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1. Introduction

The design of control systems is currently managed by a large number of requirements such
as: increasing competition, environmental requirements, energy and material costs, and de-
mand for robust and fault-tolerant systems which require considerations for effective process
control techniques. In this context, the analysis and synthesis of compensators are completely
related to each other. In the analysis, the characteristics or dynamic behaviour of the control
system are determined. In the synthesis, the compensators are obtained to attend to desired
characteristics of the control system based on certain performance criteria. Generally, these
criteria may involve disturbance rejection, steady-state errors, transient response characteris-
tics and sensitivity to parameter changes in the plant (Franklin et al. (1986); Ioannou & Sun
(1996); Phillips & Harbor (1996)).

Test input signals is one way to analyse the dynamic behaviour of real world system. Many
test signals are available, but a simple and useful signal is the sinusoidal wave form because
the system output with a sinusoidal wave input is also a sinusoidal wave, but with a different
amplitude and phase for a given frequency. This frequency response analysis describes how
a dynamic system responds to sinusoidal inputs in a range of frequencies and it has been
widely used in academic field and industry, as well as been considered essential for robust
control theory (Serra & Bottura (2006; 2009); Serra et al. (2009); Tanaka et al. (1998)).

The frequency response methods were developed during the period 1930 — 1940 by Harry
Nyquist (1889 — 1976) (Nyquist (1932)), Hendrik Bode (1905 — 1982) (Bode (1940)), Nathaniel
B. Nichols (1914 — 1997) (James et al. (1947)), and many others. Since then, frequency response
methods are among the most useful techniques being available to analyse and synthesise the
compensators. In (Jr. (1973)), the U.S. Navy obtains frequency responses for aircraft by apply-
ing sinusoidal inputs to the autopilots and measuring its resulting position in flight. In (Lascu
et al. (2009)), four current controllers for selective harmonic compensation in parallel with
Active Power Filters (APFs) have been analytically compared in terms of frequency response
characteristics and maximum operational frequency.

Most real systems, such as circuit components (inductor, resistor, operational amplifier, etc.)
are often formulated using differential /integral equations with stochastic parameters (Kolev
(1993)). These random variations are most often quantified in terms of boundaries. The clas-
sical methods of frequency response do not explore these boundaries for Stochastic Linear
Parameter Varying (SLPV) dynamic systems. To overcome this limitation, this chapter pro-
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218 Stochastic Control

poses the definition of Fuzzy Frequency Response (FFR) and its application for analysis of
stochastic linear parameter varying dynamic systems.

2. Formulation Problem

This section presents some essential concepts for the formulation and development of this
chapter.

2.1 Stochastic Linear Parameter Varying Dynamic Systems
In terms of transfer function, the general form of SLPV dynamic system is given by Eq. (1), as
depicted in Fig.1.

v
X Y
——=  HG,v) =

Fig. 1. SLPV dynamic sistem.

CY(s,v)  ba(v)s® 4 by g (v)s® T 4+ ba(v)s® + by (v)s + bo(v)
B (6 B Y (o B N () M ()

(1)
where:

e H(s,v) is the transfer function of the SLPV dynamic system;

e X(s) and Y(s,v) represent the input and output of SLPV dynamic system, respectively;

e a,(v) and b, (v) are the varying parameters;

* v(t) is the time varying scheduling variable;

* sis the Laplace operator and

* x and f are the orders of the numerator and denominator of the transfer function, re-
spectively (with B > «).

The scheduling variable v belongs to a compact set v € V, with its variation limited by |v| <
™, with dM > 0.

