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Singularity Robust Inverse Dynamics
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1. Introduction

Parallel manipulators have received wide attention in recent years. Their parallel structures
offer better load carrying capacity and more precise positioning capability of the end-
effector compared to open chain manipulators. In addition, since the actuators can be placed
closer to the base or on the base itself the structure can be built lightweight leading to faster
systems (Gunawardana & Ghorbel, 1997; Merlet, 1999; Gao et al., 2002).

It is known that at kinematic singular positions of serial manipulators and parallel
manipulators, arbitrarily assigned end-effector motion cannot in general be reached by the
manipulator and consequently at those configurations the manipulator loses one or more
degrees of freedom. In addition, the closed loop structure of parallel manipulators gives rise
to another type of degeneracy, which can be called drive singularity, where the actuators
cannot influence the end-effector accelerations instantaneously in certain directions and the
actuators lose the control of one or more degrees of freedom. The necessary actuator forces
become unboundedly large unless consistency of the dynamic equations are guaranteed by
the specified trajectory.

The previous studies related to the drive singularities mostly aim at finding only the
locations of the singular positions for the purpose of avoiding them in the motion planning
stage (Sefrioui & Gosselin, 1995; Daniali et al, 1995; Alici, 2000; Ji, 2003; DiGregorio, 2001; St-
Onge & Gosselin, 2000). However unlike the kinematic singularities that occur at workspace
boundaries, drive singularities occur inside the workspace and avoiding them limits the
motion in the workspace. Therefore, methods by which the manipulator can move through
the drive singular positions in a stable fashion are necessary.

This chapter deals with developing a methodology for the inverse dynamics of parallel
manipulators in the presence of drive singularities. To this end, the conditions that should
be satisfied for the consistency of the dynamic equations at the singular positions are
derived. For the trajectory of the end-effector to be realizable by the actuators it should be
designed to satisfy the consistency conditions. Furthermore, for finding the appropriate
actuator forces when drive singularities take place, the dynamic equations are modified by
using higher order derivative information. The linearly dependent equations are replaced by
the modified equations in the neighborhoods of the singularities. Since the locations of the
drive singularities and the corresponding modified equations are known (as derived in
Section 3), in a practical scenario the actuator forces are found using the modified equations
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374 Parallel Manipulators, New Developments

in the vicinity of the singular positions and using the regular inverse dynamic equations
elsewhere. Deployment motions of 2 and 3 dof planar manipulators are analyzed to
illustrate the proposed approach (Ider, 2004; Ider, 2005).

2. Inverse dynamics and singular positions

Consider an n degree of freedom parallel robot. Let the system be converted into an open-
tree structure by disconnecting a sufficient number of unactuated joints. Let the degree of
freedom of the open-tree system be m, i.e. the number of the independent loop closure

constraints in the parallel manipulator be m-n. Let n= [nl,...,nm]T denote the joint variables

of the open-tree system and q = [ql,...,qn]T the joint variables of the actuated joints. The m-n

loop closure equations, obtained by reconnecting the disconnected joints, can be written as

&i(my,.um,y,) =0 i=1,...,m-n 1)
and can be expressed at velocity level as
Ty 7;=0 i=1,...,m-n i=1,...,m )

94
1]
The prescribed end-effector Cartesian variables x;(t), i=1,..,n represent the tasks of the

where Fg = . A repeated subscript index in a term implies summation over its range.

non-redundant manipulator. The relations between the joint variables due to the tasks are

,fi(nll"'lnm):xi i=1,...,1’l (3)

Equation (3) can be written at velocity level as
rin =%  i=l.,n  j=l..m (4)

ofi

where Fg =5 Equations (2) and (4) can be written in combined form,
j

Tq=h ()

where I'T =[I’GT r’ T} which is an mxm matrix and h” =[ 0 )'(T]. The derivative of

equation (5) gives the acceleration level relations,
rq=-In+h (6)

The dynamic equations of the parallel manipulator can be written as

Mii-T¢'A-Z"T=R 7)
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Singularity Robust Inverse Dynamics of Parallel Manipulators 375

where M is the mxm generalized mass matrix and R is the vector of the generalized
Coriolis, centrifugal and gravity forces of the open-tree system, A is the (m-n)x1 vector of

the joint forces at the loop closure joints, T is the nx1 vector of the actuator forces, and each
row of Z is the direction of one actuator force in the generalized space. If the variable of the
joint which is actuated by the i th actuator is 7, , then for the i th row of Z, Z;, =1 and

Z;=0 for j=1,..m (j#k).

