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Chapter

Nanoscale Plasmon Sources:
Physical Principles and Novel
Structures
Hamed Ghodsi and Hassan Kaatuzian

Abstract

Started by M. Stockman with his proposed idea of a nanoscale quantum genera-
tor of plasmons that he called surface plasmon amplification by stimulated emission
of radiation (SPASER) in 2002, during the last two decades various devices have
been proposed, fabricated, and tested for SPASERs or plasmonic nanolasers which
have almost the same meaning. Despite all these efforts, there are still serious
barriers in front of these devices to be an ideal nanoscale coherent source of surface
plasmons. The main challenges are the difficulty of fabrication, over-heating, low
output powers, high loss rates, lack of integration capability with commercial
fabrication processes, inefficient performance in room temperature, and so on.
In this chapter, governing principles of nanolaser operation are discussed. Impor-
tant parameters, limitations, and design challenges are explained, and some of the
proposed or fabricated structures are presented and their merits and demerits are
expressed. Eventually, several novel structures resulting from our works are
introduced, and their performances are compared to the state-of-the-art structures.

Keywords: nanoscale plasmon source, SPASER, plasmonic nanolaser,
nanoplasmonics, stimulated emission

1. Introduction

Theoretical postulation [1] and realization of laser [2] in the twentieth century
changed both science and technology forever. Potential applications of lasers later
have enormously expanded by the invention of the semiconductor diode laser in
1962 which brought them into the commercial market and in almost every device
we know [3]. In the 1990s by the introduction of vertical-cavity surface-emitting
laser (VCSEL) diodes, semiconductor lasers have pushed to their size limits [4]. The
size of a dielectric cavity laser cannot be smaller than λ/2 in each dimension, and
this limitation is known as the diffraction limit. With this in mind, modern VCSEL
sizes are limited to a few microns [5]. On the other hand from the beginning of the
millennia due to the rapid development of fabrication methods and tools [6],
submicron manipulation of light using plasmonic devices has got lots of attention
[7–10]. Plasmonic structures using metal/insulator interfaces broke the size limita-
tion of the photonic devices and paved the way for integrating electronics, photon-
ics, and optoelectronics on a single monolithic chip [11].

In order to bring benefits of the plasmonics into the field of laser research and
fabrication, M. Stockman proposed the idea of a nanoscale quantum generator
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called surface plasmon amplification by stimulated emission of radiation (SPASER)
in 2002 [12]. This device utilizes a plasmonic feedback mechanism in a gain
medium for exciting stimulated emission in local plasmon modes of metallic
nanoparticles. In the next two decades, various mechanisms and devices have been
proposed and fabricated for the realization of a nanoscale coherent plasmon source
or plasmonic nanolaser [13]. These devices can be categorized in nanoparticles [12],
waveguide-based nanolasers [15], nanowires [16], nanoresonators [17],
nanopatches [18], nanodisks [19], plasmonic crystals [20], and so on. Although
these devices have shown significant potentials, there are still serious problems with
the nanoscale coherent sources of surface plasmons. For instance, the difficulty of
fabrication, over-heating, low output powers, high loss rates, lack of integration
capability with commercial fabrication processes like CMOS, inefficient perfor-
mance in room temperature, and so on can be noted [12, 13].

In this chapter and in Section 2, we start with basic principles of nanoplasmonics
like the definition of surface plasmon polariton (SPP) modes in classical and quan-
tum mechanical pictures, different sources of plasmon loss, and specific properties
of plasmons focusing on special characteristics of plasmons in metallic
nanoresonators. Then, the interaction of plasmons with carriers in a cavity will be
briefly discussed according to plasmonic cavity quantum electrodynamics. In
Section 3, three different methods for analyzing plasmonic nanolasers are discussed,
and in Section 4 several previously introduced nanolaser structures are briefly
reviewed. In Section 5, the proposed nanolaser structures by the authors are intro-
duced, and this chapter will be concluded in Section 6.

2. Nanoplasmonics and quantum treatment of plasmons

The modern era of plasmonic began with the investigation of wood anomalies in
the early twentieth century [21]. Later in 1957 Ritchie published a paper on plasma
loss due to the electrons at the interface of a thin metal film [11]. In the next few
years, theoretical works on collective oscillations of electrons at the surface of
metals led to the introduction of plasmons as the quasiparticle corresponding to
these oscillations [11]. However, applications of plasmons as a tool for nanoscale
manipulation of light has gained significant attention with the paper by H. Atwater
in 2007 named “Promise of plasmonics” [21]. In the past two decades, plasmonics
has been developed both in theoretical and experimental aspects, and many differ-
ent devices like switches [22], detectors [23], routers [24], amplifiers [25], and
sources [17] have been introduced.

2.1 Basic principles

In order to find an appropriate model for surface plasma waves at the surface
of a metal, we should deal with a charge density wave in an infinite electron gas
which is often modeled by hydrodynamic equations [11]. An electromagnetic
wave propagating in a material polarizes it and results in a mechanical excitation
in electric charges and their movement. Therefore, oscillations in the electric
field and mechanical oscillations are coupled. This coupled oscillation is called
polariton. In case of metals, the electromagnetic field causes a longitudinal wave
of charge density, and the coupled oscillations are known as plasmon polariton
waves [11].

According to Figure 1 at the interface of metal with a dielectric interaction of an
electromagnetic field with the surface electrons, a specific type of plasmon
polariton waves called surface plasmon polaritons or SPP modes results. Although
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there are different types of plasmons like bulk plasmons and local surface plasmons
(LSPs), SPP and LSP modes have significant roles in many plasmonic devices.