2.2 Takagi-Sugeno Fuzzy Dynamic Model
The TS inference system, originally proposed in (Takagi (1985)), presents in the consequent a

dynamic functional expression of the linguistic variables of the antecedent. The i e
rule, where [ is the number of rules, is given by:

Rule® : IF %y is Fj , Jj;, AND...AND %y is Fiiy.,

-~1P:?1 "/pfn}|7?n
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Fuzzy frequency response for stochastic linear parameter varying dynamic systems 219

THEN y; = fi(X), 2)

where the total number of rules is | = pg, X ... X pg,. The vector X = [%,...,%]T € R"
containing the linguistic variables of antecedent, where T represents the operator for trans-
pose matrix. Each linguistic variable has its own discourse universe Ux,, . .., Us,, partitioned
by fuzzy sets representing its linguistics terms, respectively. In i-th rule, the variable %7y, 1
i

{&1,.,%n}

: R — [0,1], with y;{_
!

belongs to the fuzzy set F with a membership degree ]/1%{_ M) defined by a member-
|

yerXin } i} S {‘u%l\{irl/m,in},‘M%Z\{J'(l,m,in},...,‘u%p\{i'l,m,a?n}},
where pg ;1 is the partition number of the discourse universe, associated with the lin-
guistic variable £1,..., ,%;. The TS fuzzy dynamic model output is a convex combination
of the dynamic functional expressions of consequent f;(X), without loss of generality for the
bidimensional case, as illustrated in Fig. 2, given by Eq. (3).

ship function ‘ul{fl

o
xS0
& :

= 5 ~4-
] R

*. Rule

Fp|x1

Consequent space

\\f] (xl,/xz);\

\\\fz(xl,xz/)/’. ‘ fi (x1,22)

N X ’ Polytope

fa(xn,xz) ’ K
S 9/ /f
> s f4(xu,.zcz’);. _ - ’/( 5(x1,X2)

s

N
\
Rule ~ _ g

Fig. 2. Fuzzy dynamic model: A TS model can be regarded as a mapping from the antecedent
space to the consequent parameter one.

z
y(x ) = ;%(i)fi(i)z 3)

where 7 is the scheduling variable of the TS fuzzy dynamic model.
The scheduling variable, well known as normalized activation degree, is given by:
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220 Stochastic Control

- hi (%
7i(x) = @
) (%)
r=1
This normalization implies
l
Y (%) =1 5)
k=1

It can be observed that the TS fuzzy dynamic system, which represents any stochastic dy-
namic model, may be con51dered as a class of systems where ;(X) denotes a decomposition
of linguistic variables [%1,...,%,]T € R" for a polytopic geometric region in the consequent
space based on the functional expressions fi(%).

3. Fuzzy Frequency Response (FFR): Definition

This section demonstrates how a TS fuzzy dynamic model responds to sinusoidal inputs,
which is proposed as the definition of fuzzy frequency response. The response of a TS fuzzy
dynamic model to a sinusoidal input of frequency wj, in both amplitude and phase, is given
by the transfer function evaluated at s = jw;, as illustrated in Fig. 3.

E(s) Y(s)

—  We= XTtwi

i=1

Fig. 3. TS fuzzy transfer function.

For this TS fuzzy dynamic model:

L
i=1

[
Consider W(jw) 2 YW ( (jw) as a complex number for a given w:

l

W(jw) =) YW (jw)
i=1

pit(w

Z%WZ (jw)| Zp(w) )

i=1

vawm
i=1

or

W(j 2 ’yZW’ (jw)
i=1

Z 7iW' (jw)
i=1

Zarctan [2 W ]w)] 8)

i=1
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Fuzzy frequency response for stochastic linear parameter varying dynamic systems 221

Then, for the case that the input signal e(t) is sinusoidal, that is:

e(t) = Asinwt. 9)
The output signal yss(f), in the steady state, is given by
Yss(t) = A

—~ |,
Y 7iW!(jw)|sin [wit + ¢(wr)] . (10)
i=1

As a result of the fuzzy frequency response definition, it is then proposed the following Theo-
rem:

Theorem 3.1. Fuzzy frequency response is a region in the frequency domain, defined by the consequent
sub-models and based on the operating region of the antecedent space.

