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Chapter

Existence, Uniqueness and
Approximate Solutions of Fuzzy
Fractional Ditferential Equations

Atimad Harir, Said Melliani and Lalla Saadia Chadli

Abstract

In this paper, the Cauchy problem of fuzzy fractional differential equations
T,u(t) = F(t,u(t)), u(to) = uo, with fuzzy conformable fractional derivative
(y-differentiability, where y € (0, 1]) are introduced. We study the existence and
uniqueness of solutions and approximate solutions for the fuzzy-valued mappings
of a real variable, we prove some results by applying the embedding theorem, and
the properties of the fuzzy solution are investigated and developed. Also, we show
the relation between a solution and its approximate solutions to the fuzzy fractional
differential equations of order y.

Keywords: fuzzy conformable fractional derivative, fuzzy fractional differential
equations, existence and uniqueness of solution, approximate solutions, Cauchy
problem of fuzzy fractional differential equations

1. Introduction

In this paper, we will study Fuzzy solutions to
T, u(t) =F(t,u(t)), uto)=uo, v < (0,1], (1)

where subject to initial condition %, for fuzzy numbers, by the use of the
concept of conformable fractional H-differentiability, we study the Cauchy
problem of fuzzy fractional differential equations for the fuzzy valued mappings
of a real variable. Several import-extant results are obtained by applying the
embedding theorem in [1] which is a generalization of the classical embedding
results [2, 3].

In Section 2 we recall some basic results on fuzzy number. In Section 3 we
introduce some basic results on the conformable fractional differentiability [4, 5]
and conformable integrability [5, 6] for the fuzzy set-valued mapping in [7]. In
Section 4 we show the relation between a solution and its approximate solution to
the Cauchy problem of the fuzzy fractional differential equation, and furthermore,
and we prove the existence and uniqueness theorem for a solution to the Cauchy
problem of the fuzzy fractional differential equation.
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2. Preliminaries

We now recall some definitions needed in throughout the paper. Let us denote
by R the class of fuzzy subsets of the real axis {# : R — [0, 1]} satisfying the
following properties:

i. u is normal: there exists xo € R with u(x¢) = 1,

ii. u is convex fuzzy set: for all x,z € Rand 0 <4<1, it holds that

u(Ax + (1 — A)t) > min {u(x),u(t)}, (2)

ili. u is upper semicontinuous: for any x¢ € R, it holds that

u(xo) > limu(x), (3)

X—X0

iv. [u]° = cl{x € Rlu(x)> 0} is compact.

Then Ry is called the space of fuzzy numbers see [8]. Obviously, RCRz. Ifuisa
fuzzy set, we define [u]* = {x € Rlu(x) >a} the a-level (cut) sets of u, with
0 <a<1. Also, if u € Ry then a-cut of u denoted by [u]* = [uf,us].

Lemma 1 see [9] Let u,v : Rr — [0, 1] be the fuzzy sets. Then u = v if and only if
[u]* = [v]* forall a € [0, 1].

Foru,v € Rr and 1 € R the sum # + v and the product Au are defined by

[ +0])" = [u] +0f,u5 + 5], (4)
[ﬂu]a = ﬂ[u]a = { [lu(f, /114(21] 5 A > O’ [/Wg, /1”(11} 5 A< 03 (5)

Va € [0,1]. Additionally if we denote 0 = X{o}> then 0 € Ry is a neutral element
with respert to +.
Letd : R x Rx — R, U{0} by the following equation:

d(u,v) = sup dy([u]*, [v]*), forall u,v € Ry, (6)

ae[0,1]
where dp is the Hausdorff metric defined as:
dia(u)®, o)) = max {jug — o5, uf —v3]]} %
The following properties are well-known see [10]:
du+w,v+w)=du,v) and du,v)=d(v,u), Y u,v,w € Ry, (8)

d(ku,kv) = |k|d(u,v), Vk €R, u,v € Ry 9)
dlu+v,w+e)<d(u,w) +d,e), V u,v,w,e € Ry, (10)
and (Rz,d) is a complete metric space.

