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Chapter

Existence and Asymptotic

Behaviors of Nonoscillatory
Solutions of Third Order Time
Scale Systems

Ogzkan Ogtiirk

Abstract

Nonoscillation theory with asymptotic behaviors takes a significant role for the
theory of three-dimensional (3D) systems dynamic equations on time scales in
order to have information about the asymptotic properties of such solutions. Some
applications of such systems in discrete and continuous cases arise in control theory,
optimization theory, and robotics. We consider a third order dynamical systems on
time scales and investigate the existence of nonoscillatory solutions and asymptotic
behaviors of such solutions. Our main method is to use some well-known fixed
point theorems and double/triple improper integrals by using the sign of solutions.
We also provide examples on time scales to validate our theoretical claims.

Keywords: nonoscillation, three-dimensional time scale systems, dynamical
systems, existence, fixed point theorems

1. Introduction

This chapter deals with the nonoscillatory solutions of 3D nonlinear dynamical
systems on time scales. In addition, it is very critical to discuss whether or not there
exist such solutions. Therefore, the existence along with limit behaviors are also
studied in this chapter by using double/triple integrals and fixed point theorems.
Stefan Hilger, a German mathematician, introduced a theory in his PhD thesis in
1988 [1] that unifies continuous and discrete analysis and extend it in one compre-
hensive theory, which is called the time scale theory. A time scale, symbolized by T, is
an arbitrary nonempty closed subset of the real numbers R. After Hilger, the theory
and its applications have been developed by many mathematicians and other
researchers in Control Theory, Optimization, Population Dynamics and Economics,
see [2-5]. In addition to those articles, two books were published by Bohner and
Peterson in 2001 and 2003, see [6, 7].

Now we explain what we mean by continuous and discrete analysis in details.
Assuming readers are all familiar with differential and difference equations; the
results are valid for differential equations when T = R (set of real numbers), while
the results hold for difference equations when T = Z (set of integers). So we might
have two different proofs and maybe similar in most cases. In order to avoid
repeating similarities, we combine continuous and discrete cases in one general
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Recent Developments in the Solution of Nonlinear Differential Equations

theory and remove the duplication from both. For more details in the theory of
differential and difference equations, we refer the books [8-10] to interested
readers.

3D nonlinear dynamical systems on time scales have recently gotten a valuable
attention because of its potential in applications of control theory, population dynam-
ics and mathematical biology and Physics. For example, Akn, Giizey and Oztiirk [3]
considered a 3D dynamical system to control a wheeled mobile robots on time scales

(a®(t) = —v(t) cos (¢)
po0) = o o) — i f
40 =20 ),

where a is the distance of the reference point from the origin, f is the angle of
the pointing vector to the origin, y is the angle with respect to the x axis, and v, w
are controllers. They showed the asymptotic stability of the system above on time
scales. Another example for T = R, Bernis and Peletier [11] considered an equation
that can be written as the following system

Uy =uy
Uy = u3 (2)
uy = h(u)

to show the existence and uniqueness and properties of solutions for flows of
thin viscous films over solid surfaces, where (1, u,u3) is the film profile in a
coordinate frame moving with the fluid.

We assume that readers may not be familiar with the time scale basics, so we
give an introductory section to the time scale calculus. We refer the books [6, 7] for
more details and information about time scales. Structure of the rest of this chapter
is as follows: In Section 3.1 and 3.2 we consider a system with different values, 1
and — 1, respectively, and show the qualitative behavior of solutions. In Section 4,
we give some examples for readers to comprehend our theoretical results. Finally,
we give a short conclusion about the summary of our results and open problems in
the last section.

2. Time scale essentials

In the introduction section, we have only mentioned the time scales R and Z.
However, there are some other time scales in the literature, which also have gotten

too much attention because of the applications of them. For example, when T =
gho = {1, q, qz, ey }, g > 1, the results hold for so-called g-difference equations, see
[12]. Another well-known time scale is T = hZ,h > 0.

Definition 2.1 Let T be a time scale. Then for allz €T,

1.6(t):=inf {s€ T : s>t} is called forward jump operator (c(t) : T — T).
2.p(t)=sup{seT :s <t} is said to be backward jump operator (p(t) : T — T).

3.u(t):==0(t) —t for allt € T is called the graininess function ((u(t) : T — [0, 00)).



Existence and Asymptotic Behaviors of Nonoscillatory Solutions of Thivd Order Time Scale Systems
DOI: http://dx.doi.org/10.5772 /intechopen.94921

t t 0
hZ t+h t—h h
g™ tq : t(q—1)
Table 1.

