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Chapter

Green’s Function Method for
Electromagnetic and Acoustic
Fields in Arbitrarily
Inhomogeneous Media
Vladimir P. Dzyuba and Roman Romashko

Abstract

An analytical method based on the Green’s function for describing the
electromagnetic field, scalar-vector and phase characteristics of the acoustic field in
a stationary isotropic and arbitrarily inhomogeneous medium is proposed. The
method uses, in the case of an electromagnetic field, the wave equation proposed by
the author for the electric vector of the electromagnetic field, which is valid for
dielectric and magnetic inhomogeneous media with conductivity. In the case of an
acoustic field, the author uses the wave equation proposed by the author for the
particle velocity vector and the well-known equation for acoustic pressure in an
inhomogeneous stationary medium. The approach used allows one to reduce the
problem of solving differential wave equations in an arbitrarily inhomogeneous
medium to the problem of taking an integral.

Keywords: inhomogeneous media, Green’s function, electromagnetic field,
acoustic field, analytical method

1. Introduction

The chapter discusses the procedure for using the Green’s function for the
analytical description of electromagnetic and acoustic fields in a stationary isotropic
and arbitrarily inhomogeneous medium. In the case of the electromagnetic field, the
wave equation for the electric vector of the electromagnetic field in the inhomoge-
neous medium with conductivity, dielectric and magnetic permeability is used. In
the case of the acoustic field, the wave equation proposed by the author for the
vector of particle velocity and the well-known equation for acoustic pressure in an
inhomogeneous stationary medium are used. Using the Green’s function and the
method of successive approximations makes it possible to achieve the required
accuracy of calculating the electric and magnetic vectors of the electromagnetic
field, as well as to calculate the vectors of complex intensity and intensity, density
of energy, acoustic pressure and the particle velocity vector of the acoustic field in
media with arbitrary spatial variability of the parameters. The approach used allows
one to reduce the problem of solving differential wave equations in an arbitrarily
inhomogeneous medium to integration. The chapter is divided into two parts.
At the beginning of each part, the corresponding wave equations are derived and
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next, a method of using the Green’s function is described and analytical expressions
describing the fields are formulated. At the beginning we will describe the method
as applied to the electromagnetic field, and then as applied to the acoustic field.

Research and modeling of the electromagnetic field in spatially inhomogeneous
natural and composite media are actively developing in various fields of science and
technology, ranging from systems of underground and underwater electromagnetic
communication to photonics, metamaterials and metasurfaces [1]. Such a wide field
of scientific research requires methods of mathematical modeling of the properties
of the electromagnetic field in media with different spatial scales of conductivity,
magnetic and dielectric permittivity. At present, analytical methods are applicable
in a very limited range of environments. Among the methods of mathematical
modeling of the electromagnetic field in the frequency range from fractions of the
hertz to optical, various numerical methods and technologies are used [2, 3].
Numerical modeling uses a variety of methods and technologies, for example,
parallel computing which are used in electrodynamic modeling programs. Among
them, there are also direct and universal methods for solving boundary problems.
The drawback of these methods is a large expenditure of computer resources, which
leads to a significant simplification of physical models of the environment and
mathematical approximations. There is a third class of methods, in which, at the
initial stage, analytical methods are used, for example, the Green’s function method,
which brings the problem to a form that can be solved by fairly simple numerical
methods. Below we will use exactly this approach using the Green’s function.
Green’s function is actively used in a wide range of problems [4–6] of describing
electromagnetic and other physical fields in various multilayer, chiral and aniso-
tropic media, including inhomogeneous ones. The proposed procedure is also
applicable to media with boundaries and arbitrary dependence on the coordinates of
conductivity, magnetic and dielectric permittivity. The source of the field in the
environment can be the electric current or an external field. The electric current can
be located also inside the medium and outside it. The problem of descriptions the
electric vector in an inhomogeneous medium by using the Green’s function is
formulated as the integral equation with its subsequent solution by the method of
successive approximations. This procedure uses the equation for the vector of
electric field strength in an inhomogeneous medium, with a certain conductivity,
magnetic permeability, and dielectric constant.

The acoustic energy flux density vector (intensity vector), basically, until the
beginning of the second half of the 20th century was only of theoretical interest.
The second half of the 20th century brought about reliable means of synchronous
measurement, practically at a single point, of the acoustic pressure and the compo-
nents of particle velocity vector necessary to determine the intensity vector of
acoustic field [7–14]. However, this did not lead to a significant increase in the
number and quality of theoretical research methods and modeling of the intensity
vector in an inhomogeneous medium. For the complete theoretical description of
the acoustic field, knowledge of its acoustic pressure and the particle velocity vector
is required. These two quantities make it possible to find the field of the acoustic
intensity vector, to describe the energy and phase structure of the acoustic field.
Knowledge of these quantities is useful for solving fundamental and applied prob-
lems of acoustic tomography and sounding of the geosphere, applied and funda-
mental hydroacoustics, creation of acoustic metamaterials, technical and

architectural acoustics, noise control, etc. [15–17]. The acoustic pressure P
!

a r
!
, t

� �

and the particle velocity vector V
!

r
!
, t

� �

are interrelated. This connection is obvious

for a plane wave and, in the approximation of a continuous medium, has the
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following form: V
!

r
!
, t

� �

¼ � 1
ρ0 r

!ð Þ

Ð

P
!

a r
!
, t

� �

dt , where ρ0 r
!