There are several models for plasmons, and we are going to briefly overview
them here. The most well-known and simple model is Drude’s model which
describes the metal as a free electron gas system and models the system using the
classical spring-mass model with the external force exerted from the incident field
“E” equals to “-qE” acting on the system. We are not going to derive the equations
here and only use the final result as shown in Eq. (1) which can be derived as
mentioned in many related references like [22]:

εr ωð Þ ¼ 1�
ω2
p

ω2 þ iγ ωð Þω , ω2
p ¼

ne2

ε0m
, γ ¼ 1

τ
(1)

where “n” is number of electrons in the unit volume of the metal, “e” is the
electron charge, “m” is the electron mass, “ε0” is permittivity of vacuum, “ωp” is the
plasma frequency of the metal, “γ” is the total loss, and “τ” is the effective lifetime
of the electrons associated with all of the decay processes.

According to Eq. (1), permittivity of a metal εr(ω) can be used in solving
Helmholtz equations and finding the behavior of electromagnetic waves propa-
gating at the metal/dielectric interface which are also known as SPP waves.
However, Drude’s model suffers from several shortcomings which leads to con-
siderable errors especially near the plasma frequency of the metal. This is because
in Drude’s model, the effect of electrons in other energy bands (not just free
electrons) is not included, and nonlocal effects are also not included [26]. To
overcome these problems, Drude-Lorentz’s model is introduced for the first
problem which can be written in general multi-oscillator form as Eq. (2) and
Landau damping correction according to Eq. (3) for the second problem. We
are not going to further discuss these models either, and you can find details
in [11, 26].

ϵDrude�Lorentz ωð Þ ¼ 1�
f 0ω

2
p,0

ω2 þ iγ0ω
þ
X

jmax

j¼1

f jω
2
p,j

ω2
j � ω2 � iγjω

(2)

where the first sentence corresponds to Drude’s model; “fj” is the power of the
j’th oscillator; and “ωp,j,” “ωj,” and “γj” are plasma frequency, resonant frequency,
and loss coefficient of the j’th oscillator, respectively.

Figure 1.
Interaction of an electromagnetic field with surface plasma waves and excitation of surface plasmon polariton
waves.
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ϵr ωð Þ ¼ 1�
ω2
p

ω2 þ iγ ωð Þω� βk2
, ω2

p ¼
ne2

ϵ0m
, γ ¼ 1

τ
(3)

where “β” is the Landau nonlocal parameter which becomes important for large
values of wavenumber.

More precise treatment of surface plasmons can be done using the hydrody-
namic model which includes solving Bloch equations, i.e., continuity, and Bernoulli
and Poisson’s equations simultaneously. According to Eqs. (4–6), one can describe
collective oscillations of electrons in an arbitrary system using electron density (n)
and hydrodynamic velocity (v r, tð Þ ¼ �∇ψ r, tð Þ) [23].

d

dt
n r, tð Þ ¼ ∇n r, tð Þ ¼ ∇: n r, tð Þ∇ψ r, tÞð �½ (4)

d

dt
ψ r, tð Þ ¼ 1

2
∇ψ r, tð Þj j2 þ δG n½ �

δn
þ ϕ r, tð Þ

G n½ � ¼ 3
10

3π2
� �

2
3 n r, tð Þ½ �53

(5)

∇
2ϕ r, tð Þ ¼ 4πn r, tð Þ (6)

In the general form, Bloch equations are nonlinear and quite difficult to solve.
However, using the perturbation theory, one can find linearized equations of
Eq. (7) which helped Ritchie and his team to find plasmon dispersion equation in
Eq. (8) for the first time [23].

n r, tð Þ ¼ n0 rð Þ þ n1 r, tð Þ þ …

ψ r, tð Þ ¼ 0þ ψ1 r, tð Þ þ …

d

dt
n1 r, tð Þ ¼ ∇: n0 rð Þ∇ψ1ðr, tÞ½ �

d

dt
ψ1 r, tð Þ ¼ β rð Þ½ �2 n1 r, tð Þ

n0 rð Þ þ ϕ r, tð Þ

∇
2ϕ1 r, tð Þ ¼ 4πn1 r, tð Þ

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

(7)

ω2 ¼ 1
2

ω2
p þ β2k2 þ βk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ω2
p þ β2k2

q
h i

βk

ωp
<< 1 ! ω ¼ ωp

ffiffiffi

2
p þ βk

2

(8)

The most accurate model for dealing with surface plasmons in atomic scales is
solving Schrodinger’s equation and calculating dynamical structure factor in Eq. (9)
which is related to the oscillations of particle density in a many-particle system [23]:

S r, r0;ωð Þ ¼
X

n

δρ̂0n r1ð Þδρ̂n0 r2ð Þδ ω� En þ E0ð Þ (9)

where the first two terms are elements of the operator “ρ(r)-n0(r)” relating the
ground state “ψ0”with energy “E0” and “δ” is the Dirac function, “n0(r)” represents
ground state density of particles, and “ρ(r)” is the particle density operator.

Using this model one can precisely calculate electron density profile in a many-
electron system like a metal. However, solving the required equations is not easy,
and most often approximations like random phase approximation or time-
dependent density functional theory is used [23].
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2.2 Specific properties of surface plasmons

Various applications of plasmonic technology in development of nanoscale
devices and systems are all based on the same fundamental properties of plasmons.
These specific properties include field confinement, enhancement of local density
of optical states, and ultrawide bandwidth and fast response [11].

Confinement of electromagnetic fields in scales much smaller than the wave-
length is the most crucial property of surface plasmon modes and can be defined in
both parallel and orthogonal planes. Due to the high rate of loss, propagation length
of the surface plasma waves in any direction is inversely related to the imaginary
part of the wavenumber “1/Im(ksp).” This length for good plasmonic metals like
gold and silver is limited to a few microns and is considered as the upper limit of
confinement [11]. The lower limit of confinement is exerted by Fourier transform
properties with considering a monochromatic field with frequency “ω” and
wavenumber “k = ω/c” in the vacuum with far from any surface. It can be con-
cluded that in the “x” direction “ΔxΔα ≥ 2π” in which α is the x component of the
wavenumber. Therefore, the lower limit of field confinement is “2π/αmax = λ”which
is also known as the diffraction limit. However, for surface plasmons, the
wavenumber according to the dispersion relation (see Figure 1) can be much higher
than “ω/c” which implies that surface plasmon modes can be confined in extremely
tiny dimensions (much smaller than the wavelength) [11].

