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Chapter

More Functions Associated with
Neutrosophic gsa*- Closed Sets in
Neutrosophic Topological Spaces

P. Anbarasi Rodrigo and S. Maheswari

Abstract

The concept of neutrosophic continuous function was very first introduced by A.A.
Salama et al. The main aim of this paper is to introduce a new concept of Neutrosophic
continuous function namely Strongly Neutrosophic gsa* - continuous functions,
Perfectly Neutrosophic gsa™ - continuous functions and Totally Neutrosophic gsa™ -
continuous functions in Neutrosophic topological spaces. These concepts are derived
from strongly generalized neutrosophic continuous function and perfectly generalized
neutrosophic continuous function. Several interesting properties and characterizations
are derived and compared with already existing neutrosophic functions.

Keywords: Neutrosophic gsa*- closed set, Neutrosophic gsa*- open set, Strongly
Neutrosophic gsa*- continuous function, Perfectly Neutrosophic gsa*- continuous
function, Totally Neutrosophic gsa*- continuous function

1. Introduction

The concept of Neutrosophic set theory was introduced by F. Smarandache [1]
and it comes from two concept, one is intuitionistic fuzzy sets introduced by K.
Atanassov’s [2] and the other is fuzzy sets introduced by L.A. Zadeh’s [3]. It includes
three components, truth, indeterminancy and false membership function. R.
Dhavaseelan and S. Jafari [4] has discussed about the concept of strongly general-
ized neutrosophic continuous function. Further he also introduced the topic of
perfectly generalized neutrosophic continuous function. The real life application of
neutrosophic topology is applied in Information Systems, Applied Mathematics etc.

In this paper, we introduce some new concepts related to Neutrosophic gsa* —
continuous function namely Strongly Neutrosophic gsa* — continuous function,
Perfectly Neutrosophic gsa* — continuous function, Totally Neutrosophic
gsa™ — continuous function.

2. Preliminaries

Definition 2.1: [5] Let P be a non-empty fixed set. A Neutrosophic set H on the

universe P is defined as H= {(p, (tu(p),in(#), fx(»))) : # € P} where
ti(p),iw(p), fip(p) represent the degree of membership function ¢ (p), the degree
of indeterminacy iy () and the degree of non-membership function f;(#) respec-
tively for each element p € P to the set H. Also, tir, ir, fip : P —]70,17[and ~ 0
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<t (p) +ix(p) + fi;(p) <3". Set of all Neutrosophic set over P is denoted by

Neu(P).
Definition 2.2: [8] Let P be a non-empty set.

A ={(2, (sl ) 4(®)f4(®)):pEP}and B =
{< P> (tB(ﬁ), ;9)) > pEe IP} are neutrosophic sets, then

. A CBifrx(p)<ts(p),ix(p)<is(@),f x(»)>[fg(p) forallp €P.

ii. Intersection of two neutrosophic set A and B is defined as A NB =

{{, (min (tx (2),ts(p)), min (ix (p),is(p)), max ( f (#), f(®))) ) :
p € P}

ili. Union of two neutrosophic set A and B is defined as A UB = {( p, (max (¢ «

(#),t8(p)), max (ix (p),is(p)), min ( f 5 (2), f(#)))) : p € P}.
iv. K= {(p,(fx (@) 1-ix(®):tx(p)) ) : p €P}.

v. Oy, = {(2,(0,0,1)) : pE€P}and 1y, = {(p,(1,1,0)) : p € P}.

Definition 2.3: [5] A neutrosophic topology (N, T) on a non-empty set P is a
family 7y, of neutrosophic sets in [P satisfying the following axioms,

1. ONeu’ 1Neu € TN,, -
ii. A1n A, €TNm for any A4, A, €TNeu'
iii. [JA; € 7y, for every family { A;/i € Q} C pn,,.

In this case, the ordered pair (P, 7, ) or simply PP is called a neutrosophic
topological space (N,, TS). The elements of 7y, is neutrosophic open set (N,, — OS)
and 7y, ° is neutrosophic closed set (N,, — CS).

Definition 2.4: [6] A neutrosophic set A in a N,, TS (P, 7y, ) is called a
neutrosophic generalized semi alpha star closed set (N,,gsa* — CS) if N,a —
int(Neya — cl( K)) CN,, —int(G), whenever A C G and G is N,,a* — open set.

Definition 2.5: [7] A neutrosophic topological space (P, zy,, ) is called a
Negsa™ — Tl/z space if every N, gsa* — CSin (P, 7y, ) isa N,, — CSin (P, 7n,,).

Definition 2.6: A neutrosophic functionf : (P, zy,,) — (Q, oy, ) is said to be

1. neutrosophic continuous [8] if the inverse image of each N, — CSin (Q, on,,)
isaN,, — CSin (P,zy,,).