Combining the terms involving the unknown forces A and T, one can write equation (7) as

A't=Mij-R 8)
where the mxm matrix AT and the mx1 vector T are

AT = [rGT ZT} 9)
and

=] AT TT] (10)

The inverse dynamic solution of the system involves first finding 1, 1 and n from the
kinematic equations and then finding Tt (and hence T) from equation (8).

For the prescribed x(t), 1 can be found from equation (6),  from equation (5) and §n can
be found either from the position equations (1,3) or by numerical integration. However
during the inverse kinematic solution, singularities occur when |F| =0. At these

configurations, the assigned x cannot in general be reached by the manipulator since, in
equation (3), a vector h lying outside the space spanned by the columns of I' cannot be
produced and consequently the manipulator loses one or more degrees of freedom.

Singularities may also occur while solving for the actuator forces in the dynamic equation
(8), when |A| =0. For each different set of actuators, Z hence the singular positions are

different. Because this type of singularity is associated with the locations of the actuators, it
is called drive singularity (or actuation singularity). At a drive singularity the assigned i

cannot in general be realized by the actuators since, in equation (8), a right hand side vector

lying outside the space spanned by the columns of A' cannot be produced, i.e. the
actuators cannot influence the end-effector accelerations instantaneously in certain
directions and the actuators lose the control of one or more degrees of freedom. (The system
cannot resist forces or moments in certain directions even if all actuators are locked.) The
actuator forces become unboundedly large unless consistency of the dynamic equations are
guaranteed by the specified trajectory.

Let T be the (m-n)x(m-n) matrix which is composed of the columns of I'® that

correspond to the variables of the unactuated joints. Since Z; =1 and Z; =0 for j#k, the

drive singularity condition |A|=0 can be equivalently written as ‘FG“ =0.

In the literature the singular positions of parallel manipulators are mostly determined using
the kinematic expression between q and x which is obtained by eliminating the variables
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376 Parallel Manipulators, New Developments

of the unactuated joints (Sefrioui & Gosselin, 1995; Daniali et al, 1995; Alici, 2000; Ji, 2003;
DiGregorio, 2001; St-Onge & Gosselin, 2000),

Jg+Kx=0 (11)
References (Sefrioui & Gosselin, 1995 ; Daniali et al, 1995; Ji, 2003) name the condition
|]| =0 as “Type I singularity” and the condition |K| =0 “Type II singularity”. And in

reference (DiGregorio, 2001) they are called “inverse problem singularity” and “direct
problem singularity”, respectively. Since it shows the lost Cartesian degrees of freedom, the

condition |F| =0 shown above corresponds to |]| =0 . For the drive singularity, equation (2)

can be written as
rGu 1‘]” — _I-Ga q (12)

where 1" is the vector of the joint variables of the unactuated joints and I'“ is the matrix
composed of the columns of T associated with the actuated joints. Since after finding 1"
from eqn (12) one can find h and hence x from eqn (5) directly, the drive singularity

condition |A| =0 (e ‘I‘Gu =0) given above is equivalent to |K| =0. It should be noted

that the identification of the singular configurations as shown here is easier since
elimination of the variables of the passive joints is not necessary.

3. Consistency conditions and modified equations

At the motion planning stage one usually tries to avoid singular positions. This is not
difficult as far as inverse kinematic singularities are concerned because they usually occur at
the workspace boundaries (DiGregorio, 2001). In this paper it is assumed that I' always has
full rank, i.e. the desired motion is chosen such that the system never comes to an inverse
kinematic singular position. On the other hand, drive singularities usually occur inside the
workspace and avoiding them restricts the functional workspace. It is therefore important to
devise techniques for passing through the singular positions while the stability of the
control forces is maintained. To this end, equation (8) must be made consistent at the

singular position. In other words, since the rows of A" become linearly dependent, the
same relation must also be present between the rows of the right hand side vector

(Mij—R), so that it lies in the vector space spanned by the columns of A" .

3.1 Consistency conditions and modified equations when rank(A) becomes m-1
At a drive singularity, usually rank of A becomes m-1. Let at the singular position the s th

row of AT become a linear combination of the other rows of A" .

