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Differential Sandwich Theorems with
Generalised Derivative Operator

Maslina Darus and Khalifa Al-Shagsi
School of mathematical sciences, Faculty of science and technology, Universiti Kebangsaan
Malaysia, Bangi 43600 Selangor D. Ehsan, Malaysia

1. Introduction

Denote by U the unit disk of the complex plane:
U={zeC:|z|<1}.

Let H(U) be the space of analytic functionin U . Let

4 = {f EH(U) ,f(Z): 7 + an+1zn+1+an+zzn+2+.”},

for (zeU) with .4 =4 .For a €eC and n €N welet
Hla,n]={f eH(U),f(z)=a + a,;z"+a,,z"" +---}, (zeU).

If fand gare analytic functions in U, then we say that f is subordinate to g, written
f < g, if there is a function w analytic in U ,with w(0)=0, |w(z)|<1 for all z € U such that
f(z)=g(w(z)) for zeU. If g is univalent, then f<gif and only if f(0)=g(0)and
f(U)=(U).

A function f analytic in U, is said to be convex if it is univalent and f(U) is convex.
Letp,h e H(U) and let w(r,s,t;z):C*xU —C.If pand w(p(z),zp'(z),z°p"(2); z) are univalent

and if p(z) satisfies the (second-order) differential superordination

h(z) <y (p(2),2p'(2),2°p"(2);2),  (z€T) 1)

then p(z)is called a solution of the differential supordination (1) . (If f(z) subordinate to
F(z), the F(z)superordinate f(z)).
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212 Advanced Technologies

An analytic function 9 is called a subordinant of the differential superodination, or more
simply a subordinant if q(z) < p(2) for all P(2) satisfying (1). A univalent subordinant
7(2) that satisfies q(z) < 9(2) for all subordinants 9(2) of (1) is said to be the best

subordinant . (Note that the best subordinant is unique up to a rotation of U ),

Recently Miller and Mocanu obtained conditions on h,g and ¥ for which the following
implication holds:

2.1

h(z) <y (p(2),2p'(2),2°p"(2);2), =4(2) < p(z)  (z€U) .

We now state the following definition.
Definition 1. (Al-Shagsi & Darus, 2008). Let function fin .4, then for j,AeNjand >0,
we define the following differential operator

0, f(2)=2+ Y[+ fn-1C(A,ma,2", (z€U),

n=2

A

Special cases of this operator includes the Ruscheweyh derivative operator D7, =R,

n+A1-1
where C(4,n) = .

(Ruscheweyh, 1975), the Saligean derivative operator D), =S, (Salagean, 1983), the
generalized Sildgean derivative operator (or Al-Oboudi drivetive operator)®) ;,=F} (Al-

Oboudi, 2004) and the generalized Ruscheweyh derivative operator (or Al-Shagsi-Darus
drivative operator) D) , = K ( Darus & Al-Shagsi, 2006).

For j,AeNjand g >0, we obtain the following inclusion relations:

Dypf(2)=(1-P)D; 4 f(2) + BD) £ (2))’ (2)

and
Z(sz,ﬁf(z))' =(1+ /1)911+1,ﬁf(z) - }“/Dj/l,ﬁf(z) . 3

In order to prove the original results we shall need the following definitions , lemma and
theorems.

Definition 2: (Miller & Mocanu, 2000, Definition 2.2b p.21 ). Denote by Q, the set of all

functions g that are analytic and injective on U - E(q) , where

E(g)={¢ €00 limg(z) = o
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Differential Sandwich Theorems with Generalised Derivative Operator 213

and are such that ¢'({)#0for ¢ e€0dU-E(q). Further let the subclass of Q for which
q(0) = abe denoted by Q(a) and Q(1)=Q, .

