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Chapter

Abel and Euler Summation
Formulas for SBV(R) Functions

Sergio Venturini

Abstract

The purpose of this paper is to show that the natural setting for various Abel and
Euler-Maclaurin summation formulas is the class of special function of bounded
variation. A function of one real variable is of bounded variation if its distributional
derivative is a Radom measure. Such a function decomposes uniquely as sum of
three components: the first one is a convergent series of piece-wise constant func-
tion, the second one is an absolutely continuous function and the last one is the so-
called singular part, that is a continuous function whose derivative vanishes almost
everywhere. A function of bounded variation is special if its singular part vanishes
identically. We generalize such space of special function of bounded variation to
include higher order derivatives and prove that the functions of such spaces admit a
Euler-Maclaurin summation formula. Such a result is obtained by deriving in this
setting various integration by part formulas which generalizes various classical Abel
summation formulas.

Keywords: Euler summation, Abel summation, bounded variation functions,
special bounded variation functions, Radon measure

1. Introduction

Abel and the Euler-Maclaurin summation formulas are standard tool in number
theory (see e.g. [1, 2]).

The space of special functions of bounded variation (SBV) is a particular subclass
of the classical space of bounded variation functions which is the natural setting for
a wide class of problems in the calculus of variations studied by Ennio De Giorgi and
his school: see e.g. [3, 4].

The purpose of this paper is to show that this class of functions (and some
subclasses introduced here of function of a single real variable) is the natural
settings for (an extended version of) the Euler-Maclaurin formula.

Let us describe now what we prove in this paper.

In Section 2 we obtain some “integration by parts”-like formulas for functions of
bounded variations which imply the various “Abel summation” techniques (Propo-
sitions (0.6), (0.7), and the relative examples) and in Section 3 we give some
criterion for the absolute summability of some series obtained by sampling the
values of a bounded variations function.

The last section contains the proofs of the main result of this paper (Theorem
(0.1)) that we will now describe.

We denote by C'(R) (resp. C*([a,b])), L}(R) and L™ (R) respectively the space of
continuously differentiable functions (resp. k-times differentiables functions on the
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closed interval [a, b]), the space of Lebesgue (absolutely) integrable functions and
the space of essentially bounded Borel functions on R.
Givenf : R — Candx € R we set

f&) = lim e+ h), M
f) = limflx+ ), @
F (x) =) — ) 3)

We denote by BV(R) the space of bounded variation complex functions on R;
we refer to [5, 6] for the main properties of functions in BV(R).

Any real function of bounded variation can be written as a difference of two non
decreasing functions. It follows that if f € BV(R) then f(x"), f(x~) and &f (x) exist
for each x € Rand the set {x €R|§f(x) # 0} is an arbitrary at most countable subset
of R. Moreover, the derivative f'(x) exists for almost all x €R and f'(x) € L'(R).

Letf € BV(R). We denote by df the unique Radon measure on R such that for
each open interval Ja,b[CR

df (Ja,b]) =f(a~) —f(b"). (4)

We recall that f is special if for any bounded Borel function u

| werdp) = | i i+ Y utxrof o). (s)

R x €R

We denote by SBV(RR) the space of all special functions of bounded variation.
We also say that f € BV ,.(R) (resp. f € SBV},.(R)) if for eacha,b €R, witha <b
the function

0 if x<a or x>b,
flx) = { (6)
f(x) if a<x<b,
is in BV(R) (resp. SBV(R)).
We define SBV”(R) inductively setting
SBV'(R) = SBV(R), (7)
and for each integer n>1
SBV*(R) = { f €SBV(R)|f' eSBV" ' (R)} (8)

We denote by B, and B, (x), n = 1,2, ... respectively the Bernoulli numbers and
the Bernoulli functions. Let us recall that

0 if x €Z,

Bi(x) = 1 9)
x — [x] ~3 it x eR\Z,

where [x] stands for the greatest integer less than or equal to x and B, (x), n =
2,3, ... are the unique continuous functions such that
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B,(x +1) = By(x), (10)
B! (x) = nB,_1(x), (11)
JoBn(x)dx = 0. (12)

Moreover By, 1 = 0 forn>0 and B, = B,,(0) for n > 1.
The main results of this paper is the following theorem.

