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Chapter

Effect of Additive Perturbations
on the Solution of Reflected
Backward Stochastic Differential
Equations

Jasmina Dordevic

Abstract

This chapter has as a topic large class of general, nonlinear reflected backward
stochastic differential equations with a lower barrier, whose generator, final condi-
tion as well as barrier process arbitrarily depend on a small parameter. The solutions
of these equations which are obtained by additive perturbations, named the
perturbed equations, are compared in the L7 -sense, p € |1, 2], with the solutions of
the appropriate equations of the equal type, independent of a small parameter and
named the unperturbed equations. Conditions under which the solution of the
unperturbed equation is L7 -stable are given. It is shown that for an arbitrary a > 0
there exists t(a) < T, such that the L?-difference between the solutions of both the
perturbed and unperturbed equations is less than a for every t € [t(a), T|.

Keywords: reflected, backward, stochastic, perturbation, estimate

1. Introduction

This chapter is dedicated to the problem of additive perturbations of reflected
backward stochastic differential equations (shorter RBSDEs) with one lower
barrier. Motivation for the topic comes from a large application of perturbation
problems in real life problems from one side, and reflected backward stochastic
differential equations in finance from another. Perturbed stochastic differential
equations are widely applied in theory and in applications. Randomness from the
environment can be introduced via stochastic models with perturbations. In such
manner, complex phenomena under perturbations in analytical mechanics, control
theory, population dynamics or financial models, can be compared and approxi-
mated by appropriate unperturbed models of a simpler structure, i.e. the problems
are translated on more simple and familiar cases which are easier to solve and
investigate (see [1-3] for example). Problem of additively perturbed backward
stochastic differential equations is analysed by Jankovié, M. Jovanovi¢, J. Dordevi¢
in [4], while generally perturbed reflected backward stochastic differential equa-
tions are already observed by Pordevi¢ and Jankovié in [5]. Topic of this chapter is
additive type of perturbations for reflected backward stochastic differential equa-
tions as a special type of mention general problem for reflected backward stochastic
differential equations, and a more general one than the additive perturbation
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problem for simple backward stochastic differential equations. Finer and more
precise estimates are deduced and generalizations emphasised.

Backward stochastic differential equations (BSDEs for short) was introduced and
developed by Pardoux and Peng [6-8] in the 90s. Notation of nonlinear BSDE and
proof of the existence and uniqueness of adapted solutions is given in their fundamental
paper [6]. After that, many applications incited to introduction various types of BSDEs,
in mathematical problems in finance (see [9]), stochastic control and stochastic games
(see [10, 11]), stochastic partial differential equations, semi-linear parabolic partial
differential equations (PDEs) (see [8, 12]) etc. (for further reading see also [13-17]).

Type of RBSDEs which is observed in this chapter have been first introduced in
literature by El-Karoui et al. in [18]. Introduced RBSDEs with one lower barrier has
following form,

T T
Y, =&+ J £(s,Ys, Z:)ds + Kp — K, — J Z.dBs, 0<t<T,
t r t (1)
Yi>L;,, t<Tand J (Yy—L;)dK;, =0 P—a.s.,
0

where one of the components of the solution is forced to stay above a given
barrier/obstacle process L = {L;,t € [0, T|}. The solution is a triple of adapted pro-
cesses {(Y:,Z;, K;),t €10, T]} which satisfies Eq. (1). The process K = {K;,t€ [0, T|}
is nondecreasing and its purpose is to push upward the state process Y =
{Y;,t €0, T]} in order to keep it above the obstacle L.

As it was already mentioned, RBSDEs are connected with a wide range of applica-
tions within which, the pricing of American options (constrained or not) in markets is
most famous one. Further, the important applications of RBSDEs are in mixed control
problems, partial differential variational inequalities, real options (see [9, 18-21] and
the references therein) etc. El-Karoui ez al. proved in [18] the existence and unique-
ness of the solution to Eq. (1) under conditions of square integrability of the data and
Lipschitz property for the coefficient (also called driver) f. Field of RBSDEs is
developing in two directions, some authors deal with the issue of the existence and
uniqueness results for RBSDEs under weaker assumptions (than the ones in [6] which
are for the general BSDEs), while others are introducing some new types of those
equations by adding jumps, introducing second barrier etc.

Systematization of the papers which are done in the framework of RBSDEs can
be found in paper [5] by Pordevi¢ and Jankovic.

Recently, Hamedene and Popier in [22] proved that if £, sup, ¢ o 1 (L)) and

fOT [f (¢, 0, 0)|dt belong to L? for some p €1, 2[, then RBSDE (1) with one reflecting
barrier associated with ( f, £, L) has a unique solution. Aman gave [23] a similar
result for a class of generalized RBSDEs with Lipschitz condition on the coefficients,
and he extended these results under non-Lipschitz condition in his paper [24].
There are several papers by Hamadéne [25] and Hamadéne and Ouknine [26],
Matoussi [27], Lepeltier and Xu [28] and Ren et al. [29, 30] in which authors
emphasise the significance of the case when the data are from L? for some p €1, 2].