Theorem 1: (Miller & Mocanu, 2000, Theorem 3.4h p.132 ). Let g(z) be univalent in the unit
disk Uand #and ¢ be analytic in a domain D containing ¢(U)with ¢(w)=0when
w e q(U) . Set

Suppose that

1. y(z) is starlike univalentin U, and

Re{M}>O, forzeU.
w(2)

If pis analytic with p(0)=4(0),p(U) < 2 and

O(p(2)) + zp'(2)d(p(2)) < 0(q(2)) + z9'(2)(4(2)) , 4
then

p(z) < q(2)

and ¢(z) is the best dominant.
Definition 3:(Miller & Mocanu, 2000, Definition 2.3a p.27 ). Let Q be asetin C, g(z) e Q and
n be a positive integer. The class of admissible functions ¥, [Q,q] consists of those

functions w :C’xU — C that satisfy the admissibility condition w(r,s,t;z)¢ Q whenever
r=q(¢$), s=k{q'(¢), and

Re{fn} > kRe{L@))+1}, (zeU, ¢ €dU - E(g), k> n).

S !

q'(¢
We write W¥,[Q,q] as Y[Q,q].

In particular wheng(z)=M AAjIIZ 7 with M>0and lal< M, then ¢(U)=U, ={w:|w|< M}
+az
q(0)=a, E(q) =< and g € Q(a) . In this case, we set ¥ ,[Q,M,a]="¥,[Q,q], and in the special
case when the set =T, the class is simply denote by ¥, [M,4].

Theorem 2:( Miller & Mocanu, 2000, Theorem 2.3b p.28 ). Let y € ¥, [Q,q] with g(0)=a. If

the analytic function p(z)=a+a,z" +a,,,z"" +..., satisfies

v(p(2),2p'(2),2°p"(2);2) € Q,

then p(z)<g(z).
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Lemma 1: (Bulboaca, 2002). Let g(z) be convex univalent in the unit disk U and $and ¢ be
analytic in a domain D containing g(U).
Suppose that

Re{gl(q(z))} >0, for ze U and
»(q(2))

2. w(z)=12q9'(2)p(q(2)) is starlike univalent in U .

If p(z) e 7[q(0),11NQ with p(U)c 2 and 9(p(z))+ zp'(2)¢(p(z)) is univalent in U and

8(q(2)) + 2q'(2)p(9(2)) < 8(p(2)) + zp'(2)9(p(2)) , ®)

then g(z) < p(z) and g(z) is the best subordinant.
Definition 4:(Miller & Mocanu, 2003, Definition 3 p.817 ). Let Q be a set in C, g e #[a,n]
with g'(z)#0. The class of admissible functions W¥'[€Q,q] consists of those functions

w:C’xU—Cthat satisfy the admissibility condition w(r,s,t;{)eQ  whenever

r=q(z), s= 2q'(2) , and
m

Re{£+1}lee{zq”(z) +1}, (zeU, g edU,1<n<m).
s m q'(z)

In particular, we write ¥',[Q,q] as ¥'[Q,q] .
Theorem 3:( Miller & Mocanu, 2003, Theorem 1 p.818). Let y € ¥',[Q,q] with ¢(0)=a . If the

2.1

p(z) € Q(a) and y(p(z),zp'(z),2°p"(2);2) is univalent in U, then
Qc {w(p(z), zp'(2),2°p"(2);2): z € TU} .

implies p(z)<g(z).

2. Subordination Results

Using Theorem 1, we first prove the following theorem.
Theorem 4: Let j,AeN;,>0,5,aeCand g(z) be convex univalent in U with ¢(0)=1.

Further, assume that

Re{Z;‘('(Zj) + 252(2) + 1} >0 (zeU). ©6)
Let
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Differential Sandwich Theorems with Generalised Derivative Operator 215

. o[2-B(2+A)] Q)Hf( z) ©j/1+2‘ﬂf(z) 2©j/1+1,ﬁf(z)
Y(j,A,B,8,a;z)= +OP(A+2)(A+1) == - 0P(A+1) ————=
B T e T I I )
el )](i);*;f(Z)] _S(-p)L- U+ D]
B Ql/l,ﬂf z B
If f(z) e .4 satisties
W (j, A B.6,0;2) < 62q'(2) + (6 + @) (q(2))” (®)
Then
02
0, "
and g(z) is the best dominant.
Proof. Define the function p by
D) _
O IS ©)

Then the function p is analytic in U and p(0)=1. Therfore, by making use of (2), (3) and
(9). we obtain

B2 BRAMNDIQ o D @) D f)
B ) PR TP S
s )][@’f;ﬂz)] 5(1-PIL- B4 +1)] W)
0,/ ;

= 52p'(2) + (5 + @) (p(2)*.

