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Chapter

A Direct Construction of

Intergroup Complementary Code
Set for CDMA

Palash Sarkar and Sudhan Majhi

Abstract

A collection of mutually orthogonal complementary codes (CCs) is said to be
complete complementary codes (CCCs) where the number of CCs are equal to the
number of constituent sequences in each CC. Intergroup complementary (IGC)
code set is a collection of multiple disjoint code groups with the following correla-
tion properties: (1) inside the zero-correlation zone (ZCZ), the aperiodic autocor-
relation function (AACF) of any IGC code is zero for all nonzero time shifts; (2) the
aperiodic cross-correlation function (ACCF), of two distinct IGC codes, is zero for
all time shifts inside the ZCZ when they are taken from the same code groups; and
(3) the ACCEF, for two IGC codes from two different code groups, is zero every-
where. IGC code set has a larger set size than CCC, and both can be applicable in
multicarrier code-division multiple access (CDMA). In this chapter, we present a
direct construction of IGC code set by using second-order generalized Boolean
functions (GBFs), and our IGC code set can support interference-free code-division
multiplexing. We also relate our construction with a graph where the ZCZ width
depends on the number of isolated vertices present in a graph after the deletion of
some vertices. Here, the construction that we propose can generate IGC code set
with more flexible parameters.

Keywords: complementary code (CC), code-division multiple access (CDMA),
generalized, Boolean function (GBF), intergroup complementary (IGC) code set,
zero-correlation zone, (ZCZ) sequences

1. Introduction

Code-division multiple access (CDMA) [1] is an important communication tech-
nology where sequence signatures with good correlation properties are used to sepa-
rate multiple users. In CDMA systems, multipath interference (MPI) and multiple
access interference (MAI) degrade the performance where MPI and MAI occur due to
the multipath propagation, non-ideal synchronization, and non-ideal correlation
properties of spreading codes. Spreading code plays a significant role on the overall
performance of a CDMA system. The interference-resist capability and system
capacity are determined by the correlation properties and available number of
spreading codes. Due to ideal auto- and cross-correlation properties, complete com-
plementary codes (CCCs) have been applied to asynchronous multicarrier CDOMA
(MC-CDMA) [2] communications in order to provide zero interference performance.
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Coding Theory

Golay proposed a pair of sequences in Golay [3] known as Golay complementary
pair (GCP) which is a set of two equal length sequences with the property that the
sum of their aperiodic autocorrelation function (AACF) is zero everywhere except
at the zero shift. Tseng and Liu [4] extended the idea of GCP to complementary
set or complementary code (CC) which contains two or more than two sequences.
Davis and Jedwab [5] proposed a direct construction of GCP called Golay-Davis-
Jedwab (GD]J) pair by using second-order generalized Boolean functions (GBFs) to
reduce peak-to-mean envelope power ratio (PMEPR) for OFDM system. As a gen-
eralization of GDJ pair, Paterson introduced a construction of CC Paterson [6] by
associating each CC with a graph. Recently, a construction of CC has been reported
in Sarkar et al. [7] which is a generalization of Paterson’s CC construction. Later,
Rathinakumar and Chaturvedi extended Paterson’s construction to CCC
Rathinakumar and Chaturvedi [8] which is a collection of mutually orthogonal CCs.
Although CCs have ideal AACF and aperiodic cross-correlation function (ACCF),
they are unable to support a maximum number of users as the set size cannot be
larger than the flock size [9-11], where the flock size denotes the number of
constituent sequences in each CC. The application of CCC has been extended for the
enabling of interference-free MC-CDMA communication by designing a fractional-
delay-resilient receiver in Liu et al. [12].

The binary Z-complementary sequences were first introduced by Fan et al. [13]
and later extended to quadriphase Z-complementary sequences by Li et al. [14].

Recently, a construction of binary Z-complementary pairs has been reported in
Adhikary et al. [15]. A direct construction of polyphase Z-complementary codes has
been reported in Sarkar et al. [16], which is an extension of Rathinakumar’s CCC
construction. Due to favorable correlation properties of Z-complementary codes, it
can be easily utilized for MC-CDMA system as spreading sequences to mitigate MPI
and MAI efficiently [17]. The theoretical bound given in Liu et al. [18] shows that
the Z-complementary codes have a much larger set size than CCCs.

