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Chapter

Magnetic Solitons in Optical
Lattice
Xing-Dong Zhao

Abstract

In this chapter, we discuss the magnetic solitons achieved in atomic spinor Bose-
Einstein condensates (BECs) confined within optical lattice. Spinor BECs at each
lattice site behave like spin magnets and can interact with each other through the
static magnetic dipole-dipole interaction (MDDI), due to which the magnetic soli-
ton may exist in blue-detuned optical lattice. By imposing an external laser field into
the lattice or loading atoms in a red-detuned optical lattice, the light-induced
dipole-dipole interaction (LDDI) can produce new magnetic solitons. The long-
range couplings induced by the MDDI and ODDI play a dominant role in the spin
dynamics in an optical lattice. Compared with spin chain in solid material, the
nearest-neighbor approximation, next-nearest-neighbor approximation, and
long-range case are discussed, respectively.

Keywords: spinor Bose-Einstein condensates, spin wave, optical lattice,
magnetic soliton

1. Introduction

Soliton can be classified into different species, such as matter-wave soliton,
magnetic soliton, optical soliton, and so on [1, 2]. The magnetic solitons, which
describe the localized magnetization, are very important excitations in the Heisen-
berg spin chain in solid system in condensed matter [3]. Because of the defect and
impurity in solid material, it is difficult to perform experimental observation and
manipulation in these systems. In addition, magnetic solitons originate from the
Heisenberg-like short-range exchange interaction between electrons in solid state
systems, so the theoretical models and treatment are limited to only the approxi-
mation of nearest-neighbor interaction, it is disadvantageous to the study of
long-range interaction-induced dynamics.

On the other hand, the spinor ultracold atoms in an optical lattice offer a pure
and well-controlled platform to study spin dynamics. If the lattice trapping atoms is
deep enough, the spinor atoms undergo a ferromagnetic-like phase transition that
leads to a macroscopic magnetization of the condensates array; then, the individual
sites become independent with each other. Spinor BECs at each lattice site behave
like spin magnets and can interact with each other through the static MDDI, which
can cause the ferromagnetic phase transition and the spin wave excitation. It is
atomic spin chain in optical lattice [4–7]. By tuning the system parameters, mag-
netic soliton can be produced; however a key difference of the atomic spin chain
from solid-state one is that we are facing a completely new spin system in which the
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long-range nonlinear interactions play a dominant role. To demonstrate the high
controllability, an external laser can be imposed into the lattice and induce light-
induced dipole-dipole interaction (LDDI) to produce newmagnetic solitons. In fact,
the LDDI can be induced by loading the atoms in a red-detuned optical lattice as
used in [5]. However, the method used here has good feasibility, and some novel
physical phenomena can be observed.

In order to make comparison with the Heisenberg spin chain, we used the
nearest-neighbor approximation and the next-nearest-neighbor approximation in
our discussion. In addition, the two approximations are effective and reasonable
with some appropriate parameters chosen in experiments.

In this chapter, we are going to be seeing howmagnetic soliton in atomic spin chain
is, which will be theoretically described. We first discuss the formation of atomic spin
chain in optical lattice in Section 2. Then we shift our focus to the condition for
magnetic soliton in Section 3. Section 4 presents the conclusion and outlook.

2. Atomic spin chain

2.1 Atomic spin chain with magnetic dipole: dipole interaction

The spinor BECs can be trapped within one-, two-, and three-dimensional opti-
cal lattices with different experimental techniques; however, we only take one-
dimensional case as an example. As depicted in Figure 1, the atomic gases with
F ¼ 1 are trapped in a one-dimensional optical lattice, which is formed by two
π-polarized laser beams counter-propagating along the y-axis. The light-induced
lattice potential takes the form:

VL rð Þ ¼ UL exp �r⊥
2=WL

2
� �

cos 2 kLyð Þ (1)

where r⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ z2
p

, kL ¼ 2π=λL is the wave number, WL the width of the

lattice beams, and the potential depth UL ¼ ℏ Ωj j2=6Δ with Ω being the Rabi
frequency and Δ being laser detuning.

It has been theoretically and experimentally demonstrated that the condensate
trapped in optical lattice undergoes a superfluid-Mott-insulator transition as the
depth of the lattice wells is increased. If the lattice potential is deep enough, the
condensate is divided into a set of separated small condensates equally located at
each lattice site, which forms the atomic chain. The condensate localized in each
lattice site is approximately in its electronic ground state, while the two lattice laser
beams are detuned far from atomic resonance frequency, and the laser detuning

Figure 1.
Schematic diagram of spinor BECs confined in a one-dimensional optical lattice. A strong static magnetic field
B is applied to polarize the ground-state spin orientations of the atomic chain along the quantized z-axis.
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is defined as Δ ¼ ωL � ωa, ωL being laser frequency and ωa atomic resonant
frequency. We classify the optical lattice into two categories: red-detuned optical
lattice (Δ,0) and blue-detuned one Δ.0. For the former, the condensed atoms
are trapped at the standing wave nodes where the laser intensity is approximately
zero; the light-induced interactions are neglected in this case. In order to realize
ferromagnetic phase transition, a strong static magnetic field B is applied to polarize
the ground-state spin orientations of the atomic chain along the quantized z-axis.
The Hamiltonian including the long-range MDDI between different lattice sites
takes the following form [7–9]:

