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Chapter

Mode-I and Mode-II Crack Tip
Fields in Implicit Gradient
Elasticity Based on Laplacians of
Stress and Strain. Part II:
Asymptotic Solutions

Carsten Broese, Jan Frischmann and Charalampos Tsakmakis

Abstract

We develop asymptotic solutions for near-tip fields of Mode-I and Mode-II
crack problems and for model responses reflected by implicit gradient elasticity.
Especially, a model of gradient elasticity is considered, which is based on Laplacians
of stress and strain and turns out to be derivable as a particular case of
micromorphic (microstrain) elasticity. While the governing model equations of the
crack problems are developed in Part I, the present paper addresses analytical
solutions for near-tip fields by using asymptotic expansions of Williams’ type. It is
shown that for the assumptions made in Part I, the model does not eliminiate the
well-known singularities of classical elasticity. This is in contrast to conclusions
made elsewhere, which rely upon different assumptions. However, there are
significant differences in comparison to classical elasticity, which are discussed in
the paper. For instance, in the case of Mode-II loading conditions, the leading terms
of the asymptotic solution for the components of the double stress exhibit the
remarkable property that they include two stress intensity factors.

Keywords: implicit gradient elasticity, mode-I and mode-II crack problems,
analytical solutions, asymptotic expansions of Williams’ type, near-tip fields,
order of singularity, stress intensity factors

1. Introduction

The 3-PG-Model, discussed in Part I, is a simple model of implicit gradient
elasticity based on Laplacians of stress and strain and has been introduced by
Gutkin and Aifantis [1]. It can be derived as a particular case of micromorphic
(microstrain) elasticity (see, e. g., Forest and Sievert [2]), so that a free energy
function and required boundary conditions are formulated rigorously. In the
present paper, we are looking for near-tip asymptotic field solutions for Mode-I and
Mode-II crack problems, in the context of plane strain states. The asymptotic
solutions are obtained by using expansions of Williams’ type (see Williams [3]).

For the assumptions made in Part I, it is found that both, conventional stress and
conventional strain, are singular. This holds also for the nonconventional stress, the
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so-called double stress. All singular fields have an order of singularity # 2. In
particular, the leading terms of the asymptotic solutions of the conventional stress
are exactly the same as in classical elasticity. Nevertheless, the results are quite
interesting, since the two leading terms of the asymptotic solution of the
macrostrain are different from the corresponding terms of classical elasticity, and
since the form of the asymptotic solution of the double stress exhibits a remarkable
feature. To be more specific, the leading term of the asymptotic solution of the
double stress includes two stress intensity factors, which are independent of each
other. This reflects, from a theoretical point of view, differences in the structure of
the asymptotic solutions in comparison to classical elasticity as well as micropolar
elasticity, where only one stress intensity factor is present in the solutions of Mode-
IT crack problems.

There are various works addressing singularities in the field variables. Among
others, we mention for couple-stress elasticity the works of Muki and Sternberg [4],
Sternberg and Muki [5], Bogy and Sternberg [6, 7], Xia and Hutchinson [8], Huang
et al. [9-11] and Zhang et al. [12]. For micropolar elasticity the works of Paul and
Sridharan [13], Chen et al. [14], Diegele et al. [15] and for gradient elasticity the
works of Altan and Aifantis [16, 17], Ru and Aifantis [18], Unger and Aifantis
[19-21], Chen et al. [22], Mousavi and Lazar [23], Shi et al. [24, 25], Vardoulakis
et al. [26], Karlis et al. [27, 28], Georgiadis [29], Askes and Aifantis [30] and Gutkin
and Aifantis [1] are to be mentioned. The latter is an interesting work and proves
that use of the 3-PG-Model eliminates singularities from the”elastic stresses of
defects” (see also Askes and Aifantis [30] as well as Aifantis [31]). This finding is in
contrast to the conclusions of the present paper, but it should be emphasized that
the form of the assumed boundary conditions in Gutkin and Aifantis [1] is different
from the form assumed here.

The scope of the paper is organized as follows: Mode-I and Mode-II crack
problems are considered in the setting of plane strain problems. For the 3-PG-
Model, the reduced governing equations for plane strain states have been derived in
Part I and are summarized in Section 2. Section 3 provides asymptotic solutions for
the near-tip fields by starting from asymptotic expansions of the macrodis-
placement and the microdeformation. An alternative and equivalent aproach,
starting from asymptotic expansions of the stresses, is sketched in Section 4. The
developed asymptotic solutions are summarized and discussed in Section 5. Finally,
the paper closes with some conclusions in Section 6.

Throughout the paper, use is made of the notation introduced in Part I.

2. Summary of the governing equations for plane strain problems

Following equations of Part I will be employed to establish asymptotic solutions
of the crack tip fields.

Free energy function (see section “The 3-PG-Model as particular case of
micro-strain elasticity” in Part I)

1 1 ) — (1 1
v =5 eap Cappr eor 5= Yap Campc e 5 (€2 = 1) Rapy Cpppc ke M

Elasticity law for X (see section 3.1 “The 3-PG-Model as particular case of
micro-strain elasticity” in Part I)

%) 6'2—6'1(C

Top = g Coprp&rp ———— Y, (2)
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or inversely

1 0 —0C

=S [T — V(S + Zgp) | + o P (3)
c ) —¢
Epp = Tlcz [Zfﬂ(ﬂ - ”(ZW + Z‘M’)] +2 = Yoo (4)
_ay ,a-a
Erp = 206, X+ o LPV(/)' (5)

Elasticity law for 6 (see section 3.1 “The 3-PG-Model as particular case of
micro-strain elasticity” in Part I)

cy) —(C1

Coppt (€p§ -9, ) (6)

Ga[j =

Elasticity law for p (see section 4.5.1 “Elasticity law for double stress” in Part I)

Py = (€2 = €1) [(A 4 20) 0, ¥y + 20,¥,,, ] 7
Hrpp = (Cz - 61) [(’1 + 2/") arq,(p(p + /16,,‘{’”,} 5 (8)
Hyzz = (("2 - 61)/16” (\PV’” + \Pfﬂfﬂ) =V ('MWV +'u7l/’(/’)’ (9)
Horp = (62 - 61)2/4 ar‘Pr(pa (10)
cy) —(C1
Horr = [2/“‘ (a(/’lPW - ZlPW/)) + 49, (‘Pw + TW/’)] ) (11)
02—
Hopp = ’ [2” (aW‘P(ﬂ(ﬂ + 2\Pw> + 40, (lPW + Tw” > (12)
c)—¢
M(pzz = : r : ﬂa‘ﬂ (\PW + lPWP) =V (ﬂtpw +M(p(p(p)’ (13)
c)—¢
Horg = % 244 (0, ¥y + ¥rr — W) (14)
Hyrz = :uw/}z = /ugorz = :u(p(pz = O> (15)
:uzaﬂ = O’ (16)
or inversely
(V¥) =#[(1—v2)/¢ —v(1l+v)p ], (17)
v (CZ _ Cl)E rrr rQQ
1 2
(V¥),p = (02— 1)E (1= ")ty — v (1 + 1) ] (18)
1+v
V¥) = s 1
( )rwp (CZ _ C1)E Hyrg ( 9)
1
vY¥ = [(1-/? —v(1 , 20
(VYY) (c2—c1)E [(1-v )”r/m’ v(1+ I/)'M(ﬂfﬂ(ﬂ} (20)
1 2
(le)fﬂ(ﬂ(ﬂ - (c2—c1)E [(1 -V )/“‘f/xprﬂ —v(1+ ”)/‘ww} 5 (21)
1+v
A 4 = ) 22