Al=a, Al p=1,..m (p#s), j=1,.,m (13)

where ¢, are the linear combination coefficients (which may depend also on 7;). Notice

that only those rows of A" which are associated with the unactuated joints can become
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Singularity Robust Inverse Dynamics of Parallel Manipulators 377

linearly dependent, hence «, corresponding to the actuated joints are zero. Then for the

p
rows of equation (6) one must have

T T . .
Ag i —ap Ay 7 =My 7j; — R, —a,(My; 71, — Ry ) (14)

Substitution of equation (13) into equation (14) yields
Msj 77] _Rs = ap (Mp] 77] - Rp) (15)

Equation (15) represents the consistency condition that 77; should satisfy at the singular
position. Since 7j; are obtained from the inverse kinematic equations (6), the trajectory X

must be planned in such a way to satisfy equation (15) at the drive singularity. Otherwise an
inconsistent trajectory cannot be realized and the actuator forces grow without bounds as
the drive singularity is approached. Time derivative of equation (14) is

T T T T T . _
(Agj _aPAP])T]+<A _aPAP/_aPAPJ)TJ (My; —a, M) 7;

+(Msj - aPMPf —a,M,;)7j; ~ R+ aPRP R, (16)

Now, because equation (13) holds at the singular position, there exists a neighborhood in
which the first term in equation (16) is negligible compared to the other terms. Therefore in
that neighborhood this term can be dropped to yield

(Al—a, A} —a, AL) 7 = (M —a,M,) i +(M; - a,M,; —&,,M,) ij; ~R, + &, R, +&,R, (17)

Equation (17) is the modified equation that can be used to replace the s th row of equation (8)
or any other equation in the linearly dependent set.

3.2 Consistency conditions and modified equations when rank(A) becomes r<m
In the general case where the rank of A" becomes r <m at the singular position, let rows
Se, k=1,...,m-r of AT become linear combinations of the other  rows of AT,

A;rk] = oy, A;j p=L..m (p#s), j=1,..m, k=1,..,m-r (18)
where ¢, are the linear combination coefficients. Then the following relations must be

present among the rows of equation (8)

T T . .
The consistency relations are obtained as below
Mt = Ry = (M 77 =R, ) k=1,..,m-r (20)

Substitution of equation (18) into the derivative of equation (19) yields the modified
equations,
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(ASTk]-—akp Agj — &, A;j) 7= (M, —a,M,)if; + (M

p a

PMPj _dkPMPj ) 7.7.1'

9 skf

~R, +a,R, + R, k=1,..,m-r (21)

3.3 Inverse dynamics algorithm in the presence of drive singularities

When the linearly dependent dynamic equations in equation (8) are replaced by the
modified equations, equation (8) takes the following form, which is valid in the vicinity of
the singular configurations.

D't=S (22)

where in the case the s th row of AT becomes a linear combination of the other rows,

. { Ai? i1#8 )
ii ) AT AT AT
Aj —apAy—ay Ay 1=
and
M;n; - R; i#S
s{ o MR e

In the general case when the rank of A" becomes r, D' and S take the following form.

T A; izs, k=1,.,m—r
by = AF AT g AT i=s,, k=1,.,m-r (25)
ij ~ Fplp T Chp T ks BT e
and
s - | Ml] n; _'.I{i o o 1:¢sk, k=1,..m—r 6)

Notice that 1 in the modified equation should be found from the derivative of equation (6),
rij=-2I{-Tq+h (27)

ij obtained from equation (27) corresponds to the prescribed end-effector jerks X (in h ).

Also the coefficients of the forces in the modified equations (17,21) depend on velocities.

Therefore, if at the singularity the system is in motion, then by the modified equations the

driving forces affect the end-effector jerk instantaneously in the singular directions.

The inverse dynamics algorithm in the presence of drive singularities is given below.

1. Find the loci of the positions where the actuation singularities occur and find the linear
dependency coefficients associated with the singular positions.

2. If the assigned path of the end-effector passes through singular positions, design the
trajectory so as to satisfy the consistency conditions at the singular positions.
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Singularity Robust Inverse Dynamics of Parallel Manipulators 379

3. Settime t=0.
Calculate n, f and 1) from kinematic equations.

If the manipulator is in the vicinity of a singular position, i.e. | 8(7711---/77m)| <& where
g ,..m,,) =0 is the singularity condition and ¢ is a specified small number, calculate
1] from eqn (27) and then find t (hence T) from equation (22).

If the manipulator is not in the vicinity of a singular position, i.e. | g(771,...,77m)| > ¢, find

T (hence T) from equation (8).
Set t =t + At . If the final time is reached, stop. Otherwise continue from step 3.