Some time scales with o, p and u.

@~

tisdense, o(t) =p(t) =t

D ——— o t is left dense and right scattered, o (t) >t = p(#)
t
o ~— tis right dense and left scattered, o (t) =t > p(t)
t .
o ° . tisisolated, p(f) <t < o(t)

Figure 1.
Classification of points.

For the sake of the rest of the chapter, Table 1 summarizes how o, p and y are
defined for some time scales.

As we know, the set of real numbers are dense and set of integers are scattered.
Now we show how we classify the points on general time scales. For any t € T,
Figure 1 shows the classification of points on time scales and how we represent
those points by using o, p and 4, see [6] for more details.

Now, let us introduce the derivative for general time scales. Note that

T* — ( T\(p(suPT)> SUPT] lf SupT < oo
AT if supT = oo.

Definition 2.2 If there exists a § > 0 such that
h(c(t)) — h(s) — k™ (2)(o(t) — )| <elo(t) —s| forallse (t — 6,t +6)N'T,
for any ¢, then  is said to be delta-differentiable on T* and h2 is called the delta
derivative of h.
Theorem 2.3 Let hq,h; : T — R be functions with t € T*. Then.
i. k1 is said to be continuous at ¢ if /4 is differentiable at ¢.

ii. k4 is differentiable at ¢ and

hi(o(t))—h
hA (1) =" (;)()t) 1)

provided /4 is continuous at ¢ and ¢ is right-scattered.

iii. Suppose t is right dense, then /4 is differentiable at ¢ if and only if

hlA(t) — lim ha(t)—hi(s)

s—t I—s

exists as a finite number.
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iv. If hy(2)hy(o(t)) # O, then % is differentiable at ¢ with

A B2 (6 (6)— Iy ()2
(1) 0~ 2

A function s, : T — R is called right dense continuous (rd-continuous) if it is
continuous at right dense points in T and its left sided limits exist at left dense
points in T. We denote the set of rd-continuous functions with C4(T,R). On the
other hand, the set of differentiable functions whose derivative is rd-continuous is

denoted by C!,(T, R). Finally, we use C for the set of continuous functions
throughout this chapter.

After derivative and its properties, we also introduce integrals for any time scale
T. The Cauchy integral is defined by

be(t)At =F(b) —F(a) foralla,b eT.

a

Every rd-continuous function has an antiderivative. Moreover, F given by

F(t) = J f(s)AsforteT

to

is an antiderivative of f.

The following theorem leads us to the properties of integrals on time scales,
which are similar to continuous case.

Theorem 2.4 Suppose that 1 and &, are rd-continuous functions, ¢,d,e € T, and
PER,

a. hy is nondecreasing if 4 > 0.

b. If 21(¢t) >0 forall c <t <d, thenj" hy(t)At > 0.

c. [[(Bha(0)) + (Bha(2))) = B[ T (t) At + B[ ha(2)

d. [(hi(t)Ar = f h(t)At + [Jha ()

e. [ha(0)h ()AL = (hah2) (@) — (hah2) () — J'hi (O)ha(o(2)) At
f. [*hi(t)At = 0.

Table 2 shows how the derivative and integral are defined for some time scales
fora,beT.

T £A() [’f(t)ae

R £t) [2f (¢)de

z AF(e) =f(t +1) —f(0) S ()

q" Af(r) = L4000 2lab) ] @)
Table 2.

Derivative and integral for some time scales.
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This chapter assumes that T is unbounded above and whenever it is written £ > ¢4,
we mean t € [ty, o0) := [t1, o) N T. Finally, we provide Schauder’s fixed point theo-
rem, proved in 1930, see ([13], Theorem 2.A), the Knaster fixed point theorem,
proved in 1928, see [14] and the following lemma, see [15], to show the existence of
solutions.

Lemma 2.5 Let X be equi-continuous on [to, ?1] for any 1 € [tg, o). In addition
to that, let X C BC[tg, o) be bounded and uniformly Cauchy. Then X is relatively
compact.

Theorem 2.6 (Schauder’s Fixed Point Theorem) Suppose that X is a Banach
space and M is a nonempty, closed, bounded and convex subset of X. Also let T :
M — M be a compact operator. Then, T has a fixed point such that y = Ty.

Theorem 2.7 (The Knaster Fixed Point Theorem) Supposing (M, <) being a
complete lattice and F : M — M is order-preserving, we have F has a fixed point so
that y = Fy. In fact, the set of fixed points of F is a complete lattice.