IGC code set was first proposed by Li et al. [19] based on CCCs. Their code
assignment algorithm shows that the CDMA systems employing the IGC codes
(IGC-CDMA) outperform traditional CDMA with respect to bit error rate (BER).
However, the ZCZ width of IGC codes [19] is fixed to the length of the elementary
codes of the original CCCs, which limits the number of IGC codes. Another
improved construction method of IGC codes is proposed in Feng et al. [20] based on
the CCCs, interleaving operation, and orthogonal matrix which provides a flexible
choice of the ZCZ width. However, there is no such construction which can directly
produce IGC code set without having operation on CCCs; it motivates us to give a
direct construction of IGC code set.

This chapter contains a direct method to construct IGC code set by applying
second-order GBFs. This construction is capable of generating IGC code set with
more flexible parameters such as ZCZ width and set size. We also relate our
construction with a graph, and it has been shown that ZCZ width and set size of the
IGC code set obtained by using our method depend on the number of isolated
vertices present in a graph which is achieved by deleting some vertices from
a graph.

2. Preliminary

2.1 Correlations of sequences

The ACCF between two sequences a = (a9,41, ...,d1—1) and b = (bg, b1, ..., b1 1)
is defined as follows:
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st b, 0<t<L,
Cab)o) = { sy lapt s Ler<o, a

i—7

0, otherwise,

where 7 is an integer. The above defined function in Eq. (1) is said to be AACF of
a (or, b) if a = b. The AACF of a at 7 is denoted by A(a)(7).

Definition 1 An ovdered set {a°,a’, ...,a" "'} containing P sequences of equal length
L is called CC If

Y A@) () = {LP’ =0 2)
i=0

0, otherwise.

Definition 2 Let {C°, C', ...,C*"'} be a set of K CCs where each of the CC contains

P(K < P) constituent sequences of length L. The ath constituent sequence of C' is
Ci,a = (Ci,a,07 Ci,a,l Ci,a,L—l) where o = O, 1, cees P— s 1= O, 1, cees K —1.The
ACCEF of the CCs is given by

pP-1

C(C',C/)(r) = ¥ C(C;,uaCja)(7) = 0, Vz, i#j. (3)

a=0
The code set is said to be CCC when K = P.
Definition 3 Given an IGC code set I (K,P,L,Z) (Li et al. [19]), K denotes a number
of codes, P denotes the number of constituent sequences in each code, L denotes the length
of each constituent sequence, and Z denotes ZCZ width, where K = PL/Z. The K codes

can be divided into P code groups denoted by E (g = 0,1, ...,P — 1), each group contains
K /P = L/Z codes. The code set (K, P,L,Z) has the following properties:

(PL, i=j,r =0,

0, i=40<]|7|<Z
C(C',C)(r) =1 0, i#j,C,0JEeE,|7<Z, (4)
0, Cek,0ek,g #g, li<L,

| others, otherwise.

2.2 Generalized Boolean functions

Letf : {0,1}" — Z, (q is average number, not less than 2) be a function of m
variables x¢, x1, ..., X,—1. The product of k distinct variables
XioXiKip (0 <ig <iy <+ <ip_q1 <m — 1) is called a monomial of degree k. The
monomials 1, X0, ..., X;u—1> X0X1> +ves Xy 2Xm—1s «oor X0X1...Xp_1 are the list of 2 mono-
mials over the variables x¢, x1, ..., X,,—1. A GBF f can uniquely be presented as a
linear combination of these 2" monomials, where the coefficient of each monomial
belongs to Z,. We denote the complex valued sequence corresponding to the GBF f
by w(f) and define it as

w(f) = (a)fo,a)fl,...,a)f2’”—1), (5)

where f; = f(io, i1, ...,im-1), ® = exp (2rv/—1/q), and (ig, 1, ..., im—1) are the
binary representation of the integer i(i = Z:i_oliij>. Let C be an order set of P

Boolean functions given by C = {f of1ref P—l}' Then the complex valued code
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corresponding to the set of Boolean function C is denoted by y(C), given by
w(C) = {l//(fo),l//(fl>, s l//(fp_l) } The code can also be viewed as a matrix where
q/(f 1.71) is the ith row of the matrix.