The aim of this chapter is a study Eq. (1) if the terminal condition £ and
generator f are p-integrable, p €1, 2. Regarding that in several applications such as
in finance, control, games, PDEs, etc., data are not square integrable, and the
influence of some random external factors on the system can be seen as perturba-
tions of the solution of Eq.(1), it is natural to introduced additive perturbation in
the parameters of equation &, f and barrier process L, in order to better describe the
change of the system and find some measurement for the change.

This chapter is organized in following way; In Section 2 elementary notations,
definitions and preliminary results regarding RBSDEs are introduced. Next section
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is dedicated to the formulation of the main problem, i.e. problem of additively
perturbed RBSDEs with one lower obstacle is stated. Together with the set up for
the problem, some auxiliary estimates are proved in this section. In Section 4,
conditions under which the solutions are stable are given, and estimates for the
stability are derived. Section 5 contains the most interesting result, i.e. the estima-
tion of a time interval for a given closeness of the solutions. The chapter is finished
with the Section 6, Conclusions remarks, where the highlights of the chapter are
emphasised and ideas and open problems for the future research are stated.

2. Preliminaries

All random variables and processes are defined on a filtered probability space
(Q, F,F:, P), where {F,t €[0, T|} is a natural filtration of a standard d-dimen-
sional Brownian motion B = {B;,t € [0, T}, that is, it is right continuous and
complete. Also, all stochastic processes are defined for ¢ € [0, T], where T is a
positive, fixed, real constant, and they take values in R” for some positive integer 7.

Forany keNand x € R*, |x| denotes the Euclidean norm of x.
Further, for any real constant p €1, 2], we recall on standard notations which
will be used:

i. SP(R) is the set of R-valued, adapted and continuous processes
{X;,t€[0, T]} such that

P
X5 =E[ sup Ithp] <oo.
te0,T]

The space S (R) endowed with the norm ||-||¢ is a Banach type.

ii. MP is the set of predictable processes {Z;,t € [0, T|} with values in R? such

that
T 5
(J |Zt|2dt> ] < oo.
0

Likewise, M?(R") endowed with the norm ||-|| ,,» is a Banach space.

=

Xl pe = E

iii. The space S x M?” will be denoted by B?.

Let £ be an R-valued and Fp-measurable random variable and let a random
function f : [0, T] x Q x R x R? — R be measurable with respect to P x B(R)x
B(Rd), where P denotes the o-field of progressive subsets of [0, T] x €, while
L:={L;,t [0, T]} is a continuous progressively measurable R-valued process.

The following hypothesis are introduced for &,f and L:

(Hy) EeL?P(Q).

(Hz)

i. The process { f(¢,0,0),t€ [0, T|} satisfies E(fg|f(t, 0, O)|dt>p < oo;

ii. (ii) (Lipschitz condition) there exists a constant & > 0 such that for all
te[0,T],(y,2), (y,2') ER x R,
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Ift.9,2) = f(&.5', ) <k(ly = ¥'| + |z = 2]).
(H3) The barrier process L satisfies:
i Lr <&
ii. L":==Lv0eS&(R).

The definition of the unique solution to Eq. (1), associated with the triple
(&,f,L), and the existence and uniqueness theorem under Lipschitz condition are
given in [22].

Definition 1

I. (Existence of the solution.) The triple {(Y;,Z;,K;),t €0, T]} is an L?-solution
to RBSDE (1) with a continuous lower reflecting barrier L, terminal condition
¢ and drift/generator/driver f if:

1.{(Y:,Z;),t €0, T|} belongs to 13;

2.K = {K;,t €10, T]} is an adapted continuous nondecreasing process such
that Ko=0 and I(TGLP(Q);

3.Y, = E+ [f(s, Y5y Z)ds + Ky — K; — [ Z,dB,a.s.,t €0, T);
4.Yt ZLt,tE [0, T],
5.3 (Ys — L)dK, = 0 P —as.

II.(Uniqueness of the solution.) The triple {(Y;,Z;,K;),t € [0, T]} is a unique L?-
solution to RBSDE (1) if for any other solution {(?t,z, Ft) ,t€[0,T] }, the
following holds,

Ve =Yg =0, [Z-Z], =0, [K -EKlg=0. 2)
Proposition 1 [Hamedene, Popier [22]] Let (H;) — (H3) hold for &,f and L.

Then, RBSDE (1) with one continuous lower reflecting barrier L associated with

(&,f,L) has a unique L?-solution, p €1, 2], i.e. there exists a triple of processes

{(Y:,Z:,K:),t €10, T} satisfying Definition 1.

The following lemma is well known result and it is widely used in stability
estimates.