� �

is the density of the

medium unperturbed by the acoustic field at the point r
!
and t is time, and ∇ is the

Nabla operator. This relationship largely determined the development of the theory
of sound as a scalar field of acoustic pressure. Currently, there are several directions
for the development of methods of calculation and theoretical analysis of the char-
acteristics of the intensity vector. In the first direction, the relationship between the
acoustic pressure and the particle velocity vector is used. This approach is applicable
when there are mathematical expressions for the acoustic pressure field. As a rule,
this is only possible in a homogeneous medium or for simple waveguides [18]. The
second direction requires the use of the continuity equation and the equation of
state of the inhomogeneous medium, as well as dynamic equations of motion of
elementary volumes or particles of the inhomogeneous medium, for example: the
Euler or Navier-Stokes equations. These equations are viewed as a system of equa-
tions for determining the pressure and the particle velocity vector. This approach is
used to model the propagation of waves in various environments, including plasma
and stellar atmospheres [19–22]. These equations are widely known, but to find
analytical wave solutions of such systems given an arbitrary dependence of the
density and speed of sound on the coordinates is a very difficult task. The use of the
acoustic energy transfer equation is the third approach [9]. This approach allows
one to describe the energy structure of the acoustic field which makes it possible to
study the statistical characteristics of the complex intensity vector in a Gaussian
delta-correlated inhomogeneous medium with refraction [9]. It is a very difficult
task to find solutions to the transport equation in an inhomogeneous media. In turn,
numerical methods for modeling metamaterials and propagation of acoustic waves
in a medium are usually limited to specific problems [23–25]. None of the listed
approaches, including numerical ones, provides the possibility of a complete theo-
retical description of the characteristics of the acoustic field and their evolution
during field propagation in an arbitrary inhomogeneous medium. One of the prom-
ising directions is to use two wave equations in an inhomogeneous medium: equa-
tions for the acoustic pressure and equations for the particle velocity vector. We use
this very approach. It is based on the proposed by authors wave equation for the
particle velocity vector and the well-known equation for acoustic pressure in an
inhomogeneous stationary medium. The proposed wave equation for the vector of
the particle velocity of the acoustic field in a stationary inhomogeneous and isotro-
pic medium is much more complicated than for the acoustic pressure. This makes it
difficult to find the analytical solution for inhomogeneous media with an arbitrary
spatial dependence of the density of the medium and the speed of sound in it.
However, in an inhomogeneous medium, in which the field of the acoustic intensity
vector is weakly vortex, the use of the Green’s tensor together with the method of
successive approximations makes it possible to find analytical solutions for an
arbitrary spatial dependence of the speed of sound and density of the inhomoge-
neous medium.

2. Electromagnetic field

By an inhomogeneous medium, we mean a medium in which the conductivity

σ r
!

� �

, dielectric ε r
!

� �

and magnetic μ r
!

� �

permittivity, and the current density

J
!

r
!

� �

have an arbitrary, but differentiable, in the ordinary and in the generalized

sense, dependence on coordinates points of the medium. Below we will not point
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out the explicit dependence of these and other quantities on time and coordinates,
where this will not lead to misunderstanding. In an isotropic inhomogeneous
medium, ε, μ, σ are scalar functions of coordinates. To derive the wave equation of
the electromagnetic field in such a medium, we use the following well known
fundamental and material Maxwell equations in a continuous isotropic and station-
ary medium:

1: ∇�H
!
¼ J
!
þ

∂D
!

∂t
; 2: ∇� E

!
¼ �þ

∂B
!

∂t
; 3:  J

!
¼ σE

!
;

4: ∇ J
!
¼ �

∂

∂t
ρf þ ρextð Þ; 5:  J

!
¼ J
!

f þ J
!

ext; 6: D
!
¼ εE

!
;

7: B
!
¼ uH

!
; 8: ε ¼ ε0εr; 9: μ ¼ μ0μr,

(1)

where ρ f is the density of free charges of the medium, and ρext is the density of

external charges introduced into the medium, εr and μr are the relative dielectric

and magnetic permeability of the medium, and J
!

ext is the current density created by
free and external charges. The wave equation for the electric vector in an inhomo-
geneous medium can be obtained, as for a homogeneous medium, excluding the
vector of magnetic field strength from the system of Maxwell’s equations. For this,
we use the well-known vector analysis formulas [26] and take the rotor from the
2nd equation in system (Eq. (1)):

∇� ∇� E
!
¼ ∇ � ∇ � E

!� �

� Δ � E
!
¼ �

∂

∂t
∇� B

!
(2)

In this case, the source of electromagnetic field is the electric current density J
!
,

so the divergence of the vector ∇ � E
!
, we need to associate with a current density in

the medium. For this, we use (Eq. (5)) of the Maxwell system of equations (Eq. (1))

and obtain ∇ � E
!
¼ 1

σ
∇ � J

!
� E
!

∇ � σð Þ
� �h i

. Using the vector analysis formulas, we

find the following expression:

∇ ∇ � E
!� �

¼  E
! ∇ � σð Þ2

σ2
� ∇ � ln σð Þ∇½ �E

!
� E

!
� ∇

� �

∇ � ln σð Þ � ∇ � ln σð Þ � ∇� E
!
þ

þ ∇ � J
!� �

∇ �
1

σ

� �

þ
1

σ
∇ ∇ � J

!� �

�

(3)

The expression for the rotor of the magnetic field induction vector has the form

∇� B
!
¼ ∇� μH

!� �

¼ μ ∇�H
!� �

þ ∇ � μð Þ �H
!