4. Case studies

4.1 Two degree of freedom 2-RRR planar parallel manipulator
The planar parallel manipulator shown in Figure 1 has 2 degrees of freedom (n=2).

Considering disconnection of the revolute joint at P, the joint variable vector of the open-
chain system is n=[6, 6, 6, 04]T . The joints at A and C are actuated, i.e. q=[6, HZ]T :
The end point P is desired to make a deployment motion s(f) along a straight line whose
angle with x-axis is y =330°, starting from initial position xp =-0431m, y, =1.385m.

The time of the motionis T =1s and its length is L =2.3 m in the positive s sense.

> ~. 4 94
. \.\.\_\ — X n———
-~ ——— i
”””” 2 |
x> i singular N 2 ,,
N position @ I
\\ 'Y |
AN |
\\ |
N Y |
05 N 0 I
1 N 1 , 0,
X
A x C
-

Figure 1. Two degree of freedom 2-RRR planar parallel manipulator.

The moving links are uniform bars. The fixed dimensions are labelled as , = AC, r, = AB,
1,=CD, ry=BP and r, =DP . The numerical data are ,=1.75m, rn=r,=rn=r,=14m,
my =m, =6kg and m, =m, =4kg .

The loop closure constraint equations at velocity level are T =0 where
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=181 — 135 155, + 1,8 —135 748
1°1 3°13 2°2 4°24 3°13 4°24
- | o

e+ 13013 —1hCy —Tyloy 13013 —F1yCoy

Here s;=sin6,, ¢;=cos6;, s;=sin(0,+6;), c;=cos(f;+06;). The prescribed Cartesian

motion of the end point P, x can be written as

xp(t) Xp +5(t)siny
77 L/p(t)} - L/pu +5(t) cosy} &)

Then the task equations at velocity level are r’ 1 =X, where
—118; — 138 0 -7ns 0
I-.p:|: 151 — 13513 3513 } (30)
rnep+1nc3 0 ney 0

The mass matrix M and the vector of the Coriolis, centrifugal and gravitational forces R are

My 0 My 0
0 M 0o M
M _ 22 24 (31)
M, 0 Mj, 0

0 M, 0 My

where
2 2 2
T T 15 T1aC T
_ 1 2 3 3 1'3%*3 —
M11—m1?+m3(71 +=-4nrc3), My =ms( 5 ), M33—m3?
2 2 2 2
] 2 Iy _ Ty | 1hlyCy R
Mzz—m2?+m4(rz "‘?“"’27’4“4)1 M24—m4(?+—2 ), M44—m4? (32)
and
B ) ([ 1/ 1 1 7
R, — myn3s305(0) =5 05) +31myg ney + g (10 +515013)
1 21
R Ry | FMaNT38307 + 3138 T3Cq3 (33)
T 1\ ) (1) 1 1
R, — Myny1y840,(0, —560,) + 518 150y +1My8 (12Cy +574Co4)
R 1 32 1
a1 S MyT148,05 + 5148 14Coy |

Since the variables of the actuated joints are &, and 6,, the matrix Z composed of the

z_[1 000 -
‘[0100} 59

Then the coefficient matrix of the constraint and actuator forces, A" is

actuator direction vectors is
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Singularity Robust Inverse Dynamics of Parallel Manipulators 381

T 128y +14Spy  —ToCy —T4Coy 0 1
A = (35)

—T3513 3C13 00

74504 —T4Coy 00

The drive singularities are found from |A|=0 as sin(6,+6;-6,—-6,)=0, ie. as the

positions when points A, B and D become collinear. Hence, drive singularities occur inside
the workspace and avoiding them limits the motion in the workspace. Defining a path for
the operational point P which does not involve a singular position would restrict the motion
to a portion of the workspace where point D remains on one side of the line joining A and D.
In fact, in order to reach the rest of the workspace (corresponding to the other closure of the
closed chain system) the manipulator has to pass through a singular position.

When the end point comes to s=L; =0.80m , &, + 8; becomes equal to 7 +6, + 6, , hence a

drive singularity occurs. At this position the third row of A" becomes r,/r, times the

fourth row. Then, for consistency of equation (8), the third row of the right hand side of
equation (8) should also be r; /r, times the fourth row. The resulting consistency condition

that the generalized accelerations must satisfy is obtained from equation (15) as

M6, - r_3M24é2 + M3, —r_3M44é4 =R —r_3R4 (36)
Ty Ty Ty
Hence the time trajectory s(t) of the deployment motion should be selected such that at the
drive singularity the generalized accelerations satisfy equation (36).
An arbitrary trajectory that does not satisfy the consistency condition is not realizable. This
is illustrated by considering an arbitrary third order polynomial for s(t) having zero initial
3Lt?  2L#
7
t =0.48s . The actuator torques are shown in Figure 2. The torques grow without bounds as

and final velocities, i.e. s(t)= . The singularity position is reached when

the singularity is approached and become infinitely large at the singular position. (In Figure
2 the torques are out of range around the singular position.)