Proof. Considering that 7 is stochastic and can be represented by linguistic terms, once known

its discourse universe, as shown in Fig. 4, the activation degrees, h;(7) ]121’2"“’1 are also
stochastic, since it dependes of the dynamic system:
hi(V) = Mg, * HE, % % HE,, (1)
1/1 1/2 l/”
. i . . .
where 7 T Uy, ., respectively, and « is a fuzzy logic operator.
Hivi.val S
A Fuzzy sets representing linguistics terms

(]

g

on

Q

o

o

£

5}

fa)

g

Q

= -

V ) I \7 n

U7v..U% . — Discourse universe
Fig. 4. Functional description of the linguistic variable #: linguistic terms, discourse universe
and membership degrees.

So, the normalized activation degrees ;(7) \izl’z"“’l, are also stochastics:
s hi (7
yi(r) = 10 (12)
Y by (7)
r=1
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This normalization implies

/
Y yi(7) = 1. (13)
k=1

Let F(s) be a vectorial space with degree I and f'(s), f2(s), ..., f'(s) be transfer functions
which belong to this vectorial space. A transfer function f(s) € F(s) must be a linear convex
combination of the vectors f1(s), f2(s),..., fi(s):

f(s) = Gfts)+&fis)+...+af(s), (14)

where {1, | are the linear convex combination coefficients. If they are normalized

(Z Ci= ), the vectorial space presents a decomposition of the transfer functions [ (s),

2(s),..., f (s)} in a polytopic geometric shape of the vectorial space F(s). The points of the

polytopic geometric shape are defined by the transfer functions [ Hs), F2(s), ..., f! (s)} .

The TS fuzzy dynamic model attends to this polytopic property. The sum of the normalized
activation degrees is equal to 1, as demonstrated in Eq. (5). To define the points of this fuzzy
polytopic geometric shape, each rule of the TS fuzzy dynamic model must be individually ac-
tivated. This condition is called boundary condition. Thus, the following results are obtained
for the Fuzzy Frequency Response (FFR) of the TS fuzzy transfer function:

e Ifonly the rule 1 is activated, it has (y1 = 1,72 = 0,73 =0,...,79; = 0). Hence,

W(jw,?) 7)Wi(jw)

)
)| Larctan [2 v (7) Wl(]w)] (15)
i=1

W(jw,7) = ‘1W1 (jw) + OW?(jw) + ... + OWl(jw)‘ Zarctan

[1w1(jw) +OW2(jw) + . .. +0wl(jw)] , (16)

W(jw, ) = ]wl (jw)’ Zarctan [wl (jw)] (17)

e Ifonly the rule 2 is activated, it has (y1 = 0,72 = 1,73 =0,...,79; = 0). Hence,

W(jw,7) 7)Wi(jw)

)| Zarctan [2 v:(7) Wl(]w)] (18)
i=1

W(jw, ) = (owl(jw) 1WA (jw) +...+0Wl(jw)‘ /arctan

{owl(]‘w) FIW2(jw) + ... +owl(jw)] , (19)
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Fuzzy frequency response for stochastic linear parameter varying dynamic systems 223

W(jw, ) = ]wz(jw)] Zarctan |[W2(jw)|. (20)
e Ifonly the rule 1 is activated, it has (1 = 0,72 = 0,93 =0,...,7; = 1). Hence,

l

)| Larctan [2 Wl (jw ] (21)

W(jw, )

1
Z )Wi(jw)

W(jw, ) = (owl(jw) +OW2(jw) +...+1Wl(jcu)‘ Zarctan

{owl(]‘w) +OW2(jw) + ...+ 1w1(jw)] , (22)

W (jw, ) = ‘wl (jw)’ Zarctan [wl (jw)]. (23)

Where W (jw), W?(jw), ..., W'(jw) are the linear sub-models of the uncertain dynamic sys-
tem.

Note that ‘Wl (]w)‘ Zarctan [Wl (]w)] and ’Wl (]w)’ Zarctan [Wl (]w)} define a boundary re-
gion. Under such circumstances, the fuzzy frequency response converges to a boundary in
the frequency domain defined by a surface based on membership degrees. Figure 5 shows the
fuzzy frequency response for the bidimensional case, without loss of generality.