2. N, gsa* — continuous [7] if the inverse image of each neutrosophic closed set
in (Q,on,,) is a Nogsa* — closed set in (P, 7y, ).

3. Nygsa™ — irresolute map [7] if the inverse image of each N,,gsa* — closed set
in (Q,on,,) is a Nogsa* —closed set in (P, 7y, ).

4. strongly neutrosophic continuous [4] if the inverse image of each
neutrosophic set in (Q, oy, ) is both N, — OS and N,,, — CS in (P, 7y, ).

5. perfectly neutrosophic continuous [4] if the inverse image of each N,, — CS in
(Q, on,,) is both N, — OS and N,,, — CS in (P, 7, ).
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Definition 2.7: [9] Let 7y, = {On,,, 1n,, } is a neutrosophic topological space
over P. Then (P, 7y,,) is called neutrosophic discrete topological space.

Definition 2.8: A neutrosophic topological space (P, 7y, ) is called a
neutrosophic clopen set (N,,—clopen set) if it is both N, — OS and N,, — CS in
(P, TN.,, ) .

3. Strongly neutrosophic gsa * -continuous function

Definition 3.1: A neutrosophic functionf : (P, 7y, ) — (Q, on,,) is said to be
strongly N,,gsa™ — continuous if the inverse image of every N, ,gsa® — CS in
(Q,0n,,) isaN,, — CSin (P,7y,,). (ie) f'(A)isa N, — CSin (P, 7y, ) for every
Ngsa* — CS Kin (Q,on,,).

Theorem 3.2: Every strongly N,,gsa* — continuous is neutrosophic continuous,
but not conversely.

Proof:

Letf : (P, 7w, ) — (Q, 0w, ) be any neutrosophic function. Let A be any N, — CS
in (Q, on,, ). Since every N, — CS is N gsa* — CS, then A is N gsa™ — CS in
(Q, on,,)- Since f is strongly N,,gsa* — continuous, then f _1( K)isN,, — CSin
(P, 7y, ). Therefore, f is neutrosophic continuous.

Example 3.3: Let P ={p} and Q ={g}. 7n,, = {On,,, IN,,, A } and oy, =
{On,,>1n,,,B} are N, TS on (P, 7y, ) and (Q, on,, ) respectively. Also
A= {(p,(0.6,0.4,0.4))} and B= {(g,(0.4,0.6,0.2))} are N,,(P) and N,,(Q).
Defineamapf : (P,7n,,) — (Q,0on,,) by f(#) =g + 0.2. Let B =
{(4,(0.2,0.4,0.4))} be aN,, — CS in (Q, 0y, ). Then f'(B°) =
{(»,(0.4,0.6,0.6))}. Now, N, —cl( f'(B)) = A°Nly, = A° = f '(B°) =
f1(B°) is N,, — CSin (P, 7y, ). Therefore, f is neutrosophic continuous, but f is not
strongly N,,gsa* — continuous. Let ¢ = {(¢,(0.1,0.2,0.8 ))} be a N gsa® — CSin
(Q,0n,,)- Then f1(€) = {(p,(0.3,0.4,1))}. Now N, —cl( f(€)) =
KNy, = A4 (¢)= f(¢)isnot N,, — CSin (P,z,,).

Theorem 3.4: Letf : (P, 7y,,) — (Q, on,,) be strongly N,,gsa* — continuous iff
the inverse image of every N, gsa* — OS in (Q, on,,) is No, — OS in (P, 7, ).

Proof:

Assume that f is strongly N,,gsa* — continuous function. Let A be any
Negsa® — 0S in (Q,on,, ). Then A€ is Nogsa® — CS in (Q, oy, ). Since f is strongly
N,gsa™ — continuous, then fﬁl(A”) isNg — CSin (P, 7y,,) = (ffl(A))C isN,, —
CSin (P,zy,) = f '(A)is N,, — OS in (P, zy,, ). Conversely, Let A be any
Ngsa* — CSin (Q,on,, ). Then A€ is N,gsa® — OS in (Q, oy, ). By hypothesis,
fH(A)is N, —OSin (B, zy,,) = (f(K)) is Ny — OSin (P,zy,) = f(A) is
N, — CSin (P, 7y, ). Therefore, f is strongly N,,gsa* — continuous.

Theorem 3.5: Every strongly N,,gsa* — continuous is N,,gsa* — continuous, but
not conversely.

Proof:

Letf : (P, 7w, ) — (Q, 0y, ) be any neutrosophic function. Let A be any N,,, — CS
in (Q, o, ). Then A is N,gsa® — CS in (Q, oy, ). Since f is strongly N,,gsa* —
continuous, then f '(A)isaN,, — CSin (P,zy,) = f '(A)is Nygsa* — CS in
(P, 7y, ). Therefore, f is N,,gsa® — continuous.