For the time function s(t), a polynomial is chosen which satisfies the consistency condition at
the drive singularity in addition to having zero initial and final velocities. The time T, when

the singular position is reached and the velocity of the end point P at T,;, vp(T;) can be

arbitrarily chosen. The loop closure relations, the specified angle of the acceleration of P and
the consistency condition constitute four independent equations for a unique solution of
6., i=1,..,4 at the singular position. Hence, using 6. and 6, at T,, the acceleration of P at
T,, ap(T;) is uniquely determined. Consequently a sixth order polynomial is selected
where s(0)=0, $(0)=0, s(T)=L, s(T)=0, s(T;)=L;, s(T;)=vp(T;) and 5(T;)=ap(T,).
T, and v,(T;) are chosen by trial and error to prevent any overshoot in s or §. The values
used are T, =0.55s and vp(T,;)=3.0m/s, yielding a,(T;)=18.2m/s>. s(t) so obtained is

given by equation (37) and shown in Figure 3.
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s(t) = 30.496 t* —154.909 t° + 311.148 t* — 265.753 +> + 81.318 t° (37)

2000 ' '

150071

100071

20071

Torque (M)

-5007

-10007T

-15007

-2000 ! ! !
0 0.2 0.4 0.6 0.8 1

Tirne ()

Figure 2. Motor torques for the trajectory not satisfying the consistency condition: 1. T; , 2. T,

Furthermore, even when the consistency condition is satisfied, A" is ill-conditioned in the
vicinity of the singular position, hence t cannot be found correctly from equation (8).
Deletion of a linearly dependent equation in that neighborhood would cause task violations
due to the removal of a task. For this reason the modified equation (17) is used to replace the
dependent equation in the neighborhood of the singular position. The modified equation,
which relates the actuator forces to the system jerks, takes the following form.

. Vs - . Ty - . T e T
(A?Tl __BAL) T+ (A;,F2 _—3A:1Fz) 7, = My 6, _—3M24‘92 + M0, _—3M4494
Ty Ty Ty Ty

R Vo o e . Vo o e . Ta
+ M50, —7_3M24‘92 + M50, _r_3M4404 -R, +r_3R4 (38)
4 4 4

The coefficients of the constraint forces in eqn (38) are

. r . . - . .
A3T1 —r—3AL ==13(0) +05)c15 —13(65 +0,)coy (39a)
4
. ¥y - . . . .
Agz —fAIz =—13(0, + 05) 515 —13(6, + 0,) 5y (39b)
4

which in general do not vanish at the singular position if the system is in motion.
Once the trajectory is chosen as above such that it renders the dynamic equations to be

consistent at the singular position, the corresponding 6;, 6; and 6. are obtained from

inverse kinematics, and when there is no actuation singularity, the actuator torques T; and
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T, (along with the constraint forces A4, and 4, ) are obtained from equation (8). However in

the neighborhood of the singular position, equation (22) is used in which the third row of
equation (8) is replaced by the modified equation (38). The neighborhood of the singularity

<& =1". The motor torques

where equation (22) is utilized is taken as ‘91 +6,-6,-6,—-180°

necessary to realize the task are shown in Figure 4. At the singular position the motor
torques are found as T, =-138.07Nm and T, =-30.66Nm. To test the validity of the

modified equations, when the simulations are repeated with ¢=0.5° and ¢=1.5", no

significant changes occur and the task violations remain less than 10~ m.

25
2 2
1.5
2
1 -
051
0 e A ' A J
0 02 0.4 0.6 08 1

Time (s)

Figure 3. Time function satisfying the consistency condition.

4.2 Three degree of freedom 2-RPR planar parallel manipulator
The 2-RPR manipulator shown in Figure 5 has 3 degrees of freedom (n=3). Choosing the
revolute joint at D for disconnection (among the passive joints) the joint variable vector of

the open chain system is n=[6, ¢; 6, ¢, 93]T , where ¢, =AB and ¢, =CD . The link
dimensions of the manipulator are labelled as a=AC, b=BD, c=BP and a=2ZPBD . The
position and orientation of the moving platform is x =[x, v, 93]T where x,, yp are the

coordinates of the operational point of interest P in the moving platform.

