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Chapter

Analytical Applications on Some
Hilbert Spaces

Fethi Soltani

Abstract

In this paper, we establish an uncertainty inequality for a Hilbert space H. The
minimizer function associated with a bounded linear operator from H into a Hilbert
space K is provided. We come up with some results regarding Hardy and Dirichlet
spaces on the unit disk D.

Keywords: Hilbert space, Hardy space, Dirichlet space, uncertainty inequality,
minimizer function

1. Introduction

Hilbert spaces are the most important tools in the theories of partial differential
equations, quantum mechanics, Fourier analysis, and ergodicity. Apart from the
classical Euclidean spaces, examples of Hilbert spaces include spaces of square-
integrable functions, spaces of sequences, Sobolev spaces consisting of generalized
functions, and Hardy spaces of holomorphic functions. Saitoh et al. applied the
theory of Hilbert spaces to the Tikhonov regularization problems [1, 2]. Matsuura
et al. obtained the approximate solutions for bounded linear operator equations
with the viewpoint of numerical solutions by computers [3, 4]. During the last
years, the theory of Hilbert spaces has gained considerable interest in various fields
of mathematical sciences [5-9]. We expect that the results of this paper will be
useful when discussing (in Section 2) uncertainty inequality for Hilbert space H and
minimizer function associated with a bounded linear operator T from H into a
Hilbert space K. As applications, we consider Hardy and Dirichlet spaces as follows.

Let C be the complex plane and D = {z € C :|z| <1} the open unit disk. The
Hardy space H(D) is the set of all analytic functions f in the unit disk D with the
finite integral:

21
|, lrenfa &
0
It is a Hilbert space when equipped with the inner product:
1 2 N ——
(f,g>H(D) = ﬂjof(e )g(ele)dg' (2)

Over the years, the applications of Hardy space H(DD) play an important role in
various fields of mathematics [5, 10] and in certain parts of quantum mechanics
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[11, 12]. And this space is the background of some applications. For example, in
Section 3, we study on H(D) the following two operators:

Vf(z) = f2), Lf(z) =2f'(z) +2f (2), (3)

and we deduce uncertainty inequality for this space. Next, we establish the
minimizer function associated with the difference operator:

Tif(z) = (f&) ~£(0). 4)

In Section 4, we consider the Dirichlet space D(D), which is the set of all analytic
functions f in the unit disk D with the finite Dirichlet integral:

dxd
2%’ Z:x+ly (5)

RG]

It is also a Hilbert space when equipped with the inner product:

(Frgho) =FOR0) + | FEEE L, z=xti. @

This space is the objective of many applicable works [5, 13-17] and plays a
background to our contribution. For example, we study on D(D) the following two
operators:

M=) =f'=) - f(0), Xflz)=2"f(), @)

and we deduce the uncertainty inequality for this space D(D). And we establish
the minimizer function associated with the difference operator:

T ) = ( £(2) ~=f'(0) ~£(0)) ®)

2. Generalized results

Let H be a Hilbert space equipped with the inner product (.,.),. And let A and B
be the two operators defined on H. We define the commutator [A, B] by

[A,B]:=AB — BA. (9)
The adjoint of A denoted by A™ is defined by

A8y = (LA gu (10)

for f e Dom(A) andgeDom (A ™).
Theorem 2.1. For f e Dom (AA*) N Dom(A*A), one has

IA*FlIF = WA 7 + ([A, A% fof )i (11)

Proof. Let f e Dom(AA*) N Dom(A*A). Then AA*f and A* Af belong to H.
Therefore [A, A" ]| f € H. Hence one has
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IA*flIf = (AA*f )y = (A* A )y + (A A )y (12)
= Af 5 + ([A, A% ). f)y. O (13)

The following result is proved in [18, 19].
Theorem 2.2. Let A and B be the self-adjoint operators on a Hilbert space H.
Then

(A —a) FllllB = b) fll > 5 A, B]Fof as)

for all f e Dom (AB) N Dom (BA), and alla,b €R.
Theorem 2.3. Let f € Dom(AA™) N Dom(A*A). For all a,b €R, one has