(4)

Using equations 1 and 2 of the system of Maxwell equations and expressions

(Eq. (2)) and (Eq. (3)), we find that � ∂

∂t ∇� B
!� �

¼ �μσ ∂

∂t E
!
� μ ∂

∂t J
!
� εμ ∂

2

∂t2 E
!
þ

∇ � ln μð Þ � ∇� E
!� �

, and the desired equation for an electric vector with a field

source, in which the charge flux from the volume occupied by the current is not
equal to zero, has the following form:
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εμ
∂
2

∂t2
E
!
þ μσ

∂

∂t
E
!
� ΔE

!
� ∇ � ln μσð Þ � ∇� E

!� �

þ E
! ∇ � σ

σ

� �2

� ∇ � ln σð Þ∇½ �E
!
� E

!
�∇

� �

∇ � ln σð Þ ¼

¼ �μ
∂

∂t
J
!
� ∇ � J

!� �

∇ �
1

σ

� �

�
1

σ
∇ ∇ � J

!� �

(5)

If there is no injection of external charges into the medium, the value ∇ � J
!
is

equal to zero and ∇ J
!
¼ ∇ J

!

ext ¼ �
∂

∂t ρext otherwise. When deriving (Eq. (5)), no

conditions on the field frequency were used. Therefore, the equation is valid up to
frequencies that correspond to wavelengths λ larger than the sizes of atoms or
molecules. The smallness of the ratio of the first and second terms of equation
(Eq. (5)) corresponds to the condition of quasi-stationarity of the electromagnetic
field. For a monochromatic field with the angular frequency ω, the modulus of their
ratio is equal ε

σ
ω and small under conditions of high conductivity, low dielectric

constant, or low the angular frequency. In this case, the propagation of the field in
the medium will have a predominantly diffusion character and will be described by
the following equation:

μσ
∂

∂t
E
!
� ΔE

!
� ∇ � ln μσð Þ � ∇� E

!� �

þ E
∇ � σ

σ

� �2

� ∇ � ln σð Þ∇½ �E
!
� E

!
�∇

� �

∇ � ln σð Þ ¼

¼ �μ
∂

∂t
J
!
� ∇ � J

!� �

∇ �
1

σ

� �

�
1

σ
∇ ∇ � J

!� �

(6)

When ε
σ
ω> > 1 the field propagation in the media is of the wave-type mainly. At

the present time, there are no methods for finding exact solutions of equations of
the type (Eq. (5)) and (Eq. (6)). Solutions satisfying a given accuracy can be
obtained in two ways. The first is to use numerical methods. The second, which we
will follow, consists in passing from the differential equation (5) to the integral
equation using the tensor Green’s function of the Helmholtz equation for the Fou-
rier - the spectrum of the vector of the electric field strength. The solution to an
integral equation can be written in the form of a sequence of approximate solutions,
in which each subsequent term is more accurate. It is important that such a proce-
dure for finding a solution is applicable for arbitrary differentiable, both in the usual
and in the generalized sense, dependences of σ, ε, and μ on coordinates. For this, we

express the vector of the electric field E
!

r
!
, t

� �

and the current density J
!

r
!
, t

� �

through their Fourier spectra E
!

r
!
,ω

� �

and J
!

r
!
,ω

� �

E
!

r
!
, t

� �

¼
1

2π

ð

þ∞

�∞

E
!

r
!
,ω

� �

eiωtdω, J
!

r, tð Þ ¼
1

2π

ð

þ∞

�∞

J
!

r
!
,ω

� �

eiωtdω: (7)

For high frequencies, when the dependence of ε and μ from the field frequency
cannot be neglected, but spatial dispersion and nonlinear effects can be neglected,

J
!

r
!
,ω

� �

¼ σ ω, r
!

� �

E
!

ω, r
!

� �

, D
!

ω, r
!

� �

¼ ε ω, r
!

� �

E
!

ω, r
!

� �

и B
!

ω, r
!

� �

¼

μ ω, r
!

� �

H
!

ω, r
!

� �

. Spatial dispersion plays a minor role in comparison with temporal

dispersion and is significant in media with the mean free path of the charge or its
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diffusion much longer than the field wavelength. Below we will not indicate the
dependence of the conductivity and permeability on frequency. Let’s consider con-
ductivity and permittivity as a sum of a constant and a space-dependent variable:

σ r
!

� �

¼ σc þ σ1 r
!

� �

, μ r
!

� �

¼ μc þ μ1 r
!

� �

, ε r
!

� �

¼ εc þ ε1 r
!

� �

(8)

Let’s introduce the following notations:

ω2ε r
!

� �

μ r
!

� �

� iωμ r
!

� �

σ r
!

� �

�
∇ � σ r

!
� �

σ r
!

� �

0

@

1

A

2
0

B

@

1

C

A
¼ k2 r

!
,ω

� �

,

f
!

ext ω, r
!

� �

¼ iωμ r
!

� �

J
!

r
!
,ω

� �

þ ∇ J
!

r
!
,ω

� �� � ∇σ1 r
!

� �

σ2 r
!

� �

0

@

1

Aþ
1

σ r
!

� �∇ ∇ � J
!

r
!
,ω

� �� �

,

(9)

f
!
!

ω, r
!

� �

¼ �
∇μ1 r

!ð Þ
μ r
!ð Þ
þ

∇σ1 r
!ð Þ

σ r
!ð Þ

� �

� ∇� E
!

r
!
,ω

� �� �

�
∇σ1 r

!ð Þ
σ r
!ð Þ

∇

� �

E
!

r
!
,ω

� �

�

E
!

r
!
,ω

� �

� ∇
� �

∇σ1 r
!ð Þ

σ r
!ð Þ

� �

. Substituting expressions (Eq. (8)) and (Eq. (9)) into

equation (Eq. (5)), we arrive at the following equation:

ΔE
!

r
!
,ω

� �

þ k2 r
!
,ω

� �

E
!

r
!
,ω

� �

¼ f
!

r
!
,ω

� �

þ f
!

ext r
!
,ω

� �

(10)

Eq. (10) must be supplemented with boundary conditions. In an inhomogeneous
medium, the interface between the media can be considered as an inhomogeneity
with its dependence on coordinates, described by the corresponding functions, for
example: Heaviside step function, etc. Therefore, the boundary conditions will be
the conditions at infinity, where the field and its divergence must be equal to zero.

