gt] . (37)

E

+E

Proof. We have

T 2
t

E

T T )\ 2
(x—i—/t nudSu—H—i—/t mml(Mu—Mu)) |Gy

www.intechopen.com



588 Stochastic Control

T ~ 2 T N T _
_E <x—|—/ nudSu—H> G| +2F [(x+/ nudSu—H> </ Ttud (Mu—Mu>> |Gt]
t t t
T R 2
+E (/t 7Tud <Mu —Mu)> G| = I + 2D + L. (3.8)
It is evident that

T . \2 o \2
<X+/t nudSu—HT> |Gt + E |:<H—HT> |Gt:| . (39)

Since 7, A, and (M) are Gp-measurable and the o-algebras F? V Gt and Gr are conditionally
independent given G; (see Remark 2.3), it follows from (2.4) that

E [/tT T Aud (M) /tT ud (M — M) \Gt}
_E UtT utud(M)a /OT md (M, — M, ) |Gt]
—E {/tT mf\ud(Mﬁ, /Ot 7T, d (Mu — ]\7Iu> |Gt]

_E MT TR ud (M) E (/OT ud (My — M, ) |GT> |Gt]

- [/tT nu}A\ud(M>u\Gt] E Uot TTud (Mu . Mu) ]Gt} = 0. (3.10)

L =E

On the other hand, by using decomposition (3.2), equality (3.4), properties of square charac-
teristics of martingales, and the projection theorem, we obtain

T R T R T ~
E [H/ TTud (Mu —Mu> |Gt] ~E [H/ nudMu|Gt} —E [HT/ nudMu|Gt}
t t t
T T L
—F /t nud<M,E(H|P.)>u|Gt] _E [/t nud(H,MMGt]

_E | nuhud<M>urGt} E [ I nuﬁu@pidwwf]

= 2| [ e (R~ 502 d<M>u|Gt] S { A mﬁud<M>u|Gt} BNCREY

Finally, it is easy to verify that

2F UtTnuMu/tTnud (Mu—Mu> \Gt} +E </tT7rud (Mu—Mu)>2]Gt]
— £ |( [ man— [ mawm) j6] = | [ (1-6) atanlal]. o

Therefore (3.8), (3.9), (3.10), (3.11), and (3.12) imply the validity of equality (3.7). U
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Mean-variance hedging under partial information 589

Thus, it follows from Theorem 3.1 that the optimization problems (1.2) and (3.6) are equiv-
alent. Therefore it is sufficient to solve the problem (3.6), which is formulated in terms of
G-adapted processes. One can say that (3.6) is a mean-variance hedging problem under com-
plete information with a correction term and can be solved by using methods for complete
information.

Let us introduce the value process of the problem (3.6)

VH(t,x)= essinf E
nell(G)

(x-l— / Tud Sy — HT> + / 1—pu>+2ﬂuhu} <M)M|Gt]. (3.13)

It follows from Theorem 3.1 that
Ut (t,x) = Vi(t,x) + E[(H — Hr)?|Gt]. (3.14)
The optimality principle takes in this case the following form.

Proposition 3.1 (optimality principle). Let conditions (A), (B) and (C) be satisfied. Then
(@) forall x € R, m € TI(G), and s € [0, T] the process

vH (t,x+ /St nud§u) + /St [nﬁ (1 —p%,) +27ru}~zu)} d(M),

is a submartingale on [s, T, admitting an right continuous with left limits (RCLL) modification.

(b) 7t is optimal if and only if the process

vH <t,x+/st n;d§u> + /s'f [(n;;)z (1 —pﬁ) +2n;;ﬁu] d(M),

is a martingale.

This assertion can be proved in a standard manner (see, e.g., (El Karoui & Quenez, 1995),
(Kramkov, 1996)). The proof more adapted to this case one can see in (Mania & Tevzadze,

2003).
Let
V(tx) = essme (x-i—/ nudSu) +/ 1—Pu <M>u|Gt]
mell(G
and

Vi(2) = essinfE
nell(G)

<1+/tT nud5u> +/ 1—pu> d(M)y |Gy

It is evident that V (¢, x) (resp., V;(2)) is the value process of the optimization problem (3.6) in
the case H = 0 (resp.,, H = 0and x = 1), i.e,,

V(t,x)=VOt,x) and V;(2) = VO(t1).

Since I'I(G) is a cone, we have

<1+/t —dsu> +/ 1—pu> d(M)M|Gt] = x2V,(2).

(3.15)

V(t,x) = x* essinf E
nell(G)

Therefore from Proposition 3.1 and equality (3.15) we have the following.
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Corollary 3.1. (a) The process

Vi(2) <1 + /St nud§u>2 + /St(nu)za — 02)d(M),,

t > s, is a submartingale for all Tt € TI(G) and s € [0, T].
(b) 7r* is optimal if and only if

<1+/ *d5u> +/ 2(1 = pp)d(M)y,

t > s, is a martingale.