Example 3.6: Let P = {p} and Q ={g}. v, = {On,,,In,,, A } and oy, =
{On,,>1n,,,B} are N, TS on (P, 7y, ) and (Q, on,, ) respectively. Also
A ={(p,(0.4,05,0.7))} and B = {(g, (0.6,0.8,0.4))} are N,,(P) and N, (Q).
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Define amapf : (P,7n,,) — (Q,0n,,) by f(#) = ¢. Let B° = {(g,(0.4,0.2,0.6)) } be
aN,, — CSin (Q,oy,). Then f(B°) = {(p,(0.4,0.2,0.6))}. N,,a* — OS =
Neu(l —0S = {ONM’ 1Neu’ A} and Neu(l —CS = { ONm, 1Nm, A€ }
Nea—l (f71(B)) = A°n1y, = A°. Now, Nya — int( Neya — cl( f1(B9))) =
A CN,, —int(1y,) = 1y, whenever f '(B°) C 1y, = f '(B) is Nygsa* — CSin
(P, 7n,, ). Therefore, f is N, gsa* — continuous. But f is not strongly
N,gsa* —continuous. Let ¢ = {(¢,(0.3,0.1,0.7 ))} be a N, gsa* — CS in (Q, on,, ).
Then f'(¢) = {(#,(0.3,0.1,0.7))}. Now N, —cl( f (€)) = A° N1y, = A° #
FH¢)= f(¢)isnot N, — CSin (P,7p,,).

Theorem 3.7: Every strongly neutrosophic continuous is strongly N,,gsa* —

continuous, but not conversely.
Proof:
Letf : (P,zn,,) — (Q,0n,,) be any neutrosophic function. Let A be any

N,gsa* — CSin (Q, oy, ). Since f is strongly neutrosophic continuous, then f'( A)
is both N,,, — OSand N,, — CSin (P,zy,,) = f '(A)is N, — CSin (P, zy,, ). Hence,
f is strongly N,,gsa* — continuous.

Example 3.8: LetP :{;7} and Q :{q.} TN, = {ON,_,M: 1N€u, A, @} and ON,, =
{Ow,,»1n,,,B} are N, TS on (P, 7y, ) and (Q, oy, ) respectively. Also
K= {(p,(0.4,0.6,0.2))}, ¢ = {(p,(]0.4,1],[0.6,1],[0,0.2]))} and B =
{{(4,(0.4,0.6,0.2))} are N,,(PP) and N,,(Q). Define amap f : (P,7y,,) — (Q,0n,,)
byf(p) = q.Let 7 ={(g, ([0,0.2],[0,0.4],[0.4,1])) } be a Ny gsa* — CSin (Q, on,,)-
Then £ '(T) = {{p, ([0,0.2],[0,0.4],{0.4,1])) }. Now N,, — cl( f ' (T)) =
AN ¢ N1y, = €° = f(T). Therefore, f is strongly N,,gsa* — continuous. But f
is not strongly neutrosophic continuous. Let E= {( g, (0.4,0.6,0.2))} be a
neutrosophic set in (Q, o, ). Then £ (E) = {(p, (0.4,0.6,0.2))}. Now N,, —
int( f'(B)) =On, UK = K =f "(B) = f '(B) is N,, — OSin (P, 7y, ). Also
N —cl( fY(B)) =1y, # f (E) = f '(E) is not N, — CSin (P, z,,). Therefore,
f'(E) is not both N,,, — OS and N,,, — CS in (P, 7, ).

Remark 3.9: Every strongly neutrosophic continuous is N,,gsa* — continuous,
but not conversely. (by Theorem 3.5 & 3.7).

Theorem 3.10: Letf : (P,7n,,) — (Q, on,,) be neutrosophic function and
(Q, on,,) be Neygsa™ — Ty, space. Then the following are equivalent.

1. f is strongly N,,gsa* — continuous.

2. f is neutrosophic continuous.

Proof:

1. = (2), Proof follows from theorem 3.2.

2. = (1), Let A be any N, gsa™ — CS in (Q, oy, ). Since (Q, oy, ) is Ne,gsa™ — Ty,
space, then A is N, — CS in (Q, oy, ). Since f is neutrosophic continuous,
then £ '(A) is N,, — CS in (P, zy,, ). Therefore, f is strongly N,,gsa* —
continuous.