3. Nonoscillatory solutions of nonlinear dynamical systems

Motivated by [16, 17], we deal with the nonlinear system

x8(t) = pe)f (1))
o) = q(t)g(=(2)) (3)
25 (t) = ar(t)h(x(2)),

where p.g,7 € C,y([to, o)1, RT), 2 = %1, and f and g are nondecreasing func-
tions such that uf (u) > 0, ug(«) > 0 and uh(u) > 0 for u # 0.

The other continuous and discrete cases of system (3) were studied in [18-20].
We first give the following definitions to help readers understand the terminology.

Definition 3.1 If (x,y,2), where x,y,z € C:d([to, o)1, R)T > 1, satisfies system
(3) for all large t > T, then we say (x,y,2) is a solution of (3).

Definition 3.2 By a proper solution (x,y,2), we mean a solution (x,y,z) of
system (3) that holds

sup{lx(s)|, y(s)|, |z(s)| : s € [t,00)7} >0

fort>to.

Finally, let us define nonoscillatory solutions of system (3).

Definition 3.3 By a nonoscillatory solution (x,y,z) of system (3), we mean a
proper solution and the component functions x, y and z are all nonoscillatory. In
other words, (x,y,z) is either eventually positive or eventually negative. Otherwise,
it is said to be oscillatory.

For the sake of simplicity, let us set

P(to,t):r 2(5)As, Q(to,t):th(s)As and  R(to,t) :Jt r(s)As,

to to to

where s,t,to € T and we assume that P(tg, 00) = Q(to, o) = oo throughout the
chapter.

Suppose that N is the set of all nonoscillatory solutions (x, y,2) of system (3).
Then according to the possible signs of solutions of system (3), we have the follow-
ing classes:
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N*:={(x,y,2) EN : sgnx(t) = sgny(t) = sgnz(t), t>to}
N = {(x,y,2) EN : sgnx(r) = sgnz(t) # sgny(t), t>to}
N°:={(x,y,2) EN : sgnx(t) = sgny(t) # sgnz(t), t>to}.

It was shown in [21] that any nonoscillatory solution of system (3) for 1 =1
belongs to N* or N°, while it belongs to N* or N” for 4 = —1. In the literature,
solutions in N, N” and N¢ are also known as Type (), Type (b) and Type (c)
solutions, respectively.

Next, we consider system (3) for 1 =1 and 4 = —1 separately in different sub-
sections, split the classes N, N’ and N¢ into some subclasses and show the existence
of nonoscillatory solutions in those subclasses. To show the existence and limit
behaviors, we use the following improper integrals:

vi= [ rem (Jt p(s)f (klj q(f)m) As) At,

Jto to to

{ee] [*O0

vo = | pley (kz +| g (ngjr(r)Ar) As) At,

Jig Jt

vs= | qt)e (k4 + ren (ksrop(r)Ar) m) At,

t t

ke — | q(s)e (k7 + ng:oV(T)AT) m) At,

Y6 = :p (2)f kloj;q(sw) At,
Y, = :q(t)g (J:or(s)h (k11J:°p(T)AT) m) At,
Ve = :q(t)g (ku + k13J:OV(S)As> At

T
Yo=| r(t)h <k14J p(s)As) At,
for some nonnegative k;, i = 1, ..., 14.

3.1 Thecasei =1

In this section, we consider system (3) with 4 = 1 and investigate the limit behav-
iors and the criteria for the existence of nonoscillatory solutions. The limit behaviors
are characterized by Akin, Dosla and Lawrence in the following lemma, see [21].

Lemma 3.4 Let (x,y,2) be any nonoscillatory solution of system (3). Then we
have:

i. Nonoscillatory solutions in N* satisfy

lim |x(z)| = lim [y(¢)] = oo,
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ii. Nonoscillatory solutions in N satisfy

lim |z(¢)| = 0.

t—o0

Therefore, for a nonoscillatory solution (x,y,2), we at least know that
the components x and y tend to infinity while the other component z tends to
Oast — oo.

3.1.1 Existence in N*

Let (x,y,2) be a nonoscillatory solution of system (3) in N such that x is eventually
positive. (x < 0 can be repeated very similarly.) Then by System (3), we have that
x,y and z are positive and increasing. Hence, one can have the following cases:

(i) x = c1orx — oo, (i) y — cp0ry — oo, (iii) 2 — c3 0rz — oo,.
where 0 <c¢1,¢2,c¢3 <oo. But, the cases x — ¢; and y — ¢, are impossible due to

Lemma 3.4 (i). So we have that any nonoscillatory solution (x, y,2) of system (3) in
N” must be in one of the following subclasses:

N, o= {(x,y,z> €N limfx(t)|= lim y(¢)]= eo, lim |z(t)| = 63}
N o= {<x,y,z> eN:  lim|x(t)|= lim ly(t)|= lim |£(t)|= oo}.