4. Fuzzy Frequency Response (FFR): Analysis

In this section, the behaviour of the fuzzy frequency response is analysed at low and high
frequencies. The idea is to study the magnitude and phase behaviour of the TS fuzzy dynamic
model, when w varies from zero to infinity.

4.1 Low Frequency Analysis
Low frequency analysis of the TS fuzzy dynamic model W(s) can be obtained by:

l .
. i
lim 1; YW (jw). (24)

The magnitude and phase behaviours at low frequencies, are given by

lim
w—0

Z%Wl (jw)

Zarctan [Z W ]a))] (25)
i=1
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Fuzzy Frequency Response
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Fig. 5. FuZZ}; fre;luency response: mapping from the consequent space to frequency domain
region.

4.2 High Frequency Analysis
Likewise, the high frequency analysis of the TS fuzzy dynamic model W(s) can be obtained

by:

!
lim Y 9, W (jw). (26)

W—o0 !
i=1

The magnitude and phase behaviours at high frequencies, are given by

I _ I ,
lim |} W (jw)| Zarctan |} 7;W' (jw)|. (27)
i=1 j

wWw—00
i=1
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5. Computational Results

To illustrate the FFR: definition and analysis, as shown in sections 3 and 4, consider the fol-
lowing SLPV dynamic system, given by

H(s, v) = Y(s,v) _ 2—v (28)

UGS [+ s+ [(5+01)s+1)

where the scheduling variable is v = [0, 1], the gain of the SLPV dynamic system is Ky =2-v,
the higher time constant is T = v + 1, and the lower time constant is T = % +0.1.

Starting from the SLPV dynamic system in Eq. (28) and assuming the time varying scheduling
variable in the range of [0,1], one can obtain the TS fuzzy dynamic model in the following
operating points:

Sub-model 1 (v = 0):

2 2
Wl(s,0) = = : 2
(50) = G0+ ~ 01T ids 51 @9)
Sub-model 2 (v = 0.5):
15 15
W2(s,0.5) = = .
(5:05) = G531 (0355 7 1) ~ 0552 + 1855 1 1
(30)
Sub-model 3 (v = 1):
W3(s,1) = L ! (31)

(25 +1)(06s+1) 12824265+ 1

The TS fuzzy dynamic model rule base results in:

Rule®: IF v is 0 THEN W(s,0)
Rule®: TF v is 05 THEN W2(s,0.5) (32)
Rule® : IF v is 1 THEN W3(s,1),

and the TS fuzzy dynamic model of the SLPV dynamic system is given by

3 ,
W(s, 7) =} 7i(7)W'(s). (33)
i=1

Again, starting from Eq. (28), one obtains:
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2
Y(S'V) - 2 ‘ U(S),
o 0Iv4 240182+ (v+1+0.1+3)s+1
2 2 2
(34)
2
<1/ + 1.31/ + 0.2) Y (s,v) + (31/ —;2.2> sY(s,v)+Y(s,v) = (2—v) U(s)
(35)

and taking the inverse Laplace transform, this yields the differential equation of the SLPV
dynamic system:

v2 +1.2v40. .
< +1§ +02> ..(tH(3V222>y-(t>+y<t):(2—v)u(t). (36)

A comparative analysis, via analog simulation between the SLPV dynamic system Eq. (36)
and the TS fuzzy dynamic model Eq. (33), can be performed to validate the TS fuzzy dynamic
model. A band-limited white noise (normally distributed random signal) was considered as
input and the stochastic parameter was based on sinusoidal variation. As shown in Fig. 6, the
efficiency of the TS fuzzy dynamic model in order to represent the dynamic behaviour of the
SLPV dynamic system in the time domain can be seen.

