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1. Introduction

The robot dynamics modeling and simulation problem has been studied for the last three
decades intensively.

In particular, the forward dynamics problem of a robot is a very relevant issue, which there
is still to say about in terms of efficient computation algorithms, that can be also simple to
understand, to develop and to implement, above all for practical robots, robots with many
links and/or with flexible links (Featherstone, 1987), (Featherstone & Orin, 2000), (Sciavicco
& Siciliano, 2000), (Khalil & Dombre, 2002).

Indeed, in these cases the methods based on the classical Lagrange formulation give rise to
an analytical model with numerous terms that may be difficult to use. The methods based
on the Newton-Euler formulation are not very easy to apply and do not provide easily
manageable analytical formulae, even if they are efficient from a computational point of
view (Featherstone, 1987).

An important contribution to solve the previous problems is given (Celentano, 2006),
(Celentano & Iervolino, 2006), (Celentano & lervolino, 2007) by a new, simple and efficient
methodology of analysis, valid for all of robots, that makes use of a mathematical model
containing a lower number of algebraic terms and that allows computing, with a prescribed
maximum error, the gradient of the kinetic energy starting from the numerical knowledge of
the only inertia matrix rather than using, as usually found in the literature, complex
analytical calculations of the closed-form expression of this matrix.

This result is very strong because it allows solving the forward dynamics problem of a robot
in a simple and efficient manner, by analytically or numerically computing the inertia
matrix and the potential energy gradient only.

Moreover, this method allows students, researchers and professionals, with no particular
knowledge of mechanics, to easily model planar and spatial robots with practical links.
From this methodology follows also a simple and efficient algorithm for modeling flexible
robots dividing the links into rigid sublinks interconnected by equivalent elastic joints and
approximating and/or neglecting some terms related to the deformation variables.

In this chapter some of the main results stated in (Celentano, 2006), (Celentano & lervolino,

2006), (Celentano & lervolino, 2007) are reported.

Source: New Approaches in Automation and Robotics, Book edited by: Harald Aschemann, ISBN 978-3-902613-26-4, pp. 392,
May 2008, I-Tech Education and Publishing, Vienna, Austria
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174 New Approaches in Automation and Robotics

In details, in Section II the new integration scheme for robots modeling, based on the
knowledge of the inertia matrix and of the potential energy only, is reported (Celentano &
Iervolino, 2006).

In Section III, for planar robots with revolute joints, theorems can be introduced and
demonstrated to provide a sufficiently simple and efficient method of expressing both the
inertia matrix and the gradient of the kinetic energy in a closed and elegant analytical form.
Moreover, the efficiency of the proposed method is compared to the efficiency of the
Articulated-Body method, considered one of the most efficient Newtonian methods in the
literature (Celentano & lervolino, 2006).

In Section IV, for spatial robots with generic shape links and connected, for the sake of
brevity, with spherical joints, several theorems are formulated and demonstrated in a
simple manner and some algorithms that allow efficiently computing, analytically the
inertia matrix, analytically or numerically the gradient of the kinetic and of the gravitational
energy are provided. Furthermore, also in this case a comparison of the proposed method in
terms of efficiency with the Articulated-Body one is reported (Celentano & lervolino, 2007).
In Section V some elements of flexible robots modeling, that allow obtaining, quite simply,
accurate and efficient, from a computational point of view, finite-dimensional models, are
provided. Moreover, a significant example of implementation of the proposed results is
presented (Celentano, 2007).

Finally, in Section VI some conclusions and future developments are reported.

2. A new formulation of the Euler-Lagrange equation

In the following a new formulation of the dynamic model of a robot mechanism in a more
efficient form (for its analytical and/or numerical study) is presented.

It is well known that the usual form of the Euler-Lagrange equation for a generic robot with
n degrees of freedom, which takes on the form (De Wit et al., 1997)

d oT oT
————=y+n+u, +u, (1)
dt og 0q
where: gis the vector of the Lagrangian coordinates; T is the kinetic energy, given by
1

T= Eq'TB(q)q' , being B the robot inertia matrix; y is the vector of the gravity forces, 7 is

the vector of the elasticity forces and u,is the non-conservative generalised forces (e.g.
damping torques), which are usually function of g and g only, and u is the vector of the
actuation generalised forces, is typically rewritten as

B(q)g+C(g, )=y +n+u,+u, 2)

in which an expression of matrix C is the following;:

., 0B

oq

. “oB. 1 Sn
Clg9=)—q.——=| : . 3
@) ;661,. 2| ., OB )

a,
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An Innovative Method for Robots Modeling and Simulation 175

By setting B = {bij },C = {cli} , it is also

n,(0b; 1 0b, ).
=2 l=—=-=="W. (4)
e\ oq, 2 0,

Alternatively, an equivalent matrix C, = {cci/ }, i.e. such that C g=Cg, that makes uses of the

Christoffell’s symbols (Sciavicco & Siciliano, 2000), is given by

n 1(0b; ob, by |.
Coj = Z_ Ly L I - (5)
o 2{ g, aq/‘ aq;

There are various methods to calculate both B(q) and C(g,q). The simplest one, from a

conceptual point of view, based on analytical expressions, is extremely complex and
onerous, even if symbolic manipulation languages are employed. Other methods do require
a more in-depth knowledge of mechanics (De Wit et al., 1997).