Now, we start with our first main result which shows that the existence of a
nonoscillatory solution in N¢, 5.

Theorem 3.5 N, _ z # @ if the improper integral Y is finite for some k; > 0.
Proof: Suppose that Y; < co. Then choose t; >, k1 > 0 such that

J:V(t)h (Jt pe)f (klﬁq(r)m> As) At < % , >t @

11 t

where k1 = g(1). Suppose that ® is the partially ordered Banach space of all real-
valued continuous functions with the norm |[|z|| = sup, ,, |z(¢)| and the usual
pointwise ordering <. Let ¢ be a subset of ® so that

<z(t) <1, tZtl}

NI =

¢= {z eX:
and define an operator Tz : ® — ® by

10 =+ [ ([ s ([ ageiar)an)as o

51 51 51

for ¢t >t,. First, it is trivial to show that T is increasing, hence let us prove that
Tz : ¢ — ¢. Indeed,
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by (2). Also, it is trivial to show that inf B € ¢ and supB € ¢ for any subset B of
¢, i.e., (¢, <) is a complete lattice. Therefore, by Theorem 2.7, we have that there
exists Z € ¢ such thatz = T%, i.e.,

2(t) = % + f r(s)h G p)f (Juq@g(z(f))m) Au) As. ©6)

151 151 151

Then taking the derivative of (4) gives us

() = r(t)h (Jt p(u)]C(Juq(r)g(E(T))AT> Au) . >0,

51 51

By setting

o) = [ plur ([ ameeenar ) au %

1 1

and taking the derivative of (5), we have

Finally letting
5(t) = j 4(Dg(E(x))Ac (8)

and taking the derivative yield

70 (t) = q(t)g 3 (), t2m,

that leads us to (X, ¥, %) is a solution of system (3). Thus, by taking the limit of
(4)-(6) ast — oo, we have that x, 7 tend to infinity and z tend to a finite number,
ie, Ng, ., p # @. This completes the proof.

Showing existence of a nonoscillatory solution in N¢, , .,
open problem in Conclusion section). So, we only provide the following result by
assuming the existence of such solutions in N*. We leave the proof to readers.

Theorem 3.6 Suppose that (x, y,2) is a nonoscillatory solution of system (3) in

a

N* with C(to, o) = co. Then any such solution belongs to N¢, . ...

is not easy (left as an

3.1.2 Existence in N°

Similarly, for any nonoscillatory solution of system (3) in N° with x > 0, we have
x is positive increasing, 2 is negative increasing and y is positive decreasing, that
results in the following cases:

(i)x = c1orx — oo, (ii)y — cy0ory — 0, (iii) g — c3 orz — O,

where 0 <c¢1,¢7 < o0 and —oo <¢3 < 0. However, the component function 2 cannot

tend to ¢3 by Lemma 3.4 (ii). Hence, any nonoscillatory solution of (3) in N° must
belong to one of the following sub-classes:

Ngp o= {(x,y,z) eN‘: tlLIElo lx(2)|= c1, tlljg ly(t)|= c2, }erlo i2(t)|= 0}
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Nyou={ (e €N Jim[x(0)= 1 fimy(0= 0. JimJe(0]= 0}
Moo= (59,5 €N° : ima(0)= o= Jim ()| = . Jim )= 0 |

N, 00= {(wz) €N : lim |x(t)|= oo, lim [y(¢)|= 0, lim |2(¢)|= 0}’

where 0 <c1, ¢ < oo.

Next, we show the existence of nonoscillatory solutions of (3) in those subclasses
by using fixed point theorems. Observe that we have some additional assumption in
theorems such that g is an odd function. This assumption is very critical and cannot
show the existence without it.

Theorem 3.7 Let g be an odd function. Then N 5 o # @ if Y, < oo for some
kz, k3 > 0.