Enhancement of local density of optical states (LDOS) for surface plasmons can
be investigated both near the metal surface and in a metallic nanoresonator. In a
metallic nanoresonator, this effect which is also known as Purcell effect or
enhancement of spontaneous emission is the vital property of plasmonic nanolasers.
Purcell factor (Fp) is defined by the ratio of decay rate due to the spontaneous
emission in a cavity over the decay rate in the free space. It can be calculated by
Fermi’s golden rule in a two-level atomic system and expressed by Eq. (10) [24].

Γcav

n1Γ0
¼ 3

4π2
λem

n1

� �3 Q

Veff

û � f
!

r
!
� �

	

	

	

	

	

	

2

1þ 4Q2 ωem�ωc

ωc

� �2 ¼ Fp

û � f
!

r
!
� �

	

	

	

	

	

	

2

1þ 4Q2 ωem�ωc

ωc

� �2

Fp ¼
3

4π2
λem

n1

� �3 Q

Veff

(10)

In which “Γcav” is the decay rate in the cavity, “Γ0” is the decay rate in the free
space, “n1” is the refractive index of the propagation medium, “λem” and “ωem” are
the emission wavelength of the medium, “ωc” is the cavity resonance frequency,
“Q” is the quality factor of the cavity, “Veff” is the effective mode volume of the
propagating mode in the cavity, and the dot product of the nominator corresponds
to the mismatch between directions of transition dipole and the field.

In a dielectric microcavity despite the large quality factor, large mode volume
results in infinitesimal Purcell factors, but nanoscale metallic resonators (the build-
ing block of a plasmonic nanolaser) provide a very small equivalent mode volume
expressed by Eq. (11) which results in a large Purcell factor which is crucial for the
nanolaser operation. Moreover, since the emission rate is proportional to the LDOS,
the higher Purcell factor means the higher local density of optical states [24].

Veff ¼
Ð

ε r
!
� �

E
!

r
!
� �	

	

	

	

	

	

2
dr

Max ε r
!
� �

E
!

r
!
� �	

	

	

	

	

	

2

 � (11)
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where “ε(r)” is the permittivity as a function of position inside the resonator
volume in which the integral is calculated and “E(r)” is the electrical field related to
the propagating mode. However, this condition for a plasmonic nanocavity may not
be satisfied. Therefore, the electromagnetic energy density of a dispersive and
dissipative medium should be used in Eq. (11). A dispersive lossless medium like the
dielectric side of the interface (12) can provide a good estimation and a lossy
medium like the metal side of the interface (13) should be used [25].

uh i ¼ 1
2
ε0 E r

!
� �	

	

	

	

	

	

2
ε0r r,ωð Þ þ ω

∂ε0r r,ωð Þ
∂ω

� �

(12)

where “ε´(r)” is the real part of the permittivity.

uh i ¼ 1
4
ε0 E r

!
� �	

	

	

	

	

	

2
ε0r r,ωð Þ þ 2ε00r r,ωð Þω

γ

� �

(13)

where “ε˝(r)” is the real part of the permittivity and “γ” is the loss rate intro-
duced in Drude’s model.

The third specific property of surface plasmons is their ultrawide bandwidths
and fast response. In plasmonic nanoresonators due to considerable loss levels,
quality factor is limited and in many cases between 10 and 100. Low-quality factor
despite its negative effect on the Purcell factor provides an ultrawide bandwidth of
several terahertz. This wide bandwidth resulting in fast time response has applica-
tions in generating femtosecond pulses in nanoscale dimensions and ultra-wideband
nanoantennas [11].

2.3 Plasmon loss mechanisms

Inherent lossy nature of plasmon propagations requires more attention to the
loss mechanisms both for using the loss as a beneficial application like biomarkers
and biosensors [13] and minimizing its unwanted effects like plasmonic nanolasers.

Surface plasmons decay because of several elastic or inelastic loss channels, for
instance, scattering because of other electrons, phonons, or crystal defects and so
on. We will categorize them into three groups. The first is bulk decay rate or (γb)
which can be expressed by Eq. (14) [26].

γb ¼ γe�e þ γe�phonon þ γe�defect þ … (14)

which the first term is due to electron-electron scattering as can be derived by
Eq. (15) and the second term is due to electron-phonon scattering mechanism.
Furthermore, the third term is the electron-defect decay rate. It should be noticed
that for metals in the room temperature, electron-phonon decay rate is about
1014 Hz and increases with the temperature. But, the other two factors remain
constant with the temperature and exist even in the absolute zero [26].

γe�e ≈ 1015:
ℏω

EF

� �2

Hz (15)

As can be seen from Eq. (15), the electron-electron scattering has a direct
relation with the frequency and in the visible frequencies is in the same order of
magnitude as the first term [26].

In the plasmonic structures with dimensions about few nanometers, i.e., shorter
than the mean free path of electrons, the second type of decay should be considered.
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Surface scattering due to roughness of the surface (γsc) is inversely related to the
mean free path due to surface roughness (a) and directly proportional to the Fermi
velocity of electrons [26]. Fermi velocity is the maximum velocity an electron can
achieve due to Fermi-Dirac distribution. For instant, for gold Fermi velocity is
about 2.5 � 106 m/s.

The third type of losses in plasmonic devices is because of a process called
Landau’s damping [26]. Landau damping arises from the electrons oscillating with
the velocity equal to the phase velocity of the surface plasmon mode. During
acceleration, these electrons absorb energy from the plasmon mode. In other words,
a quanta (plasmon) of the surface plasma wave is annihilated, and an electron-hole
pair is generated in this procedure. Simply put, Landau damping is the plasmon-
electron interaction mechanism. Landau damping rate (γL) which is significant for
the large wavenumber values (see Figure 2) can be estimated by Eq. (16) [26].