The next theorem provides an innovative, efficient and simple method for modeling and
simulating a robot.

Theorem 1. If the Euler-Lagrange equation is rearranged as follows:

%(B(j)zc+y+77+ua+u, (6)

where c is the gradient of the kinetic energy with respect to g, namely

T

cC=——,
oq

)

then it can be efficiently integrated according to the innovative integration scheme of Fig. 1,
where g, =Bg and Fis a suitable function that allows computing g and g, from u, g

and g, .
q q
u -
= F
q; q.
| <

Fig. 1. Block diagram for the robot forward dynamics integration.

Proof. It is easy to verify that the algorithm that describe the function F of the block scheme
of Fig. 1 is:

www.intechopen.com



176 New Approaches in Automation and Robotics

Step 1. Compute B(gq) by applying one of the classic methods proposed in the literature (see
also Theorems 2 and 3 and (30) in Section 3).
Step 2. Compute ¢ through the relationship §=B"7, .

Step 3. Compute c¢(gq,9) and u,.
Step 4. Compute %(Bq) =g, =cty+ntu, +u.

Remark 1. The proposed method allows avoiding the computation of the first term on the
right hand-side of (4) or of the first two terms on the right-hand side of (5). Such saving is
significant because the computational burden relative to this term is not negligible with

respect to the one required by the calculation of B™g, .
This clearly emerges from Fig. 2, where the percentages of saved flops vs. the number of
flops required to compute B™g, are evaluated (in MATLAB™ environment) with reference

to the coefficients in (4), for a considerable number of cases of robots with random and
anyhow realistic links parameters.

Percentages of saved flops

400 T T

3501

300}
8
stu‘»
g
-
§1so.r
£ |

100

50+

- [ T—) CAP— | S| I | Ty |

0 5 10 15 20 25 30

number of links

Fig. 2. Percentages of saved flops evaluated for robot models with random links parameters.

Remark 2. Since many efficient algorithms for the numerical computation of the matrix B
are available in the literature, the gradient of the kinetic energy c¢ can be computed in a very
simple and accurate way numerically, instead of using a symbolic expression.

To this end, since the kinetic energy for the majority of the robots is a quadratic function
respect to g, whose coefficients are constant with respect to g or depend on g, according to
terms of the type sin(ag,+¢), the following lemma is useful.

Lemma 1. The derivative of sin(ag,) can be numerically computed by a two [three] points

formula:

L inag) - sinfa(q, +A)]-sin(aq,) | d sin(aq ) = sinfa(q, + A)] - sin[a(g, - 4)]
q; A dqi 2A

®)
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An Innovative Method for Robots Modeling and Simulation 177

with error:

A
62:—%azsin(uZ)A, el<a, relg )

2
[33 = —%Aza3 cos(ay), |es| <a’ %, re(q-Aq+ A)} :

Proof. See any numerical computation book.

In view of Lemma 1 it is possible to compute, with a prescribed maximum error, the
gradient of the kinetic energy starting from the numerical knowledge of the inertia matrix
Brather than using, as usually found in literature, complex analytical calculations of the
analytical expression of B. In details, for practical precision purposes, a good value of
0T/0q can be obtained using a two [three] points formula with A =107 +10" [with

A =107 +107] and evaluating -1 [2(-1)] times the inertia matrix B numerically.

3. Planar robot modeling

In the case of planar robots with revolute joints, theorems can be introduced and
demonstrated to provide a sufficiently simple and efficient method of expressing both the
inertia matrix and the gradient of the kinetic energy in a closed and elegant analytical form.

3.1 Hypotheses and notations

In the following it is considered the case of a generalised planar robot constituted by 7 links,
each of them with parallel rotation axes C,C" and center of mass G belonging to the
plane containing the two relative rotation axes (see Fig. 3). In Fig. 4 a planar robot with three
links and a horizontal work plane is shown.

Fig. 3. The generic link of the considered generalised planar robot.
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178 New Approaches in Automation and Robotics

Fig. 4. The considered generalised planar robot with three links and horizontal work plane.

Referring to Figs. 5 and 6 the next notations are also employed:

Y/\

Vi

o X, X
Fig. 5. Geometric characteristics of the i-th link.