The velocity level loop closure constraint equations are I°f =0, where

-, sin@, coso, sin@, —cos@, -—bsin@

{icosf, sinf, —-¢,cosf, -—siné, bcosb,

The prescribed position and orientation of the moving platform, x(¢) represent the tasks of

the manipulator. The task equations at velocity level are I'fj=x where
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—{;sin@, cosf;, 0 0 —c sin(6; + )
I’ =| £ cosf, sind, 0 0 c cos(b;+a) (41)
0 0 00 1

a00 T T T T

4007 7

20071

Torque (M)
s}

-2007

400, -

—600 1 1 1 1
o 0.2 0.4 0.6 0.8 1

Titne ()

Figure 4. Motor torques for the trajectory satisfying the consistency condition: 1.T;, 2. T, .

Figure 5. 2-RPR planar parallel manipulator.

Let the joints whose variables are 6,, ; and ¢, be the actuated joints. The actuator force

vector can be written as T=[T; F Fz]T where T; is the motor torque corresponding to
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6,, and F, and F, are the translational actuator forces corresponding to ¢; and ¢,
respectively. Consider a deployment motion where the platform moves with a constant
orientation given as 6, =320° and with point P having a trajectory s(t) along a straight line
whose angle with x-axis is y=200°, starting from initial position x, =0.800m,
yp, =0916 m (Figure 5). The time of the deployment motion is T =1s and its length is

L =1.5m . Hence the prescribed Cartesian motion of the platform can be written as

xp(t) Xp +5(t)siny
x=|yp(t) | =| v, +5(t) cosy (42)
05(t) 320°

The link dimensions and mass properties are arbitrarily chosen as follows. The link lengths
are AC=4=10m, BD=b=04m, BP=c=02m, ZPBD=a=0. The masses and the

centroidal moments of inertia are m, =2kg, m, =1.5kg, my =2kg, m, =1.5kg, m; =1.0kg,
I, =0.05kgm?, I, =0.03kgm*, I; =0.05kgm*, I, =0.03kgm? and I5 =0.02kgm”. The mass
center locations are given by AG;=g¢;=0.15m, BG,=g,=015m, CG;=g;=0.15m,
DG, =g,=015m, BG5=g5=02m and ZGsBD==0.

The generalized mass matrix M and the generalized inertia forces involving the second
order velocity terms R are

0 M, O 0 My R,
M= 0 0 M,y O 0 R=|R; (43)
0 0 0 M, O R,
| Ms; Ms, 0 0 Ms;s | | Rs
where M; and R; are given in the Appendix.
For the set of actuators considered, the actuator direction matrix Z is
10000
Z=0 1 0 0 O (44)
00010
Hence, AT becomes
(¢ sing,  (ycosf 1 0 0]
cos b, siné; 010
A" =| {,sind, —¢,cos6, 0 0 0 (45)
—cos 6, -sind, 0 0 1
| ~bsin@;  bcosdy 0 0 0
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Since |A|=b ¢, sin(6, - 6,) , drive singularities occur when ¢, =0 or sin(¢, —6,) =0. Noting
that ¢, does not become zero in practice, the singular positions are those positions where

points B, D and C become collinear.
Hence, drive singularities occur inside the workspace and avoiding them limits the motion
in the workspace. Avoiding singular positions where 6, -6, =tnz (n=0,1,2,...) would

restrict the motion to a portion of the workspace where point D is always on the same side
of the line BC. This means that in order to reach the rest of the workspace (corresponding to
the other closure of the closed chain system) the manipulator has to pass through a singular
position.

When point P comes to s=L; =0.662m, a drive singularity occurs since &, becomes equal

to 6, +7. At this position the third and fifth rows of A" become linearly dependent as

A; i~ %Ag i = 0, j=1,..,5 . The consistency condition is obtained as below

M350, _%(M5151 + Msy&y + Mss05) = Ry _%R5 (46)
The desired trajectory should be chosen in such a way that at the singular position the
generalized accelerations should satisfy the consistency condition.
If an arbitrary trajectory that does not satisfy the consistency condition is specified, then
such a trajectory is not realizable. The actuator forces grow without bounds as the singular
position is approached and become infinitely large at the singular position. This is
illustrated by using an arbitrary third order polynomial for s(t) having zero initial and final