Proof: Supposing Y, < oo and g is odd lead us to that we can choose k;, k3 > 0 and
t1 >to such that

J:p(t)f (kz + J:oq(s)g (iegfy(f)m) As) At< %, )

where k; = 2 and k3 = (3). Suppose @ is the space of all bounded, continuous

and real-valued functions with ||x|| = sup|x(t)|. It is easy to show that @ is a Banach
t>t1

space, see [22]. Let ¢ be a subset of @ so that
1 1
= X: Z<x(t)<=, t>f1p.
¢ {xe 4_x()_2 _1}
Set an operator Tx : ® — @ such that

(Tx)(t) = % + Jtp(s)f (% + qu(u)g (Jwr(r)h(x(r))Af> Au) As.

t1 K u

One can show that ¢ is bounded, closed and convex. So, we first prove that Tx :

¢ — ¢. Indeed,
% <(Tx)(t) < % + J;p ) G + J:oq(tt)g (h (%) J:V(r)Ar) Au) As < % .

Second, we need to show T is continuous on ¢. Supposing x, is a sequence in ¢
such that x, — x €¢ = ¢ gives us

[(Txx)(2) — (Tx)(@)|
< Jt o) | f G + fq(u)g (J;V(T)h(xn @))Af) Au) _

1

f G + rq (u)g (J:V(ﬂh(x(f))m) Au) ‘As.

So the Lebesgue dominated convergence theorem, continuity of f,g and 4 lead
us to that T is continuous on ¢. As a last step, we prove that T is relatively compact,
i.e., equibounded and equicontinuous. Since

9
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(Tx)*(t) = p(e)f G + fq(u)g (J:v(f)h(x(f))m) Au) < oo,

we have that T is relatively compact by Lemma 2.5 and the mean value theorem.
So, there does exist X € ¢ such that x = Tx by Theorem 2.6. In addition to that,
convergence of X(¢) to a finite number as ¢ — oo is so easy to show. Therefore,
setting

1, qu(u)g ( J:V(T)h(a—c(f))m) Au>0, tt

<
~~
A
SN—
I
N

and
2(t) = —J:or(r)h(a_c(r))Ar< 0, t>t,

and by a similar discussion as in Theorem 3.5, we get j(t) — 3 and Z(t) — 0. So
we conclude that (,,Z) is a nonoscillatory solution of system (3) in Ny ..

Next, we focus on the existence of nonoscillatory solutions in N¢_ 5 ; and N3 g o.
In other words, we will show there exists such a solution (x, y,z) such that x tend to
infinity while y and 2 tend to a finite number. After that, we provide the fact that it
is possible to have such a solution whose limit is finite for all component functions
x,y and 2. Since the following theorems can be proved similar to the previous
theorem, the proofs are skipped.

Theorem 3.8 Let g be an odd function. Then we have the followings:

i. There does exist a nonoscillatory solution in N¢_; , if Y3 is finite for k4 = 0
and some ks> 0.

ii. There does exist a nonoscillatory solution in N, , if Y3 < oo for k; = 0 and
k3 > 0.

Finally, the last theorem in this section leads us to the fact that there must be a
solution such that x — oo while the other components converge to zero according to
the convergence and divergence of the improper integrals of Y, and Y.

Theorem 3.9 Supposing the fact that g is an odd function, N¢_ , , # @ if Y = o0
and Y3<o0 forky, =ks =0 al’ldk3,k5 > 0.

Proof: Suppose that Y, = o and Y3 < c. Then choose t; >t( and k3, ks> 0 such
that

J:q(t)g (fm)h (ksﬁp(f) AT> As) As< % —~ (10)

t

and
J:p o) (qu (5)g <k3fr(f)m) As) At> % L txm, (1)

where ks = 1 and k3 = & (3). Let @ be the partially ordered Banach space of all
continuous functions with the supremum norm |jx|| = sup,.,, I% and usual

pointwise ordering <. Define a subset ¢ of ® such that

10
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N =

¢:={x€(l):

and an operator Tx : ® — @ by

w00 = [ pir ([ atete( [ rmtstuau ) ac s

1

One can easily show that T : ¢) — ¢ is an increasing mapping and (¢, <) isa
complete lattice. So by Theorem 2.7, there does exist X € ¢ such that x = Tx. So
X(t) — o0 ast — oo. By setting

50) = | g ([ rpenan)ar, exn

T

and

Z(t) = —J:or(u)h(a_c(u))Au, t>t,

one can have y(t) > 0 and 2(t) < 0 for £ >t so that y(t) — 0 and 2(¢) — O ast —
oo. This proves the assertion.

3.2 Thecase i = —1

This section deals with system (3) for A = —1. The assumptions onf,g and / are
the same assumptions with the previous section. The following lemma describes the

long-term behavior of two of the components of a nonoscillatory solution, see ([21],
Lemma 4.2).

Lemma 3.10 Supposing (x, y,2) is a nonoscillatory solution in N?, we have

lim y(¢) = lim 2(¢) = 0.

t—o0 t—o0

In the next section, we examine the solutions in each class N* and N”. We used
fixed-point theorems to establish our results.