Note that in the case H = 0 from Theorem 3.1 we have
T 2 T \? L 5
(1 +/t nud5u> G| =E <1+/t ﬂud5u> +/t 72 (1-p2) d(M)[G: | (3.16)

and, hence,
Vi(2) = U°(t,1). (3.17)

E

Lemma 3.1. Let conditions (A)—~(D) be satisfied. Then there is a constant 1 > ¢ > 0 such that
Vi(2) > cforallt € [0,T] a.s. and

1—p7 4+ 02Vi(2) > ¢ uMae, (3.18)

T 2
t
It follows from assertion (4) of Proposition 2.1 that there is a constant ¢ > 0 such that V' (2) > ¢
for all t € [0, T] a.s. Note that ¢ < 1 since VI < 1. Then by (3.17)
Vi(2) = U°(t,1) = essinfE

T 2
nell(G) t

T 2
nell(G) t

Therefore, since p% <1by Lemma A.1,

Proof. Let

vEQ2) = es%i(r}Ff) E
e

> E(VF(2)[Gr) > ¢

1—p7 +piVe(2) > 1—p7 + pfc > ifg)fl](l —r+re) =
re|0,
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Mean-variance hedging under partial information 591

4. BSDEs for the Value Process

Let us consider the semimartingale backward equation

t t
Y = Y, +/0 £, Yo, ) () +/0 Yudi, + Ly (4.1)

with the boundary condition
YT = 1’] , (42)

where 7 is an integrable Gr-measurable random variable, f : Q x [0, T] x R? — R is P x
B(R?) measurable, and  is a local martingale. A solution of (4.1)~(4.2) is a triple (Y, 4, L),
where Y is a special semimartingale, 1 is a predictable m-integrable process, and L a local
martingale strongly orthogonal to m. Sometimes we call Y alone the solution of (4.1)—(4.2),
keeping in mind that ¢ - m 4 L is the martingale part of Y.

Backward stochastic differential equations have been introduced in (Bismut, 1973) for the lin-
ear case as the equations for the adjoint process in the stochastic maximum principle. The
semimartingale backward equation, as a stochastic version of the Bellman equation in an op-
timal control problem, was first derived in (Chitashvili, 1983). The BSDE with more general
nonlinear generators was introduced in (Pardoux & Peng, 1990) for the case of Brownian fil-
tration, where the existence and uniqueness of a solution of BSDEs with generators satisfying
the global Lifschitz condition was established. These results were generalized for generators
with quadratic growth in (Kobylanski, 2000), (Lepeltier & San Martin, 1998) for BSDEs driven
by a Brownian motion and in (Morlais, 2009), (Tevzadze, 2008) for BSDEs driven by martin-
gales. But conditions imposed in these papers are too restrictive for our needs. We prove here
the existence and uniqueness of a solution by directly showing that the unique solution of the
BSDE that we consider is the value of the problem.

In this section we characterize optimal strategies in terms of solutions of suitable semimartin-
gale backward equations.

Theorem 4.1. Let H be a square integrable Fr-measurable random variable, and let conditions (A),
(B), (C), and (D) be satisfied. Then the value function of the problem (3.6) admits a representation

VAt x) = Vi(0) —2Vi(1)x + Vi(2)x?, (4.3)

where the processes V;(0), Vi(1), and V;(2) satisfy the following system of backward equations:

t S 2 g‘i_XSYS 2 ?
Yt(Z) = YO(2> +/() (T’Pl(_)::% —+ P%Ys ((2)))

E(s(2 §+7\SY52 s(1 34_;{51{51_}35
) = w0 + [ L2 131))3%3&2) —

+/Ot ws(1)dMs + L¢(1), Yr(1) = E(H|Gr), (4.5)

aMys+ [ 9@l 4 L(2), Vi) =1, @

d(M)s

1){)3 + XsYs(l) — ]jls)z
1- P% + P%Ys (2)

Y4(0) = Yp(0) + /0 gLl d(M)s

+ /Ot ¥s(0)dMs + L(0), Yr(0) = E2(H|Gr), (4.6)

where L(2), L(1), and L(0) are G-local martingales orthogonal to M.
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592 Stochastic Control

Besides, the optimal filtered wealth process }A(f’”* =x+ fot 75dS,, is a solution of the linear equation

N t o2 A oo
X :x—/ Pu%g”g”n‘( >X*dSu+/ $ul p”“fu( ) hugg, wy)
o5 + i Yu(2) 1—p% +p2Yu(2)

Proof. Similarly to the case of complete information one can show that the optimal strategy
exists and that V! (¢, x) is a square trinomial of the form (4.3) (see, e.g., (Mania & Tevzadze,
2003)). More precisely the space of stochastic integrals

Jir(G) = {/tT mudS, e H(G)}

is closed by Proposition 2.1, since (M) is G- predlctable Hence there exists optlmal strategy
*(t,x) € TI(G) and UY(t,x) = E[|H — x — ft (t,x)dSy|?|Gy]. Since ft *(t,x)dS, co-
incides with the orthogonal projection of H — x € L on the closed subspace of stochast1c
integrals, then the optimal strategy is linear with respect to x, i.e., 7t/ (t, x) = 79 (t) + x7tk(t).
This implies that the value function U™ (¢, x) is a square trinomial. It follows from the equality
(3.14) that VH (¢, x) is also a square trinomial, and it admits the representation (4.3).