Theorem 3.11: Letf : (P, 7y, ) — (Q, on,,) be N, gsa™ — continuous. Both
(P,7y,,) and (Q, on,,) are N, gsa™ — T% space, then f is strongly N, gsa™* —
continuous.
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Proof:

Let A be any N,,gsa* — CS in (Q, on,, ). Since (Q, on,,) is Negsa™ — T1/2 space,
then A is N, — CS in (Q, oy, ). Since f is N,,gsa* — continuous, then f'( A) is
Negsa® — CSin (P, 7w, ). Since (P, 7w, ) is Neygsa™ — Ty, space, then FHA)is
N,, — CSin (P, 7y, ). Therefore, f is strongly N,,gsa* — continuous.

Theorem 3.12: Letf : (P, 7y, ) — (Q, on,, ) be strongly N,,gsa* — continuous,
then f is N,,gsa* — irresolute.

Proof:

Let A be any N,gsa* — CS in (Q, oy, ). Since f is strongly N,,gsa* — continuous,
then f (&) is N,, — CSin (P, 7y, ) = f '(A)is Nygsa* — CSin (P, zy,,). Hence, f
is Ngsa™* — irresolute.

Theorem 3.13: Letf : (P, 7y, ) — (Q, on,,) be Nygsa™ — irresolute and (P, 7y, )
be Neygsa™ — T, space, thenf is strongly Negsa™ — continuous.

Proof:

Let A be any N,,gsa* — CSin (Q,on,,). Since f is N,,gsa* — irresolute, then
f_l(A) is Neygsa™ — CSin (P, 7y, ). Since (P, 7w,,) is Neygsa™ — T, space, then
f(K)isN,, — CSin (P, 7y, ). Therefore, f is strongly N,,gsa* — continuous.

Theorem 3.14: Letf : (P, 7y,,) — (Q,0n, ) andg : (Q,0n,,) — (R, 7y, ) be strongly
N.,gsa* — continuous, thengof : (P, 7y,,) — (R, 7y, ) is strongly N,gsa* — continuous.

Proof:

Let A be any N, gsa* — CS in (R, me). Since g is strongly N,,gsa* — continuous,
theng *(A)isN,, — CSin (Q,on,,) =g (A) is Nygsa* — CS in (Q, oy, ). Since f
is strongly N,,gsa* — continuous, then f (g"1( A)) = (gof ) (A ) is N,, — CS in
(P, 7n,,). Therefore, gof is strongly N,,gsa* — continuous.

Theorem 3.15: Letf : (P, 7y,,) — (Q, on,,) be strongly N,,gsa* — continuous and
g:(Q,on,) — (]R, 7Neu) be N, gsa* —continuous, then gof : (P, 7y, ) — (R, )/Nm) is
neutrosophic continuous.

Proof:

Let A be any N,, — CS in (R, yy,_ ). Since g is N,,gsa* — continuous, then g (A )
is Npgsa™ — CSin (Q, oy, ). Since f is strongly N,,gsa™ — continuous, then
f g Y(A)) = (gof ) '(A) is N — CS in (P, zy,, ). Therefore, gof is neutrosophic
continuous.

Theorem 3.16: Letf : (P, 7y,,) — (Q, on,, ) be strongly N,,gsa* — continuous and
2:(Q,0on,) — (R,yy. ) be Nygsa® — irresolute, then gof : (P,7,,) — (R,7y, ) is
strongly N,,gsa* — continuous.

Proof:

Let A be any N,,gsa® — CS in (R, me). Since g is N,,gsa* — irresolute, then
g Y A)is Nygsa* —CSin (Q,oy,,). Since f is strongly N,,gsa* — continuous, then
F g Y(K)) = (gof ) '(K) is N, — CS in (P, zy,,). Therefore, gof is strongly
N gsa™ — continuous.

Theorem 3.17: Letf : (P, 7y, ) — (Q, on,,) be Npygsa™ — continuous and g:
(Q,0n,,) — (R, 7y, ) be strongly N,,gsa* —continuous, then gof : (P, zn,,) —
(R, me) is Neugsa™ — irresolute.

Proof:

Let A be any N,,gsa* — CSin (R, yy_). Since g is strongly N,,gsa* — continuous,
theng™!(A)is N,, — CSin (Q, on,,). Since f is N,,gsa* — continuous, then
F g Y(A)) = (gof ) '(A) is Npygsa* — CSin (P, z,, ). Hence, gof is N, gsa* —
irresolute.
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Theorem 3.18: Let f : (P, 7y,,) — (Q, on,,) be neutrosophic continuous and g :
(Q,0n,,) — (R, 7y, ) be strongly N,,gsa* — continuous, then gof : (P, 7y, ) —
(R, 7y, ) is strongly N,,gsa* — continuous.