From Eq. (8) the TS fuzzy dynamic model of the SLPV dynamic system, Eq. (33), can be
represented by

W(jw,7) 7)Wi(jw)| Larctan [Z vi (¥ W’(]w)] (37)
i=1
or
W(jw,7) = |11 W' (jeo, 0) + 72 W2(jw, 0.5) + 13 WP (jew, 1)
/arctan ['ylWl (jw,0) + 72 W2(jew,0.5) +y3 W3 (jw,l)] . (38)
So,
W(jw,7) = -+ 15 +
JO) = M0 ¥ 1as +1 ' 12052552 + 1.85s + 1

2
0.1s2 +1.1s + 1 +

+73 ‘ Zarctan [’yl

1.252 +2.65 + 1

www.intechopen.com



Fuzzy frequency response for stochastic linear parameter varying dynamic systems

227
04 T .
SLPV dynamic system
----- TS Fuzzy dynamic system
0.3 i
5
Q.
=
@)
-0.2 : '
0 5 10 15
Time (sec)
Fig. 6. Validation of the TS fuzzy dynamic model.
1.5 1
, 39
205052 4 1855 +1 1252 4265 + 1 (39)
S 0.6(jw)* +3.6(jw)® + 6.5(jw)? + 4.5(jw) + 1
W(jew,7) = |29y 2U©) U D)en : (jw) (jw)
[W(jew,7)]
15, 0.1(jw)* + 1.6(jw)® + 4.2(jw)? +3.7(jw) + 1
D2

0.1(jw)* +0.8(jw)? + 2.7(jw)? + 3(jw) + 1 J arctan
Den )]

r3

) 0.6(jw)* +3.6(jw)? + 6.5(jw)? + 4.5(jw) + 1
n Den[w(jw,ﬂ)]
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0.1(jw)* + 1.6(jw)® + 4.2(jw)? + 3.7(jw) + 1 N

1.
272 Den [W(

jw7)]

0.1(jw)* +0.8(jw)? + 2.7 (jw)? + 3(jw) + 1
Den[w(

3

jeo,0)] '
(40)

where:

Denjy )] = 0.1(jw)® 4+ 1.1(jw)® + 5.2(jw)* +11.2(jw)® + 11.5(jw)? +5.6(jw) + 1. (41)
5.1 Low Frequency Analysis

Starting from the TS fuzzy dynamic model, Eq. (37), and applying the concepts presented in
the subsection 4.1, the steady-state response for sinusoidal input at low frequencies for the
SLPV dynamic system can be obtained as follows:

0.6(jw)* +3.6(jw)? + 6.5(jw)? + 4.5(jw) + 1 N
Den [W(]w’{/«)]

0.1(jw)* + 1.6(jw)® + 4.2(jw)? 4+ 3.7(jw) + 1 N
Den [V (

lim W(jw,7) =

w—0

27

1.5’)/2

jew,7)]

0.1(jw)* + 0.8(jw)? + 2.7(jw)? + 3(jw) + 1
Den iy e, )

Y3 / arctan

0.6(jw)* +3.6(jw)® + 6.5(jw)? + 4.5(jw) + 1
2n Denx +
[W(jew, )]
0.1(jw)* 4+ 1.6(jw)? + 4.2(jw)? + 3.7(jw) + 1 N

1.5’)’2
Den [W(]w,ﬁ)]

0.1(jw)* +0.8(jw)? 4+ 2.7(jw)? + 3(jw) + 1 '

+73

Den iy ju,p)
(42)
As w tends to zero, Eq. (42) can be approximated as follows:
lim W(jw,7) = [271 + 1.57; + 73| Zarctan [27y1 + 1.572 + 73] . (43)

w—0

Hence
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lim W(jw,?) = 291 + 1.572 + 73| £0°. (44)
w—0
Applying the Theorem 3.1, proposed in section 3, the obtained boundary conditions at low
frequencies are presented in Tab. 1. The fuzzy frequency response of the SLPV dynamic
system, at low frequencies, presents a magnitude range in the interval [0; 6.0206](dB) and the
phase is 0°.

Table 1. Boundary conditions at low frequencies.