Let us show that V;(0), V¢(1), and V;(2) satisfy the system (4.4)—(4.6). It is evident that

T 2 T
_yH _ . S i 2 2 T
Vi(0)=V (t,O)—ﬁg%l(%f)E[ </t 74dS, HT) +/t (72 (1-03) +27mu ) d(M).[G: | (48)
and
0 . T c 2 T 2 2
Vi(2) = V(1) = 7?2%1{2;%]5 <1+/t nud5u> —i—/t Ty, (1 —pu) d(M), |G |- (4.9)

Therefore, it follows from the optimality principle (taking 7w = 0) that V;(0) and V;(2) are
RCLL G-submartingales and

Vi(2) SE(Vr(2)|Gr) <1, Vi(0) < E(E*(H|G7)|Gt) < E(H?|Gy).

Since

S(i(0) + V(@) VI (5,1)), (4.10)

the process V(1) is also a special semimartingale, and since V;(0) — 2V;(1)x + V;(2)x? =
VH(t,x) > 0forall x € R, we have V2(1) < V;(0)V;(2); hence

Vi (1) =

V(1) <E (HZyGt>.

Expressions (4.8), (4.9), and (3.13) imply that V7(0) = E?(H|Gr), Vr(2) = 1, and VH(T, x) =
(x — E(H|Gr))?. Therefore from (4.10) we have V(1) = E(H|Gr), and V(0), V(1), and V(2)
satisfy the boundary conditions.

Thus, the coefficients V;(i),i = 0,1, 2, are special semimartingales, and they admit the decom-
position

Vi(i) = Vo(i) + Ae(i) + /O LoDV + (i), i=0,1,2, @4.11)
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where m(0), m(1), and m(2) are G-local martingales strongly orthogonal to M and A(0), A(1),
and A(2) are G-predictable processes of finite variation.
There exists an increasing continuous G-predictable process K such that

t

t
(M) = /O vudKy,  An(i) = /O ay()dKy, i=0,1,2,

where vand a(i),i = 0,1, 2, are G-predictable processes.
Let XY™ = x + fst 7,dS, and

st —
“~ t A
Y= vH (4 X5 +/ 72 (1= 03) + 27l | d{ M.
S
Then by using (4.3), (4.11), and the It6 formula for any t > s we have
S, 2 g 1 WX 22 ! X, TT KA
(Xs/'t ) = x+/ [27@,)&”)(;‘,;[ + nupu] d(M), +2/ T, X35 dM,y, (4.12)
S S
and
ET o \2 -
Y5~ VH(s,x) = / [(Xs{f) a(2) — 2X57a, (1) + a4 (0) | dK,

[ [ (1= o+ 03V @) + 2R (AVa- @) + 9u(2)63)
~ 2w (Vu,(l)ﬁu + ou(1)p% — ”vudKu + g — ms, (4.13)

where m is a local martingale.
Let

G(m,x) = G(w,u, m,x) = (1 — 0 +p%,Vu_(2)) + 27X (XuVu_(Z) + @u (2)p%>
— 271 (Vu— (1) Au + @u(1)p7; — ).

It follows from the optimality principle that for each 7t € I'I(G) the process

t ~ 2 ~
/ {(X;f;;f) 0u(2) — 2K ay (1) + 4y (0 ]deL / T, X vudKu (4.14)
S

is increasing for any s on s < t < T, and for the optimal strategy 77* we have the equality
/ [(X;ﬁ;,” ) 0 (2) — 2K a, (1) + au(O)} K, = _/ G (n;,x;ﬁf )vudKu. (4.15)
S S

Since v,dK,, = d(M),, is continuous, without loss of generality one can assume that the pro-
cess K is continuous (see (Mania & Tevzadze, 2003) for details). Therefore, by taking in (4.14)
Ts(e) = inf{t > s : Kt — K; > ¢} instead of t, we have that for any ¢ > 0and s > 0

1 (%) [/o. N2 - 1 (o) -
- /S [(X;‘;u”) au(z)—zx;ffau(1)+au(o)} AKy > —— /S G (7, X7 ) vudKe. (4.16)

€

By passing to the limit in (4.16) as € — 0, from Proposition B of (Mania & Tevzadze, 2003) we
obtain
x2a,(2) — 2xay (1) + a,(0) > —G(7my, x)vy, uK-ae.,
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for all 77 € TI(G). Similarly from (4.15) we have that uX-a.e.
x2a,(2) — 2xay (1) + a,(0) = —G(7t}, x)vy
and hence

x?a,(2) — 2xay (1) + a,(0) = —vy, essinf G(7ry, x). (4.17)
nell(G)

The infimum in (4.17) is attained for the strategy

Vi(D)As + @r(1)p? — by — x(Vi(2)A + 91(2)p?)

frp = . (4.18)
1—pf + 07V (2)
From here we can conclude that
~ - ~ 5\ )2
(ViR + 91(1)pF = e = x (VA + 91 (2)eF) )
essinf G(7;, x) > G(7y, x) = — 5 . (4.19)
mell(G) 1—p; +p:Vi(2)
Let rty' = Ijo 1, [(t)7tr, where T, = inf{t : [V}(1)| > n}.
It follows from Lemmas A.2, 3.1, and A.3 that 1" € II(G) for every n > 1 and hence
essinf G(my, x) < G(nl, x
essinf G, ) < Gl x)
for all n > 1. Therefore
inf G(7t;, x) < lim G(7t}, x) = G(#, x). 4.20
ggsnl(ré)(t)_ngr;o(t) (7, x) (4.20)
Thus (4.17), (4.19), and (4.20) imply that
x?a;(2) — 2xa;(1) + a;(0)
> 2 7 > 21)2
_ oy VWAt @e(Wpi = I = x(Vi(2)Ae + u(2)pi))” Keae, 4.21)