γL ≈ωp:
kD
k

� �3

: exp
�k2D
2k2

 !

, kD ¼ ωp

vF
(16)

2.4 Surface plasmons in quantum mechanical picture

Plasmonic nanolasers are considered to be quantum nanogenerators of surface
plasmons. Similar to lasers, these devices also operate based on both particle and
wave properties of the electromagnetic waves. Therefore, finding a valid quantiza-
tion approach for surface plasmon modes is necessary for explaining operation
principles of the nanolasers.

The first attempts for finding a quantized description of plasmons are done by
Bohm and Pines in the 1950s, and their works lead to the Pines model. In the Pines
model, metal is considered to be a free electron gas material and electrons share
long-range correlations in their positions in the form of collective oscillations in the
whole system [27]. Pines model describes a quantized model of these collective

Figure 2.
Landau damping effect on the total damping rate [26].

7

Nanoscale Plasmon Sources: Physical Principles and Novel Structures
DOI: http://dx.doi.org/10.5772/intechopen.90842



oscillations which have both wave and particle properties, and the corresponding
quanta (plasmon) is a boson [27].

Polariton is a joint state of light and matter introduced by Hopefield for provid-
ing a quantum model for the polarization field describing the response of matter to
light [30]. Based on Hopfield’s model, Ritchie and Elson proposed the first quan-
tized description of surface plasma waves called Surface Plasmon Polariton or SPP.
However, Hopefield’s model did not consider the scattering and loss in the metal
and effects of valance electrons and later Huttner and Barnett propose a model
based on the Hopefield model including dispersion and loss, and recently
a macroscopic quantization model based on Green’s functions has also been
published [27].

3. Physical models for analyzing plasmonic nanolasers

In order to analyze a plasmonic nanolaser, we need theoretical tools for describ-
ing the carrier-plasmon dynamics in the cavity. In this section, several models are
discussed with different precision, but every method has its own limitations and
should be used for a specific category of devices or a certain purpose.

3.1 Plasmon cavity quantum electrodynamics (PCQED)

Interaction of electron-hole pairs and plasmons in a nanocavity is the funda-
mental mechanism in any plasmonic nanolaser. As an example of this interaction,
energy transfer diagram in a quantum well based nanolaser is illustrated in Figure 3.

This interaction should be treated similar to light-matter interaction in a laser
cavity by the cavity quantum electrodynamics (CQED). However, in a plasmonic
nanocavity due to Purcell enhancement of spontaneous emission and nanoscale
dimensions and considerable loss and dispersion, there should be considerable
differences that lead to a new cavity electrodynamic model for plasmonic cavities or
PCQED [14].

The key difference between CQED and PCQED is in the method of controlling
the interaction of electromagnetic fields with the medium. One of the most funda-
mental differences between them is the enhancement of spontaneous emission rate
in a plasmonic cavity by the Purcell factor. The physical structure of the cavity
affects the spectral characteristics of the plasmonic mode oscillations and results in
a difference in the local density of optical states and the Purcell factor based on the
designer’s will. In other words, CQED controls interaction dynamics by their rela-
tionship with the quality factor of the resonator, while in PCQED dynamic of
interactions is controlled by the Purcell factor. In dielectric microcavities, the qual-
ity factor is very high (even 1010), while modal volume is limited to the refraction
limit (few microns in each dimension), and Purcell enhancement does not occur.
On the other hand, for plasmonic nanocavities because of intense mode confine-
ment, equivalent mode volume is far smaller than the diffraction limit and results in
considerable Purcell factor and density of state manipulation [14].

Figure 3.
Energy transfer diagram of a quantum-well based nanolaser.
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Moreover, in PCQED loss and dispersion are critical factors and are necessary
for correct modeling. Finding precise quantum mechanical models for these phe-
nomena in plasmonic nanocavities still needs more research. However, we can use
the photon/plasmon analogy and developed methods and tools of the photons like
the density of state matrix and decay channels for estimating quantum mechanical
behavior of plasmonic nanocavities [14].

3.2 Quantum mechanical atomic-scale model

Modeling phenomena like quantum fluctuations, spectral narrowing,
coherency, threshold behavior, and precise dynamic analysis of plasmon nanolasers
need an atomic-scale quantum mechanical model. However, in order to find closed-
form equations, several simplifications are necessary, and thus this model just pro-
vides a theoretical tool for investigating fundamental properties of plasmonic
nanolasers.

To do so, consider an N-atom system in a low-quality factor nanocavity in which
the decay rate of the cavity (κ) is the fastest decay rate of this system. This condi-
tion is called the “bad cavity assumption” [28]. Therefore, resonator mode can be
adiabatically eliminated, and the system state is totally determined by “N” active
atoms. Considering two energy levels for each atom which are coupled to a cavity
with resonance frequency (ω) and plasmon lifetime (1/2κ), one can describe the
interactions between the atoms and field by Tavis-Cumming Hamiltonian of
Eq. (17) [28].

HAF ¼ iℏg a†J� � aJþ
� �

(17)

In which “g” is the coupling factor which is identical for all of the atoms, “a” and
“a†” are annihilation and creation operators of plasmons, respectively, and “Jα” is
the operator of collective atomic oscillations in the “α” direction and can be defined
by Eq. (18) in which “σjx” and “σjy” are Pauli matrices [28].

Jα ¼
X

N

j¼1

σjα, α ¼ x, y, zf g, σ j� ¼ σjx � σjy

2
(18)

Using atomic density operator “ρ” in a quantum system with state vector “ψ”
and by considering the Hamiltonian of Eq. (17), Schrodinger’s equation leads us to
the dynamic equation of Eq. (19) in which “γ↑” is the pumping rate and “γ↓” is the
spontaneous emission rate and “γp” is the dephasing rate of oscillating atoms [28].
The last term describes interaction of active atoms through the cavity mode [28].