Nanomechanics - Theory and Application

Material parameters (see section 2 “Preliminaries—Notation” in Part I)

A

Strain components (see section 4.1 “Kinematics” in Part I)

Ep = Opllyy  Epp =

S| =

1/1 1
(u, + d(,,u(p), €y =3 (; Oplhy + Oyt — ” u(/,) ) (24)

Microdeformation components (see section 4.1 “Kinematics” of Part I)

(V¥),,, = 0¥y, (V¥),,, = 0¥ (V¥),, = 0P, (25)
(V¥),,, = % (0, ¥ —2¥,,), (26)

(V\P)(p(p(/) = % (5¢Tw¢ + 2Tw)’ (27)

(V) = 1 0oy + W = Fy), @)

(V‘P)aﬁz - (Vql)zaﬁ = 0. (29)

Classical equilibrium equations (see section 4.2 “Cauchy stress—Classical
equilibrium equations” in Part I)

1 1

OZrr 4= 0pXry +~ (T — Zyy) = 0, (30)
1 2

OrZry +~ 0y gy +— Zry = 0. (31)

Nonclassical equilibrium equations (see section 4.5.2 “Nonclassical equilibrium
conditions” in Part I)

1 1
a;/',uy-w + ; a(/)ﬂ(pwf +; (,MW - 2'“(,07’(,0) + Oy — O, (32)

1 1
Orbypp + , Ophopy T+ P (Hrpp + 2l gry) + Cpp = 0, (33)

1 1
a””rzz + ; a(/h“(pzz + ; Hyzz + Ozz = 0, (34)
1 1

arﬂw(p _'_; 0(/)/”(/;;'@ +; (/’tW’(p — Kopge + /"g;w) + 0y = 0. (35)

Field equations for ¥ (see section 4.4 “Field equations for ¥ in Part I)

1 1 4 2 1 2
0 Wit —5 Oy ¥y -~ 0¥ — 5 0¥y — (72 + g) W+ 5 Wiy

. (36)
— v v
— 2 ——— 240 = 0,

2/46‘2 2/16'2 i

1 1 4 2 2 1
awTw"" ﬁ a‘ﬂfﬂlplﬂfﬂ + ; arTW + V_2 6¢‘Pw + V_2 ‘PW - <ﬁ + g) ‘Pfﬂfﬂ

. (37)

e Z 1%
— % —5—2, =0,
* 2/16'2 v 2/16‘2
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1 1 2 2 4 1
aw\Pr(/)“f’ V_2 a(/)(plpr(/) + ; arTVw + 1"_2 a(p\Pw - 1"_2 a(/,\P(/,(p - (V_2 + C_z) Trq;
) (38)

—2,, =0.
+ 2,Lt(,’2 ¢

Classical compatibility condition (see section 4.3 “Classical compatibility
condition” in Part I)

11(Yap) +12(Zap) =0, (39)
Cc) — (1 2 1
X1 (‘Paﬂ) 3 ) [a”V\P(/Jfﬂ Iy OryPrp + ) 0y W
1 2 2 (40)
- oY, + . 0,¥Y,, — 2 ()(p‘I’w/,} ,

(1 — I/) C1 1
X2 (Zaﬁ) = T 2uc; Ory (Ew + Ew) + ) Opg (Ew + 2‘(/11/1)
. (41)
+; a}" (ZW’ + Z(/)(/)):| .
Nonclassical compatibility conditions (see section 4.6 “Nonclassical
compatibility conditions” in Part I)

aqlhurwp — Horgp — Vahu(/w(p t My — Hrpp = 0, (42)
a(plur(p(p + a(p/’lw‘r - Iu(p(p(p - /’l(pw - Vawu(/;(p(p - VaV/’l(pw = O) (43)
Vb — Opberr — Fopp + Horr = T Orbypy + 1 Oty + 4Hyyy = 0. (44)

Classical boundary conditions (see section 4.7 “Boundary conditions” in Part I)

Z]yse =0, (45)

[Z(ﬂf/’] p=t1 0. (46)

Nonclassical boundary conditions (see section 4.7 “Boundary conditions” in
Part I)

[”(/’W} p==*r - ['u(ﬂ(ﬂ(ﬂ] p=+r = [/’t(prgo] p=+n = O; (47)

or equivalently

[afﬂ\PW - 2Tw} p=tn 0, (48)
050y + 2%, ., =0, (49)
[0¢‘I‘V¢ + ¥ — ‘I’W](p:ﬂ =0. (50)

Symmetry conditions—Mode-I (see section 4.8 “Symmetry conditions” in
Part I)

ZVV<V, QD) - EW (V, _¢)a Z(p(p (Va ¢) - Z(p(p (V, _¢), (51)
Zy(r,9) = —Zu(r, —0), (52)
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Y (r, 0) = ¥ (r, @), Wy (r, ) = Wy (1, —9), (53)
Wy (1, ) = =Py (1, —0), (54)

Horre (P @) =ty (1; =@)5 Hiyr (1 @) = — (1, —90), (55)
Hrpo (1> @) = un,,q,(V, —@)s  Hopp(TsP) = —Hyyy (1> =), (56)
Hrz (T @) = iy (s =®)s P (1 @) =~ (r; =) (57)
Hrrg (s @) = Hyry (s —@)s By (1 0) = iy (1; — ). (58)

Symmetry conditions—Mode-II (see section 4.8 “Symmetry conditions” in
Part I)

Zpe(r, @) = —Zn(r, — ), ZwW(V’¢):_E¢¢(V’ —), (59)

Zrp (1 9) = Zyy (1, — ), (60)
Yor(r, ) = =W (1, —00), Woo(rs90) = =Wy (r; —00), (61)

Wy (1 ) = Wry(r; =) (62)
o (1 @) = —Hyye (s =@)5 P (1 @) = Py (s =), (63)
i (s @) = (s =@)s  Hoppy (15 @) = Py (7, =), (64)
Hree (T @) = —Hyee (1, —=@)s P (1 @) = B (s —90), (65)
Hirg (T @) = oy (15 =@)5 Moy (15 @) = Uiy (T, —0). (66)

3. Near-tip asymptotic solutions for Mode-I and Mode-II loading
conditions

We shall solve the given problems by employing asymptotic expansions of
Williams’ type (see Williams [3]).