Definition 1 The mapping u : [0,a] — Ry for some interval [0, 4] is called a
fuzzy process. Therefore, its a-level set can be written as follows:

w(®)]" = [uf(t),u5()], ¢t €[0,a], a€[0,1]. (11)
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Theorem 1.1 [11] Let u : [0,a] — Rz be Seikkala differentiable and denote
[w(®)]* = [u§(t),us(t)]. Then, the boundary function u$(t) and u$(t) ave differentiable
and

(1)) = [(uf;)’(t), (ug)’(t)], a e [0,1]. (12)

Definition 2 [12] Let u : [0,a] — Ryr. The fuzzy integral, denoted by
Jyu(t)dt,b,c € [0,al, is defined levelwise by the following equation:

o |

forall 0 <a<1.In [12], if u : [0,a] — Ry is continuous, it is fuzzy integrable.
Theorem 1.2 [13] If u € Ry, then the following properties hold:

qu§(t)dt, J:ug(t)dt], (13)

b

i W] ], if 0<m<ar<1; (14)
ii. {a¢} €0, 1] is a nondecreasing sequence which converges to a then

[l = [ [s]™. (15)

k>1

Conversely if A, = {[uf,u3]; a € (0,1} is a family of closed real intervals
verifying (i) and (ii), then {A,} defined a fuzzy number u € Ry such that [u]” = A,.
From [1], we have the following theorems:
Theorem 1.3 There exists a real Banach space X such that Ry can be the embedding
as a convex cone C with vertex 0 into X. Furthermore, the following conditions hold:
i. the embedding j is isometric,

ii. addition in X induces addition in Ry, i.e, for any #,v € Rz,

iii. multiplication by a nonnegative real number in X induces the
corresponding operation in Ry, i.e., for any # € Ry,

iv. C-C is dense in X,

v. C is closed.

3. Fuzzy conformable fractional differentiability and integral

Definition 3 [4] Let F : (0,a) — Ry be a fuzzy function. y* order “fuzzy
conformable fractional derivative” of F is defined by

I (F)(0) = lim FEHETNOFE) _ p FOOF(e—e'r)

e—07" £ e—0" &

(16)

forallt>0,y € (0,1). Let FY)(t) stands for T, (F)(t). Hence



Fuzzy Systems - Theory and Applications

F@) =1 = lim (17)
e—0" & e—0" &
If F is y- differentiable in some (0, a), and lim,_ o FY)(t) exists, then
F?(0) = Lim FY)(z) (18)

t—0"

and the limits (in the metric d).
Remark 1 From the definition, it directly follows that if F is y-differentiable then the
multivalued mapping F, is y-differentiable for all a € [0, 1] and

T,F, = [F(” (t)]a, (19)

where T, F, is denoted from the conformable fractional derivative of F, of order
y. The converse result does not hold, since the existence of Hukuhara difference
[]*© ]”, a € [0,1] does not imply the existence of H-difference u © v.

Theorem 1.4 [4] Lety € (0, 1].

If F is differentiable and F is y-differentiable then

T,F(t) =t"7F'(t) (20)

Theorem 1.5 [5,14] If F : (0,a) — Ry is y-differentiable then it is continuous.

Remark 2 If F : (0,a) — Ry is y-differentiable and F*) for all y € (0, 1] is
continuous, then we denote F € C'((0,4),Ryx).