1—p7 4 p?Vi(2)

and by equalizing the coefficients of square trinomials in (4.21) (and integrating with respect
to dK) we obtain

t (%(2)(33 +X5Vs(2)>2
A2) = [ LN (4.22)
fun—44¢(m ) (ps(1)p (1)

N 1—pZ +p2Vs(2) d(M)s, (4.23)

P A
i e e 0

which, together with (4.11), implies that the triples (V (i), ¢(i),m(i)), i = 0,1,2, satisfy the
system (4.4)—(4.6).

2
) d(M)s, (4.24)
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Note that A(0) and A(2) are integrable increasing processes and relations (4.22) and (4.24)
imply that the strategy 7t defined by (4.18) belongs to the class IT(G).
Let us show now that if the strategy 77* € I1(G) is optimal, then the corresponding filtered

wealth process th* =x+ fot Nj‘ldgu is a solution of (4.7).
By the optimality principle the process

t
* 2N X 2 ~
Y@ = yH (t,X,ZT ) +/0 [(n;",) (1 —pﬁ) —|—27rZhu} d(M),,
is a martingale. By using the It6 formula we have
by N2 t ., t P,
Y= [(RE) dAu@) 2 [ RFdA) + 40 + |6 (i RT) dM)u + N,

where N is a martingale. Therefore by applying equalities (4.22), (4.23), and (4.24) we obtain

Yy — /t o _ Vu(l)xu + (Pu(l)P%, - flu
u 2 2
0 1 —pu + piVu(2)

S Vu(z)/A\u + u(2)p3
+ Xu 2 2
1—p5 +puVu(2)

2
> (1 — 2+ pf,vu(z)) d(M)y + N,

(M)

which implies that p\*'/-a.e.

o Ve it 9u(DPF ~ g (vu (2)Au + ¢u (2)@

T TSR ev2) Y1k + R Va(2)

By integrating both parts of this equality with respect to dS (and adding then x to the both
parts), we obtain that X satisfies (4.7). O

The uniqueness of the system (4.4)-(4.6) we shall prove under following condition (D*),
stronger than condition (D).
Assume that

T )2
(D") | Sra, <c.
0 Pu

Since p> < 1 (Lemma A.1), it follows from (D*) that the mean-variance tradeoff of S is
bounded, i.e.,

T .
/0 A2d(M), <C,

which implies (see, e.g., Kazamaki (Kazamaki, 1994)) that the minimal martingale measure for
S exists and satisfies the reverse Holder condition Ry (P). So, condition (D*) implies condition
(D). Besides, it follows from condition (D*) that the minimal martingale measure Q""" for S

dQ"" = &r (—% M)
p
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also exists and satisfies the reverse Holder condition. Indeed, condition (D*) implies that
Er (—2(% . M) is a G-martingale and hence

~ T T A2
<5 ( pA > \Gt> —E (&T (—2% 1\71) ¢l ﬂ%d<M>”Gt> < €.

Recall that the process Z belongs to the class D if the family of random variables ZI( <) for
all stopping times 7 is uniformly integrable.

Theorem 4.2. Let conditions (A), (B), (C), and (D*) be satisfied. If a triple (Y (0), Y(1),Y(2)), where
Y(0) € D, Y?>(1) € D, and ¢ < Y(2) < C for some constants 0 < ¢ < C, is a solution of the system
(4.4)—(4.6), then such a solution is unique and coincides with the triple (V(0),V (1), V(2)).

Proof. Let Y(2) be a bounded strictly positive solution of (4.4), and let

[ v, + 1,(2)

be the martingale part of Y(2).
Since Y (2) solves (4.4), it follows from the It6 formula that for any 7t € I'I(G) the process

Y[ =Y (2 <1 +/ nud5u> +/ 1 —pu (M)u, (4.25)

t > s, is a local submartingale.
Since 7t € TI(G), from Lemma A.1 and the Doob inequality we have

¢ R 2
Esup <1 +/ mmlS)
t<T 0
T T 2
< const (1 + E/O nﬁpﬁdw)u) +E (/0 \m,/\u]d<M>u) < 0. (4.26)
Therefore, by taking in mind that Y'(2) is bounded and 7w € TI(G) we obtain

E( sup Y[f)z < 0o,

s<u<T

which implies that Y™ € D. Thus Y™ is a submartingale (as a local submartingale from the
class D), and by the boundary condition Y7(2) = 1 we obtain

Y,(2) < E ((1+/5Tnud§> +/ 1—pu (M>M|GS>

for all 7 € TI(G) and hence
Yi(2) < Vi(2). (4.27)

Let

o AR+ ()t <_A (2) +¢(2)p? §>
-0 1—p2+02Y(2) 7)
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Since 1 + fo 7,dS, = & (— % . §), it follows from (4.4) and the Itd formula that

the process Y7 defined by (4.25) is a positive local martingale and hence a supermartingale.