A

Y

Y

Fig. 6. Schematic representation of a planar robot with n links.
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An Innovative Method for Robots Modeling and Simulation 179

q =[x, y, a;]" = absolute coordinates of the i-th link,

I = inertia matrix of the i-th link in terms of the coordinates ¢; ,

M, = total mass of the i-th link,

J,,p;, = inertia moment and radius of the i-th link with respect to the rotation axis C; ,

N, = static moment of the i-th link with respect to the plane containing C; and
orthogonal to the plane passing through C; and C;,

L = distance of the center of mass G, of the i-th link from the axis C; ,

o, = [a, a, ...a;]" = vector of the absolute angular coordinates of the chain constituted by
the first i links,

B, = [B, B, - B.]" = vector of the relative angular coordinates of the chain constituted by
the first i links,

A, = inertia matrix of the 7 -th link in terms of the coordinates «; ; ,

B; = inertia matrix of the i -th link in terms of the coordinates f, ; ,

a = [a, a, ...a,]" = vector of the absolute angular coordinates of the robot,

Yij = [B, B, ... B,]" = vector of the relative angular coordinates of the robot,

A = inertia matrix of the robot in terms of the coordinates « ,

B = inertia matrix of the robot in terms of the coordinates £ .

3.2 Main results

Consider a generic link of a planar robot, with revolute joints. The following theorem can be
stated.

Theorem 2. The kinetic energy T; of the link of a planar robot, whose rotation axes are
parallel and center of mass belongs to the plane that contains the respective rotation axes
(see Figs. 3 and 5) can be calculated by the relationship

1., .
T :_qiTqui ’ (10)
2
where
M, 0 —N, sing; 1 0 -L. sing,
I, = 0 M, N,cosa |=M, 0 1 L.cosa, | . (11)
—N,;sina; N,cosg, I, —L,sina; Lgcosa, ol

Proof. By omitting subscript i, the coordinates of a generic point P of link L are (see Fig. 7)

xp=x+§cpsa—nsma (12)
Y, =y+¢&sina +ncosa,

from which it is easy to prove that the square of the velocity of P is

V=i 4y, =27 +y° +a’ (& +n)-2xa(Esina + neosa) + 2ya(é cosa —nsina) 13)

=V2 +a’d® -2xa(Esina +neosa) + 2ya(é cosa —nsina).
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.
>

X x b'¢

Fig. 7. Determination of the coordinates of a generic point P of the link L.

Since the kinetic energy of link Lis T = %IVPde, and for the hypothesis made about the
L

characteristics of the link, the proof of the theorem easily follows.

Consider a planar robot with 7 links (see Fig. 6). The following theorem holds:

Theorem 3. The kinetic energy of the i-th link of a generic planar robot can be calculated by
the relationship

T, = %leszAidlz...i ’ (14)

1

where the inertia matrix in terms of the angular coordinates ¢, ; , expressed by A, = {a i,hk} ,

can be calculated by using the formula:

A = RiTIiRi ’ (15)
in which
-L,sina;, -L,sine, . -L,,sina,, 0
R,=| L ,cosa, L,cosa, . L, ,cosa;,, O (16)
0 0 . 0 1

or more directly by the formulae:

ML, if h<i (17a)
a. =
i,hh L- _ Mipl-z, l’f h _ i,
| MiL,Lycos(e —ay,), if h<k<i 175
ik = M.L,L.. cos(e; —e,), if h<k=i. (176)

An alternative equivalent and more mnemonic expression for (17a)-(17b) is
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An Innovative Method for Robots Modeling and Simulation 181

1) Vh<i,
-~ L, ,if h<i
Ay = ML, L, = {p’h ,if h=i, (18a)
2) Vh<k<i,
iy o L,., if hk<i
;e = ML, L, cos(a —er,), Ly, = Lo, if hk=i. (18b)
Proof. For the generic i-th link, in the hypothesis that x, =y, =0, itis
x,=L,cosa, +L,cosa, +...+L,cosa,
y,=L;sina, +L,sina, +...+L;sing; (19)
a, =aq;,
from which
x; =—a,L,sina, —a,L,sina, —...—a,L, sing,
Yy, =a,L,cosa, +a,L,cosa, +...+a,L,cosa; (20)
a, =a,,
or
7, =R, ;. (21)
It follows that
1.... 1. 7 .
T ==q;1,q; =7 an R Ra, (22)
2 2
and hence (15).
From (15) it is:
)Vh<k<i
M, 0 —-N,sing, | |-L, sing,
A = [— L,sina, L,cosq, 0]~ 0 M, N.cosa || L,cosa, |=M,L,L, cos(a, —a,); (23)
—N,;sina; N, cosa; I 0
2) Vh<k=i
M, 0 —-N;sing; | |0
a, = [— L,sinea, L, cosa, 0]' 0 M, N,cosa |-|0|=L,N,cos(a; —a,); (24)
—N,;sina; N, cosa; I 1
3) h=k=i
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M, 0 —-N,sing; | |0
a,,=[0 0 1] 0 M, N.cosa |-|0|=]. (25)
—N,;sina; N, cosg, J: 1

and hence (17a), (17b).
In view of Theorem 3, the kinetic energy of the robot is

T=H+B+M¥Q=%fAd, (26)
where

a=a,,=laa..«q, ]T ’ (27)

and the inertia matrix A = A(a) of the robot in terms of the angular coordinates « is

obtained by assembling the matrices A; as illustrated in Fig. 8 (namely, by summing to all
the principal minors of A, of order i<n the respectie A/’s).