Activated Boundary Condition Magnitude  Phase
Rule (dB) (Degree)
1 y1=1L7=0and y3 =0 6.0206 0°
2 Y1=0,72=1land 73 =0 3.5218 0°
3 Y1 =07 =0and y3 =1 0 0°

5.2 High Frequency Analysis

Likewise, starting from the TS fuzzy dynamic model, Eq. (37), and now applying the concepts
seen in the subsection 4.2, the steady-state response for sinusoidal input at high frequencies
for the SLPV dynamic system can be obtained as follows:

0.6(jw)* +3.6(jw)? + 6.5(jw)? + 4.5(jw) + 1 N

lim W(jw,?) = 271
w—r00 Den[w(jw’ﬁ)]
. 4 . 3 . 2 .
1_5720'1(]“)) +1.6(jw)’ +4.2(jw)* 4+ 3.7(jw) + 1 n
Den[W(]w’ﬁ)]
s 0.1(jw)* + 0.8(jw)? + 2.7(jw)? + 3(jw) + 1 J areton
Pen )]

0.6(jw)* +3.6(jw)? + 6.5(jw)? + 4.5(jw) + 1

2 Den T
[W(jw,?)]

0.1(jw)* + 1.6(jw)® + 4.2(jw)? + 3.7(jw) + 1 N

1.5’)’2 Den [W(

jew,9)]

0.1(jw)* +0.8(jw)? + 2.7(jw)? + 3(jw) + 1 .

(45)
Den i juw,p)]

r3

In this analysis, the higher degree terms of the transfer functions in the TS fuzzy dynamic
model increase more rapidly than the other ones. Thus,
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o 0.6(jw)* 0.1(jw)* 0.1(jw)*
0.6(jw)* 0.1(jw)* 0.1(jw)*
[271 010w 2000w T P 0(w) | (46)
Hence
lim W('w v)=12 & + 1.5 0.1 + - / —180° 47)
wheo YT E g 1 G2 T P20 1(jw)2 T P01 (jw)? '

Once again, applying the Theorem 3.1, proposed in section 3, the obtained boundary con-
ditions at high frequencies are presented in Tab. 2. The fuzzy frequency response of the
SLPV dynamic system, at high frequencies, presents a magnitude range in the interval

H (];)2 (]5)2 } (dB) and the phase is —180°.

Table 2. Boundary conditions at high frequencies.

4

Activated Boundary Condition Magnitude Phase
Rule (dB) (Degree)
12
1 y1=19=0and 73 =0 — —180°
(jw)
2 71 =0,72=1and 73 =0 15 180°
1 =07 = 3= . -
(jw)?
3 11 =0;72=0and y3 =1 01 180°
1=07 = 3= . -
(jw)?

For comparative analysis, the fuzzy frequency response (boundary conditions at low and high
frequencies from Tab. 1-2) and frequency response of the SLPV dynamic system are shown in
Fig. 7. For this experiment, the frequency response of the SLPV dynamic system was obtained
considering the mean of the stochastic parameter v in the frequency domain as shown in Fig. 8.
The proposed structure for determining the frequency response of the SLPV dynamic system
is shown in the block diagram (Fig. 9). It can be seen that the fuzzy frequency response is a
region in the frequency domain, defined by the consequent linear sub-models W'(s), starting
from the operating region of the antecedent space, as demonstrated by the proposed Theorem
3.1. This method highlights the efficiency of the fuzzy frequency response in order to estimate
the frequency response of SLPV dynamic systems.
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Bode Diagram
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Fig. 7. Fuzzy frequency response of the SLPV dynamic system.
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Membership function
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(a) Fuzzy sets of stochastic parameter (v).
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(b) Mean variation of stochastic parameter v in frequency domain.

Fig. 8. Fuzzy and statistic characteristics of the stochastic parameter (v).
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Time
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Fig. 9. Simulation diagram in Simulink to obtain Bode diagram of SLPV dynamic system.

6. Final Remarks

The Fuzzy Frequency Response: Definition and Analysis for Stochastic Linear Parameter
Varying Dynamic Systems is proposed in this chapter. It was shown that the fuzzy frequency
response is a region in the frequency domain, defined by the consequent linear sub-models
Wi (s), starting from operating regions of the SLPV dynamic system, according to the pro-
posed Theorem 3.1. This formula is very efficient and can be used for robust stability analysis
and control design for SLPV dynamic systems.
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