Therefore
Ys(2) > E ((1 +/ nudsu) +/ 1 —pu) d(M>M|GS> . (4.28)

Let us show that 77 belongs to the class I'T(G).
From (4.28) and (4.27) we have for every s € [0, T|

E ((1 +/T ﬁuds})z +/T 72 (1-03) d<M>u\Gs> <Y@)<V@) <1 (429)

and hence
2

T
E<1+ / ﬁud5u> <1, (4.30)
0

E/OT 72 (1 - p%,) d(M), < 1. (4.31)

By (D*) the minimal martingale measure Q™in for § satisfies the reverse Holder condition, and
hence all conditions of Proposition 2.1 are satisfied. Therefore the norm

E(/OT 2 p2d(M >)+E(/OT|ﬁsXs|d<M>s)2

is estimated by E(1 + fOT 7,dS,,)? and hence

T 2
E/ 224(M)y < oo, E(/O |ﬁsAs|d<M>s> < co.

It follows from (4.31) and the latter inequality that 77 € I1(G), and from (4.28) we obtain
Yi(2) > Vi(2),

which together with (4.27) gives the equality Y;(2) = V;(2).
Thus V(2) is a unique bounded strictly positive solution of (4.4). Besides,

t \ t \
/0 ¥u(2)dM, = /O ou(2)dM,,  Li(2) = my(2) (4.32)

for all ¢, P-a.s.
Let Y (1) be a solution of (4.5) such that Y?(1) € D. By the It6 formula the process

=~ f@z:;z&z%@)

2)0?+AV(2) 2\ (9u(2)p% +AuVi(2))hu
+/ ( 1—p2+p%V(2) .S> 1— 02 + 02V, (2) d{M)., (4.33)

is a local martingale. Let us show that R; is a martingale.
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As was already shown, the strategy

- Yu(2)07 + MYy (2) e |- ¥(2)0? + XY(Z) g
11— p2 +p2YM(2) " 1— ,02 + pZY(Z)

belongs to the class I1(G).

Therefore (see (4.26)),
2)02 +AY(2) & ( Eoo )2
Esupe? [~ ¥ .§) = Esu /ndS < oo, (4.34)
thT) t( 1—p%+p%Y(2) t<}T) 0"
and hence

Yt(l)é’t( io(_Zi)p :p/;“;gzi §> e D.

On the other hand, the second term of (4.33) is the process of integrable variation, since 7T €
IT1(G) and h € TI(G) (see Lemma A.2) imply that

), |

d(M)u

( 2)p* +1V(2) S> (u(2)ph +AuVa(2))
1—-p?+p?V(2) 1—p3 + 0V (2)

. T T
_ E/O || d (M) < E1/2/0 ﬁ5d<M>uE1/2/O R2d(M), < oo

Therefore, the process R; belongs to the class D, and hence it is a true martingale. By using
the martingale property and the boundary condition we obtain

2 A ~
Yi(1) = E (HT&T <_ f(_zi)g :p)z”;g . s)

)0 +AV(2) &\ (9u(2)pf +AuVi(2))hu
" / ( P> +p?V(2) S) 1— 02 +02V,(2) d<M>u‘Gt> . (4.35)

Thus, any solution of (4.5) is expressed explicitly in terms of (V(2), ¢(2)) in the form (4.35).
Hence the solution of (4.5) is unique, and it coincides with V;(1).
It is evident that the solution of (4.6) is also unique. 0

Remark 4.1. In the case F° C G we have ot =1, hy =0, and §t = 54, and (4.7) takes the form

/ Pu(2 +Au u(2 )X*dsu+/ Pu (1 +<A2§Y u(1 )dsu.

Corollary 4.1. In addition to conditions (A)—(C) assume that p is a constant and the mean-variance
tradeoff (A - M) is deterministic. Then the solution of (4.4) is the triple (Y(2),1(2),L(2)), with
P(2) =0,L(2) =0, and

Yi(2) = Vi2) =v (o, 1= >+ (- M)r = (R - M), ), (4.36)
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where v(p, a) is the root of the equation

2
1Tp—921nx=“- (4.37)
Besides,
AV(2 _
Yt(l)—E<H5tT <_1 ; —i—(ng(Z) s)
T AV(2) N\ Ve
Etu | — S A(M)|G 438
i t”( 1-p2+p?V(2) >1—p2+p2Vu(2)< JulGe (4.38)

uniquely solves (4.5), and the optimal filtered wealth process satisfies the linear equation

S EoAVu@) ore L [P eu(DPP+HAVi(1) — Ry o
R =x— u RS, + [ . 4
F=x /ol—pz—f-szu(Z) WSt | (439)

Proof. The function f(x) = % — p?Inx is differentiable and strictly decreasing on ]0, 00|
and takes all values from | — 0o, +0c0][. So (4.37) admits a unique solution for all a. Besides, the
inverse function a(x) is differentiable. Therefore Y;(2) is a process of finite variation, and it is
adapted since (A - M) is deterministic.