A

1

N 4

Fig. 8. Graphical representation of the algorithm that computes the robot inertia matrix.

In MATLAB-like instructions the algorithm to calculate the inertia matrix is:

A=An;

for i=n-1:-1:1
A(1:4,1:4)=A(1:4,1:1)+Aj;

end.

Moreover, since « = Uf , where

0
.0

U= , (28)
1111

the kinetic energy of the robot can be calculated by using the relationship alternatively
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An Innovative Method for Robots Modeling and Simulation 183

T 4"BA, (29)

where the inertia matrix B=B(f) of the robot in terms of the angular coordinates § is

obtained by
B=U"A(o)U=U"AU(B)U . (30)

Note that the computation of the inertia matrix is performed by jointly using the absolute
and relative coordinates. This allows simplifying, in a natural manner, the algebraic
expression of the analytical model.

Clearly, if for a given B and hence for a given a=Uf the interest is only about the

numerical value of B, it is possible to numerically compute the matrix A preliminarily (from
o by using Theorem 3 and the algorithm illustrated in Fig. 7) and then the matrix B
through the relationship B=UTAU or through the following algorithm described in
MATLAB-like instructions:

for i=n-1:-1:1
A(A)=ACD)+A(IF]),;
end
for i=n-1:-1:1
A(1:4,i+1)=A(i+1,1:1)}
A1, L:D)=A(®,1:0)+A@+1,1:0);
end
B=A.
Remark 3. It is important to note that, although by virtue of Theorem 3 the analytical
expression of A;is relatively simple, the analytical expression of A is quite complex and, as a
result, the expression of B is extremely complex (e.g. the entry B(1,1) of B is the sum of all
the elements of all the matrices A;!).
Once the inertia matrix B is obtained, the dynamic model of the robot can be derived by the
Euler-Lagrange equation in the usual form (1) or in the alternative form (6). In the case of a
planar robot, with link characteristics as required by Theorem 2, the efficiency of the method
illustrated in Theorem 1 can be further improved by using the following result.
Theorem 4. The gradient of the kinetic energy of the i-th link in terms of «,, ; [B,, ] can be

calculated by the relationship

0

M, ZLhathak sin(a, - a,)

h<k:var f,

oT. ~ o~
¢, =M, 2. Lya, L sin(e;, - ;) ,

P, hekivar By
M; Y L,a,L.a, sin(e, —a,)
h<k:var |
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0
~ L.~ K. k
Mi Z h IBka Zﬂq Sin( Zﬂr)
h<k:var f, p=1 q=1 r=h+1
oT, N .
=c =M, Y LYBLYBsn(YB)||, (31a)
5,312'“,. h<k:var 3, p=1 q=1 r=h+1
~ I ~& . k
Mi Z h ﬂkaZﬂq Sln( Zﬂr)
L h<k:var f, p=1 q=1 r=h+1 i
where
~ L , ifm<i
o P A ) @1b)
LGz lfm:l

and the notation h<k:varp,, 1 =2,...,i, indicates the set of the pairs h, k , with h <k, such
that the angle o, =, -, = f,., + B, + ... + B, between the links /1 and k varies with £, .

Proof. In view of Theorem 3, the kinetic energy of the generic i-th link is

=—M ZLah+ M,a} + M, ZLLa,akcos(a -a,)

h=1,.,i-1 h=1,.,i-1

k=h+1,.,i (32)
=T +M, Y LLa,a,cos(e -a,),
h=1,..,i-1
k=h+1,..,i

where T, is the portion of kinetic energy that is independent of «,, ;.
From (32) the expression (31a) of the gradient of T; in terms of «,, ; [ f,, ;] easily follow.

The vector c can be simply obtained by suitably assembling the various vectors c; (i.e. by
progressively summing to the first i components of c,, i<n, the respective ¢/s).
In MATLAB-like instructions:

c=cn;
for i=n-1:-1:2

c(1:d)=c(1:1)+ci;

end.

Finally, it is important to note that if the work plane of the robot is vertical, the gravitational
torques can be calculated by using the following result.