For any given GBF f of m variables, the function f(1 —x9,1 — x1,...,1 — x,_1) is
denoted by f . For a Z, valued vector e = (eg, €1, ...,e;—1), we denote the vector € by
(éo,€1,...,6,_1) where g; = % —¢;(i=0,1, ..,.L —1). Now, we define the following
notations a and a*, where a is derived from a by reversing it and a* is the complex

conjugate of a.

2.3 Quadratic forms and graphs

In this context, we introduce some lemmas and new notations which will be
used for our proposed construction.
Definition 4 Let f be a GBF of variables xo, X1, ..., Xm_1 over Z,. Consider a list of

k(0 <k <m) indices 0 <ji <j; < -+, <m, and write X = (x;,,%;,, ..., %j, ). Consider
¢ = (€0, €1, .., Ck—1) to be a fixed binary vector. Then we define y (f|,_.) as a complex
valued vector with o "'v-'n1) a5 a ith component if ij = cq for each 0 < a <k and equal
to gero otherwise. For k = 0, the complex valued vector y (f|,_,) is nothing, but the
vector y(f ) is defined before.

Let Q : {0,1}" — Z, be a quadratic form of m variables xo, X1, .., Xm-1. A
quadratic GBF is of the form Rathinakumar and Chaturvedi [8]

m—1
f=Q+ ;0 g%+ (6)

where ¢/, g; € Z, are arbitrary.
For a quadratic GBF, f, G(f) denotes the graph of f. The G(f) is obtained by
joining the vertices x; and x; by an edge if there is a term ¢, ;x;x;(0 <i<j<m —1) in

the GBF f with g, ; # 0 (%’, € Zq). Consider a function f |x]_:C, derived by fixing x; at

cinf. The graph of f| x—c 18 denoted by G (f | 3 C) which is obtained by deleting the
vertex x; and all the edges which are connected to x; from G(f). Then G(f|,_,) is
obtained from G(f) by deleting x; , x;., .., j, . G(f|,_.) represent the same graph
for all c € {0,1}*. Therefore, for all ¢ in {0,1}*, f ’X_c have the same quadratic

form. Note that the quadratic forms of f and f are the same; thus, they have
associated with the same graph.

Lemma 1 Construction of CCC [8].

Let f: {0, 1} — Z; be a GBF and f its reversal. Assume that G(f|,_,) is a path

for each c € {0, 1}* and the edges in the path have the same weight q /2. Let
(bo, b1, ...,b_1) be the binary representation of the integer t. Define the order sets of
GBFs C' to be

k-1 k-1
{f +1 ((;Z:o A, + 3, b, + dxy> :d,d,€{0,1) } 7)
and the order set of GBFs Ct to be

N k—1 k=1 = =
{f +% ( Z:o doXj, + Z:o box;, + dxy) +d,dq €40, 1}}’ ®)
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where x, is one of the end vertices in the path. Then
{w(C): 0§t<2k}u{l//* <Ct> :0St<2k} 9)

generates a set of CCC, where y* (-) denotes the complex conjugate of y(-).

3. Construction of IGC code set from GBFs

In this section, we propose a direct construction of IGC code set by
using Boolean algebra and graph theory. Before proposing the main theorem
of the construction, we define some sets and vectors and present some
lemmas. First we define some notations which will be used throughout in our
construction:

— (s A . k I P
© X = (xj,,%),,.%j, ) €Z3, X = (XmpXm—ps1, s Xm-1) ELh.

b= (bo,bl, ...,bk,l), b; = (bi,07bi,17 ...,l’),',k,l) EZ’; (i =1,2, ...,Zk).

d = (do.dy,..ds) €25, d = (dy. b, ..dy) and

d = <d]f)1,d]’.’2, ...,d]’.’p> eZB(j=12,..,2).

a-b denotes the dot products of any two vectors a and b which are of the same
length.

A®B denotes the Kronecker product of any two matrices of arbitrary size.

[(~)i’j], i=0,1, .., M—1andj=1,2, .., N denotesa matrix of order
M x N.