Theorem 0.1 Let f € SBV"(R), m >1 and supposef, ,f(m) € L'(R). Then

Zf )J

n ez

()8 (x)

x €R k=1

(13)
(_1)m—1
m!

. JRBm (o) F ™ (x)dx.

Remark. The sum “) _.” in the right hand side of the above “Euler-Maclaurin
formula” (13) is actually a sum over the subset of the x €R such that some of the

terms By (x)56f *-1)(x) do not vanish. We point out that such a set can be an arbitrary
at most countable subset of R.

Remark. Let p and ¢, p <q be two integers and let f be a function of class C” on
the interval [p, q]. Set f(x) = 0 when x is outside of the interval [p,g|. Then the
classical Euler-Maclaurin formula (see, e.g. Section 9.5 of [7])

q9— m
S = [+ 3 (£ 0 - 4 0)
k=1 """

i - (14)
+ (_1)737” er (x)f(m) (x)dx,

|
m: P

follows easily from Theorem 0.1.
Remark. Any f € BV(R) decomposes uniquely asf = f, + f, + f5, where f(x)
can be written in the form

1) =) ,(x) (15)

where each ¢, (x) is a piece-wise constant function, f,(x) is an absolutely
continuous function and f;(x) is a singular function, that is f;(x) is continuous and

fi) = O foralmost all x €R. Thenf = f, + f, + f is special if, and only if, f; = 0
and in this case, for each bounded Borel function u(x),

J x)df () = > u(x)8f (x) (16)

x €R
fR”( )f 5(x j]R (17)

In this paper we do not need of the existence of such a decomposition.

2. Integration by parts formulas

Our starting point is the following theorem:



Coding Theory - Recent Advances, New Perspectives and Applications

Theorem 0.2 Letf,g : R — C two complex function. Assume that
f €BV(R)NL*(R) and g €BV,,.(R) nL*(R). Then

| £ gt + | gteraf) =, (0
| £ g + | graf) =, (19
[ O g [ £ i o o

Proof: Let a,b €R with a <b. Theorem 7.5.9 of [5] yields

j] S Hgl) + j] SO =07 g) —fla e (21)

J}a’b[ﬂx)dg(x) +]

Ja,

b[g(xﬂdf (x) =f(b )g(b") —f(a")gla”). (22)

Since f € L'(R) then necessarily

lim f(b7) = lim f(a*) = 0. (23)

bh——+od

Since g € L”(R) then g(x™) and g(x~) are bounded and we also have

lim f(b )g(b™) = lim f(a*)g(a®) = 0. (24)

b—+oo

and hence one obtains the formulas (18) and (19) taking the limits asa — —oo
and b — oo respectively in (21) and (22).

Formula (20) is obtained summing memberwise (18) and (19) and dividing by
two. ]

Next we prove:

Theorem 0.3 Letf,g : R — C two complex function. Assume that

f €BV(R)nL*(R) and g € SBV,,.(R)NL*(R) and suppose that g’ € L (R). Then

| g + Y e + | s =0, @9)
R x €R R
| feg s+ 3o ) + | gt =0, @6)
R x eR R
, )+ §6) +6) o
J e s+ 3 IR gty + | S8 g <0, a1
where

Si=lim Y (28)

x eR Z:;:a <x<b

Moreover, if the function f also is continuous then
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| feg s+ | gt o, (29)
R R
Proof: Givena,b €R, a <b set
0 x<a,
gla,b,x) =< g(x) a<x<b, (30)
0 x>b.