Proof:

Let A be any N,,gsa* — CS in (R, yy_). Since g is strongly N,,gsa* — continuous,
theng™*(A) is N, — CSin (Q, oy, ). Since f is neutrosophic continuous, then
f g Y(A)) = (gof ) '(A) is N, — CSin (P, 7y, ). Hence, gof is strongly N,,gsa* —
continuous.

Inter-relationship 3.19:

Strongly neutrosophic Neutrosophic continuous

. 7

Strongly

continuous

N,,gsa” — continuous

o ~.

N, gsa* — irresolute N, gsa* — continuous

4. Perfectly neutrosophic gsa * -continuous function

Definition 4.1: A neutrosophic functionf : (P, 7y,,) — (Q, on,,) is said to be
perfectly N,,gsa* — continuous if the inverse image of every N,,gsa* — CS in
(Q,on,,) is both N, — OS and N,,, — CS (ie, N,,— clopen set) in (P, 7y, ).
Theorem 4.2: Every perfectly N,,gsa* — continuous is strongly N,gsa* —
continuous, but not conversely.
Proof:
Letf : (P,zn,,) — (Q,0n,,) be any neutrosophic function. Let A be any
Negsa™ — CSin (Q, oy, ). Since f is perfectly N,,gsa™ — continuous, then f 71( K)is
both N,, — OS and N,,, — CS in (P,zy,,) = f '(A)is N,, — CSin (P, 7y,,).
Therefore, f is strongly N,,gsa* — continuous.
Example 4.3: Let P ={p} and Q ={g}. v, = {On,,, In,,» A&, € } and oy, =
{Ow,,>1n,,,B} are N, TS on (P, 7y,,) and (Q, on,,) respectively. Also
A= {(p,(0.7,0.8,0.3))}, ¢ ={(p,([0.7,1],]0.8,1],[0,0.3]))} and B =
{(4,(0.7,0.8,0.3))} are N, (P) and N,,(Q). Define amapf : (P,7n,,) — (Q,on,,) by
f(p)=¢q.LetT={(4g,(]0,0.3],]0,0.2],[0.7,1]))} be a N gsa* — CSin (Q, on,,).
Then f~(T) = {{p, ([0,0.3],[0,0.2],[0.7,1]))}. Now N, —cl( f(T)) =

A°NE€ N1y, = C° = f (T). Therefore, f is strongly N,,gsa* — continuous. But f
is not perfectly N,,gsa* — continuous, because f _1(1’) is not both N,, — OS and

N,, — CSin (P, zy,,). Since, Ny, — int( f(T)) = On,, # f(T) = £ (T) is not
N, — CSin (P, 7y, ). Therefore, fﬁl(l’) is not both N, — OS and N,,, — CS in

(P, 7w,,)-

Theorem 4.4: Every perfectly N, gsa* — continuous is perfectly neutrosophic
continuous, but not conversely.
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Proof:

Letf : (P,zn,,) — (Q, on,, ) be any neutrosophic function. Let A be any N,, — CS
in (Q, on,,). Then A is N gsa® — CS in (Q, on,, ). Since f is perfectly N,,gsa™ —
continuous, then f _1(A) is both N, — OS and N, — CS in (P, zy,, ). Therefore, f is
perfectly neutrosophic continuous.

Example 4.5: Let P = {p} and Q = {¢}. =n,, = {On,,, In,,,» &, €,E } and oy, =
{Ow.,,>1n,,,B} are N, TS on (P, 7y, ) and (Q, oy, ) respectively. Also
A= {(p,(0.4,0.2,0.6))}, € = {(p,(0.6,0.8,0.4))}, E =
{{p, (|0,0.4],[0,0.2],[0.6,1]))} and B= {( g, ( 0.6,0.8,0.4 ))} are N, (P) and
Ny (Q). Define amapf : (P, 7w, ) — (Q,0n,,) by f(p) = g. Let B =
{(4,(0.4,02,0.6))} be aN,, — CSin (Q, 0y, ). Then f(B°) =
{(#,(0.4,0.2,0.6))}. Now N, —cl( f'(B)) = AN € NE Ny, = €° =
f(B°). Also, N, —int( f'(B)) = AUEUOy, = A = f '(B) = f '(B°) is both
N, —OS and N, — CS in (P, 7y, ). Therefore, f is perfectly neutrosophic continu-
ous. Butf is not perfectly N, gsa* — continuous. Let ¥ =
{(a, ([0, 0.4],[0,0.2],[0.6,1]))} be N,,gsa* — CS in (Q, o, ). Then f(T) =
{(p,([0,0.4],]0,0.2],[0.6,1]))}. Since, N,,, — int(ffl(l’)) —BUOy, =E=F'(T)
= f1(T)is N, — OS in (P, zy,,). Also, Ny, —cl( f71(T)) = A°n € NE N1y, =
¢¢# f1(F) = f1(¥) is not N,, — CS in (P, 7y, ). Therefore, f~'(¥) is not both
N,, —OSand N,, — CS in (P, 7y,,).