Let f be a GBF of m variables xo, x1, ..., X,_10verZ,. Forbe 7k, d e Z‘Z, we
define order sets Sp 4 and S‘b ¢ corresponding to the GBF f as follows:

k -1 p
de/{f—i—%(ZOdax]'a + ;Obaxja + gld;xm—p—e—a—l +dxy> 2d,da€{0,1}}, (10)
or
de,:{f+%((d+b)-x+d’-x’+dx7) dez, dezk), (11)
and
¢ fr. 1 g4+ d % +dx) - k
Soa = {f +2((d+b)-X+d X +dx,) :delde} (12)

From the above expression, it is clear that each of the order sets Sy 4 and §b &
contains 21 GBFs.

5
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Lemma 2 Let f be a GBF of m variables with the property that each ¢ € {0,1},
G(fly_.) contains a path over m —k — p(0 <k <m, p >0) vertices and p isolated
vertices labeled m —p, m —p +1,..., m —1suchthat 0<k +p<m —2(m>2).
Further, assume that there was no edges between deleted vertices (as defined before, the
restricted variables in a GBF are considered as the vertices to be deleted in the graph of the
Boolean function) and isolated vertices before the deletion. Let x, be one of the end vertices
of the path in G(f|__) and the weight of each edge in the path be q /2. Let a}, a, ..., ahn -,
be binary vector representations of 0,1, 2" F — 1 of length m — p and r1, ), ..., ¥ be
binary vector representations of 0,1, 2 — 1 of length p. Also let | be a positive integer such
that | = 3*=1d;2 4 d2*. Then for any choice of ', g; € Ly, the codes y (Spq) and w(Spq)
can be expressed as

w(Sbw)=:[w(Fu)w<P%*>ﬁ}, 1=0,1,.,2¢" -1, =1,2,.., 2,

. N = (13)
‘/’<de') = [W(Fﬁz)w(m%d)'”’}, 1=0,1,.,2°1 -1, =12,.,2,
where
l/j(Fbl) — (a)Fbl(all)7 ’a)Fbl<a,2)’ s ,thl(alzm—p)>’
w(Fy') = (wF;,,(a;)7 (@) 7a)FLz(a'zm—p)),
q
Fw=f+§«d+w-x+mw, (14)

w=f +3(@d+b)-x+dx,),

m—p—1

f=Q+ ;o gxi+g.

Proof 1 Since there are no edges between the deleted and isolated vertices before the
deletion of k vertices Xjos Xjys oo Xj_ s the quadratic form Q presented in G(f) can be
expressed as

q m—k—p—1 . m—k—p—1jk—1
/
Q= > Y Xp@Xzar) + 2 b; ;%)% T 20 ZO Ca(a), Xn(@)%),>
a= o=

a=0 0<pu<v<k-1

(15)

where r is a permutation over the set {0, 1, ...,m — 1}\{j0,j1, ...,jk_l}u
{m—-—p, m—p+1, .., m—1}, b]{ j (e Zq) which denotes the weight between the
wlv
vertices X;, and x; and c;(a)’ j ( € Zq) denotes the weight between the vertices X ;(,) and Xj,.

Therefore, f "is a GBF of m — p variables x0, X1, ..., Xm—p—1, and the GBF f of m variables
can be expressed as.

m—1
f=f+ X gxi (16)
i=m—p
or
f=f+I x. (17)
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Now we define a GBF F, }’ over m variables by

F}’:f-i—%((d—i-b)-x-l—d’-x’—l—dxy)
18
e (ro1a) o
= 'y + —|—2 X.

Let ai, ay, ..., ay» be binary vector representations of 0,1, 2" — 1 of length m, given
in Table 1. The truth table given in Table 1 can also be expressed as the truth table
given in Table 2. Table 3 contains a truth table over m — p variables.