The function k(x) = g(a, b, x) is in SBV(R) nL*(R). Hence, formula (18) yields

Jf(x*)dh(x) —|—J h(x™)df (x) = 0. (31)
R R
Since h € SBV(R) we have
b
Jfeiane = [ g e+ Sremann. G
a x €R

Butf(x") =f(x) for almost all x € R and hence

J Fe)dh(x) = J x)dx + 3 f(x")dg(a, b, ) (33)
R x €R
which combined with (31) yields
b
x)d. Vog(a, b, ,b,x7)d = 0. 34
[ Folg i + S ragtanbi) + | glanbix )af) (34)

a x €R

Using the definition of g(a, b, x) we have

S f )l bx) =flagla) + Y flx")og(), (35)

x €R a<x<b
and hence
b
> flrt)agle) = ~fla"lgla”) = | fxlg/)ds | glarbix ). 36)
a<x<b a

As in the proof of the previous theorem we have

Nim f(a")g(a™) = 0. (37)

Since f € LY(R) and g’ € L*(R) then fg' € L'(R) and hence

b
lim Jf(x)g’(x)dx = JRf(x)g/(x)dx. (38)

a——o Jg

b— o0

The Radon measure df (x) is bounded and the functions x — g(a, b, x™) are
equibounded with respect to a and b; by the Lebesgue dominated convergence we have
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tim | gla,b,x)if () = | o)), (39)

From (36) it follows that

lim 3 F )t = 3 )agx) = —ij<x>g’<x>dx - J gl )df(x) (40)

IR <x<h x €R R
bh—+oc0

which is equivalent to (25).

The proof of (26) is obtained in a similar manner using (19) instead of (18), and
(27) is obtained summing memberwise (25) and (26) and dividing by two.

If the function g is continuous then g(x*) = g(x~) = g(x) for each x €R,

S Fa)sx) = o, (41)

x €R

and (29) follows from, e.g., (25).

[
Example. This example shows that in the hypoteses of Theorem (0.3) the series
D fl")gx) (42)
x €R

is not, in general, absolutely convergent. Indeed, set

0 if x<1/2,
Flo) = {1/x2 if x;1;2, (43)
and
1 if V2Zn—1<x<v2n, n €Z,
g(x):{o if V2n<x<v2n+1, n €Z. (“44)
Then the integral
+oo 0\/2n +o00 1
[ S eemae=3 | g ==Y sl @9
is absolutely convergent, but the series
> gt = 3 (46)
xe n—

is convergent but not absolutely convergent.
We also have the following theorem.
Theorem 0.4 Letf,g : R — C two complex function. Assume that

f €SBV(R)nLY(R) and g € SBV},.(R) NL™(R) and suppose that g’ € L(R). Then

| gian + | foxigore+ S orrlgle) + 3 Fx ) = 0, (4)

x €R x €R
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| g + | Flrigeax + S ofxlgle) + 30 F g =0, (49)

x €R x €R

[ rigeas+ | pwg e+ 8 E Dy

x €R

(49)

+> S x+ )5g(x) =

x €R

where

Z/: lim Z (50)

x €R Z*;:a <x<b

If the function g also is continuous then

| Fgear + | fog e+ S —o. s

R x €R

Proof: Let f and g be as in the theorem. By formula (26) we have

| fegear + Y ro e + | goridrm 0. G

x €R

Since f € SBV(R), using the fact thatg(x™) = g(x) for almost all x € R, we obtain

[ s6ar ) = | gt v+ gt (53)

x €R

Then (52) and (53) yvield (47). Formulas (48) and (49) are obtained in a similar
manner using respectively Formulas (25) and (27) instead of (26).
If the function g is continuous then g(x*) = g(x~) = g(x) for eachx €R,

S Fx)sx) = o, (54)

x €R

and (51) follows from, e.g., (47). O
Theorem 0.4 generalizes to high order derivatives.
Theorem 0.5 Letf,g : R — C two complex function. Let m > 0 be a positive

integer. Assume that f € SBV"”(R) withf, ... ,f(m) €LY(R) and g € SBV}".(R) with
g5 g™ €L*(R). Then