_ρ ¼ �i
1
2
ω Jz, ρ½ � þ γ↑

2

X

N

j¼1

2σ jþρσ j� þ 1
2
Jzρþ

1
2
ρJz �Nρ

 !

þ γ↓

2

X

N

j¼1

2σ j�ρσ jþ � 1
2
Jzρ�

1
2
ρJz �Nρ

 !

þ
γp

2

X

N

j¼1

2σjzρσjz �Nρ

 !

þ g2

κ
2J�ρð Þ

(19)

After several mathematic manipulations on Eq. (19) and by defining
“XN ξ, ξ ∗ , ηð Þ ¼ tr ρeiξ

∗ JþeiηJzeiξJ�
� �

” and its Fourier transform “~P v, v ∗ ,mð Þ” as the
atomic polarization operator, we can conclude Eq. (20) as a closed-form dynamic
equation describing the system by collective atomic operators [28].
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∂~P

∂t
¼ L v, v ∗,m,

∂

∂v
,

∂

∂v ∗
,

∂

∂m

� �

~P

L ¼ γ↑

2
e�2 ∂

∂m � 1
� �

N �mð Þ þ ∂
4

∂v2∂v ∗ 2 e
2 ∂

∂m N þmð Þ þ 2N
∂
2

∂v∂v ∗


 �

þ

þ γ↑

2
2e�2 ∂

∂m � 1þ 2∂2

∂v∂v ∗

� �

∂

∂v
vþ ∂

∂v ∗
v ∗

� �

þ

þ γ↓

2
e2

∂

∂m � 1
� �

N þmð Þ þ ∂

∂v
vþ ∂

∂v ∗
v ∗


 �

þ

þγp
∂

∂v
vþ ∂

∂v ∗
v ∗ þ ∂

2

∂v∂v ∗
e2

∂

∂m N þmð Þ

 �

þ iω
∂

∂v
vþ ∂

∂v ∗
v ∗


 �

þ

þ g2

κ
2 1� e�2 ∂

∂m

� �

vv ∗ � ∂

∂v
vmþ ∂

∂v ∗
v ∗m

� �

þ ∂
2

∂v2
v2 þ ∂

2

∂v ∗ 2 v
∗ 2


 �

(20)

It should be noticed that Eq. (20) has not an analytical solution in this form and
should be linearized or be solved numerically. In order to find a more familiar form
of the dynamic rate equations, we should use linearization. By defining plasmon
mode using dimensionless polarization “σ” and number of carriers by normalized
population inversion “n,” one can write Eq. (21) for a plasmonic nanolaser with N
active atoms and the mentioned assumptions [28]:

d
σ

ns

� �

Γdt
¼ � 1�℘

n

ns

� �

σ

ns
, σ ¼ tr ρJ�e

iωt
� 

=N, n ¼ tr ρJz½ �=N

d
n

ns

� �

Γdt
¼

n

s
� 1

ΓT1
� 4℘

σ

ns

	

	

	

	

	

	

	

	

2

T1 ¼
1

γ↑ þ γ↓
, ns ¼

γ↑ � γ↓

γ↑ þ γ↓
,Γ ¼ γp þ

1
2T1

℘ ¼ ℘0ns, ℘0 ¼ Ng2

κΓ

(21)

where for threshold parameter, “℘>1” stimulated oscillations are dominant
and for “℘<1” nanolaser is working in the subthreshold region, and generated
plasmons are not coherent. Using this method, quantum fluctuations of plasmon
and carrier numbers in the cavity even for a few numbers of plasmons can be
estimated. Eventually, you can find first- and second-order correlation functions of
the generated plasmons over time for above threshold pumping and the resulting
linewidth “D” in Eq. (22). Significant linewidth narrowing with respect to the
natural broadening “Γ” for “℘>1” implies proper laser operation, and time
damping quantum fluctuations can be seen from the second-order correlation
function [28].

g 1ð Þ
>

τð Þ ¼ e� iωþDð Þτ 1�DT1 þDT1e
τ

2T1 cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ΓT1 ℘� 1ð Þ
p

τ

T1

 !" #

g 2ð Þ
>

¼ 1þ 4DT1e
�τ
2T1 cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ΓT1 ℘� 1ð Þ
p τ

T1

� �

D ¼ γp
ΓT1

N

℘0 ℘0 þ 1ð Þ
℘� 1

(22)
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3.3 Mean-field atomic-scale model (optical Bloch)

In this model, the classical wave equation is applied to the electric field, while
plasmons are assumed quantized, and using Fermi’s golden rule, a kinetic equation
describing the behavior of plasmons is derived. This model proved to be consistent
with the previous model above the threshold while having the advantage to be used
for quantum dot gain mediums. Also, Einstein’s spontaneous and stimulated emis-
sion coefficients can be calculated from this model. Therefore, it can prove the
positive effect of increased spontaneous emission due to the Purcell effect on the
stimulated emission of the nanolaser. However, similar to the model described in
Section 3.2, it needs some simplifying assumptions and works in atomic scales [12].

In this model, the nanoscale system consists of a metal layer with permittivity
“ε(ω)” over a dielectric with permittivity “εh.” The classic eigenvalue wave equation
can be written for the plasmonic eigenmodes according to Eq. (23) [12].

∇: θ r
!
� �

� sn
h i

∇φ r
!
� �

¼ 0 (23)

where “θ(r)” is equal to “1” inside the dielectric and “0” inside the metal.
Corresponding eigenvalues to the nth mode can be derived by Eq. (24) where “Ωn”

is the complex frequency of the nth eigenmode in which the real part is equal to the
resonant frequency of nth mode “ωn” and the imaginary part corresponds to the
plasmon decay rate “γn” [12].

s Ωnð Þ ¼ sn, s ωð Þ � 1� ε ωð Þ
εh


 ��1

(24)

Assuming “γn << ωn” we can write Eq. (25).