Lemma 1 [Hameédene, Popier [22]] Assume that (Y,Z) € ¥ is a solution of the
equation

T T
Y, =&+ J f(s, Y, Z)ds + Ar — A, —J Z.dB;, t€[0,T],

t t

where:
i. f is a function satisfying the previous assumptions;

ii. The process {A;,t€ [0, T]} is P — a.s. of bounded variation.
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Then, for any 0 <t <u <T it follows that
R e
13
U
<|Y,[F+ pJ Y|PV, dA,
t

+pJ Y PV f (s, Y, Z)ds — pJ Y [PV, Z,dB,
t t

where ¢(p) —p(p Jandy = 21 Lyz0-

When the model of some phenomenon is described by RBSDE, than, some
change of the system can be treated as additive perturbation of the initial equation.
The size of the change could be estimated as the difference between the solutions of
the initial equation and the perturbed one. In view of this direction, together with
Eq. (1), we study the following perturbed RBSDE,

T T
:58+J fg(s,Yf,Zf,e)ds+I<‘}—I<f—J Z{dB;, 0 t€[0,T],
t r t (3)
Ye> L, t<T0de (Y:—Lf)dK; =0, P—
0

where &, f° and the barrier L* are defined as &,f and L, respectively, they
depend on a small parameter ¢ € (0, 1), and they are of a special additive form

&= é‘f‘ﬁ(T’ ‘9)’
fit,y,2,¢) =f(t,y,2) + a(t,y,z, €),
L; =L +1.

For a given (f*, &,L?), a triple of adapted processes { (Y?,Z¢,K;),t€[0,T]} isa
solution to Eq. (3). In the sequel Eq. (1) will be named the unperturbed equation,
while Eq. (3) a additively perturbed one. It is usually expected that the additively
perturbed Eq. (3) is more general and more complexed than the unperturbed one.
Furthermore, it is obvious that in case when f(¢) = a(t,y,2, €) = [I; = 0, additively
perturbed equation reduces to unperturbed equation. This fact is a basic motivation
for us to introduce conditions guaranteeing the closeness of the solutions of the
additively perturbed and unperturbed equations in the L”-sense, and to estimate the
conditions for the additive parameters in order for the solutions of these equations
to stay close in the L”-sense in some way.

After basic notations, definitions and results are present, the formulation of the
main problem is given in following section.

3. Formulation of the problem of additively perturbed RBSDEs with one
lower obstacle & and auxiliary results

In order to deduce estimates for the closeness of the solutions of additively
perturbed and unperturbed equations, following assumptions are introduced;

(LA0) For the additional part in final condition of perturbed equation (T, ¢),
such that & = & + p(T, ¢), while &, £ € LP(Q), there exists a non-random function
p1(e), e€(0,1), such that

E|B(T, e)l" <pi(e).
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(A1) For the additional part in the generator/driver integral, a(t,y,z, €), there
exists a non-random function a4(¢), € € (0, 1), such that

sup la(t,y,2,€)| <ai(e) as.
(t,y,2) €0, T|xBF

(A2) For the additional part in barrier processes I;, there exists a non-random
function /;(¢), e € (0, 1), such that

E sup [ <li(e).
tel0,T)

We give first an auxiliary result for the stability of the solutions which we will
use to prove main result.

Proposition 2 Let p €]1,2[ and let {(Y, Z;:, K;),t € [0, T|} and
{(Y¢,Z,K¢),t€[0, T]} be the solutions to additively unperturbed and perturbed

Egs. (1) and (3), respectively. Let also assumptions (.A0) — (A2) and conditions
(H1) — (H3) be satisfied. Then,

E|Y: - Y, [f <Cie"T, te0,T], (4)

2 r1 . 1
wherec; =p — 1+ pk +% and C; = fy(e) + i (e) T+ 17 (e) <E|I<T}p>p.
Proof: Let us denote for ¢ € [0, T the differences of the processes of the solutions,

Y, =Y~V Z,=2Z¢-Z;, K, =K —K,.

If we subtract Egs. (1) and (3), we obtain

T T

als, Y6, 26, 6)ds + Ky - K, —J ZdB,, te[0,T..  (5)

t

Y, = B(T,¢) +J

t

Applying Lemma 1 on !Y} p, we have

T
T e 1901y ol s
t
T
<|B(T,e)f +pJ |175 |1ﬂ71 sgn (f@)a(s, Y:,ZE, e) ds
t

Y, P sgn (Y,)Z,dB;

T AW A | T
+pJ Vi sgn (V5)d(AK,) —pJ
t t
T
<|B(T, &)l +pJ |S?5|p_1|a(s, Yf,Zf,s)Ids (6)
T o t T . 1
+ka Y| |Yf—Y5|ds+ka Y| 1z — Z|ds
t t

T
|
t

=|p(T, &)l + L(¢) +kaT\f/5 }pds +L(t) + I3(t) + 14(¢),

Y,

T
P son (V,)d(AK,) - pJ V. sgn (V,)Z,dB,
t

where [;(t),i = 1,2, 3, 4 are the appropriate integrals. In order to estimate I;(t),
we apply the elementary inequality a? b < Z%ap +2b¥,a,b >0 and assumption
(A1). Then,
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T
I(t) :pJ ’f/s’p_lla(s, Yf,Zf,e)lds
e @)
<(p-1)| [T s+ di(e)T 1)

In order to estimate I5(¢), we use the elementary inequality 2ab < % +2b?,

2 T
b(t)sﬂj
1),

5 c(p) T w2 5 12
»e B dS—i—TJt ‘Y;‘ I{K#O}‘ZS‘ ds,

wherec(p) =p(p — 1)/2.