By using (10) in (8), we have
62p'(2) + (6 +a)(p(2))" < 624'(2) + (8 + @)(q(2))’ -

By sitting O(w)=0Jw’ and ¢(w)=a, it can be easily observed that @(w) and ¢(w) are
anlytic in C-{0}and that ¢(w)=0. Hence the result now follows by an application of

Theorem 1.
1+ Az

1+ Bz

Corollary 1: Let g(z) = (-1<B < A<1)in Theorem 4. Further assuming that (6) holds. If

f(2) € A then,

www.intechopen.com
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Y(j, A, B,0,a;z)

_ 2 ©j+1
(lAa-B) B)22+(5+a)(1+Azj = Mf(z)< 1+Az’
(1+Bz) 1+Bz D, 4f(z) 1+Bz

1+ Az
1+ Bz

and

is the best dominant.

Also, let g(z)= 1i , then for f(z) e .4 we have,
-z

Y(j, A, B,0,a;2)< 1252 5 +(5+0!)(

(1-2)

7

2 j+1
1+z) 394‘ﬁf(2)<1+z
1-z D, ,f(z) 1-z
1+z

1-z

and is the best dominant.

]
By taking q(z) = (?j (0< u<1), then for f(z)e.4 we have,
—Z

pu—=1 2u @H—l u
Y(j,A,B,6,a;z)< 25ﬂ22(1+zj +(5+a)(1+zj = .“’f(z)<(1+zj ,
(1-2z)°"\1-z 1-z D, ,f(z) \1-z

U
and (%j is the best dominant.
-z

Now, the following class of admissile functions is required in our following result.

Defintion 5: Let Q be a setin C and g(z) € Q, . The class of admissible functions @, ,[Q,q]

consists of those functions ¢: C’> x U — C that satisfy the admissibility condition

P(u,v,w;z) & Q
whenever
u=q@)  v=q)+ 25T g0y 40,
q(¢)
Re{(w_v)v—”(ﬂ+})_v}sze{M+1}, (zeU, ¢ €U -E(q),k >1).
B(v—u) B q7'(¢)

Theorem 5: Let ¢ e @, ,[Q,q]. If f e .4 satisfies

{¢£©2; (2) , 9){[3 (2) , QJ{% (2) ;z} ‘Z€E U} cQ (11)
CD’/I‘ﬂf(z) g’l,ﬂf(z) gll,ﬂf(z)
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Proof. Define function p given by (9). Then by using (2), we get

D5 (Z): Bzp'(2) 12
o0 0 (12

Differenitating logarithmically (12), further computations show that

w2070 (7]

@’;jf(z) —p(2)+ Bzp'(2) . p(z) p(z) p(z) 13)
o5/ T ) o) PG
p(2)
Define the transformation from C° to Cby
pt (s 2
ﬂ{(r+ﬂ)i+—— = }
u=r, v=r+ﬁ,w:r+ﬁ+ i (rj (14)
r r ps
r+2
,
Let
w(r,s,t;2)
= d(u,v,w;z) (15)
s pBt (s 2
B ps ﬂ{(ﬂﬂ)fT_H }
=@\ r,r+—,r+—+ ;Z |
r r i P
,
Using (9), (12) and (13), from (15), it follows that
iy 2 o Dasf (@) Disf(2) Dif()
b e RIS "’(@;,ﬂf(z)’@;f;ﬂz)’@i;,;f(zyz} 'K

2.1

Hence (11) implies w(p(z),zp'(z),z p (z);z) € Q. The proof is completed if it can be shown
that the admissibility condition for ¢ € @, ,[Q,q]is equivalent to the admissibility condition

for y as given in Defintion 3. For this purpose note that

(w—v)v—(v—u)(u+,8)+(v_u)2

(v-u) t B
g B

and thus
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t o, _(w-—o)p u(p+1)-
s p(v—u) g’