Theorem 5. If the work plane of the robot is vertical, the weight of the i-th link originates a
torque on the k-th joint, k<i:

}/k :Mzgzzm Cosam’ (33)

m=k

where g is the gravitational acceleration and the lengths L, are given by (31b).
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Proof. The proof easily follows by considering Fig. 6.

Remark 4. The proposed method efficiency has been explicitly compared to the Articulated
Body approach efficiency in terms of number of flops (in Matlab™ environment), for
executing the same elementary integration step by using the absolute Lagrangian
coordinates (see Fig. 9). From this figure it results that, for industrial robots with a limited
number of links, the proposed method is more efficient.

i’ 7 ] Efﬁc'lencyfmnparismr -

Adiculsted Body Method |
Proposed Method

5 10 15 0 25 0
number of links

Fig. 9. Efficiency comparison between the Articulated Body method and the proposed
method.

Remark 5. The above-derived analytical expressions, in explicit form, of B, ¢ and y are

useful for speeding up the simulation, for comparing them to the proposed numerical
approach and for finally evaluating which terms can be simplified or neglected in the case of
robots with many and/or flexible links. Thus, for instance, for flexible link robots models,
obtained via discretization of the links, the terms relative to the deformation angles can be
simplified by substituting the sine function with the respective argument or even be
completely neglected, considering the terms relative to the motion only.

4. Spatial robot modeling

For spatial robots with generic shape links and connected, for the sake of brevity, with
spherical joints, several theorems are formulated and demonstrated in a simple manner
and some algorithms that allow computing in an efficient way analytically or numerically
both the inertia matrix and the gradient of the potential energy are provided.

4.1 Hypotheses and notations

In the following, for brevity, only spatial robots constituted by n links of generic shape,
connected by spherical joints are considered.

Moreover, the following notations will be used (see Fig. 10):
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186 New Approaches in Automation and Robotics

L.

!
% DY

Fig. 10. Coordinates of the generic point P of a link with respect to the body frame and to
the inertial frame.

q =[xt o 1"=[x0n Xon Xos @ @ @] ="absolute coordinates” of the i-th link,

I, ={I,, } = inertia matrix of the i-th link with respect to the axes &, &,, &;,

1

€o =l Eoni Eonill = coordinates of the center of mass G in the body frame,

€oi =0 Epmi &l = coordinates of the rotation center O'i in the body frame,
M, = total mass of the i-th link,
a, ; =[a] aj .. a]|" = “angular absolute coordinates” of the chain constituted by the first i links,
R, (a;) = rotation matrix of the i-th link,
OR;(a;)

in = ’
oay,

A, = inertia matrix of the i-th link with respect to the coordinates o, .,
a = a, , = “absolute angular coordinates” of the robot,

A = inertia matrix of the robot with respect to the coordinates a.,

I = identity matrix of order 3,

Spi = sin(ay;) ,

Cpi = cos(ay;) -

4.2 Main results
Let us consider a generic link of a generic shape of a spatial robot with spherical joints.
The following theorems and algorithms for the computation of the kinetic energy T, of the i-

th link first as a function of the absolute coordinates q; of the i-th link and then as a function
of the absolute angular coordinates a, ; of the chain constituted by the first i links are

provided.
Theorem 6. The kinetic energy of the i-th link may be calculated by means of the
relationship
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An Innovative Method for Robots Modeling and Simulation 187

T =4S4, 649

where

~

I-'L’I 1'11‘: :Rhi‘thi
h
S

P = (35)
Miz RZiéGhi ZR;kaIhki
h I,k

Proof. By omitting subscript i, the coordinates of the generic point P of the link in the fixed
frame (see Fig. 10) are given by

Xp =Xo + R(a)Sp, (36)

where R is the rotation matrix of the body frame with respect to the fixed frame and &, is

the vector of the coordinates of the generic point P of the link in the body frame.
From (36) it follows

5‘1? = ’ko + ZRhéPhd ’ (37)
h
where
haa—m,h=1,2,3. (38)
oa,,
From (37) it is
V2 =xpXp = XX, + @' )RR EpEp@+2%) ) R Epa, 39)
h,k h
from which
T= 1jvzdm =
2
= %ngxo + %aTz RiR &+ Mxg > R & a= (40)
h,k h
1 MI MZ Rhgch .
:_(xg (IT) . hT EXOJ
2 MZRh §Gh ZRh Rklhk a
h

h,k

and hence the proof.
Remark 6. The vector of the coordinates of the center of mass § and the inertia matrix

{1} of the i-th link, in the case of a complex structure, may be easily evaluated by making
use of software packages, such as CATIA™.
Theorem 7. If the Euler angles of the i-th link a; = [ali a,; aSi]T are the ZYX angles, also

called RPY angles (Roll-Pitch-Yaw), (see Fig. 10), by omitting subscript i, the matrices Ry,
result:
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—5,Cy  —5,5,5; —C,C3 —S,5,C5 +C;S,
R, =] ¢,  €,5,5;—5,C;  €,5,C3+5,5; (41)
0 0 0