By definition of Y;(2) we have that for all t € [0, T]

1-p> _ 2.3 2
Yt(Z) —p lnYt(Z)—l—p —|—</\ M>T—</\ M>t

It is evident that fora = 1 — p2 the solution of (4.37) is equal to 1, and it follows from (4.36)
that Y(2) satisfies the boundary condition Y7 (2) = 1. Therefore

% —PInYi(2) - (1_92) =- (1—Pz> /tTdYul(Z) —|—p2/tTd1nYu(2)
2 >

- /tT (11/2_(5) * Yf(Z)) Mu(2)

T1-p"+pY.u(2) o ~
/t Y2(2) dYy(2) = (A-M)r — (A - M);

and

forallt € [0, T]. Hence

E1—p% +0?Yu(2) s
/O ) AYe(2) = (A - M),

and, by integrating both parts of this equality with respect to Y(2)/(1 — p? + p?Y(2)), we
obtain that Y(2) satisfies
EY2(2)A2
Yi(2) = Yo (2) + / uis)
which implies that the triple (Y (2),¥(2) = 0,L(2) = 0) satisfies (4.4) and Y(2) = V(2) by

Theorem 4.2. Equations (4.38) and (4.39) follow from (4.35) and (4.7), respectively, by taking
¢(2) =0. O

d(M),, (4.40)
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Remark 4.2. In case F° C G we have M = M and p = 1. Therefore (4.40) is linear and
Y;(2) = eMMi=(A-M)7 I the case A = G of complete information, Y;(2) = e{AN)ii—(A-N)r,

5. Diffusion Market Model

Example 1. Let us consider the financial market model

dSy = Syt ()dt + Sy (1) dwf,
dne = ar(n)dt + be(n)dw,

subjected to initial conditions. Here w” and w are correlated Brownian motions with
Edw{dw; = pdt,p € (—1,1).

Let us write

we = pwy +1/1 - p?wi,

where w” and w! are independent Brownian motions. It is evident that w = —+/1 — p2w? +
pw! is a Brownian motion independent of w, and one can express Brownian motions w” and
w! in terms of w and w as

W) = pwy — /1 — p2wi, w} = /1 — p2w; + pwi-. (5.1)

’ .. S ruwlw
> 0, and coefficients y, 0,4, and b are such that F;"" = F; and

Suppose that b*> > 0, ¢
Fl=Fp.

We assume that an agent would like to hedge a contingent claim H (which can be a function
of St and 777) using only observations based on the process 1. So the stochastic basis will be
(Q, F, F, P), where F; is the natural filtration of (w°, w) and the flow of observable events is
Gt = FP.

Also denote dS; = pdt + mdw?, so that dS; = 5;dS; and S is the return of the stock.

Let 7t; be the number of shares of the stock at time t. Then 77; = 7;S; represents an amount
of money invested in the stock at the time ¢t € [0, T|. We consider the mean-variance hedging

problem

to minimize E

T 2 N
<x + / 7tdSy — H) ] overall 7 forwhich 7S eTll(G), (5.2)
0
which is equivalent to studying the mean-variance hedging problem

to minimize E

T 2
<x+/0 mdSt—H)] overall m eTIl(G).

Remark 5.1. Since S is not G-adapted, 77; and ﬁtgt cannot be simultaneously G-predictable
and the problem

to minimize E

T _ 2
(x—i—/ 71dSy —H) ] overall 7 €TII(G)
0

is not equivalent to the problem (5.2). In this setting, condition (A) is not satisfied, and it needs
separate consideration.
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By comparing with (1.1) we get that in this case

t t
_ 0 _ 2 _ Mt
M; = /0 osdwg, (M) = /0 oids, A= U—tz.

Itis evident that w is a Brownian motion also with respect to the filtration F w’w" and condition
(B) is satisfied. Therefore by Proposition 2.2

R t
Mt == p/o asde.

By the integral representation theorem the GKW decompositions (3.2) and (3.3) take the fol-
lowing forms:

t t
¢y =EH, Hi=cy +/ heosduw) +/ nldw!, (5.3)
0 0
t t

Hi = cy +p /0 1S osdw, + /0 h-dw?-. (5.4)
By putting expressions (5.1) for w and w'! in (5.3) and equalizing integrands of (5.3) and (5.4),

we obtain .

h
he = p?hE — /1 — p2 -1
E= 0y Y o
and hence

~ — hi
hy = p*h& — /1 — p2 U—tt.

D it
he = p*hS —hy = 1—p20—tt.

Therefore by the definition of

(5.5)
By using notations

Z5(0) = posps(0), Zs(1) = posgs(1), Zs(2) = posgs(2), 0s = —,

we obtain the following corollary of Theorem 4.1.

Corollary 5.1. Let H be a square integrable Fr-measurable random variable. Then the processes
Vi(0), Vi (1), and Vi (2) from (4.3) satisfy the following system of backward equations:

pZS +95VS(2>
1—p%+p?Vs(2)

(0Z5(2) +05V5(2)) (pZs(1) +65Vs(1) — /1 —p hJ_
Vi(1) = Vo (1) +/t 1<— 0% + p?Vs(2 ) )

+/ Ddws, Vp(1) = E(H|Gp), (5.7)

V(2 )+

ds + / Z.(2)dws, V(2) =1, (5.6)

ds

S

¢ Z5(1)+65VS(1)—\/1— 2 ht ?
i) = vofo) + | ( Gl

1—p%+p2Vs(2)
+ /Ot Zs(0)dws, Vr(0) = E*(H|Gr). (5:8)
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Besides, the optimal wealth process X* satisfies the linear equation

F0Zs(2) +605V5(2)