γn ¼
Im s ωnð Þ½ �

s0n
, s0n �

dRe s ωnð Þ½ �
dω

	

	

	

	

ω¼ωn

(25)

For the times shorter than the plasmon lifetime “τn = 1/γn,” corresponding
Hamiltonian to the electric field of the quantized surface plasmons can be
expressed by Eq. (26) in which “T” is the integration time and should satisfy
“τn>> T>> 1/ωn.”

H ¼ 1
4πT

ð

�∞

�∞

d ωε r
!,ω
� �h i

dω
E
!

r
!,ω
� �

E
!

r
!,�ω
� � dω

2π
d3r (26)

Using the extension of the electric field based on the quantized eigenmodes of
the system, one can write Eq. (27), and Hamiltonian of Eq. (26) can be written
as Eq. (28) which has the standard form of a quantum mechanical harmonic
oscillator.

E
!

r
!, t
� �

� �∇ϕ r
!, t
� �

, ϕ r
!, t
� �

¼
X

n

ffiffiffiffiffiffiffiffiffiffiffiffi

2πℏsn
εhs0n

s

φn r
!
� �

e�γnt ane
�iωnt þ a†ne

iωnt
� 

(27)

H ¼
X

n

ℏωn a†nan þ
1
2

� �

(28)
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where “a” and “a†” are annihilation and creation operators of plasmons, respec-
tively. Consider dipolar emitters (quantum dots) with carrier population densities
of the ground state and excited state equal to “ρ1(ra)” and “ρ2(ra),” respectively,
where “ra” corresponds to the location of the a’th emitter with transition dipole
moment equal to “da.” Transition matrix element [12] for this transition “d10” can
be estimated by the Kane theory according to Eq. (29) [12] in which “e” is the
electron charge, “f” is the power of the transition oscillator, “K” is the Kane con-
stant, “m” is the electron mass, and “ωn” is the plasmon frequency of the nth mode.
“d10” is proportional to the rate of spontaneous emission and Purcell effect.

d10 ¼ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fK

2m0ω2
n

s

(29)

Interaction between the gain medium and the plasmon modes can be described
by Hamiltonian of Eq. (30) which is exerted to the system. Accordingly, using the
Fermi’s golden rule, the kinetic equation of the system can be written for the
number of plasmons in the nth mode by Eq. (31) in which “An” and “Bn” are the
stimulated and spontaneous emission coefficients, respectively [12].

H0 ¼
X

a

d
! að Þ

∇ϕ r
!
a

� �

(30)

_Nn ¼ AnNn � γnNn þ Bn (31)

According to the mentioned model, Einstein emission coefficients can be
derived by Eqs. (32) and (33).

An ¼
4π
3ℏ

s0nsn d10j j2pnqn
εh Im s ωnð Þ½ �2

γn (32)

Bn ¼
4π
3ℏ

s0nsn d10j j2rnqn
εh Ims ωnð Þ½ �2

γn (33)

where “pn” and “rn” are spatial overlap factors of the nth mode with the gain
medium and “qn” is the spectral overlap factor [12]. These parameters can be
derived by Eqs. (34–35), respectively.

pn ¼
ð

∇φn r
!
� �h i2

� ρ1 r
!
� �

� ρ0 r
!
� �h i

d3r (34)

rn ¼
ð

∇φn r
!
� �h i2

� ρ1 r
!
� �

d3r (35)

qn ¼
ð

F ωð Þ 1þ ω� ωnð Þ2
γ2n

" #�1

dω (36)

where “F(ω)” is the spectral characteristic of the transition dipole moments.

3.4 Semiclassical rate equations

The aforementioned methods will give us much useful information about the
operating principles of the plasmonic nanolasers. However, a consistent model with
macroscopic measurable parameters is also needed for larger-scale systems. To do

12

Nanoplasmonics



so, a modified version of an initially proposed rate equation for the microcavity
lasers in the 1990s can be used [29, 30]. This model as shown in Eq. (37) according
to many recent pieces of research [15, 16, 29] can adequately explain the plasmon/
exciton carrier dynamics of a plasmon nanolaser. Furthermore, the macroscopic
parameters like output power and pumping current can be easily derived.

dn

dt
¼ Rp � An� βΓAs n� n0ð Þ � nvsSa

Va

ds

dt
¼ βAnþ βΓAs n� n0ð Þ � γs

(37)

The first equation of Eq. (6) is expressing the rate of carrier changes, and the
second one is describing the temporal behavior of the plasmon generation. Plasmon
generation is determined by the spontaneous plasmons coupled in the lasing mode
(the first term), stimulated emission (the second term), and plasmon loss rate (the
last term) [29].

In these equations “n” is the excited state population of the carriers, “s” is
the number of plasmons in the lasing mode, and “Rp” is the carrier generation
rate. The coupling factor (β) is defined by the ratio of the spontaneous
emission rate into the lasing mode and the spontaneous emission rate into all
other modes. A possible calculation method for this parameter can be seen in
Eq. (38) [15].

β ¼ F 1ð Þ
cav

P

kF
kð Þ
cav

(38)

where “Fcav(k)” is the Purcell factor of k’th mode. k = 1 corresponds to the lasing
mode, and the summation is over all of the possible propagation modes in the
cavity.

Mode overlap with the gain medium which is also known as Γ-factor is defined
by the overlap between the spatial distributions of the gain medium and the lasing
mode. In a homogenous medium, spontaneous emission rate “A” is equal to “1/τsp0”
and “τsp0” is the spontaneous emission lifetime of the material. However, in a
nanocavity, Purcell effect [24] modifies the spontaneous emission rate via
“A = FpA0,” where “Fp” is the Purcell factor and “A0” is the natural spontaneous
emission rate in a homogenous medium. “n0” is the excited state population of
carriers in transparency, “vs” is surface recombination velocity at the sidewalls of
the resonator, and “Sa” and “Va” are the area of sidewalls of the resonator and
volume of the gain medium, respectively. Finally, “γ” is the total loss rate of
plasmons in the cavity. In order to calculate it, the loss coefficient per unit length
should be multiplied by the modal speed. Loss coefficient is calculated by “γm + γg”

where “γm” and “γi” are resonator mirror loss and intrinsic cavity loss per unit
length, respectively.