—C;S,  €1CyS;  €1C,Cq

Ry =] =515, 816,83 516,64 (42)
€y 55 750
0 ;5,05 +5,5; —C;5,5; +85,C4
R, =0 5,5,c;—C;S; —5,5,5; —C,C5 |- (43)
0 CCs —C,S,

Proof. The rotation matrix R;(a;) of the i-th link, by omitting subscript i, results (43)

CiCy  €1S,5; —5,C4 C€15,C5 + 5,55
R(a)=|5,c, 55,5, +C,C;3 5,55 —C;5; |, (44)

=5, €53 CyC3

from which, for (38), the proof.
The computation of the matrices 3, may be sped up by the following algorithm, where
subscript i has been omitted.

Algorithm 1.
Step 1. Compute

$1,52,53; €1,C2,C3. (45)
Step 2. Compute
5152, 51583, 5253 €162, €1€3,C2C3;
51€2,51€3, 52C3; €182, €153, €253, (46)
(8152)83, (5182)c3;  (81€2)83, (51¢2)C3;
(c162)s3, (c1¢2)c3;  (€182)83, (€182)c3-
Step 3.Compute
RIR{,RTR,, RTRsy; RIR,,RIR;; RIR;. (47)

If the axis &; of the body frame is chosen such as to contain the center of gravity G; and it

results principal of inertia then, by choosing the other two axes parallel to the other inertia
principal axes, the computation of the matrix 3, may be further sped up, as it results from

the following theorem.
Theorem 8. If the body reference axes of the i-th link are parallel to the inertia principal axes

and the center of gravity G; belong to the axis &;, the matrix J, results
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MiI MiRligGli
S = MiRlTi‘fcu ZR;’Rhilhhi ' (48)
T
Proof. The proof easily follows from (35) and from
§G2i=o,i=2,3,' IhkiZO,h=1,2,k=h+1,3. (49)

Let us consider now a robot with n links (see Fig. 11). The following theorems and
algorithms for the computation of the inertia matrix A of the whole robot, as a function of
the absolute angular coordinates a of the robot, hold.

A
Xy

Y

o
gy

Fig. 11. Schematic representation of a spatial robot with 7 links.

Theorem 9. The kinetic energy of the i-th link of a generic spatial robot may be computed by
means of the relationship

1.0 ..
T, = Eal...iAial...i , (50)
where
Sy, ifi=1
A= MiVl...i—lTVl...i—l Vl...i—lTSlZi , iti=2,3,..,n (51)
Si,vlu.i—l Sy
in which:

~ _ o~ _ T
S = MiZRhigGhil Sy = ZRhiRkiIhki
h h,k

(52)

1

Via=[Vi Vo - V], V=D R o s j=1,2,i-1.
h
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Proof. From the following relationships (see Fig. 11 and (37))
Xoi =Xpii1=Xp; 1 + ZRhi—lgo‘hi—ldi—l , 1=2,.,1m, X5, =0, (53)
h

itis

= 1...i—ld1...i—l ’ (54)

from which

. ).(Oi Vl.,.i—ldl...i—l Vl...i—l O .
= = = . 55

By substituting (55) in (34), it is

1

T =-q¢73.q. =

1 2ql lql

v, T o|llMI 3,|V,,, O

zldf..z‘ R ~T @12 b dl..,i: (56)

2 0 I3 Su 0 I
_1 . T Mivl z—lT‘/l i-1 ‘/1 1—1T3121
__al R ~T ~ al i

2 le,V1 i-1 S

from which the proof follows.
The next theorem, similar to Theorem 8, is useful to simplify the computation of the

matrices A;.

Theorem 10. If the axes of the body frame of link j, j=1,2,...,i—1, are parallel to the inertia
principal axes and the centers of gravity G;and the rotation centers Olj belong to the axis

&1j » matrices (52) may be more easily calculated by the relations:

Spi = MRSy, Sy = ZRIZR i + (57)

hi
h

Viia=[Vi V, - V4], Vi=R, &, j=1,2,.,i-1. (58)
Proof. The proof easily follows from Theorem 8 and from the fact that
Sonj=0, h=23,j=12,.i-1. (59)

The following theorems may be effectively used to compute the gradient of the gravitational
potential energy.
Theorem 11. The gradient of the gravitational potential energy of the i-th link U; with

respect to the angular coordinates a, ; may be calculated by the formula
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ou;

oap v
~MilRi18y Rygy Rai&y Rizgy Rpogy Rapdyy - (60)

- Ryig Roig Rsidg, I's,

where g is the gravity acceleration vector in the inertial frame.