For estimation of member I5(¢), we will use mapping (x,a) — 0(x,a) =
e — a]p_zlx# (x —a), (x,a) €ER x R. Function x — 0(x,a) is non-decreasing, while
the function a — 6(x, a) is non-increasing. As it is known, I’ = Lf — L, and since
Y{>L:, Y, >L,, then

T
I3t)=p ‘Y ‘p 1sgn ?)d(AR’S)

T

T
=p| O(Y:,Y)I (yi-1:1 K] — pL O(Y:, Y) iy, 1,1 dK,

Jt

T T
<p| e — L1 (151,20} (LE = L) dKS — th e — L[P 1 (151,20} (LS — L) dK,

T 1 ~
=p| [E]"d(KS).
Jt
(8)

Substituting estimates for I;(t),7 = 1,2,3 in in (6), we obtain
p ¢ (10 P—
B+ D0 1y 2

<|B(T,e)f + (p—l-l—pk-i—lfL)J \Y\Pdsﬂoj EPa (k).
+aq(e)(T = 1) + La(t).

Taking expectation on last inequality, and taking into account that expectation
of I, is 0, we have

E[Viff <pile) + ()T + 17 >(E\f<ﬂpf

2 T
+<p—1+pk+ﬂ>J E|V[" ds.
p—l t

As Kr,K7 € [P (Q), it follows that E ‘I%T !P < o0. So (4) holds straightforwardly by

applying the Gronwall-Bellman inequality ([31], Theorem 1.5):
Let u(t) be a continuous function in [a bl, f (t) be Riemann integrable function in

[a,b] and ¢ = const > 0. If u(t) = f(t) + cjt s)ds,t € [a,b], then u(t) <f(t) +
cjtbf(s)ec(“t) ds,t € [a,b).
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The theorem is proved.

For the introduced problem, conditions for the stability of the solutions and
estimates for the stability of the solutions are derived In next section.

4. Stability estimates for additive perturbations

For the estimate of L7 -difference between the solutions to Egs. (1) and (3), the
L? -stability of the solution to Eq. (1) is necessary.

Following theorem provides the result, that in case of small additive perturba-
tions case, we can expect that the difference of the solutions of perturbed and
unperturbed equations tends to zero, when the perturbations are sufficiently small.

Theorem 1 Let all the conditions of Proposition 2 be satisfied and let the func-
tions f;(¢), a1 (€),l1(€) tend to zero as ¢ tends to zero, uniformly inz € [0, T]. Then it
follows that

E sup |Yf — Yt‘p — 0, e—0,
t€[0,T]

T AN
E<J |zt — Zy| ds) — 0,e — 0,
0

E sup E|Kf — K,/ — 0, e— 0.
te€[0,T]

Proof: Let us define

p-1
#0) = max g e, (0,17 (6. ©)
From Proposition 2, we have that C; <¢ (&) C, where C =1+ T + (E|K'T ‘p>5
and, therefore,
E|Y.f <p(e)Cer T, te(o,T).
Since ¢(¢) — 0 as € — 0, then for every to € [0, T,

sup E|YV.[ <¢(e)Cer T — 0, &— 0. (10)

t€to, T)

In order to estimate the L”-closeness between the processes Z; and Z*(t), as well
as K; and K*(T), we need estimate Esup, . o 1 |1A/t ’

that is to estimate I4(t). By
applying the Burkholder-Davis-Guandy inequality [32] and Young inequality,
u v <au + (1 - a)v,v>0,a€[0,1], we have

T o w25 2 :
E sup I4(t)s4\/§pE(J VoA ds)
to

t € fto, T|

<4pr< sup \yﬂ 72z ds)

tE to

EE sup ’Y ‘p+16p2EJ ‘Y }p Z‘Z} ds.

t€[to, T)

I\.)
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We can conclude that

1 o, 327 &1 (T—to)
E sup I4(t)< ZE sup }Yt} +—— ¢p(e) Cer'" 710, (11)
t€to, T| t€lto, T) c(p)

It follows that

1 L ~
E sup |V, < 2E sup ‘Y |p+ L5 p(e) Cer(T7) +ClJ E|Y,[ds + ¢(e)C
telto, T] tefto, T (P) Lo
Hence,
. ~ 2
E sup |V, SZ¢(€)C{6C1(T_“’) <1+3 ? ) +1} = ¢(e)A1(t0), (12)
t€[to, T) (P)

where A;(to) is a generic positive constant. By the assumption of the theorem,
¢(e) — as e — 0, then Esup, 0, T] ‘?t ‘p — 0,as € — 0. The desired estimate holds if

we take tp = 0.
Now we can estimate the other two parts.
For everyi€{0,1,2, ... } and arbitrary ¢y € [0, T}, let us define stopping times