J+1
Hence y € Y[Q),gq] and by Theorem 2, p(z) < g(z) or (Z;

q(z)
9’4 pf (z
In the case Q # Cis a simply connected domain with Q =h(U) for some conformal mapping
h(z)of Uonto Q, the class ®,,[h(U),q]is written as @, ,[h,q]. The following result is

immediate consequence of Theorem 5.
Theorem 6: Let ¢ € @, \[h,q] with q(0)=1.1If f e .4 satisties

¢(©,+1f Z) @Hlf(z) ’,DJ+3f(Z) .z -<]’l(Z), (17)
o,,f(2) ®J+1f(z) Q’Hf(z)

2f ()
then 92,2f(z) <q(z)

Following similar arguments as in (Miller & Mocanu 2000, Theorem 2.3d, page 30), Theorem
6 can be extended to the following theorem where the behavior of g(z) on oU is not

known.
Theorem 7: Let h and g be univalent in U with ¢(0)=1, and set ¢,(z)=¢g(pz)and

h,(z) =h(pz). Let ¢:C>xU — C satisfy one of the following conditions:

1. ¢ed,,[hgq,] forsome pe(0,1), or
2. thereexists p, €(0,1) such that g ®,,[h,,q,] forall pe(p,,1).

@H—l
If fe.A satisfies (17), then 7(Z)< q(z) .
0.5 (2)

The next theorem yields the best dominant of the differential subordination (17).
Theorem 8: Let h be univalent in U, and ¢:C’xU — C. Suppose that the differential
equation

Bl (a(2)+ p) L C) PO _(2‘7 '<Z>j2
pzq'(2) £zq'(2) q(2) q(z) q(2) | hn) (18
¢\ q(2),q(2) + ) 4(z) + @ o ﬁ;?;()z) ;2 | =h(z) (18)

has a solution g(z) with ¢(0) =1 and one of the following conditions is satisfied:
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1. geQ, and ¢ @, [h,q],
2. g isunivalentin U and ¢e®,,[h,q,] for some pe(0,1), or
3. q is univalent in U there exists p,€(0,1) such that ¢e®, ,[h q,] for all

pPe(p,1).
W D) ,f(2) . .
If fe.A satisfies (17), then —=——=<q(z), and ¢(z) is the best dominant.
D, 5f(2)

Proof. Applying the same arguments as in (Miller & Mocanu 2000, Theorem 2.3e, page 31),
we first note that g(z) is a dominant from Theorems 6 and 7. Since g(z) satisfies (18), it is

also a solution of (17), and therefore g(z) will be dominated by all dominants. Hence g(z) is

the best dominant.
In the particular case q(z)=1+ Mz, M >0, the class of admissible functions @, ,[Q,q], is

simply denoted by @, ,[Q, M].
Theorem 9: Let Q beasetin C,and ¢:C’xU — C satisfy the admissibility condition

kBMe"

0’
el

¢[1+Mei6,1+Mei9 +
1+

L ;ZJ zQ
whenever zeU,0 € R ,with
BL[(1+Me“)(e™ + M)+ BkM |

B+ Me?Y2 (e + MY+ (BkM)A (B -1) | 2K °B°M,
e’ + M

Re

- {3 BKM(1+ Me”) +

forallreal 6 and k>1.
If f(z)e A satisfies

¢[@;f;f<z> 0,5/(2) @L*,zfm.z]eg
D,,f(@) Df@) D)
then

051()

, <M.
Z)]/Iﬂf(z)

Proof. Let q(z)=1+ Mz, M >0. A computation shows that the conditions on ¢ implies that
it belongs to the class of admissible functions ®, ,[Q2, M]. The result follows immediately
from Theorem 5.