From Tables 1-3, it is observed that the code w(Syq) can be expressed as

l//(de/) = [wF})(aJ)]’ l = 0,1, 2k+1 - 1,] L 1’ 2’ A, 2m (19)

a

a

aym

Table 1.
Truth table over m variables.

i
an

I

/
a, —p Iy

i
arn

a1

/
a, —p I

i
a1y

/
a, er

/
Aym—p rzp

Table 2.
Truth table over m variables.

ey

Table 3.
Truth table over m — p vaviables.
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or
w(Spa) = [W(Fb,)w(”%d')'rﬂ}, 1=0,1,..,2 — 1,7 =1,2,.,2, (20)

where
l//(Fbl) - <wal (a/l) y wal (alz), ceey a)Fbl <al2;,n70> )J == 0) 1) 2k+1 - 1~ (21)

Similarly, we can show that
v(Se) = [w(FeHF], 101, o1 =122 @)

Example 1 Let f be a GBF of four variables over Za, given by
f(xo,xl,xz,x3) = 2x1x7 + 3x0(x1 +x2) +x0 +x2 +x3+ 1. (23)

From the G(f ), given in Figure 1, it is clear that after the deletion of the vertex x, the
resultant graph contains a path over the vertices x1, X, and an isolated vertex x3. For this

example k = 1 and p = 1. Therefore, the vectors b, d, d, x, T and x' are of length one
and belong to 7Z,.

Hence, b= (bjo) = (bo) = bo, d= (d()) = do, d/ = (d;) = dll, X = (xjo)
= (x0) =x0, ' = <gm_p> = (go) =1,and x' = (xm_p) = (x3) = x3. The set of

Boolean functions S,y and S, , are given below:
1

Sbodll = {f—l—%(doxo —|—l’)0X0 —|—d/1X3 +dX2) : d7 doE{O,l}}, (24)
and
St = {F 2 (doo + boo +diFs +dx2) . do€{0,1}]. (25)

The GBFs F,; and F), | are given by
Fbol = 2x1X7 + 3x0(x1 +x2) +x0+x2+1+ % (d()xo +boxo + dxz) (26)

X0

Figure 1.
The graph of the GBF 2x,%x, + 3x0(x; + %,) + X + %, + x5 + 1.
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and

F/bol = 2%1X) + 39_C()(9_C1 +9_Cz) +Xx0+x+1 +% (doD_CO + boXo + EXQ), (27)

wherel = 0,1,2,3.

The codes corresponding to the sets of Boolean functions are listed below:
R O O R M R OO R OMOMOR O

w1w0a)la)3a)za)0a)owla)zwla)za)oa)3a)1w1a)2
1) w(Soeo) =

o'o’o'o'o’ 0’ o'’ v’ o' ol o’w?

o'0’ 00?0’ 0?0?00’ o' 0w’

= [0%(C?)  olw(C)]

(28)

where

o'o’o'o'v? 0’0’ o’

0 w1w0w1w3a)2w0w0w1
w(C°) =

o' 0?0 o0’ 0’ w?w’

oo’ ot} o’ v’ o’

o’ o'’ 0?0’ 0’ w0’ w0’ ? ? P w0’ »?

w2w1w1w3w2w00)30)00)10)00)00)20)10)30)20)3
2) w(Soo) =

o’ o'’ 0?0’ 0?0’ ? oot o’ v

o*o'o' 0’ oo o'’ 0’ w0} ote’ v’

=ltv(€) ()]

(29)

where

>0’ 0?0’ 0’

=0 oo’ 0’ v’ o'o® w?w?
C
W

>0 w?o? o' o'’ o’

o0’ 0’ w0’ 0t v’

oo’ oo’ w? 0?0’ 0?0’ o' 0’ 0’ ot o' w v?

a)la)o(ula)3a)2w0a)oa)la)oa)3a)oa)2wla)3a)3a)o
3) y(So) =

o'o?o'o'o’ 0’ v*o'o’ o' o’ 0’ v v oo’

oo’ o0}’ v’ 0?0’ ol P otow?

= [0"w(C°) @ (C?)]

(30)

o’ o'oto* 0’0?0’0’ v’ o? oo’ v’

0’3o 0’ w? ot o’ w® vrolwdwtw?
4) V/(S 01) =

w*o*o'o'o’ 0’ wlo’ v’ v’ o’ ololo’ v’

(31)
0)0(1)30)3601(1)2600603(00 (01(1)0 (UO (1)2603(010)0(1)1

= | (€) ()]
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oo’ ow} 0?0’ 0’ o'’ ol w? 0’ ol w?

oo’ oo v’ 0?0’ 0?0’ o v o’ oo ot e’

5 w(Sw) =

w1w0w1w3a)0w2w2w3a)2wla)za)0w1w3a)3a}0 (32)

L oo’ o' o' 0’ 0’ v’ o' v’ 3o’ o' vl o’ v’ ]

~ [0'w(C) ay(ch)

where
(1)1600 0)10)30)20)0 Cl)o a)1

oo’ wlo'o? o’ v’

oo’ o000’ o’

o'o’o'o' o’ 0’ v’

w(C') =

C w20t 0’ P’ olo’ v wlo w3’

o'’ 0’ 0’ ' v’ 0 w w?w? w0’ w?