- inf{te[O iy J 12 ds>z}/\T

Clearly, 7,1 T a.s. wheni — oo. If we apply the Ito formula to ekt|?t 2,
we find that

re [t09 fi])

v+ | 2 as
to

— ekrii?ri}Z I in

Zo

Y, [2a(s, Y5, Z5 ) — kY] + 2J VAR, - 2J *V,2.dB,
to

to

=V, [P+ T+, — 2rek5?525d35,
t
0 (13)
where estimates J; and ], are the appropriate integrals. For 4; > 0 that
Ji = ZJTieka/Sa(s, Y:, ZE, 8) ds — kreksffszds

to to

<2 s[up ]ek”‘lf/}lal(e)(T —to) — krekffffds (14)
s€lto, 7 to

< 1 sup eZkSWS!Z + 21(T —t0) a3 (e) — kJ iek5|?s|2d5-
to

lse [to,T,‘]
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Similarly, for 4, > 0,

I, = ZJ &Y. dK, <2 sup eksl?slj dK,
Lo

to s E€to, i
1 A2 W \?
<— sup €2k’}Ys} + (J sz) (15)
/1236 [to, i Lo
_1 sup 6%5‘175‘2-1—12(12}1. —R’to)z.
256[1’0,1,‘]
Also,
) ) R R 7i T 2
(Kr, — Kiy) = (YT,. - Y, —J als, Yf,Zf,e)dH—J ZdeS>
to to
[ 2 o T 2 i 2
<4||VL ]+ |V |+ J al(s,Ye,Z8, €)Lirany ds| + J Z,dB; ]
L to to
(2 o " 2
<4 ‘Yfi +|Yto‘ +2( _tO) 1( )+ J ZdB;
to
(16)

Substituting (14), (15) and (16) in (13) yields

(1 41)|Tof* + rek5|ZS|2ds
to

kr, 1.1 2hs | ©
< (¢ 4+ 42) |7 +(2 Uz) sup 27,

se [to, Tf]

+44,

0

2 Ti . Ti R
- 2J Y, Z,dB, — kJ |V, ds + (1 + 81)(T — t)23(e).
to 12

J Z.dBs
to
It follows that

G 1 1 A
J Z"ds < (& + 4+ —+ = sup |V,
to /11 /12

XS [l‘o ‘L'l}

(17)

2 o
+42) 4 2J &Y. Z.dB;
to

J Z.dB,
to

—kJ |72 ds + (h1 + 80)(T — to)?c(e).
to

The last inequality can be written as
2

- 2J &Y. Z.dB;
to (18)

J Z.dB;
to

J 1Z,|"ds <ca(to) sup |Vi|" + 443

s Eto, 7]

+(21 + 84)(T — to) i (e),
where

1 1
c2(to) = { + 44 +/11+/1—2—k( _to)}esz.

10
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By applying the inequality (Z:":lai)k <(m*F1v1)>" a¥,a;>0,k>0 on (18)
and by taking expectation, we obtain

4
7i 2 P
E(J ‘Z:‘zds)z SC%(to)E sup }f/s |p + 4%/1%E
to

se [to, ‘L'i]

J 'Z.dB,

Lo

E (19)
2 + (41 + 84)

P
2

+2°E (T —to) dle).

J V.2 dB.

to

It is left to estimate two integrals with respect to Brownian motion, which will be
done by applying the Burkholder-Davis-Guandy inequality,

P Tioo9 5
gcpE(J |Z | ds> ,
to
5 §
([iwriera)
to

zscgz%e@E
, /]
AP i ~ 12 2
<c3E sup ‘Yt‘ +/13<J !ZS‘ ds> ,

se [to, T,‘] to

E

J 'Z.dB,

to

P

2°E

J 57,2 dB.

to

where 13> 0, ¢3 = iCéZP’zeka, and C, = (32/p)"’* and Cp = (64/p)?'* are the

universal constants. Substituting previous estimates in (19), it follows that

T 4 T; z
E(J }25}243)20%@0)15 sup |f/5|p+4%/1%CpE<J |zs|2ds>2
to Se[to,‘ii} Zo
p

- o9 2
+c3E sup |V +/13E<J |Z | ds)

se [to, T,‘] to

+(2 + 8L)2(T — 1o (e),

i.e.

y P\
(1- 4G, - 2)E( | |2/ ds
to

< (c3(t0) +¢3)E sup [V + (i + 82)(T — oV ).

seE [t(),‘[,‘]

(20)

The constants A, 43 can be chosen such that 1 — 4%2%@, — A3> 0, then, from (12)
and (20) it follows that

p
5o b (Ghlto) +e3)Asleo) + (1 + 822)
E(J |Z | ds) < -
0 1—4223C, — A3
= As(to) #(e),

14
2

(T - to)p

¢(e) (21)

where A,(to) is a positive generic constant. By the Fatou’s Lemma,

T 5
E<J |ZS‘ ds) — 0, €—0.
Lo

Then, second estimate holds if we take tg = 0.