Theorem 4.6: Letf : (P, 7y, ) — (Q, on,,) be perfectly N,,gsa* — continuous iff
the inverse image of every N,,gsa* — OS in (Q, oy, ) is both N, — OS and N, — CS
in (P, TN,, )

Proof:

Assume thatf is perfectly N, gsa* — continuous function. Let A be any N, gsa™ —
OSin (Q,on,, ). Then A¢isN,gsa™ — CSin (Q, oy, ). Sincef is perfectly N, gsa* —
continuous, then f~'( A¢) isboth N,,, — OS and N,,, — CSin (P, 7y, ) = (ffl( A ))C is
both N,, — OSand N,, — CSin (P, 7y, ) :>f_1(A) isbothN,, — OSand N,, — CSin
(P, 7y, ). Conversely, Let A be any N gsa* — CSin (Q, on,, ). Then A€ is N, gsa* — OS
in (Q, on,, ). By hypothesis, f_l(AC) isboth N, — OSand N, — CSin (P, 7y,,) =
(f(A)) isboth N, — OSand N,, — CSin (P,7y,) = f '(A)isboth N,, — OSand
N, — CSin (P, 7y, ). Therefore, f is perfectly N,,gsa* — continuous.

Theorem 4.7: Let (P, 7y,,) be a neutrosophic discrete topological space and
(Q, on,,) be any neutrosophic topological space. Let f : (P,7y,,) — (Q,0n,,) be a
neutrosophic function, then the following statements are true.

1. f is strongly N,gsa* — continuous.
2. f is perfectly N, gsa* — continuous.

Proof:

1. = (2),Let Abeany N, gsa* — CSin (Q, on,, ). Sincef is strongly N,,gsa* —
continuous, then f (A ) is N, — CSin (P, 7y, ). Since (P, 7y, ) is neutrosophic
discrete topological space, then f ( A ) is N, — OSin (P,zy,,) = f '( A ) is both
N, — OSand N, — CSin (P, 7, ). Therefore, f is perfectly N, gsa* — continuous.

2. = (1), Let A be any N, gsa* — CS in (Q, oy, ). Since f is perfectly N,,gsa* —
continuous, then f_l( K)isboth N, — OSand N,, — CSin (P, 7y, ) = f_l( A)
is N, — CSin (P, zy,,). Therefore, f is strongly N,,gsa* — continuous.
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Theorem 4.8: Letf : (P,7y,,) — (Q, 0w, ) be perfectly neutrosophic continuous
and (Q, ow,,) be Neygsa™ — Ti, space, then f is perfectly N, gsa™ — continuous.

Proof:

Let Abeany Nygsa™ — CSin (Q, oy, ). Since (Q, ow,, ) is Neygsa™ — T, space, then
KisN,, — CSin (Q, oy, ).Sincef is perfectly neutrosophic continuous, then f (A ) is
both N,, — OSand N,, — CSin (P, zy,, ). Therefore, f is perfectly N,,gsa* — continuous.

Theorem 4.9: Letf : (P,7y,,) — (Q,0n,,) andg : (Q,0n,,) — (R, 7y, ) be per-
fectly N, gsa* — continuous, then gof : (P, 7n,,) — (R, me) is perfectly N, gsa™ —
continuous.

Proof:

Let A be any N,gsa* — CSin (R, 7y, ). Since g is perfectly N,,gsa* — continuous,
theng™!( A) is both N,, — OS and N,, — CS in (Q, on,,) = g *(A) is Nygsa* — CS
in (Q, oy, ). Since f is perfectly N,,gsa* — continuous, then f (g1 ( A )) =
(¢of ) '(A) is both N,, — OS and N, — CS in (P, zy,, ). Therefore, gof is perfectly
N gsa™ — continuous.

Theorem 4.10: Letf : (P, 7y,,) — (Q, on,, ) be neutrosophic continuous and g :
(Q,0n,,) — (R, 7y, ) be perfectly N,,gsa* — continuous, then gof : (P, 7y, ) —

(R, 7y, ) is strongly N,,gsa* — continuous.

Proof:

Let A be any N,gsa* — CSin (R, 7y, ). Since g is perfectly N,,gsa* — continuous,
theng1( A) is both N, — OS and N, — CS in (Q, 6, ). Since f is neutrosophic
continuous, then £ (g~ 1(&)) = (gof ) "(A) is N, — CS in (P, zy,, ). Therefore,
gof is strongly N,,gsa* — continuous.