3.1 Expansions of Williams’ type

As the components of the macrodisplacement and the microdeformation reflect
the independent kinematical degrees of freedom, we assume for #, and W4
asymptotic expansions of the same form. We fix the crack tip at the origin O of the
coordinate system (see Figure 1 in Part I) and set

Uy = Vpuéo) -+ VPJF%u((xl) + .= io:zf“%uék), (67)
k=0
W= Ty 4 20 LoD, Z i) (68)
with
ul =ulP(p), Wy = (0), Pup=Tu(0), (69)

and p being a real number. Since the crack tip is fixed at O, no constant term is
present in the expansion of # in Eq. (67). However, we allow a constant term ¥ =
const., with physical components ¥, 5 in conjunction with cylindrical coordinates,
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to be present in the expansion of ¥. While the Cartesian components ¥;; are
constant, the physical components W, are functions of ¢. There are the following
well known transformation rules between @aﬂ and @,-j (see any textbook)

— 1 — — 1 ,— — =
¥, = 5 (P + ¥) +3 (P11 — ¥22) cos2¢ + Py sin2¢, (70)
_ 1 — — 1 ,— — =
¥, = 5 (P11 + ¥2) — > (P11 — ¥22) cos2¢ — Py sin2¢, (71)
__ 1 — 1 N
TV¢ = —i (‘Pll — lez) sin2¢ + Y13 cos2¢. (72)

For later reference, we note the relations

0, ¥, —2¥,, =0, 9,%,, +2%¥, =0, (73)

0, ¥, + ¥y —¥,, = 0, (74)

which imply that the physical components ¥, trivially obey the nonclassical
boundary conditions (32)-(35). Anticipating the results in Section 5, we decompose

¥ into parts ¥ and ¥, reflecting symmetries according to Mode-I and Mode-II:

—_ B —
lpaﬂ - ‘Pa/)’ _'_ lPa[}’ (75)
with
@; = f1,1 + Zz,z cos2¢, @,I,I, := Ly sin2¢, (76)
— — — —III - .
‘PW :=Lj1 — Li) cos2¢, Tww == — Ly sin2¢q, (77)
@i(p == — L, sin2¢, @Zp ==Ly cos2¢ (78)
and
_ 1 _ _ 1 — _ _ _
Liy:= > (Y11 + W), Lip= > (Y11 —¥2), Lp=Yn. (79)

The main idea in Williams’ approach is to expand each field variable f(r, ) in a
sum of products as in Egs. (67) and (68). We say that f is of the order »”, and
write f ~ 7", whenever »” is the power function of » in the leading term of the
expansion of f. It can be deduced, from Eq. (67), that e,5 ~ ##~*. From this, in
turn, together with Eq. (68) and the elasticity laws (3)—(5), we can deduce, that
Zop ~ =1, Thus,

Sep =P TIE + IS + L = sl (80)
k=0
with
k k
Z = T () (81)

Expansion (67) suggests that the necessary and sufficient condition for u, to
vanish at the crack tip is
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p>0. (82)

This restriction is in agreement with energetic considerations. To verify, we
remark that V¥ = 0, as ¥ is constant. Therefore, from Eq. (68) together with
Egs. (25)-(29), we may infer that (V'¥),, ~ #’~". For the free energy per unit

macrovolume y it follows that y ~ r??~2 [cf. Eq. (1)]. Now, consider a small
circular area » <R, enclosing the crack tip. The total free energy (per unit length in
gz—direction) of this area is

27 R
J J wrdrde. (83)
0

0

Since yr ~ r*P71, restriction (82) is the necessary and sufficient condition for

the energy in Eq. (83) to be bounded.

3.2 Consequences of the classical equilibrium equations

Substitute the expansion (80) into Egs. (30) and (31) and collect coetficients of
like powers of 7, to obtain

2 {p 20 49,50 — z<°>}

(7 o

: 1
3 D\sw 4 g 50 _ 50
+yP 2 { (p + 2) Zw —+ a(pzm) Z(/H/J}
+ @+ 132 + 0,52 - 30}

+..=0. (84)

Similarly, we find from Eq. (31) that
w2 o+ 10 + 0,50}

_3 3 1 1

-+ 2{(10 +§) = +a¢2§p3,} (85)
-1 2 2

+77 { (p+2)Z2 +0,%] (g}

+..=0.

3.3 Consequences of the classical compatibility condition

Alook at y;(-) in Eq. (40) reveals that y, is a linear differential operator, i. e.,

11 (Yop — Pap) = 21 (Pap) —21(Pap)- (86)

Since ¥, is independent of 7, we infer from Eq. (40) that

c;—c1 1 — —

X1 (@aﬂ) = 9 (afﬂ\PW’ - ZTW/)) > (87)

(%) ﬁ
and by virtue of Eq. (73),

x1(Pap) = 0. (88)
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Therefore, from Eq. (86),

X1 (‘Paﬁ'> =1 (\Paﬂ - W(lﬂ)a (89)

and by appealing to expansion (68), we infer from Eq. (40) that

€7 —C1 =, ik k k
11 (Pap) = P ZVP 2+2{(P+§> <P+__1>\Pr(ple</)f+a¢wa£f)

k=0 2

ke ke
-2 (p - 5) 0, Pk — (p - Z) k) (90)
2(p ) e 25,9
+2\p+ 2] Twe S0 Tre (-
Similarly, by appealing to expansion (80), we infer from Eq. (41) that
12 (2 6‘1 Z P 244 IE p— 2 _}_li <2(k) + E(k)>
P 2ﬂc2 ra *3 2)\" T e

3 k
+0,, (zﬁ/ + 54 (g)

+<p - 1+’§) (=% +z;@3)}.

Inserting Egs. (90) and (91) into Eq. (39) and collecting coefficients of like
powers of r gives, after some lengthy but straightforward manipulations,

(91)

1 _
7 % {(P -1)* (253) + Et(ﬂ?ﬂ)) + gy (2;(»?) + Efp?p))}
s(A-va N o, e @ 4 v

w2t {0209 (o2 (524 52) 4o, (2 4 30)]

+2 o+ DY + 0, 200+ DY)} &
+w%{w (p +%)2<2§3) +2§02) + 0, (25,3) +z§0§3)

cy) —(C1 1 3 1 1 3 1
+ 5 Kp+§) (p+§)wgﬂ(g+a¢ﬂ§)—2<p+§)\1'§¢>

3.4 Consequences of the classical boundary conditions

By invoking the asymptotic expansion (80) in the classical boundary conditions
(45) and (46), we conclude that

1 [zﬁ?)]q) L [Eﬁﬂ(p:ﬂ + .. =0, (93)
1l [zgo‘fg} Lt P [zfp{;} =0 (94)
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3.5 Cauchy stress

Before going any further, it is convenient to evaluate the results so far. The
necessary and sufficient conditions for the equilibrium Egs. (84) and (85), the
compatibility condition (92) and the boundary conditions (93) and (94) to hold for
arbitrary 7 in the vicinity of the crack tip are vanishing coefficients of all powers of 7.