In Eq. (10) the field source is not only the external currents (term f
!

ext ω, r
!

� �

but

also the heterogeneity of the environment). These sources are described by f
!

ω, r
!

� �

.

At present, there are no methods for the analytical solution of equations similar to

(10) with an arbitrary dependence of the term f
!

ω, r
!

� �

on coordinates. Neverthe-

less, using the Green’s functions of the vector Helmholtz equation in a homoge-
neous isotropic medium we can reformulate (10) into the integral with respect to

the vector E
!

r
!
,ω

� �

, the solution of which can be found in an iterative way, for

example, by the method of successive approximations.

Using (Eq. (8)) one can formulate k2 r
!
,ω

� �

as the sum of independent on

coordinates k2
c function on coordinates and k2

1 r
!
,ω

� �

k2 r
!

� �

¼ ω2εcμc � iωμcσc
� �

þ ω2 εcμ1 r
!

� �

þ ε1 r
!

� �

μc þ ε1 r
!

� �

μ r
!

� �� �

�iω σcμ1 r
!

� �

þ σ1 r
!

� �

μc þ σ1 r
!

� �

μ r
!

� �� �

‐

∇ � σ1 r
!

� �

σ r
!

� �

0

@

1

A

2

¼ k2c þ k21 rð Þ

(11)
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Thus equation (Eq. (10)) can be written as:

ΔE
!

r
!
,ω

� �

þ k2cE
!

r
!
,ω

� �

¼ f
!

l ω, r
!

� �

þ f
!

ext ω, r
!

� �

, (12)

where f
!

1 ω, r
!

� �

¼ f
!

ω, r
!

� �

� k21 r
!
,ω

� �

E
!

r
!
,ω

� �

.

Formally, we can consider Eq. (12) as an inhomogeneous Helmholtz equation
and using the Green’s function for it, we can rewrite Eq. (12) in the form of an
integral equation. For vector fields, the Green’s function [7–10] is a tensor of the
second rank. In an orthogonal coordinate system, Eq. (5) decomposes into a system
of three scalar equations for the projections of the field E (r, ω) on the coordinate
axis. This simplifies the form of the Green’s tensor and it has only diagonal elements
that are not equal to zero. It can be represented as the vector

G
!

r
!
� r
!
1

� �

¼
P3

i¼1n
!
iGi r

!
� r
!
1

� �

, where Gi r
!
� r
!
1

� �

is the components of

which are the Green’s functions of the one-dimensional Helmholtz equation and ni

are the unit vectors of the coordinate axes. Let the area Ω in which we describe the
field be large enough so that on its borders the field and its derivatives can be
equated to zero. Using the Green tensor, we can rewrite Eq. (5) for the electric

vector at the point r
!
∈Ω of the in the form of the following integral equation

E
!

r
!
,ω

� �

¼
X

3

i¼1

ni

ð

Ω

Gi r
!
� r
!
1

� �

f iext ω, r
!
1

� �

þ f i1 ω, r
!
1

� �h i

d r
!
1 (13)

where r
!
, r
!
1

� �

∈Ω, f iext ω, r1ð Þ and f i1 ω, r1ð Þ are the projections of vectors

f
!

ext ω, r
!

� �

and f
!

1 ω, r
!

� �

on to the coordinate axes. Integration is performed over

the volume occupied by inhomogeneities, which are secondary sources of the field.
In practice, the volume should be chosen such that secondary and higher order
sources make a noticeable contribution to the field. Due to the rapid decrease in the
amplitude of the Green’s function and, especially with a strong absorption of the
electromagnetic field by the medium, the region of integration can be about 1/α
where α is the absorption coefficient of the field.

The steps for finding E
!

r
!
,ω

� �

by the method of successive approximations can

be as follows. We find the zeroth approximation E
!

0 r
!
,ω

� �

for the field, which is

valid in a homogeneous medium with parameters σc, μc, εc

E
!

0 r
!
,ω

� �

¼
X

3

i�1

n
!
i

ð

Ω1

G r
!
� r
!
1

� �

n
!
i � f
!

ext ω, r
!
1

� �� �h i

dr
!
1: (14)

Integration is performed over the volume Ω1 occupied by the external current
(primary source of the field). This solution describes the primary field created by an

external current. Using obtained by Eq. (14) expression E
!

0 r
!
,ω

� �

and expression

(9), we find f i1 ω, r
!
1

� �

. Using (Eq. (13)) and integrating, we obtain a more accurate

first E
!

1 r
!
,ω

� �

approximation for E
!

r
!
,ω

� �

, which takes into account the influence

of medium inhomogeneities on the field. To find the second approximation, it is

necessary to substitute E
!

1 r
!
,ω

� �

into f i1 ω, r
!
1

� �

and using (Eq. (13)) to obtain the
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second more accurate approximation. Similarly, more accurate solutions are
obtained that take into account multiple field scattering by medium inhomogenei-
ties. At these stages, the integration is performed over the volume occupied by
inhomogeneities, which are secondary sources of the field. If the source of the field

in an inhomogeneous medium is an external field with an electric vector E
!

ext r
!
,ω

� �

it should be used as the vector E
!

0 r
!
,ω

� �

.

For determining the magnetic field component one uses Maxwell’s equations and

writes them in terms of magnetic and electric fields Fourier spectrums: ∇�

E
!

r
!
,ω

� �

¼ �ωB
!

r
!
,ω

� �

. Substituting (Eq. (13)) in this equation one obtains

H
!

r
!
,ω

� �

¼ i
1

ωμ r
!