11
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It is left to estimate the difference between the processes K and K*. From (5), we have

T
I<l’ :ﬂ(T,S) - Yl' +J

t

T
als, Y5, 25, €)ds — J Z,dB; + K.

t

In view of (12) and (21), we derive that

E sup |K,["
t€to, T)
x 4
<5*"WE|B(T,e)f +E sup |Yt’p—|—

t € [to, T)

T
J a(s, Y:,ZE, e) ds

to

(22)

4
+E sup +E[Rr[f
t € to, T)

<51+ Aslto) + (T — 10)12% + Cyato) fp(e) + 5 E|Kr|”.

T A
| Z.a,

t

Since
T T
als,Y:,Z8, e)ds + J Z,dB,

I%Tz?o—mT,e)—J O

0

in accordance with the last estimate, we have that

p

E|Rr[ <4 |E|Yof" +E|B(T, &)l +E +E

T T
J a(s, Yf,Zf,s)ds J Z.dB;
0

0

pl

Hence, it follows from that there exists a generic constant A3(zo) > 0 such that

<qr-1 [éeﬁT Y14 T 4 Az(O)] o(e).

E sup |K.[' <As(to)¢p(e) — 0, &— 0. (23)
te[0,T]

Then, the last estimate of the theorem holds if we take ¢ty = 0, which completes
the proof.

*

In this section complete proof for the stability of the solutions is given, which as
a strong result and it enable us to estimate the time interval for a given closeness of
the solutions. This result is proved in next section.

5. Time interval for a given closeness of the solutions

Theorem 1 provides that the state processes Y; and Y, the control processes Z;
and Z;, as well as K* and K could be arbitrarily close for ¢ sufficiently small. Le., if
perturbations are small enough, closeness of the solutions can be provided. But,
from the perspective of applications and modelling, it is usually important to study
the closeness between Y; and Y; near to the terminal values £° and &. Per example,
for the application in pricing American options, an agent would be interested how

12
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will the price behave near the exercise time. It is interesting and useful to find the
time interval on which we could preserve the wanted closeness, i.e. that for some
permissible a > 0 and ¢ sufficiently small, find #(a) =t € [0, T| so that the rate of the
closeness between Y} and Y; does not exceed a on [t, T|. Even-more, estimate of the
closeness between the control processes Z; and Z; on [t, T] can be estimated.

Theorem 2 Let all the conditions of Theorem 1 hold. Also, let the function
¢(¢),e€(0,1) defined with (9) be continuous and monotone increasing. Then, for
an arbitrary constanta >0 and ¢ € (O, CD_l(a)] , there exists £ € [0, T|, where

[ = max O,T—lln (. |
c1 ¢(e)C

such that
sup E|Y; - Y|/ <a, (24)
te[E,T]
T £
E(J \Z| ds) <A(@)p(e), (25)
E sup |K.[ <As3@) ¢(e), (26)
te[E,T]

and A, () and A3(f) are constants defined in (21) and (23), respectively.
Proof: Let us introduce function S(e, T —t),t € [0, T|, such that

S(e, T —t) = ¢(e) Ce T,

where ¢; is given in Proposition 1 and C in Theorem 1. For an arbitrary a > 0, it
must be

S(e,0)<a<S(e, T),

that is,

Since ¢(¢) decreases if ¢ decreases, it follows that

— a _1(a
a=9¢ l(éeC1T> sesd 1(6) o

where ¢! is the inverse function of ¢. For every € € [e1, €2/, it is now easy to
determine ¢ from the relation S(e, T — ) = a, that is,

1
1 n

t=T——1In —.
¢ ¢(e)C

Ife€(0,61), thena>S(e, T). If e€ (0, &), let us take

f = max {0,7} = max O,T—lln T\t
a1 ¢P(e)C

13
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Hence, for every € € (0, ¢7), it is easy to see that

sup E|Y¢ —Y.[" <S(e, T — ) = a.
telt 7]

Clearly, 1T as et ey and £, 0 as e | &1, thatis, £ 4 0 as €| 0.
*

This section illustrates the most important result of the chapter. Indeed, estimate
of a time interval, for the given, precise closeness of the solutions is very important
in the applications. Per example, if some random observation is modelled by
RBSDE, and its behaviour (value) on fixed time T is familiar, as well as its change
up to some other value in capital moment, and if the driver of the model is supposed
to linearly change, it is interesting to estimate the time interval on which we could.
“control” the observations, i.e. under which our change under linearisation of final
value and the drift will remain within the boundaries we impose.