Proof. It is easy to verify that the gravitational potential energy of the generic i-th link
results

Uy =-Mig (R (@) +Ra(@, ), ++Ri(a,)Ec,) (61)

Relation (60) easily follows from (61).
i

The next theorem is useful to simplify the computation of 5
ai.i

Theorem 12. If the x3-axis of the inertial frame is vertical and upwards oriented, the
rotation centers O']- of the j-th links, j=1,2,..,i—1, belong to the axes §1j of the body

frames, the center of gravity G; of the i-th link belongs to the axis &;; and the Euler angles

of the j-th links, j=1,2,..,i, are the ZYX angles, the gradient ou; may be calculated

oay, i
much more easily by the relationship
ou;
= Yi =
oay_ (62)

T
ZMiS’[O 50,1 0 0 0854 0 - 0 04dG1 0} :

Proof. Since the xj3-axis is vertical and upwards oriented it is g = [0 0 - g]T , where ¢ is

the gravity acceleration. Moreover, since Olj €& jr 1=12,.,1-1, G e&y;:
T T
S0 :[50;1 0 0} ' 8¢, :[56,-1 0 0} yi=l.n. (63)

The proof easily follows from (41)-(43), (60), (63).

4.3 Application of the main results
On the base of Theorem 9 the kinetic energy of the whole robot is

T=T1+T2+...+Tn=%dTAd, (64)

where the inertia matrix A = A(a) is obtained by assembling the matrices A; according to the

following efficient algorithm written in Matlab-like language:
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A=An;

for i=n-1:-1:1

A(1:3%,1:3*1)=A(1:3*,1:3*1)+Aj;

end.

Once the vectors \' i=1,2,..,n, have been computed by the (60) or the (62), the gradient of

the gravity energy y is obtained by assembling the y_ according to the following efficient

algorithm written in Matlab-like language:

YTY,

for i=n-1:-1:1

y (Li)=y (Li)+ yi;
end.

Finally, by using the efficient integration scheme shown in Fig. 1 (Celentano & lervolino,
2006), it is possible to get the dynamic model of the robot in a simple way.

4.4 Comparison in terms of efficiency with the articulated-body method

The efficiency of the method of modeling and simulation proposed for spatial robots has
been explicitly compared to the efficiency of a Newtonian method of order N considered
one of the most efficient methods in the literature, i.e. the Articulated-Body Method
(Featherstone, 1987), (Featherstone & Orin, 2000).

More in details, such comparison has been executed in terms of number of flops (in
MATLAB™ environment), for the execution of the same integration step (see Table 1).

Number of Flops of the Elops of the
links proposed method Articulated-Body
method
1 362 1269
2 2459 7168
3 8400 13758
4 21451 20804
5 45868 28252

Table 1. Efficiency comparison between the proposed method and the Articulated-Body
method.

From Table 1 it results that for practical spatial robots (which of course have a limited
number of links), the proposed method is more efficient when n <4 , although spatial robots
with three degrees of freedom spherical joints have been considered. Moreover, it is
important to note that the great easiness of the proposed method with respect to the
Articulated-Body one is an important index of its efficiency.

However, the authors have the plan to continue and to improve this comparison.

5. Elements of flexible robots modeling

5.1 Methodology

The results stated in the previous sections allow obtaining, quite simply, accurate and
efficient, from a computational point of view, finite-dimensional models.

These models, for rectilinear links, can be obtained approximating the i-th link as follows:
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1. in order to compute the kinetic energy and, therefore, the inertia matrix and the
gradient of the kinetic energy, with v,+1 rigid sublinks with lengths L ,...,.L

(see Fig. 12);

2. in order to compute the elastic energy, with v, flexible sublinks joined and deformable

vi+1,i 7

interconnected by relative angles f,.,..., 8

vii

such that their axes make a suitable spline tangent to the axes of the intermediate rigid
sublinks in the extreme points of the link and to the intermediate rigid sublinks in
suitable interior points (see Fig. 12).

Rigid sublinks
-------- Flexible sublinks

Fig. 12. Approximation of a flexible link with v, +1=5 rigid sublinks and with v, =4
flexible sublinks congruent to each other at the end.
In this way, neglecting, about the computation of the kinetic energy, the deformation angles

respect to the angles of motion, it is easy to verify, from the results of Sections 2 and 3, that
the inertia matrix can be computed as follows:

B=B(f,, ...B,)= (65)
=B, +B,cos B, +...+ B, cos B, + B,,cos(B, + ;) + By, cos(B, + B + B,) +...+ B, ,cos(B,_, + B,)’

where S, is the angle of motion between the (i —1)-th link and the i -thlink, i=2,..,n (see
Fig. 13).
From (65) it is easy to compute also the gradient of the kinetic energy respect to

p= [ﬂl BBy By BB B, ﬂln...ﬂv”n]T using the following relation

T
1 -r OB . v OB -

c=—|0 '—p .. 0 '—p 0 . 66
2{ 1,vi+1 ﬂ aﬁz 1,v,q ﬂ aﬁn ﬂ 1,v, ( )

There are different ways of approximating a flexible link using a chain of rigid sublinks and
flexible sublinks congruent to each other at the end (Celentano, 2007).
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Axis of the flexible link i

Axis of the flexible link i —1

Fig. 13. Angle of motion between two flexible consecutive links.