For Zg;), k = 0,1,2, this leads to the following systems of differential equations and

associated boundary conditions.
(0)

Terms Zaﬁ
5(0) _
9,0 + pz) — 30 = o, (95)
0,Z) + (p + 1)zl = 0, (96)
00 (Z10 +29) + (0 - 1 (29 +59)) = 0, (97)

with boundary conditions

(0) — (0) —
|:pr :| o==*r 0, [qu):| p=%xr 0. (98)
Terms ZS’B
Pt Do _ s
7 g + p + i ZVV - ZQU(/) — O, (99)

M — 0, (100)

1
Oy <2< )+ z“j,) + (p -3 (2},}) + 2;2) —0, (101)
with boundary conditions
(1) (1) \
[Z”/’L,in 0 [zw]w =0 (102)
2)
Terms Zaﬂ
0,20 + (p+ 1P -2 =0, (103)
9,Z2 + (p +2)Z) = 0, (104)
1 _
v {aw<2< ) 430 ) tp ( ) 432 >)}
2”;2 (105)
+ 220,90 —2(p + 109,99 +p(p + VW) - p¥O} =0,
with boundary conditions
2) _ 2) _
[prL}iﬂ 0, [zw} =0 (106)

10
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It can be recognized that coupling between components of X and components of

W arises for the first time in the equations for ij,) Therefore, we shall focus

attention only on the terms Zg,? and Zsﬂ)

The solution of the systems of differential equations for Z((x(/),) and Z((llﬁ), subjected
to the restriction (82), can be established by well known methods (see, e. g., A) and
turns out to be identical to the solution of the corresponding problems in classical
elasticity. That means that the stress components X,; are singular, with order of

singularity 77, or equivalently,

1
p=5 (107)
The coefficients of the singular terms, Z((l(/)}), are given by
K K
L = oz Fu@) + = Fu@) (108)

where the constants K; and Kj; are the stress intensity factors. Here and in the
following, the indices I and II stand for Mode-I and Mode-II, respectively. More-

over, we use the notations K; and Kj;, in order to distinguish the stress intensity
factors of the microstrain continuum from the stress intensity factors K; and Kj; of
classical continua.

The so-called angular functions fflﬂ and fgﬁ are defined through

3¢

fzIfr SCOS%—C087 fﬁ —53in%+351 7('0
I 1 7 3¢ 1 1 ) 3¢
= —_— —_ —_— = — —_ —_— — —_— 1
f{;,,,, 1 3c:osz—|—cos2 , f(;,l(,, I 3sm2 3 sin > | (109)
fro L 3¢ fro 3¢
2—i—sm2 2+3cos2
and are normalized by the conditions
I | 11 o
|:f¢¢] =0 [ < 1, [fr¢] p=0 S (110)
The constant terms Zgﬂ) are given by
2}(;) cos 2
- .2
T | =ki| S (111)
21(,(1/)) —5 sin2¢

with k; being constant. Constant terms for Mode-II are not present. The first two
terms of the asymptotic expansion of X3 are summarized in Section 5.

3.6 Strain
Although the first two terms in the expansion of X, are identical to the ones of

classical elasticity, the corresponding terms of ¢, differ from those of classical
elasticity. This follows from the fact that the elasticity laws (3)—(5) are not classical.

11
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Evidently, the components ¢,; obey the asymptotic expansion
Eap = y2 efx%) + 8&1) + o (112)

We use this and the asymptotic expansions of Section 3.1, with p = 3, in the
elasticity laws (3)—(5), and collect coefficients of like powers of . Thus, we derive

the following solutions for eg;;) and 8((11;
(0)

Terms e,
0 __© 0 _ (0) (0)
0 =5 - (20 +2) 1
0 _ _“1 [s(0) _ (0) | 5(0)
=3 [ZW u(Zw +2W>}, (114)
£0 = _ 500 (115)

(47 2/46‘2 re "

By taking into account the solutions for Zg;;) of the last section, we find that

K
el ati [(5 — 8v) cos % — cos 3—¢]

" Suervan 2
pe2ven (116)
1Ky { . @ . 3(ﬂ}
+———= |- (5—8v)sin ~+3sin —|,
8uc, V2w ( ) 2 2
o __aki ¢ 3¢
Epp = [(3 — 8v) cos = + cos
8ucyV2n 2 2
1o (117)
c1Ky [ L@ . 3(p}
+———=|—(3—-8v)sin = —3sin —|,
8uc,\V2rm ( ) 2 2
&, = ——=—=|sin =+ sin —| + ————=—=| cos =~ + 3 cos —|. (118)
? 8ucyV2x 2 2 Buco2nm 2 2
1)
Terms Eup
el == [0 - o (20 + T0)| + 22, (119)
2/16’2 a4 (5]
W __ a1 [y _, (0 51 2740y
=3 e =0 - v (=P + 20| + P, (120)
m__ 9 vy, 270y 121
re 2/16'2 rQ + C2 re - ( )

Now, we take into account the solutions for fo}.), established in the last section,

as well as the representations for ¥4, given by Egs. (75)-(79), to obtain

ely) = ks +kyy cos2¢ + ky sin2g, (122)
e = leyq — Ky, 0520 — kyy sin 2, (123)
8%) = —l%iz sin2¢ + l%; cos2¢. (124)

12
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The constants l%il, l;,;z and l%; are defined as follows:

~e cikr(1—2u ¢)—c1)L
k1,1’= 1k ( )+(2 1)Lr11

, 125
4[16‘2 [%5) ( )

€ 61]%1 n (Cz - Cl)EI,Z

2= > (126)

4/,1(,‘2 (55

~F ¢y —c1)L
P Q (127)

The first two terms of the asymptotic expansion of ¢, are summarized in
Section 5.

3.7 Macrodisplacements

The macrodisplacement components %, and u,, will be determined by integrating
Egs. (24). For plane strain elasticity, it is well known that the constants of integra-
tion represent rigid body motions. Omitting such motions, we conclude for the
radial component %, that

U, = szdr = J(V_%e,(,g) + 8,(,}) + .. )dV, (128)
or
V%uﬁo) +ruld + .. = 21’%8,(,3) +reld ... (129)

For the circumferential component u,,, we conclude that
U, = J(Vew — u,) do, (130)
or

V%ufpo) + Vu((pl) o= J(eff’?f’) — uﬁo)) de + VJ(&E,}(/), — uﬁl)) dop + ... (131)
By employing steps similar to those in the last section, we get the following
solutions for u% and u'".