3.2.1 Existence in N*

For any nonoscillatory solution (x,y,2) of system (3) in N* with x > 0 eventually,
one has the following subclasses by using the same arguments as in Section 3.1.1:

N%,B,B = {(xay,z) EN”: th_)l?o |X(t)|: €1, th—glo b’(t)’: €2, }LI?O ’Z(t)lz 63}

a
NBBO =

t—o0

(x,9,2) €N? : lim |x(t)|= c1, tlim ly()|=c2 llm l2(¢) }

t—oo

a
NBoo

N3 o p: { x,9,2) €N : lim |x(t)|= c1, tle ly(t)|= oo hm 2(t) 03}

(x,9,2) € N? : lim |x(¢)|= c1, l]im ly(t)|= oo, hm lz(¢)|= 0

—o0

11
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N o= { (59.2) €N fim )= o fim (0= s i (0= 2
N = { (59.2) €N s fim 0= o fim () =z, i (6) = 0}
N = { (002) €N sl w0 fm ()| o i (0) = s
N = { (52) €N« Jim ()= Jim 0= o, fim 0= 0}

where ¢1, ¢, and ¢3 are positive constants. Finally, we have the following results:
Theorem 3.11 Suppose R(tg, o) < oo. If Y4 < o0 and Y5 < oo for all positive
constants ke, k7, ks, k12, k13, then N  p # @.

Proof: Assume Y4 < oo and Yg < oo for all kg, k7, kg, k12, k13 > 0. Choose t1 > tg

such that
J:p t)f (k6 - J:oq (s)g (k7 + ng:OV(T)AT) As> At < %

and

J q(s)g (ku + k13J V(T)AT) As <kg,
151 s

where kg = ki3 = h(%) >0and k; =k fort>1t.
Let X be the set of all continuous and bounded functions with the norm ||x|| =
sup; ., |x(¢)|. Then X is a Banach space ([22]). Define a subset Q of X such that

Q::{xeX: <x(t) <1, tZtl}

N =

and an operator Fx : X — X by

)0 =+ [ oo (ke — [ atatg (ko + [ rohixtenac) an)as

t1

for ¢ > ;. First, for every x € Q, ||x|| = suplx(¢)|, we have 1 <|x(¢)|| <1 fort >z,
t>t1

which implies Q is bounded. For showing that Q is closed, it is enough to show that
it includes all limit points. So let x,, be a sequence in Q converging to x as 7 — oo.
Then 3 <x,(t) <1 for t > ;. Taking the limit of x,, as # — oo, we have 3 <x(t) <1 for
t > 11, which implies x € Q. Since x,, is any sequence in Q, it follows that Q is closed.
Now let us show Q is also convex. For x1,x, € Q and a € [0, 1], we have

<ax1+(1—a)x<a+(1—a) =1,

N =

—=§+(1—a)

where % <x1,x; <1, i.e., Qis convex. Also, because

s (e Lrn(sa() o))

51
<1

pa— b

12



Existence and Asymptotic Behaviors of Nonoscillatory Solutions of Thivd Order Time Scale Systems
DOI: http://dx.doi.org/10.5772 /intechopen.94921

ie., F:Q — Q. Let us now show that F is continuous on Q. Let {x,} be a
sequence in Q such thatx, — x €Q asn — oco. Then

|(Fx, — Fx)(t)]

<[ 6] (ks [ atw (k7 + [ remisa(enac) o)

151

f <k6 - J:oq(u)g (k7 4 J:V(T)h(x(f))m) Au) ‘As.

Then the continuity of f,g and 4 and Lebesgue Dominated Convergence theo-
rem imply that F is continuous on Q. Finally, since

(Fx)A() = ple)f (k6 - [ at (k7 ¥ j;r<r>h<x<r>>m) Au) <o

we have F is relatively compact by the Mean Value theorem and Arzela-Ascoli
theorem. So, by Theorem 2.6, we have there exists x € Q such that X = Fx. Then by
taking the derivative of X, we obtain

(1) = p(t)f (k6 - J:oq(u)g (k7 + J?@)h(x@))m) Au>, >t

Setting

(o]

Y(t) :=ke — J q(u)g (k7 + J:V(r)h(a_c(r))Ar> Au

t

for ks > 0 and taking its derivative yields

() = ql0)g (k7 i fr<r>h<»—c<r>>m), (>t

Finally, differentiating

gives
() = —r(Oh(E@), t>t.