3L 2L

3
velocities, i.e. s(t) = T—; . The singularity occurs when t =0.46s. The actuator forces

are shown in Figures 6 and 7. (In the figures the forces are out of range around the singular
position.)
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-600 T .
-80071 7

'10000 0.2 04 0.6 0.8 1
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Figure 6. Motor torque for the trajectory not satisfying the consistency condition.
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Figure 7. Actuator forces for the trajectory not satisfying the consistency cond.: 1. F; , 2. F, .
For the time function s(f) a polynomial is chosen that renders the dynamic equations to be
consistent at the singular position in addition to having zero initial and final velocities. The
time T; when singularity occurs and the velocity of the end point when t=T,, v,(T;) can

be arbitrarily chosen. The acceleration level loop closure relations, the specified angle of the
acceleration of P (y =200°), the specified angular acceleration of the platform (#; =0) and

the consistency condition constitute five independent equations for a unique solution of
i, 1=1,..,5 at the singular position. Hence, using n and n at T, the acceleration of P at

T,, ap(T;) is uniquely determined. Consequently a sixth order polynomial is selected
where 5(0)=0, 5(0)=0, s(T)=L, s5(T)=0, s(T;)=L;, $(T;)=vp(T;) and 5(T;)=ap(Ty).
The values used for T, and wv,(T;) are 0.62s and 1.7m/s respectively, yielding
ap(T,;)=10.6m/s*. s(t) so obtained is shown in Figure 8 and given by equation (47).

s(t) =20.733 +* —87.818 t° + 146.596 t* —103.669 t° + 25.658 t° (47)

Bad choices for T; and v,(T;) would cause local peaks in s(f) implying back and forth
motion of point P during deployment along its straight line path.

However, even when the equations are consistent, in the neighborhood of the singular
positions A" is ill-conditioned, hence T cannot be found correctly from equation (8). This
problem is eliminated by utilizing the modified equation valid in the neighborhood of the
singular position. The modified equation (17) takes the following form

B]» rsz j=1,2 (48)
where
B, = A; _%A; _%Agl ’ B, = AaTz _%Ast _%ASTZ (49a)
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Q= M33é.2 - %(Mmel + Mszé;l + M55éé) + M33é2 - %(M51é1 + M524.;1

+M55é3) - %(Mﬂél + M5251 + M55é3) _Ra + %R5 + %R5 (49Db)
15
1 L -
E
nsr 1
OO OTQ Of4 OTB 078 1
Time (5)

Figure 8. A time function that satisfies the consistency condition.

Once the trajectory is specified, the corresponding 1, 1 and 1} are obtained from inverse
kinematics, and when there is no actuation singularity, the actuator forces T;, F, and F,
(and the constraint forces 4, and A,) are obtained from equation (8). However in the

neighborhood of the singularity, A is ill-conditioned. So the unknown forces are obtained
from equation (22) which is obtained by replacing the third row of equation (8) by the
modified equation (48). The neighborhood of the singular position where equation (22) is

utilized is taken as ‘92 -0, +180°

< &=0.5°. The motor torques and the translational actuator
forces necessary to realize the task are shown in Figures 9 and 10, respectively. At the
singular position the actuator forces are T} =30.31 Nm, F;, =26.3N and F, = 1.61N. The joint

displacements under the effects of the actuator forces are given in Figures 11 and 12. To test
the validity of the modified equations in a larger neighborhood, when the simulations are

repeated with ¢ =1°, no significant changes are observed, the task violations remaining less
than 107 m.

5. Conclusions

A general method for the inverse dynamic solution of parallel manipulators in the presence
of drive singularities is developed. It is shown that at the drive singularities, the actuator
forces cannot influence the end-effector accelerations instantaneously in certain directions.
Hence the end-effector trajectory should be chosen to satisfy the consistency of the dynamic
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equations when the coefficient matrix of the drive and constraint forces, A becomes singular.
The satisfaction of the consistency conditions makes the trajectory to be realizable by the
actuators of the manipulator, hence avoids the divergence of the actuator forces.

250 T T T T

20071 7

1507F

100}

a07

O -

Motor Torgque (Nm)

5071

-1007

'1500 02 04 06 0.8 1

Time (s5)

Figure 9. Motor torque for the trajectory satisfying the consistency condition
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'1500 02 04 06 0.8 1
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Figure 10. Actuator forces for the trajectory satisfying the consistency condition: 1. F; , 2. F,

To avoid the problems related to the ill-condition of the force coefficient matrix, A in the
neighborhood of the drive singularities, a modification of the dynamic equations is made
using higher order derivative information. Deletion of the linearly dependent equation in
that neighborhood would cause task violations due to the removal of a task. For this reason
the modified equation is used to replace the dependent equation yielding a full rank force
coefficient matrix.
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Figure 11. Rotational joint displacements: 1.6, , 2. 6, .