In the hypothesis that the stiffness of the i-th link is uniform, a very efficient way for the
choice of the sublinks is to consider the intermediate rigid sublinks with a length of L, /v,,
the extreme ones with an half length, the flexible sublinks with a length of L,/v,and
deformable as parabolic arcs. Consequetly the elastic energy of the i-th link results

1
ui:EKi(ﬂfi+"'+ﬁz)2,i)’ (67)
where
K -t (68)
L /v,

is the stiffness of the flexible sublinks.
Therefore the vector of the elastic torques is

7 =[0K,py K1ﬂ21"'K1,Bv11 0K, 8, Ky By -+ K, vzz"'o K. B, Knﬂ2n”.Knﬂv”n ]T . (69)

Remark 7. The proposed method is simple to apply, is very efficient from a computational
point of view and it provides a model with null error when the control and disturbance
torques are constant. For control actions and disturbances, also in forces, with a fixed and
limited band-pass, this model provides an error strongly decreasing when the number of
sublinks increase. This fact clearly emerges from the following example.

5.2 Example: Modeling of a Single-Link Flexible Arm

Consider a flexible robot with a single flexible link (see Fig. 14).

If the link is a steel bar with a length of L=2m and with a squared section of side
[=0.01m =1cm , the first five frequencies computed with the theoretic formulae:

_|El =«
Y\ m 3212

(4i+1)?, i=1,2,-,5 (70)
where E is the modulus of elasticity of Joung (= 10" N /m?*), I=1*/12 is the moment of

inertia of the section respect to the deflection axis and m =7876/°Kg/m is the mass per unit
length of the link, are:
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f=631, 204, 42.7, 73.0, 111.3 Hz. (71)

Fig. 14. Schematic representation of a single-link flexible arm.

The frequencies obtained with the proposed method, dividing the link into five and ten
flexible sublinks, respectively result:

£ =631, 204, 41.9, 65.6, 90.8Hz (72)

£=631, 204, 42.6, 72.77, 110.5Hz . (73)

Stressing the link with C.=-1Nm,C,=1Nm,F,=0N, if #=0, the theoretic values of
a and ¢ are:

2
a=Lc 1375, s-L
EI 2EI

C,=2.40cm . (74)

It is worth noting that these values and the ones obtained using the proposed method are
coincident Vv >1 (Celentano, 2007).
Applying to the link C.,=-2Nm,C,=0Nm,F,=1N, if §=0, the theoretic values of

a and ¢ result:

2 3
L p 1375, 5-L
2EI 3EI

a F,=3.20cm . (75)
The first value (the orientation angle of payload due to the arm deflection) and the ones
computed with the proposed method Vv >1 are coincident, while the second value (the
motion of the payload due to the arm deflection) obtained using the proposed method has a
relative error of (Celentano, 2007)

(76)

1 [ 001=1%, if v=5
% = T 7 T 120.0025 = 0.25%, if v =10.

6. Conclusion

In this chapter an innovative method for robots modeling and simulation, based on an
appropriate mathematical formulation of the relative equations of motion and on a new
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integration scheme, has been illustrated. The proposed approach does require the
calculation of the inertia matrix and of the gradient of the kinetic energy only. It provides a
new analytical-numerical methodology, that has been shown to be simpler and numerically
more efficient than the classical approaches, requires no a priori specialized knowledge of
the dynamics of mechanical systems and is formulated in order to allow students,
researchers and professionals to easily employ it for the analysis of manipulators with the
complex-shaped links commonly used in industry.

In the case of planar robots with revolute joints, theorems have been stated and proved that
offer a particularly simple and efficient method of computation for both the inertia matrix
and the gradient of the kinetic energy. Then a comparison has been made in terms of
efficiency between the proposed method and the Articulated-Body one.

Moreover, for spatial robots with generic shape links and connected, for the sake of brevity,
with spherical joints, several theorems have been formulated and demonstrated in a simple
manner and some algorithms that allow efficiently computing, analytically the inertia
matrix, analytically or numerically the gradient of the kinetic and of the gravitational energy
have been provided. Furthermore, also in this case a comparison of the proposed method in
terms of efficiency with the Articulated-Body one has been reported.

Finally, a methodology for flexible robots modeling, that allow obtaining, quite simply,
accurate and efficient, from a computational point of view, finite-dimensional models, has
been provided. This method is illustrated with a very significant example.
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