X =x— 01— 2+ 2Vi(2) + (0sds + pdws)
pZs(1) +0sV5(1) — mﬁg‘
/ 1— 21 2V, (2) (0sds + pdws). (5.9)

Suppose now that 6; and o; are deterministic. Then the solution of (5.6) is the pair
(Vi(2),Z¢(2)), where Z(2) = 0 and V/(2) satisfies the ordinary differential equation

dvi(2) 07 VZ(2)

- . Vr(2)=1. 1
By solving this equation we obtain
T
Vi(2) =v (p,l —p? + / egds) =, (5.11)
t
where v(p, a) is the solution of (4.37). From (5.10) it follows that
2,/0° 0.0 s 2. 0,0
() = T and I = Ovdr (5.12)
_ p2 + pzvt 0 v, 0 t 1 — pZ + szr'p

If we solve the linear BSDE (5.7) and use (5.12), we obtain

4

0
N . 6 /P
Vi(1) = E [Hﬂwwn (— | <erdr+pdwr>) Gt

T 6,p B . GP
/ Osvs” 05 GpE [hs(w)gts (‘/ Oty 0,0 (9rd7’+Pdwr)> |Gt] ds
t1—p? 4 p2vs” 0 1—p%+p%r,’

9"0 L ’ 9;’1/9"0
=1 E HT(w)EtT —/0 . N pdwr |Gt
P> +p? vy’

+ vg’p/T s E |hs(w)E —/. Grvf’p dw, | |G| ds
/B TICENCY Zh hh e G z+pzvf,pp r |15t

By using the Girsanov theorem we finally get

o . 0.0
Vt(l):vf’pE Hr p/ Brvr dr+w | |G
01—p2+4p v’p

6,0 T Hs = ' QrVre,p
+v E|hs|p dr +w ]Gt ds
gy 2 2,00 6,0
1—p%+p?vs’ 0 1—p%+p’
Besides, the optimal strategy is of the form
. 0:Vi(2) <oy P2 +6:Vi(1) - V1—p hL
R e I A e
pe+ P Vi(2))or P+ p?Vi(2))or

If in addition y and o are constants and the contingent claim is of the form H = H(St,#7),

(5.13)

then one can give an explicit expressions also for /1, i, H, and Z(1).
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Example 2. In Frey and Runggaldier (Frey & Runggaldier, 1999) the incomplete-information
situation arises, assuming that the hedger is unable to monitor the asset continuously but
is confined to observations at discrete random points in time 7y, 1,...,T;. Perhaps it is
more natural to assume that the hedger has access to price information on full intervals
o1, 11), [02, ], .., [0n, Tu]. For the models with nonzero drifts, even the case n = 1 is non-
trivial. Here we consider this case in detail.

Let us consider the financial market model
dS; = uSidt + ¢S;dW;, So =S,

where W is a standard Brownian motion and the coeff1c1ents u and ¢ are constants. Assume
that an investor observes only the returns S; — Sp = fo = dSu of the stock prices up to a

random moment T before the expiration date T. Let A; = Ft , and let T be a stopping time

with respect to FS. Then the filtration G; of observable events is equal to the filtration FtSAT
Consider the mean-variance hedging problem

to minimize E

T 2
<x—|—/ ntdSt—H> ] overall 7w eTI(G),
0

where 71; is a dollar amount invested in the stock at time ¢.
By comparing with (1.1) we get that in this case

Nt = Mt = O'Wt, <M>t = O'Zf, )\t = %

Let 0 = g The measure Q defined by dQ = E7(6W)dP is a unique martingale measure for
S, and it is evident that Q satisfies the reverse Holder condition. It is also evident that any
G-martingale is F 5 -martingale and that conditions (A)—(C) are satisfied. Besides,

E(Wi|Gt) = Wipr, Si=put+oWir and pp = Itpcqy. (5.14)
By the integral representation theorem

t
E(H|FS) = EH + /O huodW, (5.15)

for F-predictable W-integrable process h. On the other hand, by the GKW decomposition with
respect to the martingale W = (Wipr, t € [0, T)),

t
E(HIFS) = EH + / HSodW? + LG (5.16)
0
for FS-predictable process h® and F® martingale LC strongly orthogonal to WT. Therefore, by

equalizing the right-hand sides of (5. 15) and (5.16) and taking the mutual characteristics of
both parts with W7, we obtain |, T (hG

/ Trudu —/ (S Ty — ) du = —/Ot Tuso)E (1l ES) du (5.17)

(h$ 0% — hy)du = 0 and hence
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Therefore, by using notations

Z5(0) = pogs(0), Zs(1) = poes(1), Zs(2) = poes(2),

it follows from Theorem 4.1 that the processes (V;(2),Z:(2)) and (Vi(1),Z:(1)) satisfy the
following system of backward equations:

2
vi2) = %@+ | e (2 (2)‘;: (i‘)/s @) 4
I /t/t\ OV (2)ds + /Om Zs(2)dWs,  Vr(2) =1, (5.18)
V() = Vo(1) + /m (Zs(2) + evs(z‘is)((zz)s(n +0Vi(1)

t AT
A <9VS(1)+E<hS|Ff)>ds+/O Zs(1)dWs, Vi(1) = E(H|Gy). (5.19)