I(A+A* —a)fllgll(A—A* +ib)fllg > IIAf I — IA*fII], (15)

where i is the imaginary unit.
Proof. Let us consider the following two operators on Dom (AA ™) N
Dom (A*A) by

P=A+A*, Q=i(A—A") (16)

It follows that, for f e Dom (AA*) n Dom(A*A), we have Pf,Qf € H. The
operators P and Q are self-adjoint and [P, Q] = —2i[A, A*]. Thus the inequality
(15) follows from Theorems 2.1 and 2.2. []

Theorem 2.4. Let f e Dom (AA*) N Dom(A*A). Then

AL OB 2 IFIE (TAFIZ — 1A*FIZ), (17)
where

ML) = IFIEIA £ A I — [(A£ A, ful”. (18)

Proof. Let f e Dom(AA*) n Dom(A*A). The operator P given by (16) is
self-adjoint; then for any real a, we have

(P —a)fIlF; = IBFII7; + a®lIf 17 — 2a(Pf,f )y (19)

This shows that

| B f |
min ||(P — a)f I, = IPfII? —’7, (20)
2eR f H 17‘ H ”f”%_[
and the minimum is attained when a = <I?l;’ﬁ2>*f . In other words, we have
. . . A+ A, Pl
min ||(A + A —@m;:MA+A)m§—K( ny|. (21)
a€eR ”f”H
Similarly
. . ‘ i} A—A* , 2
minf|(4 - A" + I = 4 — A" - AZA LI g
beR ”f”H
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Then by (15), (21), and (22), we deduce the inequality (17). []

Let A>0andlet T : H — K be a bounded linear operator from H into a Hilbert
space K. Building on the ideas of Saitoh [2], we examine the minimizer function
associated with the operator T.

Theorem 2.5. For any k € K and for any 4> 0, the problem

Jgrelg {AF 17 + I1Tf — kll% } (23)

has a unique minimizer given by
fh=@+T*T) 'T*k. (24)

Proof. The problem (23) is solved elementarily by finding the roots of the first
derivative D® of the quadratic and strictly convex function ®( f) = ll[fllf{ + 1Tf —

k||%. Note that for convex functions, the equation D®( f) = 0 is a necessary and
sufficient condition for the minimum at f. The calculation provides

D®( f) = 2f +2T* (Tf — k), (25)

and the assertion of the theorem follows at once. []
Theorem 2.6. If T : H — K is an isometric isomorphism; then for any k € K and
for any 4> 0, the problem

inf {11 + 1T — kllk) (26)

has a unique minimizer given by

1
fin=7377 Tk (27)

Proof. We have T* = T"'and T*T = I. Thus, by (24), we deduce the result. []

3. The Hardy space H(D)

Let C be the complex plane and D = {z € C :|z| <1} the open unit disk. The
Hardy space H(D) is the set of all analytic functions f in the unit disk D with the
finite integral:

J?!f(e”)fde- (28)

It is a Hilbert space when equipped with the inner product:

(f>8)uwm) = %L”f(eie)g(e—m)dg. (29)

Iff,geHD) withf(z) =, ja,2" and g(z) = >, b,2", then

[ee]

(fs&nmw) = Zﬂnb_n- (30)

n=0
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The set {2"},"_, forms an Hilbert’s basis for the space H(D).
The Szeg6 kernel S; given for z €D, by

> 1
S:(w) = ZE”w" = —, weD, (31)

is a reproducing kernel for the Hardy space H(ID), meaning that S, € H(D), and
for allf € H(D), we have ( f,S;) ) =1 (2).

For z € D, the function u(z) = Sz(w) is the unique analytic solution on D of the
initial problem:

u'(z) =w(zu'(z) +u(z)), weD, u(0)=1 (32)
In the next of this section, we define the operators V, R, and L on H(D) by
Vf(z) =f'(z), Rf() =2f"(z), Lf(z) =2"f(z) +2f(2). (33)
These operators satisfy the commutation rule:
[V,L] = VL —LV = 2R +1, (34)
where [ is the identity operator.