6. Conclusions and remarks

It should be noted that this is a special case of generally perturbed problem
observed by Dordevi¢ and Jankovi¢ in [5], but we have provided and explicit,
concrete estimates for the additive type of perturbations. Interesting in this case
also is, that even-though we introduce the hypothesis (H2), i.e. Lipschitz condition
for the drift/driver/generator function, this hypothesis is not explicitly used in the
estimates for perturbations. It is necessary to have it in order to have the existence
of the solutions for perturbed and unperturbed equations, but it is not necessary for
the perturbation estimates with the given assumptions (A0)-(.A2). It follows that
results from this chapter can be generalized in several ways:

L.assumption (A1) can be weaken in the sense that it can be per example of the
form:

i. Lipschitz condition

2 2
a(t’yazag) —a(t,y1,21,8)| SL(b'_yl‘ + HZ—21H2> +a1(t’€)a a.s.
for some Lipschitz constant L and nonrandom function a4 (¢, €).

ii. Non-Lipschitz condition.

There exist constants C > 0 such that for any (w,¢) €Q x [0, T] and
r1521)> (v,22) eRF x RF4,

a(typze) = altyae) <p(tp —3l') + Cllzs = 2] + a0,

where p : [0, T] x R" — R satisfies: For fixed r € [0, T], p(t, -) is: a concave
and non-decreasing function with p(¢, 0) = 0;

« for fixed u, [ p(t,u)dt < oo;

e for any M > 0, the ODE

14
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u' = —-Mp(t,u), u(T)=0
has a unique solution #(¢) = 0, t€ [0, T'.
iii. Linear growth condition
la(t,y,2, €)| <K(ly|+|lz]]) + aa(t, &), as.

for some constant K and nonrandom function a4(t, €).

In all alternatives, further assumption is that there exist nonrandom function
a(e) such that

sup ai(t,e) = a(e).
t€[0,T]

I1.Conditions of existence and uniqueness of the solutions of perturbed and
unperturbed equations can be generalized in a sense for the driver f, f, of
Egs. (1) and (3) to satisfy some of mentioned conditions: non-Lipschitz or
linear growth one. In this manner, these assumptions would hold for the
additional function « in the perturbed driver also.

In the case when we change the initial conditions and assumptions, the steps will
be similar, while the main inequality at the end of the estimates will be established
by applying Bihari inequality and not Gronwall-Bellman one.

Acknowledgements

Jasmina Dordvié is supported by STORM-Stochastics for Time-Space Risk
Models, granted by Research Council of Norway - Independent projects:
ToppForsk. Project nr. 274410 and by “Functional Analysis and Applications”,
2011-2020, Faculty of Natural Sciences and Mathematics, University of Nis, Serbia,
Project 174007, MNTRS.

Thanks

We would like to thank Prof. Svetlana Jankov¢ for the comments and
suggestions.

15



Recent Developments in the Solution of Nonlinear Differential Equations

Author details
Jasmina Dordevié'?
1 Department of Mathematics, University of Oslo, Oslo, Norway

2 Faculty of Sciences and Mathematics, University of Nis, Nis, Serbia

*Address all correspondence to: jasmindj@math.uio.no, ninal9@pmf.ni.ac.rs and
djordjevichristina@gmail.com

IntechOpen

© 2021 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms
of the Creative Commons Attribution License (http://creativecommons.org/licenses/
by/3.0), which permits unrestricted use, distribution, and reproduction in any medium,

provided the original work is properly cited.

16



Effect of Additive Perturbations on the Solution of Reflected Backward Stochastic...

DOI: http://dx.doi.org/10.5772/intechopen.95872

References

[1] ML.I. Friedlin, A.D.Wentzell, Random
Perturbations of Dynamical Systems,
Springer, Berlin, 1984.

[2] R. Khasminskii, On stochastic
processes deffined by differential
equations with a small parameter,
Theory Probab. Appl. 11 (1966) 211-228.

[3]]. Stoyanov, Regularly perturbed
stochastic differential systems with an
internal random noise, in: Proc.
2ndWorld Congress Nonlin. Anal.,
Athens, July 1996.

[4] S. Jankovic, M. Jovanovic, J.
Djordjevic, Perturbed backward
stochastic differential equations, 55
(2012), 1734-1745.

[5] J. Djordjevic, S. Jankovi¢, Reflected
backward stochastic differential
equations with perturbations, Discrete

and Continuous Dynamical System - A,
38(4)(2018) 1833-1848.

[6] E. Pardoux, S.G. Peng, Adapted
solution of a backward stochastic
differential equation, Systems &
Control Letters 14 (1) (1990), 55-61.

[7] E. Pardoux, S.G. Peng, Backward
stochastic differential equations and
quasilinear parabolic partialdifferential
equations, in: Stochastic Partial
Differential Equations and Their
Applications, (Charlotte, NC, 1991) (B.
Rozowskii and R. Sowers, eds.), Lecture
Notes in Control and InformationSci.,
Vol. 176, Springer, Berlin (1992) 200-
217.