Equation (5.18) admits in this case an explicit solution. To obtain the solution one should solve
tirst the equation

t
U, = Uy + / 62Uds, Ur =1, (5.20)
0

in the time interval [7, T] and then the BSDE

2
t(Zs(2) +6V5(2)) :
Vi(2) = Vo(2) + | ds+ [ Zo(2)dw 5.21
in the interval [0, 7], with the boundary condition V;(2) = U;. The solution of (5.20) is
1
U= —
P14 eA(T -1
and the solution of (5.21) is expressed as
1

Vi(2) = E((1+92(T—T))5§T(—9W)’FE)

(this can be verified by applying the It6 formula for the process Vfl (2)E%(—6W) and by using
the fact that this process is a martingale). Therefore

1 .
2—_ lf t Z T,
v2) = 1T (5.22)
if t<T.
E((1+62(T — 1)) (—6W)|F?) -
According to (4.37), taking in mind (5.14), (5.17), and the fact that e~ J eV @)du _ m

on the set t > 1, the solution of (5.19) is equal to

Vt(l)_E<1+92(T—t) /if1+92(T—u)|PT>I(t>T)

9(2) +AV(2) H T 9V, (2)h,du
+E (St,f (_—V(Z) -s) (—1+92(T—T) + ] —1+92(T_u)) |Ff) Iij<r). (5.23)
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By Theorem 4.1 the optimal filtered wealth process is a solution of a linear SDE, which takes
in this case the following form:

- EAT ~ t ~
Xif=ux— / $u(2) +0Vu(2) X5 (0du + dWy,) — 0%V, (2) X du
0

VL(Z) tAT
AT @, (1) + 0V, (1) Eo ;
+/0 Vo) At AW+ | (62Vi(1) + pE (hulES) ) du.  (524)

The optimal strategy is equal to
o {_ ¢:(2) +6Vi(2)
t Vi(2)
(1) +0Vi(1)
Vi(2)

i<y — szt(z)l(t>r)] X;

_|_

Ij<r) + (92Vt(1) +uE (ht|F%§>) Ipq), (5.25)

where )/Zt* is a solution of the linear equation (5.24), V(2) and V(1) are given by (5.22) and
(5.23), and ¢(2) and ¢(1) are integrands of their martingale parts, respectively. In particular
the optimal strategy in time interval [T, T| (i.e., after interrupting observations) is of the form

7t = —0PVi(2)X; +0Vi(1) + uE (m|F§), (5.26)

where R
9 X7 Yo s 1
=t — —uE (hy|F} ) ) ————4du.
%= gy (V) —E () gy

For instance, if T is deterministic, then V;(2) is also deterministic:

if t>1,

14 6%(T

1

Vi(2) = i -
792(771') : <

1+62(T—1)" =T

)

and ¢(2) = 0.
Note that it is not optimal to do nothing after interrupting observations, and in order to act
optimally one should change the strategy deterministically as it is given by (5.26).

Appendix
For convenience we give the proofs of the following assertions used in the paper.

Lemma A.1. Let conditions (A)~(C) be satisfied and M; = E(M;|G;). Then (M) is absolutely
continuous w.r.t. (M) and u™M) g.e.

U

(M)
(M)
Proof. By (2.4) for any bounded G-predictable process h

E/OthgdUVDs .y (/Othsdz\ﬁs)z —E (E (/Othdes\Gt»z

2
<E (/Ot hdes> - E/Ot R2d(M)s, (A1)

oF =

<1

QU
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which implies that <]\7I) is absolutely continuous w.r.t. (M), i.e.,

() = [ p2aia),
for a G-predictable process p. O
Moreover (A.1) implies that the process (M)—(M) is increasing and hence p> <1 M ae.
Lemma A.2. Let H € L?(P, Fr), and let conditions (A)~(C) be satisfied. Then

T .
E/O 2d (M), < .
Proof. It is evident that
T R T
E/ (HG)2d( M)y < oo, E/ H2d(M)y < oo,
0 0
Therefore, by the definition of i and Lemma A.1,

T T T ,~\2
E [ Ry, <2E | Ry +26 [ () pld(M),

Thus & € T1(G) by Remark 2.5. O

Lemma A.3. (a) Let Y = (Y;,t € [0,T]) be a bounded positive submartingale with the canonical
decomposition
Yy = Yo + Bt +my,

where B is a predictable increasing process and m is a martingale. Then m € BMO.
(b) In particular the martingale part of V (2) belongs to BMO. If H is bounded, then martingale parts
of V(0) and V(1) also belong to the class BMO, i.e., fori =0,1,2,

([ #2003 (M)aIG: ) +E (i) — (m(D)elGe) < C (a2)

for every stopping time T.

Proof. By applying the It6 formula for Y% — Y2 we have

T T
{m)r — (m)> + 2/ YudB, + 2/ Yudm, = Y§ — Y7 < const (A3)
T T

Since Y is positive and B is an increasing process, by taking conditional expectations in (A.3)
we obtain
E({m)r — (m)¢|F;) < const

for any stopping time 7, and hence m € BMO.
(A.2) follows from assertion (a) applied for positive submartingales V(0), V(2), and V(0) +
V(2) —2V(1). For the case i = 1 one should take into account also the inequality

(m(1))¢ < const((m(0) +m(2) —2m(1)); + (m(0))¢ + (m(2))+).
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