We define the Hilbert space U(ID) as the space of all analytic functions f in the
unit disk D such that

1 2 L
”f”%](]l))) = EJO | f (ela) }2d9< 0. (35)

IffeU(D) withf(z) =) " ,a,2", then

I lEm) = Z”2|ﬂn|2~ (36)
n=1

Thus, the space U(D) is a subspace of the Hardy space H(D).
Theorem 3.1.

i. For f e U(D), then Vf, Rf and Lf belong to H(D).
ii. V¥ =L.
ili. For f € U(D), one has
IL vy = IV iy + I ) + 2R ) ey (37)
Proof.

i. Letf e U(D) withf(z) = >, ,a,2". Then

Vf(z) = i(n +1Da,12”, Rf(z) = inanz”, (38)
n=0 n=1
and
Lf(z) = i na,_13". (39)
n=1
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Therefore
IVf iy = Y+ Dlanial” = If I
n=0
IRf Iy = Y _n2lanl* = If 5 o)
n=1
and

ILf W) = Y (0 + Dlanl* <[ FO)* + 41f )
n=0
Consequently Vf, Rf, and Lf belong to H(D).
ii. Forf,ge U(D) withf(2) = > " ja,2" and g(z) = >, ,b,2", one has

(oo}

(VFs8)u n+1an+1bn—2nann1—(ng)
=0

Thus V* = L.
iii. Let f € U(D). By (ii) and (34), we deduce that
ILf Iy = (VLE s ) am)
= LV f dum) + VLI am)
= IVf ) + Wiy + 2RF o f) ey O

Theorem 3.2. Let f € U(D). For all 4, b € R, one has

IV +L = a)fllam)l(V = L +ib)f ) = f im) + 2REF) aw

Theorem 3.3. Let T; be the difference operator defined on H(D) by

Tif () =~ (f(z) ~£(0))
i. The operator T; maps continuously from H(D) to H(D), and
I T ey < W ez
ii. For f € H(D) and z € D, we have
TifE) =5 (@), TiTf ) =f) —f(0)

iii. For any 2 € H(D) and for any 4> 0, the problem

inf L) + 1T~ A )

has a unique minimizer given by

1

£ =113

zh(z), zeD.

(40)

(41)

(42)

(43)

(44)
(45)
(46)

(47)

(48)

(49)

(50)

(51)

(52)
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Proof.

i. Iff e H(D) withf(z) = >, 1a.2", then T1f (2) = > a,+12" and
1Ty Wy = D lanl < I i) (53)
n=1
ii. Iff,ee HD) withf(z) = > ,a,2" and g(z) = >~ b,2", then

1fg Zﬂng —Zan n—1= <f T1g>H (54)

where T g(z) = 2¢(2), for z €D. And therefore
Ty Tof (z) = 2Tof (2) = f(2) - f(0). (55)
iii. From Theorem 2.5 we have
(AL + T Th)f(2) = T; h(z). (56)
By (ii) we deduce that
A+ 1) (=) — f,(0) = zh(z). (57)
And from this equation, f,% (0) = 0. Hence

1
A+1

fin®) = =2h(z). O (58)

4. The Dirichlet space D(D)

The Dirichlet space D(D) is the set of all analytic functions f in the unit disk D
with the finite Dirichlet integral:

J ‘f }2 dxdy, z =x+1iy. (59)

It is a Hilbert space when equipped with the inner product:

(Frghny =F(ORTO + | FRE@ T2, 5=ty (60)

Iff,g € D(D) withf(z) = >, ja,2" andg(z) = > _.° ,b,2g", then

(f:8)pw) = aobo + Znanﬁ. (61)

n=1

(oo}

The set {1, \Z/_ﬁ} . forms an Hilbert’s basis for the space D(D).
n=

The function K, given for z €D, by

K.(w) =1+ log (1 —1§w> , web, (62)
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is a reproducing kernel for the Dirichlet space D(ID), meaning that K, € D(D),
and for all f € D(D), we have ( f, Kz)pp) =f (%)