Theorem 1.6 [5, 14] Lety € (0,1] and if F,G : (0,a) — Ry are y-differentiable
and 4 € R then

T,(F + G)(t) = T,(F)t) + T,(G)(t) and T,(F)(t) =T, (F)r). (21

Definition 4 [5] Let F € C((0, a), Rz)nLY((0, a), Rgz), Define the fuzzy
fractional.
integral for a >0 and y € (0,1].

tF
sl=r

B =B )0 - |

a

(s)ds, (22)

where the integral is the usual Riemann improper integral.
Theorem 1.7 [5] T,I;(F)(¢), for t > a, where F is any continuous function in the

domain of I.
Theorem 1.8 [5] Let y € (0,1] and F be y-differentiable in (0,4) and assume

that the conformable derivative F") is integrable over (0,a). Then for each
s € (0,a) we have

F(s) = F(a) + I.FY)(t) (23)
4. Existence and uniqueness solution to fuzzy fractional differential
equations

In this section we state the main results of the paper, i.e. we will concern
ourselves with the question of the existence theorem of approximate solutions by
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using the embedding results on fuzzy number space (Rz,d) and we prove the
uniqueness theorem of solution for the Cauchy problem of fuzzy fractional
differential equations of order y € (0, 1].

4.1 Solution and its approximate solutions

Assume that F : (0,a) x Ry — Ry is continuous C(((0,4) x Rx),Rx). Consider
the fractional initial value problem

Ty (u)(t) = F(t,u(t), u(to) = uo, (24)

where uy € Ry andy € (0,1].

From Theorems (1.5), (1.7) and (1.8), it immediately follows:

Theorem 1.9 A mapping u : (0,4) — Ry is a solution to the problem (24) if and
only if it is continuous and satisfies the integral equation

t
u(t) =uo + J s" IR (s, u(s))ds (25)
to
forallz € (0,a) andy € (0,1].
In the following we give the relation between a solution and its approximate
solutions.
We denote Ag = [to,t0 + 6] X B(uo, u) where 6, u be two positive real numbers
uo € Rr, B(uo,u) = {x € Re|d(u,uo) <u}.
Theorem 1.10 Let y € (0,1 and F € C(Ao,Rx), 1 € (0,0),
u, € Cl([to,to + 1], B(uo,u)) such that

Ju (&) = JFt, un(t)) + Bat),  tn(to) = o, 1Ba(t)l| <en (26)
Vt € [to,to+17], n=1,2,...

where ¢, >0, &, — 0, B,(t) € C(Jto,to +1],X), andj s the isometric embedding
from (Rz,d) onto its range in the Banach space X. For each ¢ € [to,%¢ + 7] there
exists an > 0 such that the H-differences u, (¢t + et' ") © u,(t) and
U, (t) © u,(t — et'™7) exist forall 0 <e<pand n = 1,2,.... If we have

A (£), u(t)) — 0 27)

uniform convergence (u.c) forall¢ € [to,t0 + 7], n — oo, then
u € Cl([to,to + ﬂ],B(uo,/,t)) and

Ty (u(t)) = F(t, u(t)), u(to) =uo, t € [to,t0 + 1. (28)

Proof: By (27) we know that u(¢) € C([to,to + 1], B(uo, u)). For fixed
t1 € [to,to +n] and any ¢ € [to,t0 + 7], t>11, denote & = ht’l’_1 andV y € (0,1]

ju, <t1 + eti_y> —ju, (t1)

G(t,n) = . —jE(t1, un(t1)) — Bu(t1). (29)
_Jualtat hy)_jj”n ) B, (t1)) — Ba(tr): (30)
ht}
e ("2 _]:‘" ) Bt (£1)) — Ba(tr): (31)
— U
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It is well know that

Hm G(t,m) = j ()" (1) = jF (81, n (1)) = Ba(t1) (32)
— ()" (t1) — jF (t1, (1)) — Bu(t1) = © € X (33)
lim G(t,n) = t1 yw —jF(t1,u(t1)) (34)
n—o0 — I

From F € C'(Ag,Ry), is know that for any ¢ > 0, there exists ; > 0 such that
e
d(F(t,v),F(t1,u(tr))) < i (35)

whenever t; <t <ty + f; and d(v,u(t;)) < p, with v € B(uo, u) Take natural
number N > 0 such hat

0 < oo (®)u(®) <2 forany >N, ¢ € fro,to +1] (36)