6) y(S1w) =

o’ 0o o’ o' o'’ 0’ w3 o'o’w! (33)

| 00t v’’’ 0?0t ol oo’ ol ]

=|otv(€) 0w (C)

where

o'’ 0’ ol w’ o’

> 603600602602603(03600603

o'0’ 0’ 0?0?00’ v’

o’ 0’ 0?0’ 0o’ ot

C oo ol 0?0000 P’ w?o @33 wP

o'o? oo’ o’ 0?0’ 0?0’ o' 0’ 0’ 0ol w v?

7) w(Su) =

a)la)oa)la)3a)0a)2a)2a)3a)0a)3a)0a)2a)3a)1w1w2 (34)

| w'o? 0t o’ o’ 0o’ oo’ 0 w30 e o’ |

~ [0'(C) wp(c))

F 0P’ ot o’’’ 0ot oo

v*Po'o'o’* v’ o® 0?0’ v o’ oo’ 0’ v

8) 1/1(811) = .
o PP o' 0?0’ P’ w0’ 0’ P 0w’ v’ (35)

| 0?0t ool o’ v’ ol ol |

- () (@)
Theorvem 1 Let f be a GBF over m variables as defined in Lemma 1 and Lemma 2.
Suppose I°, I, ..., " aye a list of 2% 4 1 code groups defined by

10
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={I£:0<5<2} = {y(Spq) : d' €{0,1}"} (36)

and

P {2 0gs<2 = {y (§,4) : d {0,117}, (37)

which forms an IGC code set I(2k+p+1, 2841 gm mp),

Proof 2 Let W<de§) and y (de’z) be any two codes from a code group I'. Then the
ACCF ofz,u(defl) and l//(de/2> at the time shift n2" 7 + v (where 0<n <2, ne’,
0<7<2"P, z€Z)is

(S ) () )00 45

2k+1 -1 2w

Y Cly(Fu)s y(Fui)(r) X (T ) w44 )

=1

+1§%MNR¢WGM@—QMQ ﬁ o (T34 miegia— (T3 )
= C(w(C),y(C))(z )221 (1) mio— (T4 ) (38)

y/ )
+ C(I/I(Ct), l//(Ct»(T _ 2m—p) Z a)(F+2 ) rH,,H—(F—i—%dz).r,-

o

=AWw(C))() zw<r+z 1) o (P4 )

FAWC)r-20) 3, ot ()

For d} = d, = d', the ACCF given in Eq. (38) reduced to AACF as follows:

2m+k—p+1
3 ) (TH3dy ) xiy—(THdy ) 1 7=0,0<n<?
Ay (Spg)) (72" P 4+ 1) = = , <2 ,
WS40 = 0<lel <27,
0<n<2’.
(39)

For d} # d, the ACCF given in Eq. (38) can be expressed as

( 2m+k—p+1
XZZ ; a)(F+%d’1>~ri+,,—(F+%d’2)ri, t=0,0<n<2,
C(‘//(de;)ﬂ//(de;)) (2" 7 +17) =40, =07 =0,
0, O<|z]<2™7P,
L 0<n<2?.
(40)

The terms in Eqs. (39) and (40) are derived from the autocorrelation properties of

the CCy (C"). It is also observed that the codes from the same code group I' have ideal
auto- and cross-corvelation properties inside the ZCZ width 2" F . Similarly, we can

show that

11
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2m+k —p+1

_ 19\ .= _ 14’ \ .7
Xz_zil ﬂw(l"+7d2)~rl (F+2d1) Tity r=0,0<n<2?,

A (Spa)) 0277 +2) = 3 7 o< <mr, AV
0<n<2,
and for d; # d,,
ym-tk—p+1
><Eizizna)(r%d/z)'f"f(rﬂid/l)‘f"*’?, 7=0,0<n<2,
C(l//* (de/l),l//* (deé))(ﬂ2m7p+1): 0, t=0,n =0,
0, 0<|r] <2"7P,
0<n<2’.
(42)