Consequently (x,7,%) is a solution of system (3) such that x(t) — a, y(t) — ks
and z(t) — k7, where 0 <a < oo, i.e., Nypp # .

The following theorems can be proven very similarly to Theorem 3.11 with
appropriate operators. Therefore, the proof is left to the reader, see [17].

Theorem 3.12 We have the following results:

i. Suppose R(tg, o) <oo. If Y4 < o0 and Y§g < oo for k; = k1 = 0 and for all
k6,k8,k13 >0, then NaB,B,O 7é .

ii. If both Y3 and Yy are finite for k4 = 0 and for all ks, k14 > 0, then N:,B,O #* @.

13
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iii. If Y3 < o0 and Y9 < oo for all k4, ks, k14 > 0, then NZO,B,B #+ Q.
iv. If Y1 <co and Y = oo for all ky, k19 >0, then N,  # @.

We continue with the case when z(¢) converges to 0 while other components x(t)
and y(t) of solution (x,y,z) tend to infinity as ¢t — oo.

Theorem 3.13 Suppose R(t(, 00) < oo. If Y1 <00 and Y5 = Yg = oo for all positive
constants k1, ko, k13 and k1p = 0, then N, , # @..

Proof: Suppose Y; < oo and Y5 = Yg = oo for ky, kg, k13> 0, k15 = 0. Then choose

aty 210 such that
J:V(t)h (J;p (s)f (klj;q(*r) Ar) m) At < %

and

Ep 6)f (Jslq(f)g (kgry(v)m) Af) As>1, t3h,

t T

where k1 = g(3) and ko = k13 = h(1). Suppose that @ is a space of real-valued
continuous functions and partially ordered Banach space with [|y|| = sup, ., [y(?)]
and the usual pointwise ordering <. Let ¢ be a subset of ® such that

¢= {ZECD : h(l)[or(s)As <z(t)< %, tZtl}.
and set an operator F : ® — ® such that
=) = [ rom( [ poos ([ agtetenac)an)a

t t1 t1

The rest of the proof can be done as in proofs of the previous theorems by using
the fact Ys = Yg = oo, and therefore, N¢, ., , # @.

3.2.2 Existence in N?

Assuming (x,y,2) is a nonoscillatory solution of system (3) in N” such that x > 0
eventually and by a similar discussion as in the previous section, and by Lemma
3.10, we have the following subclasses:

Nyoo={ )N Jimls(o)l=cr fim ()}~ 0, fimf=(1}= 0]

N g05= {(mz) EN’: lim |x(t)|= 0, Jim [y (t)|= 0, Jim|2(t) = o},

where 0 <c¢1 < oo.

The first result of this section considers the case when each of the component
solutions converges.

Theorem 3.14 Suppose R(tg, o) < o and f is odd. Then N},’g,o’O # @if Y, <ooand
Yg < oo for all k3 = k13> 0 and k1, = 0.

14
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Proof: Suppose that Y, < oo and Yg < oo for all k3 = k13> 0 and k12 = 0. Then
choose k3, k13> 0 and t; > ¢( sufficiently large such that

[rter([aota (s rirae)as)ae<

where k3 = h(3). Let @ be a partially ordered Banach space of real-valued
continuous functions with [|x|| = sup,, |x(¢)| and the usual pointwise ordering <.
Let us set a subset ¢ of ® such that

¢:= {xeCD: 1<x(t) < %, tZtl}

and an operator Fx : ® — ® by

(Fx)(t) =14 rp () (qu)g (J:V(f)h (x(f))m) Au) As.

t

One can prove that F is an increasing mapping into itself and (Q, <) isa
complete lattice. Therefore, by Theorem 2.7, there does exist X € Q such that X = Fx.
It follows that x(¢) > O for ¢ >#; and converges to 1 as t approaches infinity. Also,

(1) = —p(0)f (J:oq(u)g (J:V(T)h(x(r)mf) Au>, >0

Now for ¢t >4, set
and

Then, since f is odd, we have

x4(0) = p(t)f (5(t))
74 (t) = q(t)g(z(t))
Z4(t) = —r(Oh(x(2)).

Consequently (x,7,%) is a solution of system (3). Since both y(¢) and Z(z)
converge to 0 as ¢ approaches infinity, Nlé’o’o * D..

4. Examples

In this section, we provide some examples to highlight our theoretical claims.
The following theorem help us evaluate the integrals on a specific time scale, see
([6] Theorem 1.79 (ii)).