<—1><m‘”j £ (x)g () + ij<x>g<’"><x>dx

R

+Z Z k 15fk 1) )g(m—k)(x-‘r) (55)

x €ER k=1

FS N ) Y =0,

x €R k=1
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(0| lglard + | flalg™ )

+Z Z k 15fk 1) )g(mfk)(xf) (56)
x €R k=1
Y (R (g R ) = 0,
x €R k=1
(—U“””JRf(’”) () (x)dx + ijoc)g“") (x)dx
0 (m—Fk) x) 4+ (m—k) X+
+x%; k 15fk )g ( )2g ( ) (57)

+Z’ i (1) FEV () + FE Y () 52 (x) — 0,

x €ER k=1 2

Proof: We prove first the formula (55). The proof is by induction on 7. When
m =1 (55) reduces to (47). Assume that (55) holds for m — 1, that is

<—1><m2>J £ (g () + j F)gt Y (x)dx

R R
+Z Z k 15fk 1) )g(m—k—1)<x+) (58)
x €R k=1
m—1
3N )R Y ()™ R D (x) = 0.
x e€R k=1

Replacing f with f', k with k + 1 and changing the sign we obtain

([ gl — | f g V)

R

+Z Z k 16fk 1) )g(m—k)(x+) (59)

x €R k=2

+Z, Xm: (=)} LFED ()5 ™R (x) = 0.

x €R k=2

Replacing g with g(’"’l) in (47) we obtain

ij/ (xlg™ Y (el + [ Flxlg” (o)

R

+) g™ V) + Y Fla)E V) =o.

x €R x €R

(60)

Summing (59) and (60) we obtain (55).
The proofs of (56) and (57) are similar.
[
We say that a function f €SBV, (R) is a step function if f'(x) = 0 for almost
every x €R.
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The following propositions are easy consequences of Theorem (0.4).

Proposition 0.6 Let [#,v] CR be a bounded closed interval and let f be an
absolutely continuous function on the closed interval [u,v]. Let g € SBV},.(R) be a
step function. Then

[ 7 wgax = i) —fagat) ~ 3 foml. @)

u u<x<v

Proof: First we extend the functions f as zero outside of the interval [u,v]. We
may also assume that the function g is zero outside of a bounded open interval
containing the closed interval [u,v]. Observe that then f(u™) =f(u),f(v™) =f(v)
andf(u~) =f(v") = 0 and therefore &f (u) = f(u), 6 (v) = —f (v) and § (x) = O for
x # u,v. By (47), we have

JRf’(xlg(x)dx - ij<x>g'<x>dx + Y o) + gl )f(x) = 0. (62)

x €R x €R

Since g is a step function then g’(x) = 0 for almost all x € R and hence it follows
that

| £ g == 3"t ago) - St e (63)

R x €R x €R

The function f by construction has compact support, and hence, asf(v*) = 0,
we have

> F)ogle) =f ) eu") —gw ) + > flat)ag(x)

x eR U<x<v

=fwgw®) —flwgu )+ > flx")d(x),

u<x<v

(64)

and

> g ) (x) =g )of (u) +g(v)of (v) =f(w)g(u™) —f(v)g(v™).  (65)

x €R

Summing memberwise the last two formulas we obtain

S F)og)+ Y gl )of (x) = ~f(0)gw) +fwlg(u’)

x €eR x eR (66)
+ Y fle)ag(x),
u<x<v
as desired. ]

Proposition 0.7 Let f,g € SBV},.(R) be two step function. Let [#,v] CR be a
bounded closed interval. Then

Y g (x) =fv7)glvT) —fugu™) = Y flx)d(x). (67)

u<x<v u<x<v

Proof: Set both the functions f and g to zero outside the closed interval [, v].
Then formula (47) yields
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> fle")dg(x) + > gl )of (x) = 0. (68)
x €R x €R
But then
D fleh)dgx) =fuhgw™) + D flxt)aglx), (69)
x €R u<x<v
and
D gl ) (x) = —f(0 g )+ > gl ) (x); (70)
x €R Uu<x<v
hence
f@gw) + Y flahagx) —f g )+ Y gx)fx)=0,  (71)
which is equivalent to (67). ]