From Eqs. (41) and (42), we get that the codes from the same code group T 24 have
ideal auto- and cross-correlation properties inside the ZCZ width 2" 7P
Now we show that the ACCFs between any two codes of any two different code groups

I" and I (0 <t1,t; < 2%) are zeros everywhere. Let w(Sbld/J e, W(szd’z) €I where

b, b, are binary vector representations of t1, t,, and dy, d, are any two binary vectors in
Z5. Then

C (l// (Sbld’1> W (szd;> ) (2" + 1)

ok+1_q p o ‘o
= Z C(l//(Fbll), l//(szl>(T) w(r+§d1)'ri+n*(r+7dz>.ri
1=0 i—1
k+1_q 2 —p—1 oy '
+ Z C(V/(Fbll): U/(szl)(f — 2m7p) Z Q)(r+7dl)'ri+n+1*(r+5d2)'ri
e = (43)

2 —p , /
= C(l//(ct), l//(Ct)) (1) w(r+%d1>'ri+q—(l"+%dz)-ri
i=1
2% —p-1 rald raig.
(€, p(C))(r =27 ) Y @) s (o)
i=1

=0 Vg7

Similarly, we can also show that the ACCFs between any two codes of any two
. g k .
diffevent code groups I* ™ and I* 72 (0 <t1,t, < 2%) are zeros everywhere, i.c.,

C (v (Svia ) (Spuay) ) 027 + 0
ok+1_q p) oy i
=3 Gl (R (Foy) () Z 0T (r8)
=0 h

=1

Jk+1_q p | e .
+ 2 Cly= (F{nl)’ Yo (Fiazl) (z=2"7) ¥ a)(FJridZ)'ri_(r+id1)‘ri+n+1
=0 i=1 (44)

2% _—p—1
=y (€ (€7) ) (e 27 m) 3 ) no (i)
i=1

el () (€ b
i=1

=0 Vg7
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The results in Eqs. (43) and (44) are obtained by using the ideal cross-correlation
properties of CCCs. To complete the proof, now we only need to show that the ACCFs
of any code from I' and [ (u, veZ, 1<u, v< 2" ) are zeros everywhere. In this
case, t, and t, are any two integers in [O, 2k ) and may or may not be equal. Let

p k . .
w(Sp,ay €I w* (Sp,q,) €I 2 where by, b, are binary vector representations of
tu> Ly, vespectively. Then

O (Sua ) (Swa) J 2 +3)
2k+1_1 »_ / /
— C(l// k (Fib l)’ l// sk (F;) l) (T) an(r+%d1)'ri+n*(r+%dz>.1‘,‘
50 ' ' i=1
Jk+1_q »_y , /
+ 2 Cly= (Fi)ﬂ): Wk (Fpy)(7) X0 (T ) xipy = (THdy )
=0 = (45)

22X —pn—1 ’ )
= C(y  (C*),p % (C*))(z —2"7) Y (T +d)) 1y — (T4, ) 1,
i=1

- 2—n-1 , )
+ 0y (C)yx (C) ) (e —277) 3 i) (reidy)
=1

=0 V7.

The above vesult is also obtained by using the ideal cross-correlation properties
of CCCs. From Egs. (39)-(45), we observed that the AACFs and ACCFs of the codes
of the same group ave zeros inside the ZCZ width 2" 7 and the ACCFs of the codes
from different code groups are zeros everywhere. Hence, we can conclude that
I 1, ... """ form an IGC code set 1(2*7+1,2%+1 27 om-p),

Example 2 Let f be a GBF of four variables as given in Example 1.