Theorem 4.1 Suppose that [a, b] has only isolated points with 2 <b. Then

15



Recent Developments in the Solution of Nonlinear Differential Equations

16

Asx(t) = () i)
1 3
Azy(t) = %ZS (t) (12)
26 1
\ Asz(t) = — Py x5(t),

where

Ask(t) = Ko@) — k@) ¢ ot)=3t and u@t)=2, teT.

First we show P(tp, ) = Q(tg, 00) = oo. If s = 3" and t = 3", m,n €N, we have

t—oo n—o0 n—00

3 s=3 a

oo t P3) ,o4 N\ n—1
J ps)As = lime(s)As =2lim ( 1) >2lim » 3" = co.
3

m=1

Similarly one can obtain J; $)As = oo,
Now we consider Y3. With z = 3" and s = 3", m,n €N, we have

L( >%AT - 22 <3,34:” 1>%<2Wi(3m)%

since 3" —1>1 on N. We claim that

p_l

N (3m)F < (3")5.
1

3
I

The sum formula for a finite geometric series, 1 — 33 <0, and.

(3%> SE 1<1forneN yield

So the claim indeed holds, and consequently we have

S 1
J( ‘ )3AT<2s%. (13)
3 T—l
Also, we obtain
T s T 1 6
261 5 26 -2 1 1
J V(S)h(Jp(T)AT)AS<J = (zé)sAs: 45 <2 -
t 3 ¢ o4’ > selb, D" sel, TS

by (11). Therefore, as T — oo, we obtain
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1 1
s = a- ) (14)
selt, o) N515 15

3

where a =1 — 1. Finally, witht = 3" and T = 3", m,n €N, we have
315

([ ([ tomc)ac)oec B[ (5 e [
BB i i 21l

by (12). Since the above integral converges as T approaches infinity, we have
Y3 <oo. By using a similar discussion and (12), it is shown Y9 < co. One can also

show that (¢,1 — 1, %) is a nonoscillatory solution of system (10). Hence N2, ; o # @
by Theorem 3.12 (ii).

Example 4.3 Let T = ¢"°. Consider the system

20 =0

YA () = (5)%2h(0) (15)
Aoy 1

\ (t) = (t)

We show that N, , ; # @ by Theorem 3.5 fors = ¢”,t = ¢",k; = 1and to = 1.
So we need to show P(tg, o) = Q(tg, o) = o0 and Y; < oo. Indeed,

T
1
Py = (g 1)
Jl te [1)%;)](]]\]0 (1 + t)

W=

Soas T — oo, we have

P(1,00) = —1i T

n01+q3

,_.

by the ratio test. We can also easily show Q (1, o) = oo. As the final step, let us
show Y7 < oo holds. Indeed,

o))

:JTV(t)h Jtp(s) [Z(:)] (2tt_1) g -1 | As|ar

1

[E11N

< LTV(t)h (Jip(s) -s%> At = (q — 1)Jj1’(t) Z a _'1_5)% 535 | Ar

17
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Hence, by the geometric series, and taking the limit of the latter inequality as
T — oo yield us

.1
Z PSS
n=0 q

Therefore, we have Y1 < 0. One can also show that (t, 14+¢,2— %) is a solution of
system (13) in N¢, , 3.-

Exercise 4.4 Let T = 2", Show that (1 +t, @ , ;—21) is a solution of

x4(t) = (557) 90
YA (6) = 5200 (16)
=0 = T

in N° such that x(t) — oo, y(t) — 3and z(t) — 0 ast — oo, i.e., Ni 5o # @ by
Theorem 3.8 (i).

5. Conclusion and open problems

In this chapter, we consider a 3D time scale system and show the asymptotic
properties of the nonoscillatory solutions along with the existence of such solutions.
We are able to show the existence of solutions in most subclasses. On the other
hand, it is still an open problem to show the existence in N¢_ , ,, for system (3),
where 4 = 1. In addition to that, there is one more open problem that also can be
considered as a future work, which is to find the criteria for the existence of a
nonoscillatory solution in N%),o,o of system (3), where 1 = —1.

Another significance of our system that we consider in this chapter is the fol-
lowing system

b

()
()
)

which is known as the third order Emden-Fowler system. Here, p,q and » have
the same properties as System (3) and a, f3, y are positive constants. Emden-Fowler
equation has a lot of applications in fluid mechanics, astrophysics and gas dynamics.
It would be very interesting to investigate the characteristics of solutions because of
its potential in applications.

p@)y(@)|" sgny(¥)
q(t)|z(t))” sgn =(t) (17)
—7(t)|x?(t)|" sgn x° (),

N
I
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