In the special case Q=¢(U)={w:|w-1|< M}, the conclusion of Theorem 9 can be written as

www.intechopen.com
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‘ ¢(®Z§f(z) 0,5f(2) DifE). J‘l
D,,f(2) DLif(@) D f ()

3. Superordination and Sandwich Results

Now, by applying Lemma 1, we prove the following theorem.
Theorem 10: Let g(z) be convex univalent in U with g(0)=1. Assume that

Re{z Ll “)5‘7(Z)‘7 '(z)} >0, (19)

Letf(z)eA,%eH[q(O),l]ﬂQ. Further, Let Y(j,4,8,0,a;z) given by (7) be
2,pJ 2

univalent in U and

(0+ c)z)(q(z))2 +02q'(z)=Y(j, A, B,0,a;z)
then
D5sf(2)

15 1)

and ¢(z) the best subordinant.

Proof. Theorem 10 follows by using the same technique to prove Theorem 4 and by an
application of Lemma 1.
By using Theorem 10, we have the following corollary.

©j+l
Corollary 2: Let q(z)= 1+Az (-1<B<A<1), f(z)e.4,and st (2)

1+ Bz D) ,f(2)
assuming that (19) satisfies. If

€ 77[9(0),1]N Q. Further,

. 2 @H—l

APz (5, a)(l +AZ] Y4B, 8, a7 = AL Dpf @)

(1+Bz) 1+ Bz 1+Bz D) ,f(2)
and % , is the best subordinant.

1+ Bz
142 2 (2) .
Also, by let g(z) = T f(z)e A,and —= @ e 7[q(0),1]N Q . Furhter, assuming that (19)
-z wpf (2

satisfies. If

1ez_ D)
1-z @jwf(z)

7
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1+z . .
and z , is the best subordinant.

—Z

u
Finally, by taking q(z)= Gij (0<u<1), fed,and —2£%

Disf@) #14(0),1]NQ . Furhter,
D, ,f(2)

assuming that (19) satisfies. If
u-1 2u u @Hl u
25#22 (Ej +(5+a)(£j <‘{’(j,/1,ﬂ,5,a;z):(l+zj 20/ (%) , and (1+Zj
(1-2)\1-z 1 1-z D) ,f(2) 1-z

is the best subordinant.
Now we will give the dual result of Theorem 5 for differential superordination.
Definition 5: Let Q be a setin C and q e #[q(0),1] with zg'(z) #0. The class of admissible

functions @', ,[Q,q] consists of those functions ¢:C’xU — C that satisfy the admissibility

condition
P(u,v,w;) e
Whenever
u=q(z), v=q(z)+ Pz (2) (9(z) %0, zq'(z) % 0),
meq(z)
Re{<w—v>v ) u<ﬂ+p—v} SgRe{zq'%z) +1}, (zeU, ¢ coU,m>1).
B(v—u) B m q'(z)

Theorem 11: Let ¢ e @, ,[Q,q]. If f(z)e A 2;;2; Q, and

4

q{ﬁ’“f(Z) D,3f(2) Df(2) ZJ
D.sf(2) DLf () D)

is univalent in U, then

4 { (I{Qﬁlf(z) 05/(2) D} f(Z).Z]ZeU} 0
DL,f() DS () D) ’

04(2)
0..5f(2)
Proof. Let p(z) be defined by (9) and y by (15). Since g e @, ,[Q,q], (16) and (20) yield

Qc{y(p(2),2p'(2),2°p"(2);2) : 2 U} .

implies g(z) <

www.intechopen.com



222 Advanced Technologies

From (14), the admissibility condition for ge®, [Q,q] is univalent to the admissibility
condition for y as given in Definition 4. Hence y € ® ,[Q,q], and by Theorem 3, g(z) < p(z)
0/3/(2)
D, 4f(2)

If Q#C is asimply connected domain, and € = h(U) for some conformal mapping h(z) of

or q(z) < ———

U onto Q the the class @, ,[l(U),q]is written as @, ,[}1,q] . Proceeding similarly as in the

previous section, the following result is an immediate consequence of Theorem 11.
Theorem  12: Let ge#[q(0),1], h(z)be analytic in Uand ¢e®, [hq]. If

D7)

e A,
fed S f@

—F—~eQ,and

s D5f(2) Dupf(2) D5f(E)
D), ,f(2) D} f(2) ”D’“fz

is univalent in U, then
e

ey
@;‘ﬁf(z)

D55f(2) Df(2) Dipf(2) ] a
D,,f(2) D5 f(2) D51 (2)

implies g(z) <

Theorems 11 and 12 can only be used to obtain subordinants of differential superordinations
of the form 20 or 21. The following theorem proves the existence of the best subordinant of
21 for an appropriate ¢ .