Terms u((lo)

W — 2,0, (132)
0 = [ ) (2 -2e0)

Invoking Egs. (116) and (117), we get, after some straightforward
manipulations,

o__ ki
4ucy\2r

ul {(5 — 8v) cos % — cos 3—¢]

2

13
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ClkH [ . @ . 3(10}
+—F—=|—(5—-8v) sin =+ 3 sin —|, 134
4/16‘2 vV 2 ( ) 2 2 ( )
o) _ Clkl { . @ . 340}
u) =————|—(7—8v)sin =+ sin —
4/,1(,‘2 \/271' ( ) 2 2
(,‘1f<U |: @ 3¢:|
+———— |—(7—8v) cos =+ 3 cos —|. 135
4ucy\2r ( ) 2 2 (135)
Terms u{(ll)
WD — o0, (136)
ud = J () — ) dp = J(Sg}g, ~ ) dg, (137)
from which, by virtue of Egs. (119) and (120),
ulV = I%Igl + kfz cos2¢ + kH sin2¢, (138)
u((pl) = —123;,2 sin2¢ + l;; cos2¢. (139)

The first two terms of the asymptotic expansion of #, are also summarized in
Section 5.

3.8 Microdeformation

We shall derive differential equations for ‘P ) and ‘P by inserting the
asymptotic expansions of ¥,5 and X, (see Egs. (68) and (80), withp = ;) into

Egs. (36)—(38). Note that, by virtue of Egs. (73) and (74) and since P, is
independent of 7, the identity

1 1 4 2 2
0Ty + 5 0 e+~ 0% — 50, — S W + 5, =0 (140)
1"

ﬁ

applies. Keeping this in mind and collecting terms of like powers of 7, after some
lengthy but otherwise straightforward manipulations, Eq. (36) yields

{a(p{,,\}'@) 49,W) — % O 4290 }
(141)
4l {aW\P},}) — 49,91 — w4 2\115/}(/2} FR—)
Similarly, from Egs. (37) and (38), we get
0,y W) © _ 70 | gl
ooy + 40, W) — 2 W) 4 20
(142)
- {awqf( )+ 40,90 —wlh 2w} 4 <o,
15
—3 0) (0) 0)| _ (0
z{a O +20, |90 - W] - 2 ‘Pm)}
(143)

. 15
4! {a(,,(pqlg}} +20,[w0 -] - = 11152}} + .. =0

14
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It is worth remarking that if only terms up to order ! are retained in
Egs. (141)-(143), then the terms ‘I’((l(/),) and ‘P((xlﬂ) are uncoupled from the terms Wa/}
and Z((fﬂ).

In an analogous manner, by substituting the asymptotic expansion (68) into the
nonclassical boundary conditions (48)-(50), we show that

Ao, w0 —2w0]  rlowl 29| 4. —q, (144)
p=*tn p=*En
o, 90 4 2wl 1) 4 oy -
Ao + 2] rrjo¥taw))| =0, (145)
Ha, w0 4 g0 _ gl ORI _
0,90 + ! ‘PWLiH 70,9y + W — vl Lt =0 (46

. . . (0)
3.8.1 Differential equations for ¥

Equating to zero the coefficients of power "2 in Eqs. (141)—(143) leads to the
system of ordinary differential equations

7
0) 0 _ 7~ 0 0) __
Oy ) — 40,90 Z PO 4+ 290 = 0, (147)
7
0 0 0 0) _
0y ¥y + 40, %)) — 2 W+ 2% =0, (148)
o @O oy [wo _go] By _g (149)
PP " rp @ o P - 4 rg — Y-

Similarly, equating to zero the coefficients of power 7 in the boundary
conditions (144)—(146) leads to

PO _ (o) _
[aq, O 290 L_ﬂ 0, (150)
(0) (0) _
[a(,,\PW +29(0 L:ﬂ =0, (151)
(0) , (0) _ (o) A
[aﬂw + (e ‘I’wwLﬂ — 0. (152)

Proceeding to solve the system (147)—(149), we note that Egs. (147) and (148)
imply the ordinary differential equation

O [#0 + 0] + 7[99 4 90 =0 (153)

for the sum ‘I‘,(,S ) + ‘P((/}(;), which has the solution

PO 1 pl0) — 4O cog g + B sin % (154)

For determining the constants of integration A® and B(®), we utilize the
boundary conditions. From Egs. (150) and (151), we derive the equation

0, (P2 +w9)| | =o. (155)

p==%n

15
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By substituting the solution (154), we see that
A =o0. (156)

To go further, we notice that Egs. (147) and (148) imply

Next, we differentiate Eq. (149) with respect to ¢ and use Eq. (157).
Rearrangement of terms leads to the ordinary differential equation

1 17 225
- (0) (0) =£ (0) (0) 7 (w0 (0)
3 foo (1) 4 010) 4 0w (90 190+ 55 (4 0)

17 225
_ (0) _ L 5 o) _ 222 (o) _
Ouonn¥yy) =5 0¥y — 32 ¥y = 0.

(158)

By substituting the solutions (154) and (156), we gain an ordinary differential
equation for %

o0
17 225 .
Opppy ') + 29, ¥ Q) 1 2290 — 6B sin ¥, (159)
2 16 2
which obeyes the solution
1
‘P((p(fp) = EB(O) sin %—F E© sin 37('0 + F9 sin 57(p + C9 cos 37('0
(160)
+D cos 57(p ,

with C(O), D9 E©) and FO being new constants of integration. Further, from
Egs. (154), (156) and (160),

1
¥ = 2B sin % — EO sin 3%” — F sin 57‘” 0O o5 22
(161)
S¢
—D©) cos =
2

Finally, using the solutions (161) and (160) in Eq. (157), we obtain the solution
‘Pﬁg) in the form

‘Pﬁg) = C9 sin 37('0 + D9 sin 5%” — E© cos 3%0 — F% cos 5%0 + G, (162)
where G'% is a further constant of integration. For the constants of integration in

the solutions (160)—(162) we can verify, by evaluating the boundary conditions
(150)—(152) that

GO =0, —DO=cO _FoO _FgoO (163)

In accordance with the symmetry conditions (53) and (54) for Mode-I as well as
(61) and (62) for Mode-II, we set

16
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c®=c? BO=p" FEO=E9 (164)

Then, the solutions (160)—-(162) become

1
‘I’,(,B) = —C§0) (cos 30 _ cos S(p) += BEI) sin E—E}?) (sin 374)— sin 5—¢),

2 2 2 2
(165)
0) _ ~(0) 3¢ S5\ , 1 0 0) 3¢ 5¢
‘I‘(M}—CI (COST—CO > —|—2BH sm5+EH 7—s1n7 )
(166)
(0) _ (0) 3¢ 5¢ 0) 3¢ 5¢
Tw,;) =C <sm > = sin S )~ E;’ ( cos — —cos ). (167)

It is of interest to comment the following issue. Obviously not all constants of
integration may be determined, because boundary conditions are prescribed only
on the crack faces. Nevertheless, it is remarkable that the solutions of Mode-I
include only one unknown constant, whereas the solutions of Mode-II depend on
two unknown constants. We shall come back to this specific feature in the next
section as well as in Section 5, while discussing the asymptotic solutions of the
double stresses.