Take > 0 such that < f; and
d(u(t),u(tl))<% (37)

whenever t; <t <t; + f.
By the definition of G(¢,%) and (26), we have Vy € (0,1]

jit (a + eti‘?) — ity (1) = (£ (@n) ") (1) = (£)iF(tr, (1)) (38)
£ (ju, (¢ (t1)) = (¢ — 22)ty "j(un)' (t2) = (¢ — 01)jF (£, un (12)) (39)
We choose y € X such that ||y|| = 1and for ally € (0,1]
(£ G, €)=y (00)) = (¢ = 00 7j00) (1)) (40)
=g y(]u (t1)) — (¢ — t1)3 "j(ws) (t0) (41)

Lett; "o(t) = t; "w(ju,(t)) — (t —t1)t; 'j(un) (t1), consequently

') =6 Tw(ju,(0) — 6 Tiun) (81) (42)
hence
167 ot (2) — juu, (11)) — (¢ = £)ty Tj(ua) (82)] (43)
= tw@ — (1)) =1, "¢/ (B)(t — 1) (44)
= w (7 (juy @) —ju, <t1>>) (t—1) (45)
< lyllles ™ e (B) — juu, (e2)) 112 — 1) (46)
= lley " (ju ’<> < >) (t —ta), (47)

where t; <t <t. In view of (39), we have
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G m)ll <lley 7 ( juy (&) = ju (e2))Nl, 1 <E<t. (48)

From (36) and (37) we know that

A(u(®) u(en) < 22 (49)

and
d(uy (), u(t1)) <d(u, (t), u(t)) +d(u(t), u(t1)) (50)
Bihoy, (51)

Hence by (35) and (48) we have for ally € (0,1].

IG @& < Nle ™ (G, () — jus, (12)) I (52)

= iF (¢, un(t)) + Bu(?) ]F(tlaun(tl)) B, (t1)|l (53)
< GF (& un () — jF (t1, u(ta)) (54)

+IF (t1,u(t1)) — jF(t1, un (1))l + 25 (55)
<d(F(t,un(t)) — jF(t1,u(t1))) (56)
+d(F (t1, u(tr)) — jF(t1, un(t1))) + 25 (57)
<4+4+28n<8 (58)

whenever n >N and t; <t <t; + f.
Let n — oo, and applying (34), we have

1 ju(t) —ju(ts)

Il
t—1t1

—jF(t1,u(th))|| <e, t©<t<t;+p. (59)

On the other hand, from the assumption of Theorem (1.9), there exists an
p(t1) € (0, ) such that the H-differences u,,(t) © u,(t;) exist for all
t € [t1,th+ p(t1)] andn = 1,2, ....

Now let v, (t) = u,(t) © u,(t1) we verify that the fuzzy number-valued sequence
{v,(t)} uniformly converges on [t1,t; + f(t1)]. In fact, from the assumption
d(u,(t),u(t)) — 0 u.c. forallz € [to,to + 7], we know

d(n(8),vm(t)) = d(Va(t) + un(t1), 0 (£) + un (11)) (60)
<A (Un(8), um (t)) + d (W (), Vi (t) + tn(t1)) (61)
=du, ), un(t)) + A0 t) + thy (21), 0 (t) + 1y (t1)) (62)
= d(un(t), um(t)) + d(m(t1), un(t1)) (63)

— u.c Vt € [t1,t1 + f(t1)] n,m — oo. (64)

Since (Rr,d) is complete, there exists a fuzzy number-valued mapping »(¢) such
that {v,(t)} u.ctov(t) on [t1,t1 + f(t1)] asn — oo.
In addition, we have
d(u(tr) +v(t),u(t)) <d(u(ts) +v(t), un(ts + va(t2)) + d(un (02 + 0, (t), u(r))  (65)
<d(u(tr) +v(t), u(tr) + va(t)) (66)
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d(u,(t),u(t)) (67)

+d(u(ts) +v,(t), un(t1) +0a(t)) + n
=d,(t),u(t)) +du,(t1), u(tr)) + d(u,(t), u(t)) (68)
Vi € [t1, 11 + B(t1)].
Let n — oo. It follows that
u(t) +o(t) =u(t) forall t € [t1,t1+ p(t1)]. (69)

Hence the H-difference u(t) © u(t1) exist for allt € [t1,t1 + f(21)].
Thus from (59) we have forall y € (0,1].