� �

ð

Ω

X

3

i¼1

n
!
i � ∇G r

!
� r
!
1

� �

f iext ω, r
!

1

� �

þ f i1 ω, r
!
1

� �h i

d r
!

1: (14a)

Using the Green’s function, as the experience of its use shows (e.g. [7]) in such
tasks, significantly reduces the requirements for computing resources and reduces
the computation time. Note that the proposed procedure can be effective in simu-
lating the optical properties of metamaterials, nanocomposites, and nanostructures.

3. Acoustic field

The wave equation for acoustic pressure Pa r
!
, t

� �

in a continuous inhomoge-

neous motionless and stationary medium is well known [16, 17]

1

c2 r
!

� �

∂
2

∂t2
Pa r

!
, t

� �

þ ΔPa r
!
, t

� �

þ ∇Pa r
!
, t

� �

þ f
!

r
!
, t

� �h i

∇ ln ρ0 r
!

� �

¼ ∇ f
!

r
!
, t

� �

:

(15)

where f
!

r
!
, t

� �

is the density of volumetric external forces that are the source of

the acoustic field.
Eq. (1) is obtained by excluding the particle velocity vector from the linearized

Euler equations, continuity and state of the medium. If we exclude acoustic pres-
sure from these equations, then we get the equation for the vector of the particle
velocity of the acoustic field. For this, we differentiate the equation of state in
taking into account the smallness of the acoustic pressure, perturbation of the

density of the medium by the ρa r
!
, t

� �

in comparison with the background values

ρ0 r
!

� �

and P0 r
!

� �

the medium. In the inhomogeneous medium, the equation of

state Pc ρ r
!
, t

� �h i

describes the relationship of the instantaneous local value of

pressure and density of the medium. Therefore, it is necessary to use the total time
derivative when differentiating the equation of state. Using it, we find in the linear
approximation

d

dt
Pc ρ r

!
, t

� �h i

¼ c2 r
!
,

� �

∂

∂t
ρa r

!
, t

� �

þ ∇ρ0 r
!
,

� �

V
!

r
!
, t

� �

� 	

, (16)
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where C r
!
,

� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

∂Pc ρ r
!
, tð Þ½ �

∂ρ r
!
, tð Þ

r

is the local phase speed of sound for the acoustic

pressure wave. We used the expansion ρ r
!
, t

� �

¼ ρ0 r
!
, t

� �

þ ρa r
!
, t

� �

and the con-

dition ∇ρa r
!
, t

� �

V r
!
, t

� �

< <∇ρ0 r
!

� �

V r
!
, t

� �

. With the help of expression (2) and

representation, Pc ρ r
!
, t

� �h i

¼ P0 r
!

� �

þ Pa r
!
, t

� �

the equation of

continuity ∂

∂t ρ r
!
, t

� �

þ ∇ ρ r
!
, t

� �

V
!

r
!
, t

� �h i

¼ 0 is reduced to a linearized form

1

ρ0 r
!

� �

c2 r
!

� �

∂

∂t
P r
!
, t

� �

þ ∇V r
!
, t

� �

¼ 0 (17)

In the inhomogeneity of the medium ∇V
!

r
!
, t

� �

6¼ 0 , even in the approximation

of an incompressible medium. Let us Take the time derivative on the linearized

Euler equation ρ0 r
!

� �

∂

∂tV
!

r
!
, t

� �

þ ∇P r
!
, t

� �

þ f
!

r
!
, t

� �

¼ 0 and take the gradient of

the equation of continuity (Eq. (17)). We exclude the acoustic pressure from the
obtained expressions and find the equation for the particle velocity vector

1

c2 r
!

� �

∂
2

∂t2
V
!

r
!
, t

� �

� ΔV
!

r
!
, t

� �

� ∇ ln ½ρ0 r
!

� �

c2 r
!

� �

�∇V
!

r
!
, t

� �

� ∇� ∇� V
!

r
!
, t

� �

¼

¼ �
1

ρ0 r
!

� �

c2 r
!

� �

∂

∂t
f
!

r
!
, t

� �

(18)

When f
!

r
!
, t

� �

¼ 0 then ∇� ∇� V
!

r
!
, t

� �

¼ �∇� ∇ ln ρ0 r
!

� �� �

� V
!

r
!
, t

� �� �

and can transformed equation (Eq. (18)) to the following form, which is valid in the
absence of external forces

1

c2 r
!

� �

∂
2

∂t2
V
!

r
!
, t

� �

� ΔV
!

r
!
, t

� �

� ∇ ln ρ0 r
!

� �

c2 r
!

� �h i

∇V
!

r
!
, t

� �

þ

þ∇� ∇ ln ρ0 r
!

� �� �

� V
!

r
!
, t

� �� �

¼ 0

(19)

Eqs. (18) and (19) are much more complicated than equation (Eq. (15)) due to
the third and fourth vortex term. The estimate of their ratio is

∇ ln ρ0 r
!

� �

c2 r
!

� �� �

∇V
!

r
!
, t

� �

∇� ∇ ln ρ0 r
!

� �� �

� V
!

r
!
, t

� �� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
∇ ln ρ0 r

!
� �

c2 r
!

� �� �

∇ ln ρ0 r
!

� �

�

�

�

�

�

�

�

�

�

�

�

�

(20)

In areas of the medium where this ratio is greater than unity, the fourth term in
equations (Eqs. (18) and (19)) can be neglected. As a rule, these are media with a
large relative gradient of the speed of sound. One of the examples of such media can
be the marine environment, in which the local gradient of the speed of sound is
determined less by the change in water density than salinity and temperature
[12, 24]. Directly near the surface and the ocean floor or the interface between the
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media, the relative density gradient of the medium can be large. In these regions,
the field of the particle velocity vector and acoustic intensity can have a significant
rotational (vortex) component.