Theorem 4.11: Letf : (P, 7y, ) — (Q, on,,) be perfectly N, gsa™ — continuous
andg : (Q,on,,) — (R,yy,, ) be strongly N,,gsa* — continuous, then gof : (P, zn,,)
— (R, yy,, ) is perfectly N,,gsa* — continuous.

Proof:

Let A be any N,,gsa* — CSin (R, yy,_). Since g is strongly N,,gsa* — continuous,
theng 1(A)isN,, — CSin (Q,on,) =g }(A) is Nygsa* — CS in (Q, oy, ). Since f
is perfectly N, gsa* — continuous, then f'(g~1( A)) = (gof) " ( A ) is both N,,, — OS
and N,, — CS in (P, 7y, ). Therefore, gof is perfectly N,,gsa* — continuous.

5. Totally neutrosophic gsa * —continuous function

Definition 5.1: A neutrosophic functionf : (P, 7y, ) — (Q, on,,) is said to be
totally N, gsa* — continuous if the inverse image of every N, — CS in (Q, on,,) is
both N,,gsa* — OS and N,,gsa* — CS (ie, N gsa™ — clopen set) in (P, 7y, ).

Definition 5.2: A neutrosophic topological space (P, zy,, ) is called a
N, gsa* —clopen set (N, ,gsa* —clopen set) if it is both N,,gsa* — OS and N,,gsa* —
CSin (P,zn,,).

Example 5.3: Let P = {p} and Q ={g}. 7n,, = {On,,,In,,, A } and on,, =
{On,,>1n,,,B} are N, TS on (P, 7y, ) and (Q, oy, ) respectively. Also
K= {(p,(0.4,0.5,0.7))} and B= {(g, (0.2,0.7,0.8))} are N,,(PP) and N, (Q).
Defineamapf : (P,7n,,) — (Q,0on,,) by f(#) = g. Let B° = {{(¢,(0.8,0.3,0.2))} be
aN,, —CSin (Q,on, ). Then f_l(B”) ={(»,(08,0.3,0.2))}. N,ya* —OS =
Neua —0S = {ONeu’ 1Neu’ A} and Neua —CS = { ONeu’ 1Nm, A€ }

Nya—l ( f71(B%)) = 1n,,.Now, Nya — int ( Newa —cl( f(B9))) = 1n,, SNew —

int(1y,) = 1n,,, whenever f(B) C 1y, =  '(B°) is Nygsa* — CS in (P, 7y, ).
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Also, N, a-int (ffl(B”)) = On,,.Now, Ny,a — ¢l ( Ne,a-int (ffl(BC))) =
Oy, 2 N, —cl(Oy,,) = Oy,,, whenever f'(B°) 2 Oy, = f '(B) is Nygsa* — OS
in (P, 7y, ). Therefore, f is totally N,,gsa* — continuous.

Theorem 5.4: Every perfectly N,,gsa* — continuous is totally N,,gsa* —
continuous, but not conversely.

Proof:

Letf : (P,zn,,) — (Q, on,, ) be any neutrosophic function. Let A be any N,, — CS
in (Q, on,,). Then A is N gsa* — CS in (Q, on,, ). Since f is perfectly N,,gsa™ —
continuous, then £ '( &) is both N, — OS and N,,, — CSin (P, zy,) = f (&) is
both N,,gsa* — OS and N,,gsa* — CS in (P, zy,, ). Therefore, f is totally N,,gsa* —
continuous.

Example 5.5: Let P = {p} and Q ={g}. 7n,, = {On,,, In,,» A } and on,, =
{Ow.,,»1n,,,B} are N, TS on (P, 7y, ) and (Q, oy, ) respectively. Also
K ={(p,(0.2,0.4,0.6))} and B = {(g, (0.6,0.8,0.4))} are N,,(P) and N,,(Q).
Define amapf : (P,7yn,,) — (Q,0n,,) by f() = ¢. Let B° = {(g, (0.4,0.2,0.6)) } be
aN,, — CSin (Q,oy,). Then f'(B°) = {( #,(0.4,02,0.6))}. N,,a* — OS =
Neua — 0S8 = {ONeu’]'Neu’ A} and Nma —CS = { ONeu’]'Neu’ A° }

Nea—l (f7(B%)) = ANy, = A°.Now, Nea — int( Nya —cl( f7(B%))) =

AU Oy, = A CN,, —int(ly,) = 1n,,, whenever f '(B°) C 1y, = f '(B°) is
Negsa™ — CSin (P, 7y, ). Also, No,a—int (ffl(B‘)) = Oy, . Now, Na —

cl (Nya —int ( f7(B%))) = On,, 2 Noy — cl(On,,) = On,,, whenever f(B) 2

On, = f '(B°) is Nygsa* — OS in (P, 7y, ). Therefore, f is totally N,,gsa* —
continuous. But f is not perfectly N,,gsa* — continuous. Let T= {(g,(0.3,0.1,0.8))}
be N,,gsa* — CSin (Q, oy, ). Then £ (T) = {(p, (0.3,0.1,0.8))}. Now,

N—int ( f71(T)) = On,, # f'(T) = f'(T) is not N, — OS in (P, z,,). Also,
Nyl (ffl(T)) — K¢ # f(F) = £ 1(¥) is not N,, — CS in (P, z,, ). Therefore,
f~Y(T) is not both N,,, — OS and N,,, — CS in (P, 7y, ).