16
157 =
14r1
1371
1271
1171
1t

Displacement (m)

09t
08}

07 7

06 L L L 1
0 0.2 04 08 038 1

Time (s)

Figure 12. Translational joint displacements: 1. 47, 2. &, .
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Appendix
The elements of M and R of the 2-RPR parallel manipulator shown in equation (41) are
given below, where m;, i=1,...,5 are the masses of the links, I;, i=1,...,,5 are the centroidal

moments of inertia of the links and the locations of the mass centers G;, i=1,..,5 are
indicated by g, = AG,, g, =BG, , 33 =CG;, §,=DG,, g5 =BG; and f=2GsBD.

My =mgi + L +my(y = 85) + I +msgf (A1)
M5 =ms5¢,95cos(6, — 65 — ) (A2)

M,, =m, +my (A3)

M5 = m5gssin(@;, — 65 — ) (A4)

My =383 + I3 +1my($5 = 84)° + 14 (A5)
My, =my (A6)

Ms, = ms¢185 cos(6) — 05 = ff) (A7)
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Ms, =msgssin(6) — 65 — B) (A8)
Mss = m5g§ +15 (A9)
Ry =2my(¢y _82)4;191 + ”1547185‘9.32 sin(@) — 05 — fB) +[m gy +my(&7 — &) +ms&]gcosd; (A10)

Ry = —m5850; cos(6) = 05 = ) =115(&y = 82)0F —ms167 + (my +1m5) g sin (A11)

Ry =2my(S, - 84)4;292 +[myg5 +my (& — 84)1g cOs 6, (A12)
Ry =-my(&r — 84)922 +my gsiné, (A13)
Rs = m5g5[2§191 cos(6) — 0, — B) - €V1‘9'12 sin(6; — 6 — B) + gcos(6; + B)] (A14)

www.intechopen.com



Parallel Manipulators, New Developments
Edited by Jee-Hwan Ryu

Parallel - - :
'Manipulatprs} New-

ISBN 978-3-902613-20-2

Hard cover, 498 pages

Publisher I-Tech Education and Publishing
Published online 01, April, 2008
Published in print edition April, 2008

Parallel manipulators are characterized as having closed-loop kinematic chains. Compared to serial
manipulators, which have open-ended structure, parallel manipulators have many advantages in terms of
accuracy, rigidity and ability to manipulate heavy loads. Therefore, they have been getting many attentions in
astronomy to flight simulators and especially in machine-tool industries.The aim of this book is to provide an
overview of the state-of-art, to present new ideas, original results and practical experiences in parallel
manipulators. This book mainly introduces advanced kinematic and dynamic analysis methods and cutting
edge control technologies for parallel manipulators. Even though this book only contains several samples of
research activities on parallel manipulators, | believe this book can give an idea to the reader about what has
been done in the field recently, and what kind of open problems are in this area.

How to reference
In order to correctly reference this scholarly work, feel free to copy and paste the following:

S. Kemal Ider (2008). Singularity Robust Inverse Dynamics of Parallel Manipulators, Parallel Manipulators,
New Developments, Jee-Hwan Ryu (Ed.), ISBN: 978-3-902613-20-2, InTech, Available from:
http://www.intechopen.com/books/parallel_manipulators_new_developments/singularity_robust_inverse_dyna
mics_of_parallel_manipulators

INTECH

open science | open minds

InTech Europe InTech China

University Campus STeP Ri Unit 405, Office Block, Hotel Equatorial Shanghai

Slavka Krautzeka 83/A No.65, Yan An Road (West), Shanghai, 200040, China

51000 Rijeka, Croatia FE EBMIERFEK6SS LiEEPrREB ARG DA 4058 TT
Phone: +385 (51) 770 447 Phone: +86-21-62489820

Fax: +385 (51) 686 166 Fax: +86-21-62489821

www.intechopen.com



© 2008 The Author(s). Licensee IntechOpen. This chapter is distributed
under the terms of the Creative Commons Attribution-NonCommercial-
ShareAlike-3.0 License, which permits use, distribution and reproduction for
non-commercial purposes, provided the original is properly cited and

derivative works building on this content are distributed under the same
license.