At present, the solution of these equations is possible only by numerical
methods. If the fourth term in the equations is small, the equations for the vector of
particle velocity and acoustic pressure allows one to find analytical expressions
connecting the phases and moduli of vector of complex intensity and particle
velocity vector, pressure, density of acoustic energy with the density of the medium
and the speed of sound in it. Let us do it for equation 19. Using both scalar function

Ψ r
!
, t

� �

and vector U
!

r
!
, t

� �

P r
!
, t

� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Zp r
!

� �

Z0
p

v

u

u

u

t Ψ r
!
, t

� �

V
!

r
!
, t

� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Zv r
!

� �

Z0
v

v

u

u

t

U
!

r0
!
, t

� �

, (21)

we rewrite equations (Eqs. (15) and (19)) in the following form:

1

c2 rð Þ

∂
2

∂t2
Ψ r
!
, t

� �

� ΔΨ r
!
, t

� �

þ
3∇Zp r

!
� �

∇Zp r
!

� �

4Z2
p r
!

� � �
ΔZp r

!
� �

2Zp r
!

� �

2

4

3

5Ψ r
!
, t

� �

¼ 0 (22)

1

c2 rð Þ

∂
2

∂t2
U
!

r
!
, t

� �

� ΔU
!

r
!
, t

� �

þ
3∇Zv r

!
� �

∇Zv r
!

� �

4Z2
v r
!

� � �
ΔZv r

!
� �

2Zv r
!

� �

2

4

3

5U
!

r
!
, t

� �

¼ 0, (23)

where Zp r
!

� �

¼ ρ0 r
!

� �

and Zv r
!

� �

¼ 1
ρ0 r

!ð Þc2 r
!ð Þ
, and Z0

p ¼ ρ0 r
!
0

� �

, Z0
v ¼

1
ρ0 r

!
0ð Þc2 r

!
0ð Þ
are values Zp r

!
� �

and Zv r
!

� �

at some point in space r
!
0. For the spectral

components Ψ r
!
,ω

� �

and U
!

r
!
,ω

� �

using the Fourier transform of equations

(Eqs. (22) and (23)) with respect to the time variable, we obtain the following
equations

ΔΨ r
!
,ω

� �

þ k2ψ r
!

� �

Ψ r
!
,ω

� �

¼ 0, (24)

ΔU
!

r
!
,ω

� �

þ k2U r
!

� �

U
!

r
!
,ω

� �

¼ 0, (25)

where k2ψ r
!

� �

¼ ω2

c2 r
!ð Þ
� 3

4

∇ρ0 r
!ð Þ

ρ0 r
!ð Þ

� 	2

þ
Δρ0 r

!ð Þ
2ρ0 r

!ð Þ

k2U r
!

� �

¼
ω2

c2 r
!

� �þ
5

4

∇ρ0 r
!

� �

ρ0 r
!

� �

2

4

3

5

2

þ
∇ρ0 r

!
� �

∇c r
!

� �

ρ0 r
!

� �

c r
!

� �

þ3
∇c r

!
� �

c r
!

� �

2

4

3

5

2

�
Δρ0 r

!
� �

ρ0 r
!

� � � 2
Δc r

!
� �

c r
!

� �

(26)

From expressions (Eq. (26)) it follows that the gradient of the speed of sound
affects only the vibrational speed in a medium with a small swirl of the particle
velocity field. The acoustic pressure depends only on the gradient of the density of
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the medium and does not depend on the gradient of the speed of sound. This
situation is valid for media in which the density gradient of the medium is less than
the gradient of the speed of sound. These differences form the phase difference
between the acoustic pressure and the vibrational velocity vector during the prop-
agation of an acoustic wave in an inhomogeneous medium. Different field reactions

V
!

r
!
, t

� �

and P r
!
, t

� �

to the density gradient of the medium and the gradient of the

sound speed form the phase difference between the acoustic pressure Φp r
!
, t

� �

and

the particle velocity Φv r
!
, t

� �

vector during the propagation of an acoustic wave in

an inhomogeneous medium. Solutions to equations (Eqs. (24) and (25)) can be
found using the method of successive approximations. For this, we represent these
equations in the following form:

ΔΨ r
!
,ω

� �

þ k20Ψ r
!
,ω

� �

¼ k1
2
Ψ r
!

� �

Ψ r
!
,ω

� �

(27)

ΔU
!

r
!
,ω

� �

þ k20U
!

r
!
,ω

� �

¼ k1
2
v r
!

� �

U
 

r
!
,ω

� �

(28)

where k20 ¼
ω2

c2 r
!

0ð Þ
, k21Ψ r

!
� �

¼ k20 � k2ψ r
!

� �

and k21U r
!

� �

¼ k20 � k2U r
!