(u (t1 + t}‘%) o u(t) )
d JF(t,u(th)) | <e ¢ € [t + B(ta)). (70)

€
So, lim,_,q+u <t1 + ti_y(e) © u(t1)/e = F(t1,u(t1)). Similarty, we have

u <t1 + t}_ye> O u(ty)

811%1_ . = F(t1,u(t1)).
Hence u") (t;) exists and
u (ty) = F(t1, u(ty)). (71)

from t; € [to,to + 7] is arbitrary, we know that Eq. (28) holds true and

u e Cl([to,to + 1, B(uo, u)). The proof is concluded.
Lemma 2 For allt € [to,t0 +#n],n=1,2,...and y € (0,1].
If we replace Eq. (26) by

Jttn1(8) = JE (& un(0)) + Bu(t),  un(to) = o, [|Ba(t)ll <én, (72)

retain other assumptions, then the conclusions also hold true.
Proof: This is completely similar to the proof of Theorem (1.10), hence itis
omitted here.

4.2 Uniqueness solution
In this section, by using existence theorom of approximate solutions, and the
embedding results on fuzzy number space (R, d), we give the existence and uniqueness

theorem for the Cauchy problem of the fuzzy fractional differential equations of order y.
Theorem 1.11

i. Let F € C(Ag,Ry) and d(F(t,u), 0) <o forall (z,u) € Ay.
ii. G € C([to,t0 + 0] x [0,u],R), G(t,0) =0, and 0 <G(¢t,y) <01, forall

t € [to,to + 0], 0 <y <pu such that G(t,y) is noncreasing on y the fractional
initial value problem

Ty@t) =G(t,y()), y(to)=0 (73)

has only the solution y(¢) = 0 on [to, o + 0].
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iii. d(F(t,u),F(t,v)) <G(t,d(u,v)) for all (t,u), (¢,v) € Ao, and d(u,v) <p.

Then the Cauchy problem (28) has unique solution u € C"([to,to + 1], B(uo, )
on [to,to + ], where n = min {6, /o, u/o1}, and the successive iterations

t

Uni1(t) = uo + J s"IF (s, 1, (s))ds (74)

Lo

uniformly converge to u(t) on [to, %o + 7).

Proof: In the proof of Theorem 4.1 in [15], taking the conformable derivative uv)
forall y € (0, 1], using theorem (1.4) and properties (9), then we obtain the proof of
Theorem (1.11).

Example 1Let L > 0 is a constant, taking G(¢,y) = Ly in the proof of Theorem (4.2),
then obtain the proof of Corollary 4.1 in [15] where 61 = Ly, hence np =
min {6, u/6,1/L}. Then the Cauchy problem (28) has unique solution
u e Cl([to, to + 1], B(Ao, 1)), and the successive iterations (74) uniformly converge to
u(t) on [to,to + 7l

5. Conclusion

In this work, we introduce the concept of conformable differentiability for fuzzy
mappings, enlarging the class of y-differentiable fuzzy mappings where y € (0, 1].
Subsequently, by using the y-differentiable and embedding theorem, we study the
Cauchy problem of fuzzy fractional differential equations for the fuzzy valued
mappings of a real variable. The advantage of the y-differentiability being also
practically applicable, and we can calculate by this derivative the product of two
functions because all fractional derivatives do not satisfy see [4].

On the other hand, we show and prove the relation between a solution and its
approximate solutions to the Cauchy problem of the fuzzy fractional differential
equation, and the existence and uniqueness theorem for a solution to the problem
(1) are proved.

For further research, we propose to extend the results of the present paper and
to combine them the results in citeref for fuzzy conformable fractional differential
equations.
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