Then the obtained IGC code set 1(8,4,16,8) corresponding to the GBF f is given
below:

Code group 1:

1§ = w(Soo)

[ 0)10)20)1(1)1(1)2602(1)0 w3a)2w3w2w2w3a)3w1a}0 ]

o'o’o'0* 0?0’ 0’ '’ o' 0?0’ ool olw?

o'w?o'o'ow’ 0’ v o' w0’ olot e’ o’

| vl ol v’ ol v’ o’ olo* o’ |

I? = y(So1)

oo’ w'o'o? 0?0’ * 0’ o' o’ 0’ ool o’ v’

(46)

o'o’0'w 0?0’ 0’ o' o’ w0’ 0?0t w’ o 0’

oo’ oo’ 0’ v’ oo’ oo’ v’ v olo’

L o'o’ o' 0’ 0?0 P o’ 0?0’ ol o'w? ]
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Code group 2:

Iy = y(S1o)

0)10)00)10)3(02(000)00)10)20)10)20)0(03601(01602 1

oo’ oo’ 0?0’ 0w’ o’ v * oo ot

o'’ o'’ o’ w? 0?0t 0?0’ w0 v’

1211002 1 2.3 2 2 1.1 3 72

| W WTWTWWT W WTWOTOTW W W W W W |

I = w(Sn)

Code group 3:

N2 CEONONOMOMONONOMONOMOMOMOMONONS

w1w0w1w3w2w0w0 w1w0w3a)0w2w1w3w3w0

o'o?o'o' o 0?0’ 0® 0’ 0w’ 0’ oo v’ v?

oo’ o0} o’ 0?0?00’ o’ v} otow?

12110021010 .0 3.3 .10

15 =" (Soo)

OO OO OO O OOV O

0’000’ 0’ P’ w0’ w00l ot

0?00?00’ w30’ o’ v’ otw’ ol

0’0’ w'o'o? o'’ o'’ ? v} v’ o’

2.3.3.1.0. 2 3 230,021 0.3

=y (So)

Code group 4:

w2w1w3w3w2w2w1w2w1woa)za)za)la)la)o a)l

o.1.1.3.0.2.3 72 3.0 0. 2 3.1 721

W OO0 O O WwW Ww

2.1.3.3 003 .0.1.0_72 72 3 372 3

WO WWwTw O W WTOTww W

o,1.1.3 2 0.1.0. .3 .0.,0., 2.1 3 .0 3

W WOWOOTWOTW WO W WwWwWwwwW

L= w’ (310)

[ w0’ o v’ o 0’ o’w’0° o w’ v 0w
O WO wOw O Wwowwww
A "W WWWWTOTWTWW W WTW W W W

W WOWOTOTwTOTw OO WwwwTO"w |

2.3.3. 1.2 0 1.0 .3 0.0 2 31 2 17
o3.11.0..0.3 010 72 72 1.1 .0, 1
2.3.3.1.0. 2 3 2 3. 0,0 213 0.3

o3 112212 1.0.2 72 3 3 23

L= w’ (§11)

14

'w0113023230023121'

WO W W OO W WOWWOTOW W W W
O WOWOOOTWOO WO WwOTwWwwwW

L O W W WO W OTW 00w WTwTwTwTw W |

WO OO0 O OTw W ww

2.1.3.3 2.2 1.2 1.0, 2 2 1.1 0,1
o.1.1..3.2 0.1 0.3 .0 0.2 1.3 0.3

213 3.0.0.3 .01 .0 2 2 33 23

(47)

(48)

(49)
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Figure 2.
Correlation plots of 1(8, 4,16, 8).

The correlation properties of I (8, 4, 16, 8) are described in Figure 2 where
Figure 2a presents the absolute value of AACF sum of each code in I(8, 4,16, 8),
Figure 2b shows absolute value of ACCF sum between any two distinct codes from
the same code group, and Figure 2c presents the absolute value of ACCF sum
between any two distinct codes from different code groups.

4. Summary

In this chapter, we have presented a direct construction of IGC code set by
using second-order GBFs. The AACF sidelobes of the codes of constructed IGC code
set are zeros within ZCZ width, and the ACCFs of any two different codes of the
same code group are zeros inside the ZCZ width, whereas the ACCFs of any two
different codes from two different code groups are zeros everywhere. We have
shown that there is a relation between our proposed construction and graph. The
ZCZ width of the proposed IGC code set depends on the number of isolated vertices
present in a graph after the deletion of some vertices. We also have shown that
the ZCZ width of the proposed IGC code set by our construction is flexible and it
can extend their applications. It is observed that most of the constructions given
in literature are based on CCCs, whereas our construction can produce IGC code
set directly.
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