[8] S. Peng, Probabilistic interpretation
for systems of quasilinear parabolic
partial differential equations, Stoch.
Stoch. Rep. 37 (1991) 61-74.

[9] N. El-Karoui, S. Peng and M.C.
Quenez, Backward stochastic
differential equations in finance, Math.
Finance 7 (1997) 1-71.

17

[10] S. Hamadéne, BSDEs and risk
sensitive control, zero-sum and
nonzero-sum game problems of
stochastic functional differential
equations, Stochastic Process. Appl. 107
(2003) 145-169.

[11] S. Hamadéne and J.P. Lepeltier,
Backward equations, stochastic control
and zero-sum stochastic differential
games, Stoch. Stoch. Rep. 54 (1995) 221-
231.

[12] E. Pardoux, BSDEs, weak
convergence and homogenization of
semilinear PDEs, in: Nonlinear analysis,
differential equations and control
(Montreal, QC, 1998), Volume 528 of
NATO Sci. Ser. C Math. Phys. Sci.
(Kluwer Academic Publishers,
Dordrecht, 1999) 503-549.

[13] K. Bahlali, El. Essaky and Y. Ouknine,
Reflected backward stochastic differential
equations with jumps and locally Lipschitz
coefficient, Random Oper. Stochastic
Equations 10 (2002) 335-350.

[14] K. Bahlali, El. Essaky and Y.
Ouknine, Reflected backward stochastic
differential equations with jumps and

locally monotone coefficient, Stoch.
Anal. Appl. 22 (2004) 939-970.

[15] A. Gégout-Petit, A Filtrage d’'un
processus partiellement observé et
équations differentielles stochastiques
rétrogrades réfléchies, Thése de
doctorat ’'Université de Provence-Aix-
Marseille, 1995.

[16] Y. Ouknine, Reflected BSDE with
jumps, Stoch. Stoch. Rep. 65 (1998)
111-125.

[17] E Pardoux and A. Rascanu,
Backward stochastic differential
equations with subdifferential operator
and related variational inequalities,
Stochastic Process. Appl. 76 (1998)
191-215.



Recent Developments in the Solution of Nonlinear Differential Equations

[18] N. El-Karoui, C. Kapoudjian and E.
Pardoux, S. Peng and M.-C. Quenez,
Reflected solutions of backward SDEs,
and related obstacle problems for PDEs,
Ann. Probab. 25 (1997) 702-737.

[19] B. El-Asri and S. Hamadéne, The
finite horizon optimal multi-modes
switching problem: The viscosity
solution approach, Appl. Math. Optim.
60 (2009) 213-235.

[20] S. Hamadéne and M. Jeanblanc, On
the stopping and starting problem:

Application to reversible investment,
Math. Oper. Res. 32 (2007) 182-192.

[21] ].P. Lepeltier, A. Matoussi and M.
Xu, Reflected backward stochastic
differentialequations under
monotonicity and general increasing
growth conditions, Adv. Appl.Probab.
37 (2005) 134-159.

[22] S. Hamadene and A. Popier, Lp-
solutions for Reflected Backward
Stochastic Differential Equations,
Stochastics and Dynamics Vol. 12, No. 2
(2012) p1150016-1-1150016-35.

[23] A. Aman, L, -solutions of reflected
generalized backward stochastic
differential equations with non-Lipschitz

coefficients, Random Operators/
Stochastic. Egs. 17 (2008) 12-31.

[24] A. Aman, L,-solutions of
generalized backward stochastic

differential equations with barrier, Afr.
Diaspora J. Math 8 (2009), No. 1 68-80.

[25] S. Hamadéne, Reflected BSDEs with
discontinuous barrier and applications,
Stoch. Stoch. Rep. 74 (2002) 571-596.

[26] S. Hamadéne and Y. Ouknine,
Reflected backward stochastic
differential equations with jumps and

random obstacle, Electron. J. of Probab.
8 (2003) 1-20.

[27] A. Matoussi, Reflected solutions of
backward stochastic differential

18

equations with continuous coefficients,
Statist. Probab. Lett. 34 (1997) 347-354.

[28] J.P. Lepeltier, M. Xu, Penalization
method for reflected backward
stochastic differentialequations with
one r.c.l.l. barrier, Statist. Probab. Lett.
75 (2005) 58-66.

[29] Y. Ren and N. Xia, Generalized
reflected BSDEs and an obstacle
problem for PDEs with a nonlinear

Neumann boundary condition, Stoch.
Anal. Appl. 24 (2006) 1013-1033.

[30] Y. Ren and L. Hu, Reflected
backward stochastic differential
equations driven by Lévyprocesses,
Statist. Probab. Lett. 77 (2007) 1559—
1566.

[31] D. Bainov, P. Simeonov, Integral
inequalities and applications, Kluwer
Academic Publishers, Dordrecht,
Netherlands, 1992.

[32] X. Mao, Stochastic Differential
Equations and Applications, second
edition, Horvood, Chichester, UK,
2008.