Example 1. (Abel summation I) Let (a,), # €Z be a sequence of complex
numbers such that a,, = 0 for n < < 0. Then the function

Alx) =) a, (72)

n<x

is a step function in SBV,.(R). If f € C'[u,v] then Proposition (0.6) yields
Jf'(x)A(x)dx =fWA@ ) —f(u)Au") — Z f(n)a,. (73)

Example 2. (Abel summation II) Let (a,), (b,), n € Z be two sequence of complex
numbers. Let f,g — C be defined respectively setting f (x) = a, and g(x) = b, when
n<x<n+1,n €Z. Clearly f,g €SBV),.(R) and they are two step functions. Let be
given two integers p and g, p <q. Setu = p and v = q + 1. Then it is easy to show that

q
> g () = Y bulan —ay 1) (74)
u<x<v n=p+1
and
q
ST Fe)sEE) = > aua(ba — ba); (75)

u<x<v n=p+1

hence, Proposition (0.7) yields

q 9q
> bulay — an-1) = aghy — ayby — > an_1(by — bus). (76)
n=p+1 n=p+1

3. Sampling estimates
In this section we give some conditions which ensures the absolute convergence

of series of the form ), _z( f(x~) +f(x"))/2 where f is a function absolutely
integrable of bounded variation and E is a countable subset of R.

10
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The basic estimate is given in the following lemma.

Lemma 0.8 Let A CR be an open subset and let F C A be a finite subset of A.
Assume that there exist 2 > 0 such that

X1,X2 EF, X1 #XZ = |X1 —x2|2ﬂ,
x €F, y eR\A = |x —y|>a/2.

Then, for any complex functionf € BV(R)NL'(R) we have

f) +6)
2"

x €F

1 1
< ;JA If (x)|dx + EJA |af |(x)

Proof: Let define

0, it x<—-1/2 or x=0 or x>1/2,
gx) =< x+1/2, if —1/2<x<0,
x—1/2, if 0<x<1/2,

and set

For each x €R we have

By Eq. (27)

- LI 6 — | fi6 i+ | G

x eR
We also have

-1 if x €F,

5G(x) = {0 if x €R\F,

which implies

) sy f) )

x €R x €F
Set

E=UJx—a,x+al.

x €F
Then FCECA and

1/a if x €E,

Glx) = {0 if x €R\E,

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(86)
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and hence
, 1
J F)G (x)dx = —J F(x)dx. (87)
R aJE
Moreover we have G(x) = 0 if x € R\E and hence

yo S )—Jf(x>G’(x)dx+JRG(x)df(x)

b R
€F (88)

u| 2] Fl)dx + JEG(x)df(x).

E

Taking modules, and observing that |G(x)| <1/2 for each x € E, we obtain

Zf x")

x €F

< alewxndx 4 jE|G<x> Idf ).

59)
<2 | e +3 [ i

as required.

Corollary 0.9 Let f € BV(R) nL!(R) and let E C R be a countable subset. If there
exists a real constant 2 > 0 such that for each pair of distinct x1,x, € E we have
|x1 — x2| >a then

flx) +f (=)
2

< + oo. (90)

D

x €E

Proof: It suffices to choose A = R; lemma (0.8) yields easily the assertion.

[

4, Proof of Theorem 0.1

Inserting B, (x) instead of g, (x) in formula (57) of Theorem 0.5 we easily obtain

Zf )J

n ez

()3f 7V (x)

x €R k=1

(91)
(_1)m—1
m!

+ JRBm (s0) £ ().

By Corollary 0.9 it follows that

Z 1 fmt Z f( ”+ n-) (92)

n ez n ez

is an absolutely convergent series, and hence Theorem 0.1 follows.

12
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