� �

Similarly to the case of an electromagnetic field in the inhomogeneous medium,

using the scalar G r
!
� r
!
1

� �

and vector G
!

r
!
� r
!
1

� �

Green’s functions of the Helm-

holtz equation for a homogeneous unbounded medium. Eqs. (2) and (13) and
Eq. (2.14) can be rewritten in the form of the following integral equations:

Ψ r
!
,ω

� �

¼ Ψ0 r
!
,ω

� �

þ

ð

Ω

G r
!
� r
!
1

� �

k21Ψ r
!
1

� �

Ψ r
!
1,ω

� �

d r
!
1 (29)

Ui r
!
,ω

� �

¼ U0i r
!
,ω

� �

þ

ð

Ω

Gi r
!
� r
!
1

� �

k21U r
!
1

� �

Ui r
!
1,ω

� �

d r
!
1

(30)

Here Ui r
!
1,ω

� �

is the projections of the vector onto the coordinate axes and

Ψ0 r
!
,ω

� �

and U0i r
!
,ω

� �

are the solutions of equations (Eq. (27)) and (Eq. (28))

with the right-hand side equal to zero, and Gi r
!
� r
!
1

� �

are the components of the

vector Green’s function. The steps for finding a solution to equations (2.15) and
(2.16) by the method of successive refinements can be as follows:

1.We find Ψ0 r
!
,ω

� �

and U0i r
!
,ω

� �

which are the zeroth approximation for the

field, valid in a homogeneous medium

2.We find an explicit form of dependence k21Ψ r
!

� �

¼ k20 � k2ψ r
!

� �

and

k21U r
!

� �

¼ k20 � k2U r
!

� �

on coordinates

3.Using Ψ0 r
!
,ω

� �

and U0i r
!
,ω

� �

and expressions for k21Ψ r
!

� �

and k21U r
!

� �

with

the help of (Eqs. (29) and (30)), we obtain more accurate first approximations
that take into account single scattering of the primary field.
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4.To obtain the second more accurate approximation, it is necessary to substitute
the first approximations in expressions (Eqs. (29) and (30)) and obtain the
second more accurate approximation of the solution.

Similarly, you can get solutions that are more accurate. Integration is performed
over the volume of the inhomogeneous medium, the inhomogeneities of which will
be secondary, etc. field sources. In a real situation, the volume should be chosen
such that its secondary sources make a noticeable contribution to the field.

Let us consider an example that shows how the parameters of an inhomogeneous
medium affect the characteristics of the acoustic field. We represent the acoustic
pressure, and the vector of the particle velocity of the monochromatic acoustic field
by the frequency ω in the following form

P r
!
, t

� �

¼ P0 r
!

� �

exp i ωt�Φp r
!

� �h i

and V
!

r
!
, t

� �

¼ V
!

0 r
!

� �

exp i ωt�Φv r
!

� �h i

.

Complex intensity vector will be written as I
!

r
!

� �

¼ P r
!
, t

� �

V
! ∗

r
!
, t

� �

¼

I
!

0 r
!

� �

exp i Φv r
!

� �

�Φp r
!

� �h i

. In a medium without absorption of the acoustic

energy, the phases Φp r
!

� �

and Φv r
!

� �

, respectively are equal to the phases Ψ r
!
, t

� �

and U
!

r
!
, t

� �

. The wave vector of a wave is normal to its phase surface and is

determined by the wave phase gradient and the wave number by the modulus of

this gradient. For the wavenumbers of the pressure kp r
!

� �

and the particle velocity

vector kv r
!

� �

, we can take, respectively, the quantities kψ r
!

� �

and kU r
!

� �

if the

inequalities
Δψ0 r

!ð Þ
ψ0 r

!ð Þ

�

�

�

�

�

�

�

�

< < k2ψ r
!

� �

� ∇Φp r
!

� �� �2
�

�

�

�

�

�

�

�

and

ΔU
!

0 r
!ð Þ

U0 r
!ð Þ

�

�

�

�

�

�

�

�

< < k2U r
!

� �

� ∇Φv r
!

� �� �2
�

�

�

�

�

�

�

�

. The refractive indices of the medium for the

acoustic pressure and the particle velocity relative to the point r
!
0 are different and

accordingly, equal np r
!

� �

¼
kp r

!ð Þ
k0

and nv r
!

� �

¼
kv r

!ð Þ
k0

, where k0 ¼ ω

c r
!

0ð Þ
and C r

!
0

� �

is

the phase velocity of sound for the acoustic pressure wave at the point r
!
0. The

phase velocities of the acoustic pressure wave and the particle velocity vector
become different, which leads to the inequality of the phases of the acoustic pres-
sure and the particle velocity vector when the acoustic wave propagates in an
inhomogeneous medium. The absorption of acoustic energy by the medium is taken
into account by assuming the speed of sound and the density of the medium to be
complex quantities, in which the imaginary part is responsible for the absorption of
the energy of the acoustic field. In this case, the phases and acquire an additive

equal to the phases of the values

ffiffiffiffiffiffiffiffiffiffi

Zp r
!ð Þ

Z0
p

r

and

ffiffiffiffiffiffiffiffiffiffi

Zv r
!ð Þ

Z0
v

r

. To avoid cumbersome expres-

sions, we restrict ourselves to the first approximation. The proposed example is
often implemented in real measurements of the characteristics of the acoustic field.
In practice, as a rule, the projections of the vibrational velocity vector and, accord-
ingly, the intensity vector are measured in an orthogonal coordinate system, for

example, in a Cartesian one. Consider the projection of a vector U
!

r
!
,ω

� �

on the OX

axis. In this case, the projection will be a function of only the x coordinate, and the
Y and Z coordinates will act as parameters and determine the straight line parallel to
the OX axis, along which the observation point x changes. The wave numbers

k2
1Ψ

r
!

� �

and k1
2
U r
!

� �

, accordingly, the solutions of equations (Eqs. (29) and (30))
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depend on the values of these parameters. In fact, we turn to the case of one-
dimensional propagation of acoustic radiation along the OX axis passing through

the point r0 X0,Y0 ,Z0ð Þ. Let us choose Ψ0 r
!
,ω

� �

and U
!

0 r
!
,ω

� �

both in the form

of plane waves and propagating along the X axis. We can put the moduli of these

plane waves Ψ0 ωð Þ and U
!