3.8.2 Differential equations for ‘P{(x}j)

Equating to zero the coefficients of power ! in Egs. (141)—(143) and the
coefficients of power r in the boundary conditions (144)—(146) furnish the system
of ordinary differential equations

Oy WY — 40,9 — W) + 290 = 0, (168)
0y ¥\ + 40,W) — Wil 1 29 — 0, (169)
00y ¥lY) +20, (W) - W) — 3wl = o, (170)

and corresponding boundary conditions

oy 2w -

0,90 + 29| (172)

(piﬂ'

0, WY el W] —o. (173)

§0¢i| p=*tn

Since the steps for solving the above system of differential equations are quite
similar to those in the last section, we omit the details and present only the final
solutions

1
‘Pﬁ) =5 AW cos g — D}l) (cosp + cos3¢) — (11) sing — F(I) sin 3¢, (174)

1
yd) — 5 AW cosg + D}l) (cosp + cos3¢) + E}}) sing + F}Il) sin 3¢, (175)

17
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1 1
‘P,(,;)) =D (sing + sin3¢) — E|;) (2 + cos 40) — Fy (5 — cos 3¢) . (176)

With regard to the symmetry conditions (53), (54), (61) and (62), the constants
A}l), D}l), Eg) and F }11) are attributed to loading conditions of Mode-I and Mode-II,

respectively. The solutions ‘P{(X(/),) and ‘P((l}j) are summarized and discussed in Section 5.

3.9 Double stress

The considerations of Section 3.1, together with p = % (see Eq. (107)), and the
elasticity laws for u [see Egs. (7)-(16)] suggest the asymptotic expansion

Hapy =7 2”((1/3)7 T '“a/)’r - ZV 2+2'“aﬁ7’ (177)
with
ke k
ul) = u (). (178)

fl%)y and ufx},)y by substituting the asymptotic expansion

for W, into the elasticity laws (7)-(16). It is readily verified that in view of the
conditions (73) and (74), the terms ¥, of the expansion (68) will disappear in the
subsequent equations. Thus, we conclude from Egs. (7)-(16), by equating the

The goal is to determine y

coefficients of power 72 that

uis = (c2 = 1) (ﬂ +22” v+ % ‘P(E,i))), (179)
u) = (c2—c1) (@ O+ % qf,,;))) : (180)
u = (2 — 1) % (v© +w), (181)
i) = (2 — ) ey, (182)
1O = (2 — 1) [2;1 (a(,qf}f) L 2%2}) + 20, (Wﬁﬁ” + lpgg)] , (183)
Wy = (2 = 1) |20 (0,%) + 2910 ) + 20, (WO + W), (184)
i = (e — e1) 0, (¥ + w0, (185)
19 = (e, — 1) 2p (a w0 mpggg) (186)
and by equating the coefficients of power r° that
1 = (3 — 1) ((Hzﬂ)lpf,y prgg,), (187)
ul) = (e —c1) ((/1 +2u) ¥ + Mm})), (188)
ptl = (c2 —c1)A (‘Pﬁ) + q’%)» (189)
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W) = (ca — 1) 2Py, (190)

Wl = (e — 1) [2;4 (aq,\yf,}) - 2\1'5})) +20, (\P},}) + wggg,)}, (191)
oy = (02— 1) [200 (0, %) + 2% ) 440, (¥ + ¥y ), (192)
HL = (02 = 1) 20, (Y2 + ¥, (193)

uhy = (e2 = e1)2p (0,9 + W) — wh). (194)

If we introduce the solutions (160)-(162) into Egs. (179)-(186) and rearrange

(0)

terms, then, for Hegy>

we obtain the representations

A
/lg;?r) = (c2 —c¢1) {—ﬂdo) (COS 37¢ — Cos S_go) + ﬂB}?) sin 4

2 2 2 (195)
o ( . 3¢ . S¢
—uE;" | sin 5 - sin > |
0 _ (0) 3¢ SO\ At H 0 . @
llﬁq,zp =(c2—¢1) {/ACI (COS 5 Cos 7) + TBH sin ) 156
o ( . 3¢ . 5S¢
+uk;’ ( sin — —sin—- |,
(0) A n(0) @
Hy) = (c2 —c1) = B’ sin =, (197)
2 2
0 . 3¢ . 5S¢
,u,(,gq)) = (c2—¢1) [,uC§ ) <sm -~ sin 7)
3 5 (198)
—,uE}?) (cos 7¢ — Cos 7(’0)] s
o . 3¢ . 50\ Atu_o ®
ﬂ((,g; = (c2—¢1) [—Md ) (sm 7+ sin 7) +TB§I) cos 5
(199)
0 3¢ S¢
+,uE§I) <cos - + cos 7)] ,
A
ll((p?,,)(,, =(c2—c1) ﬂCEO) sin 3_(p+ sin 29 +ﬂB§?) cos £
2 2 2 2
3 5 (200)
0 @ @
—,uE}I) (cos > + cos 7)] ,
(0) Ap) @
Hyee = (€2 — 1) iBH cos = (201)
0 3¢ 5¢ 0 . 3¢ . S¢
#((por) = (c2—c¢1) {—MC§ ) (cos 7—# cos 7) —,uE}I) (sm 7—1— sin 7)} .
(202)

The fact that the solutions uéoﬁ)y depend on two unknown constants in case of

Mode-II is a characteristic property. As we shall see in Section 5, this feature leads

to the existence of two stress intensity factors for the double stresses in case of
Mode-II.
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Using steps similar to those above we obtain for //t((llﬁ)}, the representations

Mﬁ}ﬁ = (c2—¢c1) [(/1 + //t)A}l) cosp — 2,uD§1) (cosg + cos3¢)

(203)
—ZﬂEEIl) sing — ZMFE}) sin 390} ,
D _ _ ) (1)
Hygy = (€2 —c1) [(A+p)A;" cosp +2uD;” (cosp + cos3¢)
(204)
+2/4E§11) sing + 2,uF§}) sin 3go} ,
,u((ﬂlz)z = (c; — cl)AP cos @, (205)
ﬂﬁ()p = (c3 —¢1) [2MD§1)(singo + sin3¢)
1 1 (206)
. 2,uE511) (§+ cosgo) — 2/4F§Il) (i — cos 3(p)} ,
”ww_ (2 —c1 [ A+u)A sm(p Z,uD()(singo— sin3¢)
(207)
—|—2,uEH (1+ cosg) — 2,uF§I) (1+ cos 3(/))]
,u((/, (c2 —c1) [ (A+pn)A s1n(p+2p¢D()(sin(p—sin3q))
(208)
—2yE§I) (1+ cosg) + 2uF§I) (14 cos 3(/))}
ull, = (c2 — c1) A[Y sing, (209)
/4501)(/} = (c2—¢1) [—2;4D§1) (cosp — cos3¢)
(210)

—Z,uEg) sing + ZMF}}) sin 3g0} :

Before going to discuss the obtained solutions, it is perhaps of interest to
rederive the analytical solutions by an alternative approach, starting from asymp-
totic expansions of X and g rather than the asymtptotic expansions of # and ¥ used
in this section.