4. Different structures of metallic nanoscale plasmon sources

A plasmonic nanolaser needs a metallic nanocavity, gain medium, and a feed-
back mechanism. In the past two decades, several structures and materials have
been introduced for this purpose. Some of these devices are presented in Figure 4
[13]. These structures can be subwavelength in one dimension like plane nanolaser
(see Figure 5(a)) [13], in two dimensions like nanowire-based plasmonic nanolaser
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(see Figure 5(b)) [16], and in three dimensions like nanocavity plasmon laser of
[17] (see Figure 5(c)).

The gain medium of plasmonic nanolasers can be any material capable of radia-
tive electron decay like any traditional laser. In the proposed structures, a variety of

Figure 4.
Different structures of the plasmonic nanolasers [13].

Figure 5.
Different structures of the plasmon nanolasers: (a) a plane plasmon nanolaser [13] (subwavelength in one
dimension), (b) typical nanowire-based plasmon nanolaser [16] (subwavelength in two dimension), and
(c) quantum well-based nanocavity plasmon laser of [15] (subwavelength in three dimension).
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materials like die molecules, bulk semiconductors, semiconductor quantum wells,
and quantum dots can be witnessed [13]. Many of the semiconductors were typical
optoelectronic materials (III-V and II-IV alloys) like GaAs, AlGaAs, ZnS, InGaAs,
InP, and so on [13].

5. Proposed nanoresonator structures

According to our most recent publications [17, 31, 32], we have proposed four
nanolaser structures that are discussed in this section. All of these structures are
electrically pumped in the room temperature, have subwavelength footprints, and
have considerable performance characteristics. The first structure is a GaAs quan-
tum dot-based nanocavity integrated into a plasmonic waveguide [31]. The second
is a metal strip nanocavity structure which is based in tensile-strained germanium
quantum wells [32]. The next one has a notched nanocavity and germanium quan-
tum wells as the gain medium [17] and the last one is a corrugated metal–
semiconductor–metal nanocavity structure utilizing two sets of germanium quan-
tum dot arrays as the gain medium [32].

The first structure is a GaAs/AlGaAs QD nanocavity plasmon laser, which can be
integrated into plasmonic waveguides for the realization of integrated plasmonic
chips. This proposed nanolaser as sketched in Figure 6 has several advantages over
the previously introduced ones.

For instance, it has a high coupling efficiency to the waveguide plasmonic modes
because of its thin structure and the monolithic metal layer. In addition, the pro-
posed nanolaser structure benefits from a large beta factor that means lower
threshold and also a high Purcell factor, which leads to higher gain and better laser
performance. The MSM structure of this device also can provide an efficient heat
transfer performance. Therefore, it predicted to efficiently operate without over-
heating and needs less chip area for fabrication of heatsink. Nevertheless, the
threshold pumping current of the proposed device is considerably high, and this
structure cannot provide output power in the mW range in the optimal pumping
region. Design characteristics related to the first structure can be seen in Table 1.

The second device is a germanium/silicon-germanium (Ge/Si0.11Ge0.89) multiple
quantum well plasmonic nanolaser as shown in Figure 7. This device utilizes a thin
gold metal strip layer, sandwiched between Ge quantum wells in order to maximize
both field confinement and exciton-plasmon interaction possibility, which means
higher Purcell factor and better gain medium with mode overlap factor. Using two
aluminum electrical contacts, one on top of the resonator and one beside it, an
electrical pump current can be applied. Moreover, it can be coupled into

Figure 6.
3D schematic of the GaAs quantum dot-based nanoresonator.
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silicon-based waveguides similar to [15] or used in the far-field configuration in
which plasmon modes will be converted into photons through the cavity interface.
Our device benefits from a metal–semiconductor–metal–semiconductor (MSMS)
structure, which can perform well in the 1550 nm regime by means of incorporating
highly doped strained Ge quantum wells as the direct bandgap gain medium
[33, 34]. Design characteristics of this structure can be found in Table 2.

It should be noticed that for transforming germanium into a direct bandgap
material, strong tensile strain levels could be applied in the fabrication process. This
will reduce the Г-valley direct bandgap of the material below the L-valley indirect
bandgap (0.664 eV) [33, 34]. This will result in an output wavelength about several
micrometers in which efficient plasmonic nanocavities cannot be designed. Alter-
natively, much lower strain level can be utilized, which in combination with
extreme level of donor doping for occupying the remaining indirect L-valley states
below the Г-valley results in a direct energy gap diagram [33, 34].

The third structure as shown in Figure 8 has a cubic nanoresonator with two
parabolic notches at both sides. This device provides a high-quality factor and
Purcell factor because of the notches which can effectively decrease the output loss
(amount of energy escaping the resonator) and improve energy confinement in the
cavity. The gain medium of this structure consists of four Germanium quantum

Symbol Value

Cavity height HR 50 nm

Cavity size WR 260 nm

QD size DQD 5 nm

QD separation DQD2QD 10 nm

Distance of QDs from gold plate HQD 25 nm

Top/bottom metal thickness Hmetal 50 nm

Doping level (p-type) NA 1017 cm�3

Doping level (n-type) ND 1019 cm�3

Number of QDs NQD 256

QD volume VQD 1.25 � 1019 cm�3

Table 1.
Design characteristics of the first structure.