For z €D, the function u(z) = Kz(w) is the unique analytic solution on I of the
initial problem:

u'(z) —u'(0)

. =wu'(z), weD, u(0)=1 (63)

In the next of this section, we define the operators A, R, and X on D(D) by
M@&) =f=)~f(0), Rf(z)=zf(2), Xf(z)=2"f"(2). (64)
These operators satisfy the following commutation relation:
A, X] = AX — XA = 28R. (65)

We define the Hilbert space V(D) as the space of all analytic functions f in the
unit disk D such that

30, J\f ||\2dxdy <o, z=x+iy. (66)

IffeV(D) withf(z) =) ,a,2", then

Yy = Z”3|ﬂn|2- (67)
n=1

Thus, the space V(D) is a subspace of the Dirichlet space D(D).
Theorem 4.1.
i. For f € V(D), then Af, Rf, and Xf belong to D(D).
ii. A" =X.
ili. For f € V(DD), one has
IXF D) = 1A Iy + 2R, f) o (68)
Proof.

i. Letf € V(D) withf(z) = > ,a,2". Then

M@ =) (n+a,q2", Rfz) =) naz, (69)
n=1 n=1
and
(n—1)a,12". (70)
n=2
Therefore
IAf by = 2”(” +1)%anal’ < Z;7l3|0ln|2 <If Iy m)» (71)
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IRF Ibm) = > 7Planl* = IF 5
n=1

and

(oo}

IXf 1w = D n+ Dn’lanl® <2IIf I m)

n=1

Consequently Af, Rf, and Xf belong to D(D).

ii. Forf,ge V(D) withf(z) = )" ,4,2" and g(z) = > .~ ,b,2", one has
(Af>2)p( Znn+1an+ Z n—lann1—<fXg)
n=1 n=2

iii. Let f € V(D). By (ii) and (65), we deduce that
”XfllzD(]D)) = <AXf’f>D(]D))
= XA f)pw) + (M XIFf)pm)
= 18 Ip) + 2(Rf . flpm). O
Theorem 4.2. Let f € V(D). For all a4,b €R, one has
(A +X —a)fllpm) I(A =X +1b)f llpw) 2 2(Rf > f ) pm)

Theorem 4.3. Let T, be the difference operator defined on D(D) by
1
T ) = _ ( f2) 2 (0) ~(0)).
i. The operator T, maps continuously from D(DD) to D(D), and

I Tof o) < If ll o)

ii. For f e D(D) with f(z) = >~ ,a,2", we have

y Zn—1 ; 2n—1
Tzf(z):z . an,-12", T, Tzf(Z)ZZ " a,z".

iii. For any d € D(D) and for any 1> 0, the problem

Linf {2 Voo, + 1T — dlo) |

has a unique minimizer given by

le*d(z) = (d, \PZ> (D)> z €D,
d —ﬂ+1
" eD.
nz/ln—i—l +n w

(72)

(73)

(74)

(75)
(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)
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Proof.

i. IffeD(D) withf(z) = > . ja,2", then Tof (2) = > ja,+12" and

1T W) = Z(n—l jan|? <Z an* < If o)

n=2

ii. If f,g e D(D) with f(2) = > jax2" and g(z) = > - obs2", then

T2f g Znﬂn—&-lbn = Z n— 1)ﬂnm 5 <f’ T2*g>D(]D))’
n=2

where

“n—1
T;g(z) = Zn " b, 12", zeD.
n=2

And therefore

* —n—1 )
T3 Tof (&) = ) ——and.

n=2

ili. We putd(z) = )", ,d,2" and

fra(®) chz

From (ii) and the equation
(/U +T5 Tz) 1a(®) =Tyd(z),
we deduce that

n—1

1 =Cy = O, Cp = mdﬂil’ n 22
Thus
I (z):f:Lz"“:wp) zeD. O
W= 2 ) ¥eop) 2€D.

10

(85)

(86)

(87)

(88)

(89)

(90)

(91)

(92)
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