Theorem 13: Let h(z)be analytic in U and ¢:C*xU — C. Suppose that the differential

equation

pzq'(2) £zq'(2) q(2) q(z) q(z) .
9| 9(2),q(2) N (2) 702) + q(z)+ﬂz‘7'(2) ;2| =h(z)
9(z)
has a solution g€ Q,.If g ®' ,[h,q], f(z)e A, M €Q,, and
' 9..5f(2)

¢[®Lf2f(2) Dypf(2) Dipf(2). J
D, ,f(2) D)5 f(2) ;5 f(2)

is univalent in U, then

www.intechopen.com
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Dipf(2) Di5f(2) Di5f(2) }

h(z ’
()< ‘{@Lﬁf(z) D) Dy )

Df(2)
D,4f(2)
Proof. The proof is similar to the proof of Theorem 8, and is therefore omitted.

Combining Theorems 4 and 10, we obtain the following sandwich-type theorem.

Theorem 14: Let g,(z)and g,(z) be convex univalent in U and satisfies (19) and (6),

PEIC)
"D} ,f(2)
univalent in Uand 6zq',(z) + (5 +a)(q,(2))> < ¥(j, A, B,6,a;2) < 62q',(2) + (5 + @)(q,(2))
then

implies g(z) < and g(z) is the best subordinant.

respectively. If f(z)e.A4 € 7/[9(0),11NQ and Y(j,4,8,6,a;z) given by (7) be

Dipf(2)

o,

7:(z) <

and g,(z) and g,(z) are respectively the best subordinant and the best dominant.

For ¢,(z)= 1+4,z ,q,(2) = 1+ 4,2 where (-1<B, <B, <A, <A, <1), we have the following
1+B,z 1+B,z
corollary.
©]+l (Z)
Corollary 3:If f e A, ————=€ Z[q(0),1]N Q and
Aﬁf(z)
Y. (A,B,,j, A, B,0,a;2)<Y(j,A,B,0,0;2)<Y,(A,,B,,j, A, B,0,a;2)
then
1+ A,z Q’Hf z) J1+Az
1+Blz D) ,f(z) 1+B,z
where

2
. 5(A, - B,)z 1+ Az

\P A/B/ /l/ /5/ ’ :44— 5+ - 7
(ALByj A B 6, a5z) (1+B2)’ ( a)[l—FBlZ)

2
WAy, By, oA B, 5,02y = S T B 5 oy 1A
(1+B,z) 1+B,z
1+Az and 1+A,z
1+B,;z 1+B,z
Also, by combining Theorems 6 and 12, we state the following sandwich-type theorem.
Theorem 15: Let h,(z) and g,(z) be analytic functions in U, let h,(z) be an analytic univalent

function in U, g,(z)eQ,with ¢,(0)=g,(0)=1and ¢e®, [h,,q,] N db‘nll[hl,ql] . If

Hence

respectively the best subordinant and the best dominant.

www.intechopen.com
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¢[®Lﬁ2f(z)?Lf;f(z),@?zf(z); J
2.,/ () D3 (2) DS ()

is univalent in U, then
hy(z) < ¢{

0 f(2)
9,,f()

D.sf(2) D5pf(2) Dif(2)
D,,f(2) D, f(2) D5 f(2)

;zj<h2(z) ,

implies g,(z) < <q,(2) .

Remark 1 : By using the same techniques to prove the earlier results and by using the relation
(3), the new resuts will be obtained.
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7. Conclusion

There are many other results can be obtained by using the operator studied earlier by the
authors (Darus & Al-Shagsi, 2006).
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