4. Alternative approach for the determination of the near-tip fields

In Section 3 we determined the near-tip fields by starting from asymptotic
expansions of the same form for the kinematical variables # and ¥ [see Egs. (67)
and (68)]. Alternatively, it is instructive to start from asymptotic expansions of the
same type for the stresses X and g, i. e,

S =15 sl L (211)
Hagy =7 g+ ) + L (212)

ke k k k ..
where foﬂ) = foﬂ)(go) and Miﬂ)}, = ,bt{(),/;)},(@, k =0,1,2, .... Then, from the elasticity

laws (17)-(22), we recognize that (V‘I’)aﬁy ~ 1 and hence the components ¥, are
of form (67). It follows that all outcomes of sections 3.2-3.6 apply as well and, in
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particular, that p = % Then, it remains to show, how to determine the terms /l((l%,

and P‘Sﬂ)y- The corresponding terms of W will then be established by integrating the
elasticity laws (17)-(22). For the purposes of the present section, however, it suf-
fices to demonstrate only how to determine the terms ,ué%. To this end, we shall
involve the nonclassical equilibrium Egs. (32)-(35), in conjunction with the elastic-

ity law (6) for o, as well as the nonclassical compatibility conditions (42)-(44). It is
necessary to involve the latter for we are directly seeking for solutions of 4, .

4.1 Nonclassical equilibrium equations

Since g,5 ~ 773 and Wop ~ 0, we recognize from the elasticity law (6) that
Cop ™~ 773. On the other hand, by virtue of the expansion (212), Orflap, ~ 7—3 and

L g, ~ 771, Therefore, up to terms of order ! there will be no contributions of &
present in the nonclassical equilibrium Egs. (32)-(35) and we conclude that

i {_%ﬂg}) + 0pulo) + pld) — zugﬂ%} + .. =0, (213)

r {— % ﬂﬁgfp + 6¢ufp(3/,)¢ + ,uﬁgfp + 2/4((/,%} +..=0, (214)

o {_% 0 + 0, + uggg} + .. =0, (215)

{_%ﬂ;g; T o+ ) — ), +u;9,3} S (216)

Equating to zero the coefficients of power 2 leads to

20,15y + Hiy) —4uly), =0, (217)
200Ky + Hrgp + ity = O, (218)
20y, + Hypy — 2l + 2ttlyy = 0, (219)
and
20,u) + mig) = 0. (220)

The last equation will not be considered further, for it can be established from
Egs. (217) and (218). To see this, we recall Egs. (9) and (13) to recast Eq. (220)
equivalently in the form

20,19 +20,u% + 4% + 40 — 0. (221)

Qrr Ppp rrr rpp

But this equations can also be obtained by adding up Egs. (217) and (218).

4.2 Nonclassical compatibility conditions

We insert the asymptotic expansion (212) into the nonclassical compatibility
conditions (42)-(44) and collect terms of like powers of 7, to get
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1 1
{0 4 3%y )~ W+ =0, (222)
1 1 1
, z{a(,,ﬂggzﬂ o) — %), — %)+ 240, +5ﬂ5,,9;} f.—0, ()
1 1
-1 0 0 0 0 0 0 0
r {%uﬁ(,%, — Opltiy) = iy Higt 5 Moy — 5 g + 4#%} (224)
+.. =0.

Again, equating to zero the coefficients of power 2 leads to

1
Oty = > Horp + Hind — My = O (225)
040 o0 Lo 1 o_g (226)
(/)lur(/)(/) oMy ) lu(/)(/)(/) 2 H Qrr — 2
1 1
ol g L 0
4.3 Determination of ﬂg;)y

Egs. (217)-(219) and (225)-(227) are 6 differential equations for the 6

unknowns yﬁ?) , uﬁg;, u,ﬁ%},, ,u((p%, ,u((p(% and ,u((,,%. The required boundary conditions can

be verified to be [cf. Eq. (47)].

(0) — 1,0 [0 B
[/"WV] g=tr [ﬂ(/)w} o—tn [M((pw] pin 0. (228)

It can be shown (cf. A) that the solutions are given by

B — _
”’('SV)ZE sin%—i—C(sin%p—sins%o)—A(cos%o—cosS?q)), (229)
B — 3 5 — 3 5
() in2? _ in2? °P _ o9
Hrop = > sin > C(sm 5 sin 2) +A (cos 5~ cos (230)
— 3¢ S5¢ —( . 3¢ . S
0) — Xt/ Nl oY i
Hyry = C (cos 5~ cos ) +A (sm > sin > ) (231)
B — 3 5 ~ 3 5
0 —2 s ? _ 20 ik in 2?4 sin2?
Hory > cos > C (cos > + cos > ) A <sm > + sin > ), (232)
B — 3 5 — 3 5
(O) = — 2 _(p _¢ 1 _(p 1 _(p
Hopp =5 COS 5 +C(cos 5 + cos 5 ) +A(sm > + sin > ) (233)
—( . 3¢ . S¢ — 3¢ 5¢
0) — el et I el il 4
Howy = C (sm > + sin 2) A (cos > + cos > ) (234)
If we define
A:=(c; —c)uC®, Bi=(c; —c1)(A+pu)BY 235
(c2—c)uCr, (c2—c1)(A+u)By s (235)
Ci= — (¢ — 1) uEY (236)

then these are nothing more but the solutions for ,u((l% of Section 3.9.
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5. Discussion of the asymptotic solutions

As suggested in Section 3.5, it is common to represent the leading terms of the
asymptotic expansion of stresses by introducing stress intensity factors and angular
functions. For the Cauchy stress, this is indicated in Eq. (108). Egs. (108)-(110)
also reveal that

Bl =B, @

To accomplish a representation for ﬂg;})y similar to the one for Zg;) in Eq. (108),

we remark that there is only one unknown constant for Mode-I, namely C§O), but

there are two unknown constants for Mode-II, B}?) and E}?) [cf. Egs. (195)-(202)].
Therefore, in analogy to Eq. (108), we set

L Ly, Li,

Hapr = o= 8oy ) + 228y () + 52 20 (), (238)

and define for Mode-I (cf. Eq. (202))
L W] = —eauc® (239)

V27 7] p=0 Lo
. I .

rendering [g(pw} o to be normalized,

&b | ! (240)

To define i11,1 and I~,H,2 unambiguously, we note that BS) ) can be determined by

adding Eqgs. (199) and (200) while taking ¢ = 0. Similarly, Eg)) can be determined
by substracting Egs. (199) and (200) from each other while taking ¢ = 0. We

intend to normalize the angular functions g{fﬂ; and ;ﬂi by
1,1 12
T = glh2) = 241
[ tpwi| =0 |: gow] @=0 ( )

and therefore define the stress intensity factors En,l and IN,H,Z by (ct. Egs. (199)
and (200))