0 ωð Þ equal to the moduli of the acoustic pressure P0 and

the component v
!
x of the particle velocity vector on the OX axis. In this case, the

component of the vector Green’s function will be equal to the one-dimensional
Green’s function

G x� x1ð Þ ¼ 1
2ik0

exp ik0jx� x1j½ � we find the solution corresponding to the first

approximation at the point X

Ψ x, y0, z0,ω
� �

¼ P0 exp ik0xþ

ð

x

�∞

k21Ψ x1, y0, z0
� � P0

2ik0
exp ik0xð Þdx1þ

þ

ð

∞

x

k21Ψ x1, y0, z0
� � P0

2ik0
exp �ik0xþ 2ik0x1ð Þdx1 ¼ P0 exp ik0xþ Ψ1 xð Þ þ Ψ2 xð Þ

(31)

U
!

x x, y0, z0,ω
� �

¼ V
!

x exp ik0xþ

ð

x

�∞

k21U x, y0, z0
� �V

!

x exp ik0xð Þ

2ik0
dx1þ

þ

ð

∞

x

k21U x1, y0, z0
� � V

!

x

2ik0
exp �ik0xþ 2ik0x1ð Þdx1 ¼ V

!

x exp ik0xþ U
!

1 xð Þ þU
!

2 xð Þ

(32)

Here P0 exp ik0x и U
!

0 exp ik0x represent the primary radiation, the second terms
are the radiation scattered forward in the region �∞≤ x1 ≤ x, and the third terms
are the radiation scattered back. Solutions (Eqs. (31) and (32)) and the relations
(Eq. (21)) allow us, in the first approximation, to find an expression for the projec-
tion of the complex intensity vector on the on the OX axis

I
!

x x, y0, z0,ω
� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Zp x, y0, z0
� �

Zv x, y0, z0
� �

Z0
pZ

0
v

s P0V
!

x þþP0U
! ∗

1 xð Þ þ P0U
! ∗

2 xð Þ þ Ψ1 xð ÞV
!

xþ

þΨ1 xð ÞU
! ∗

1 xð Þ þ Ψ1 xð ÞU
! ∗

2 xð Þ þ Ψ2 xð ÞV
!

xþ

þΨ2 xð ÞU
! ∗

1 xð Þ þ Ψ2 xð ÞU
! ∗

2 xð Þ

0

B

B

B

@

1

C

C

C

A

(33)

In this expression, the first term describes the complex intensity vector of the
primary radiation, the fifth term corresponds to the forward propagating secondary
radiation, and the ninth term corresponds to the backscattered radiation. The other
terms describe the mutual energy of the primary and scattered radiation. If the field
is measured arriving at a point x only from the region, x1 ≤ x then the dependence of
the projection of the complex intensity vector on the OX axis takes the following
form:

I
!

x x, y0, z0ω
� �

exp iΦ x, y0, z0
� �

¼
C0 x0, y0, z0

� �

C x, y0, z0
� � P0V

!

x

1þ
i

2k0
αv x0, y0, z0
� �

� αp x, y0, z0
� �� �

þ

þ
1

4k20
αv x, y0, z0
� �

αp x, y0, z0
� �

2

6

6

6

4

3

7

7

7

5

:

(34)
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In this expression αp xð Þ ¼
Ð

x

�∞

k21Ψ x1ð Þdx1 and αv xð Þ ¼
Ð

x

�∞

k21U x1ð Þdx1. The

modulus I0 x, y0, z0,ω
� �

and phase Ф x, y0, z0,ω
� �

of the complex of acoustic

intensity vector are respectively equal:

I0 x,ωð Þ ¼
C0P0 Vxj j

4k20C x, y0, z0
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4k20 þ αp x, y0, z0
� �2

� �

4k20 þ αv x, y0, z0
� �2

� �

r

,Φ x, y0, z0,ω
� �

¼ arctg
2k0 αv x, y0, z0

� �

� αp x, y0, z0
� �� 


4k20 þ αv x, y0, z0
� �

αp x, y0, z0
� � :

(35)

The field intensity vector is

Re
1

2
I
!

x x, y0, z0,ω
� �

¼
1

2

C0

C x, y0, z0
� �P0V

!

x 1þ
1

4k20
αv x, y0, z0
� �

αp x, y0, z0
� �

" #

,

(36)

and for the average field energy density we have the following expression:

ε x, y0, z0ω
� �

¼
P x, y0, z0ω
� �

P ∗ x, y0, z0ω
� �

ρ x, y0, z0
� �

C2 x, y0, z0
� � ¼

¼
P2
0

ρ0C
2 x, y0, z0
� � 1þ

1

4k20
αp x, y0, z0
� �

αp x, y0, z0
� �

" #

:

(37)

From expressions (Eqs. (22) and (23)) it is seen that the inhomogeneous nature
of the speed of sound will have a more significant effect on the particle velocity
vector than on the acoustic pressure. This makes it possible in principle to create
methods for separately measuring the contribution to the acoustic field in an inho-
mogeneous medium of the density of the medium and the speed of sound in it.

In conclusion, we note that the proposed method makes it possible to analyti-
cally and numerically solve the problems of mathematical modeling of a shallow
sea, remote sensing of natural media, problems of acoustics of a shallow sea,
modeling acoustic and optical metamaterials, etc. Note that for applied problems of
acoustics, both fields of the particle velocity vector and the intensity vector in any
inhomogeneous medium have a vortex character. Therefore, the algorithms for
solving applied problems of ocean and especially shallow sea acoustics, problems of
modeling the propagation of acoustic energy in composite media and metamaterials
should take into account the vortex component of the vector acoustic field intensity
and curvature of the streamlines of the acoustic field.
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