Figure 7.
3D schematic of the metal strip nanocavity structure with germanium quantum wells.
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dots (tensile-strained direct energy bandgap). This structure can be easily inte-
grated into different plasmonic and photonic waveguides with considerable cou-
pling factors. Therefore, it is an appropriate choice for on-chip applications. Also, it
can be simply used in the far-field lasing mode. An efficient integration approach
can be found in [15]. This device also provides the output free-space wavelength of
1.55 μm, which means it is compatible with commercial photonic devices and
systems. The design characteristics of the third structure can be witnessed in
Table 3.

The last proposed structure is a corrugated metal-semiconductor-metal
nanocavity device that can be seen in Figure 9. The specific design of the cavity
leads to a significant plasmonic mode with gain medium interaction and also an
increase in mode confinement and quality factor. Furthermore, this cavity design
using the two-side contacts can provide efficient electrically pumping with a rea-
sonable threshold current. The gain medium of our nanolaser consists of several
germanium quantum dots provided on both sides for maximizing the output power.

Description Symbol Value Unit

Resonator size WR 270 nm

Resonator height HR 130 nm

Bottom metal thickness XStrip 10 nm

Metal thickness XContact 40 nm

Bottom buffer thickness XBottom 15 nm

Top buffer thickness XTop 15 nm

Number of QWs NQW 4 —

QW thickness XQW 7 nm

Barrier wall thickness XBarrier 10 nm

Thickness of p-doped Ge buffer XBuffer 16 nm

Ge alloy percent x 89 %

Doping concentration of the QWs and barriers ND 7.6 � 1019 cm�3

Doping concentration of the Ge buffer NA 1 � 1019 cm�3

Table 2.
Design characteristics of the first structure.

Figure 8.
3D schematic of the notched cavity nanolaser structure.
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The proposed structure for the nanolaser according to Figure 9 consists of a corru-
gated metal nanostrip with two arrays of n + doped tensile-strained germanium
quantum dots (QDs) at both sides. In addition, two high-doped p + germanium
layers are used for better field confinement and providing higher carrier generation

Description Symbol Value Unit

Resonator size WR 350 nm

Resonator height HR 98 nm

Top metal thickness XAu 40 nm

Bottom buffer thickness XBottom 10 nm

Bottom buffer thickness XTop 10 nm

Number of QWs NQW 4 —

QW thickness XQW 7 nm

Barrier wall thickness XBarrier 10 nm

Thickness of p-doped Ge buffer XBuffer 20 nm

Ge alloy percent x 85 %

Doping concentration of the QWs ND 4 � 1019 cm�3

Doping concentration of the Ge buffer NA 1 � 1019 cm�3

Table 3.
Design parameters of the third structure.

Figure 9.
Schematic illustration of the corrugated lateral MSMSM structure: (a) 3D schematic, (b) transverse cross
section, and (c) top view.
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rates in the QDs. This structure also has two aluminum contacts for electrical
pumping into the gain medium. In this structure, the electrical pump current flows
perpendicular to the plasmonic mode propagation direction into the germanium
quantum dots (QDs) in order to produce excitons. This electron–hole pairs

Description Symbol Value Unit

Width of the thick area of the strip WStrip,1 60 nm

Width of the thin area of the strip WStrip,2 50 nm

Height of Ge virtual substrate HVS 200 nm

Resonator height HC 40 nm

Al contact width WCont 40 nm

Ge buffer width WBuff 40 nm

Si-Ge barrier width WBarrier 30 nm

Quantum dot size WQD 5 nm

Quantum dot distance from the strip DQD 10 nm

Quantum dot distance from the top HQD 20 nm

Number of QDs NQD 34 —

Spacing between QDs SQD 20 nm

Spacing between two notches Snotch 5 nm

Diameter of notches Dnotch 10 nm

Cavity length LC 270 nm

Ge alloy percent x 85 %

Doping level of the QDs and barriers ND 4 � 1019 cm�3

Doping level of the Ge buffer NA 1 � 1019 cm�3

Table 4.
Design characteristics of the lateral MSMSM structure.

Parameter 1st

structure

2nd

structure

3rd

structure

4th

structure

Liu et al. [7]

Output wavelength (nm) 850 1550 1550 1550 850

Area (μm2) 0.07 0.073 0.1125 0.076 0.06

Threshold current (mA) 4.7 29 21 1.9 1.87

Output power in mW at threshold 0.198 4.16 15.6 10.59 0.08

Output power in μW at 10 μA 0.44 2.8 3 50 0.25

Pump current in mA for 1 mW
output power

20 �7 �3 0.2 N.A

Modulation bandwidth in GHz at
threshold

3.37 5.7 2.98 28.5 —

Spectral bandwidth in THz at
threshold

0.541 1.46 1.98 21.68 >0.08

Purcell factor (lasing mode) 66 291 700 2965 15

Quality factor (Q) 30 26 58 138 32

Table 5.
Performance characteristics of the proposed nanolasers.
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recombine through the radiative recombination process and transfer their energy to
the surface plasmon polaritons (SPPs) propagating at interfaces of the Ag metal
strip and its side semiconductor layers. The design characteristics of this device are
provided in Table 4.

The introduced nanolaser devices can be adequately analyzed using the afore-
mentioned theoretical phenomena. By means of Finite difference Time Domain
(FDTD) method for mode analysis and numerically solving nonlinear rate equations
of (37) output performance of the proposed structures can be derived. Also, needed
parameters are either extracted from experimental papers or found using numerical
methods according to [17, 31, 32]. Resulting from our analysis, the performance of
nanolaser structures of 5.1 can be concluded in Table 5 which demonstrates a
considerable performance with respect to a reference similar device [15].

6. Conclusion

In this chapter, we have briefly covered fundamental theories and models
related to plasmonic nanolasers. To conclude, nanolasers are one of the most critical
building blocks of the future integrated circuits containing both nanophotonics and
electronic parts. After two decades of development, recent devices are more prom-
ising for the realization of a commercially available nanoscale plasmon source or
plasmon nanolaser. Such a device will open a portal to the vast number of potential
applications.
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