L 1 1

\/g’; =2 [ o+ ”((p%] o — 5 (22 ) By, (242)
]:H,z 1
a2 [/"r(ﬂ% - ﬂ‘(”?”)‘”}q)zo = (2 — 61)2/1E§?). (243)

The angular functions will be determined by comparison of Egs. (238)-(243)
with Egs. (195), (196), (198)-(200) ,and (202). Explicitely, we find that
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cos 3—4) — Cos 5_cp
; 2 2
Er 3¢ 5¢
I — Cos 7 + cos 7
gl —sin 29 + sin 29
me L 2 2 (244)
prr sin — + sin —
I 2 2
Eppyp
I — sin 3_(p — sin 5_(p
Zyry | 2 ) 2
cos %0 + cos %0
. 3¢ . 5S¢
sin 5 + sin 5
gi[/rl sin % g%z sin 3—¢ — sin 5_(p
1,1 . @ 12 2 2
gr(p(/) sin — gr(p(p 3§0 5§0
11,1 2 11,2 — COS — -+ cos —
Emrop B 0 Erre B } 2 2 (245)
m1 | = o | 2 | ~ o .
Eorr cos 5 Eorr cos 3¢ + cos >
11 11,2 2 2
Eppp cos 2 Eopp 3 -
g1t 2 g2 —cos 2P _ cos2?
Pro 0 ore 2 2
—sin 37(p — sin 57¢

Some comments addressing Mode-I and Mode-II crack problems are in order at
this stage. In classical elasticity, there are two intensity factors in the expansion of
the Cauchy stress, one for each mode. In micropolar elasticity (see, e. g., Diegele
et al. [15]), there are also two stress intensity factors in the expansion of the Cauchy
stress and in addition two nonclassical intensity factors in the expansion of the
couple stress, one for each mode. In the present case of microstrain elasticity, there
are also two stress intensity factors in the expansion of the Cauchy stress, one for
each mode. However, in the expansions of the double stress there is one intensity
factor for Mode-I, but there are two intensity factors for Mode-II. Actually, there

are no further conditions to relate i][,l and L 11,1 and the numerical simulations in
Part III confirm this fact.

It is also convenient to replace the constants A}l), D§1), Eg) and Fﬁ) by the

definitions

Ii=(c; —c1) (A + ,u)A}l), (246)
l12:= — (c; — c1)2uDV, (247)
lpg= — (c2 — cl)ZuE§}), (248)
Inai= — (c2 —c1)2uF\. (249)

Evidently, the new constants for Mode-I and Mode-II in the expansions of ,ug;)y

and ,u((llﬁ)y can be employed to rewrite ‘P((I%) and ‘P((llﬂ) In particular, we can conclude
from Egs. (160)-(162) and (239)-(243) that
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Table 1 summarizes the first two terms of the asymptotic solutions of the near-
tip fields. All stresses are singular with order of singularity #2. Especially, the terms

Kr Kip (1)
Y= —a fl oo +=0 4, 252
/ \/Zﬂrfaﬂ \/Zﬂrfaﬂ 4 (252)
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Table 1.

Analytical solutions of the fields.

Z&O) and Zsﬁ) are identical to those of classical elasticity. However, the terms % and

ap
e((llﬂ) are different from the corresponding terms of classical elasticity. In particular,

e(g}}) includes terms arising from ?a/;. There are also qualititative differences to

micropolar elasticity. For instance, terms of couple stresses corresponding to ;4(&%)}, in

Mode-II and to ,u(();,)y in Mode-I do not exist.

6. Concluding remarks

Closed form analytical solutions, predicted by the 3-PG-Model for Mode-I and
Mode-II crack problems, have been developed in the present paper. The solutions
are based on asymptotic expansions of Williams’ type of the near-tip fields. The
main conclusions, which can be drawn on the basis of the preceding developements,
can be briefly stated as follows.

1.The first two terms in the asymptotic expansion of the components of the
Cauchy stress are identical to the ones of classical elasticity. In particular, the

Cauchy stress is singular with order of singularity 2.

2.This is in contrast to statements in other works, which rely upon boundary
conditions different from the ones adopted here.

3.There are, however, significant differences in comparison to classical
elasticity, in what concerns the components of macrostrain and
macrodisplacement.

4.There are also significant qualitative differences in comparison to micropolar
elasticity concerning the nonclassical stresses.

5.For instance, the leading terms of the double stress of Mode-II problems

include two different stress intensity factors. This is a remarkable feature of
the 3-PG-Model.
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List of abbreviations

eq. = equation

Appendix
In order to make the present work self-contained, we sketch briefly how to

ascertain the solutions (107)-(111) from Egs. (95)-(102). We start with the system
of differential Egs. (95)-(97), which can be proved to posses the solutions
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Z,(,S) = —Ccos([p+1]e) —Dsin([p + 1] ¢)

+3%PA cos([p—l](ﬂ)+¥Bsm([p_1](p) ’ v

59 = Ccos([p + 1) + Dsin([p +1]¢)
+1%1A cos([p—l]fﬂ)+pTHBSin([p_1]¢) ’ .

%)) = Csin([p +1]¢) — D cos ([p +1]o)
(A3)

+%1A sin([p—1]<0)+%13 cos([p—1g) .

Here, A, B, C and D are constants of integration. In order to determine these
constants, we incorporate the solutions in the boundary conditions (98). After

some manipulations, we gain the following two homogeneous systems for the
constants A, B, C, and D:

1
2cos([p+1n) P cos ([p —1n)
e ()=o) o
2sin([p +1]7) > sin ([p — 1] 7)
2sin ([p + 1] x) pglsin([P—l]”) <c> (0)
= : (A5)
2 cos([p + 1)) p+1COS([P—1]”) . ’

2

The conditions for the existence of nontrivial solutions are vanishing determi-

nants of the coefficient matrices of Eqs. (A4) and (A5). It turns out that both
conditions lead to the same equation

2cos(prx)sin(pr) = sin(2px) =0, (A6)

which has the solutions

3

1
p:o,j:— 5,.... (A7)

, 41, +
2

The smallest value of p compatible with the restriction (82) is p = 3, as stated in
Eq. (107). For this case, the systems (A4) and (A5) imply

D=-2B, C=2A4, (A8)

1 3 1 3
0 _ = P c0s>?) 2B -54in? in 2%
z 8A(Scos2 cos 2) SB( 5s1n2+351n 5> ) (A9)
1 1
Z((lgp):gA(3cos%—l— cos37¢>—i—§B<—3sin%—3sin37¢), (A10)
1 3 1 3
0 _ = n? 4 n2?) 42 ¢ >9
., 8A(sm2+ sin 2)-l-83<cosz-|—3cos 5 ) (A11)
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These solutions, in turn, are equivalent to those of Egs. (108)-(109). Moreover,

it can be shown that for p = %, the solutions of Egs. (99)-(102) might be expressed
in the form (111).
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