Theorem 5.6: Every totally N,,gsa* — continuous is N,,gsa* — continuous.

Proof:

Letf : (P, zn,,) — (Q,0n,,) be any neutrosophic function. Let A be any N,, — CS
in (Q, oy, ). Since f is totally N,,gsa* — continuous, then f~*( A) is both N,,gsa* —
OSand Ngsa* — CSin (P,zy,) = f '(A)is Nogsa* — CSin (P, 7y, ). Therefore, f
is N gsa™ — continuous.

Example 5.7: Let P = {p} and Q ={g}. =n,, = {On,,, In,,, A} and on,, =
{On,,>1n,,,B} are N, TS on (P, 7y, ) and (Q, oy, ) respectively. Also
A= {(p,(0.7,0.6,0.5))} and B = {(g, (0.7,0.8,0.3))} are N, (P) and N,,(Q).
Define amapf : (P,zn,,) — (Q,0on,,) by f(#) = ¢. Let B = {{(g,(0.3,0.2,0.7))}
be a N,, — CS in (Q,on,,). Then f(B°) = {(p, (0.3,0.2,0.7))}. Ny,a* — OS =
Nya—0S ={0n,,,1n,,, A,D} and Nyya — CS = { Oy, 1n,,, A, E }, where
D = {(p, (]0.7,1],[0.6,1],[0,0.5]))}, E = {(p,([0,0.5],[0,0.4],[0.7,1])) }.

Nea—l ( f7'(B%)) = A°nFnly, =F, where = {{p,([0.3,0.5],(0.2,0.4],0.7))}.
Now, Ny,a — int( Nea — cl( f(B°))) = On,, SNy — int(K), Ny — int(D), Noy, —
int(1y,) = A,1n,,, whenever f '(B°) C A,1y, = f '(B°) is N,gsa* — CS

in (P, 7y, ). Therefore, f is N,,gsa* — continuous. But f is not totally

N,,gsa* — continuous, because f~'(B°) is not N,,gsa* — OS in (P, 7y, ).

Since Noya — cl( Noya — int(f_l(Bc))) — Oy, BN, — cl(J) = A€, whenever f(B°)
D J, whereJ = {(p, ([0, 0.3],[0,0.2],[0.7,1]))} = f '(B°) is not N,,gsa* — OS in
(P, n,,)-
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Inter-relationship 5.8:

Perfectly Totally
—
N.,gsa” — continuous N, ,gsa™ — continuous

l

N,,gsa™ — continuous

Theorem 5.9: Letf : (P, zy,,) — (Q, on,,) be totally N, gsa* — continuous and
(Q,on,,) be Npygsa™ — Tl/2 space, then f is N,,gsa* — irresolute.

Proof:

Let A be any N,,gsa* — CSin (Q, on,, ). Since (Q, on,,) is Negsa™ — Tl/2 space,
then A is N,, — CSin (Q, oy, ). Since f is totally N,,gsa* — continuous, then f'( &)
is both N,,gsa* — OS and N, gsa* — CSin (P,zy,) = f '(A) is Nygsa* — CS in
(P, 7n,,). Therefore, f is N,,gsa* — irresolute.

Theorem 5.10: Letf : (P, zy,,) — (Q,0n,,) andg : (Q,0n,,) — (R,yy, ) be
totally N.,gsa™ — continuous and (Q, ow,, ) be Neygsa™ — T4, space, then gof :
(P,7n,,) — (R,7y,,) is totally N,,gsa* — continuous.

Proof:

Let A be any N,, — CS in (R, yy,_ ). Since g is totally N,,gsa* — continuous, then
g Y(A) is both N,gsa* — OS and N,,gsa* — CS in (Q, o, ). Since (Q, oy, ) is
Neygsa™ — Ty, space, theng !(A)is N, — CSin (Q,0n,, ). Since f is totally
N,,gsa* — continuous, then f (¢ 1(A)) = (gof) " ( A ) is both N,,gsa* — OS and
Ngsa* — CSin (P, 7y, ). Therefore, gof is totally N,,gsa* — continuous.
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