HM ¼ ∑
m

ð

dr ψ̂ †
m � ℏ

2

2M
∇2 þ VL

� �

ψ̂m

� �

þ ∑
m,m0, n,n0

ð

dr

ð

dr0ψ̂ †
mψ̂

†

m0 ψ̂ n0 ψ̂ nV
col
mm0n0n r; r0ð Þ

�

þ 1

2

ð

dr

ð

dr0ψ̂ †
mψ̂

†

m0 ψ̂ n0 ψ̂ nV1 r; r0ð ÞF̂mn � F̂m0n0

� 1

2

ð

dr

ð

dr0ψ̂ †
mψ̂

†

m0 ψ̂ n0 ψ̂ nV2 r; r0ð Þ � F̂mn � r� r0ð ÞF̂m0n0 � r� r0ð Þ
�

þ ∑
m, n

ð

dr ψ̂ †
m �μ � Bð Þmnψ̂ n

(2)

where ψ̂m r; tð Þ m ¼ �1;0ð Þ are the hyperfine ground-state atomic field operators.

The total angular momentum operator F̂ for the hyperfine spin of an atom has compo-

nents represented by 3� 3 matrices in the f ¼ 1;mf ¼ m
	

	




subspace. The final term in

Eq. (2) represents the effect of polarizingmagnetic field, and μ is magnetic dipole
moment. The interaction potential includes the two-body ground-state collisions and
themagnetic dipole-dipole interactions, which can be described by the potentials:

Vcol
mm0n0n r; r0ð Þ ¼ λsδm0n0δmn þ λaF̂mn � F̂m0n0

� �

δ r� r0ð Þ, (3)

V1 r; r0ð Þ ¼ μ0γB
2

4π

1

r� r0j j3
, (4)

V2 r; r0ð Þ ¼ 3μ0γB
2

4π

1

r� r0j j5
: (5)

In collision interaction potential in Eq. (3), λs and λa are related to the s-wave
scattering length for the spin-dependent interatomic collisions. In the magnetic
dipole-dipole interaction potential Eqs. (4) and (5), μ0 is the vacuum permeability;
the parameter γB ¼ �μB gF is the gyromagnetic ratio with μB being the Bohr mag-
neton and gF the Landé g factor.

Under tight-binding condition and single-mode approximation, the spatial wave
function ϕm rð Þ of the m-th condensate is then determined by the Gross-Pitaevskii
(GP) equation [5]:

� ℏ
2

2M
∇2 þ Vm rð Þ þ λs Nm � 1ð Þ ϕm rð Þj j2

 �

ϕm rð Þ ¼ μmϕm rð Þ, (6)

with

Vm rð Þ ¼ UL exp �rL
2=W2

� �

cos 2 kLyþmπð Þ,0, y, λL=2, (7)
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and Nm is the number of condensed atoms at the m-th site; μm is the chemical
potential. In this case, the individual condensate confined in each lattice behaves as
spin magnets in the presence of external magnetic fields; such spin magnets form a
1D coherent spin chain with an effective Hamiltonian [5, 6]:

Hm ¼ ∑
m

λa
0Ŝ

2

m � γBŜm � B� ∑
n 6¼m

Jmag
mn ŜmŜn

 !

, (8)

where we have defined collective spin operators Ŝm with components Ŝ
x;y;zf g
m and

λ0a ¼
1

2
λa

ð

dr ϕm rð Þj j4: (9)

The parameter Jmag
mn describes the strength of the site-to-site spin coupling

induced by the static MDDI. It takes the form:

Jmag
mn ¼ μ0γB

2

16πℏ2

ð

dr

ð

dr0
R1

r0j j5
ϕm rð Þj j2 ϕn r� r0ð Þj j2, (10)

where μ0 is the vacuum permeability, R1 ¼ r0j j2 � 3y
02. It will be seen from this

that the MDDI is determined by many parameters; however, we need to choose a
parameter which is easy controllable in the experiment. The realistic interaction
strengths of the MDDI and LDDI coupling coefficients have been calculated in ref.
[4], in which we find the dependency of the transverse width.

Here, we only consider the ferromagnetic condensates where the spins of atoms
at each lattice site align up along the direction of the applied magnetic field (the
quantized z-axis) in the ground state of the ferromagnetic spin chain. Because of the
Bose-enhancement effect, the spins are very large in these systems. As a result, at
low temperature the spins can be treated approximately as classical vectors, and we

can replace Ŝn with its average value Sn [1]. From the Hamiltonian (8), we can

derive the Heisenberg equation of motion for operator S�
n ¼ S x

n � iS y
n i2 ¼ �1
� �

(normalized by ℏ):

i
dSþ

n

dt
¼ γBBzS

þ
n þ ∑

j 6¼n

2J
mag
nj S z

j S
þ
n � S z

nS
þ
j

� �

: (11)

Equation (11) determines the existence and the propagation of spin waves. From
this equation, we can obtain the existence and dynamical evolving of the nonlinear
magnetic soliton. In Sec.3, we attempt to show the long-range and controllable
characteristics of MDDI and find how this long-range nonlinear dipole-dipole
interaction affects the generation of the magnetic soliton. If the static magnetic field
B is strong enough, we have:

S z
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S2 � Sþ
n S

�
n

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S2 � Sþ
n S

þ
n

q

: (12)

2.2 Atomic spin chain with light-induced dipole-dipole interaction

In fact, the site-to-site interaction can also be tuned by laser field, and the
exchange interaction induced by the laser fields also plays an important role in
atomic spin chain in optical lattice. We consider that an external modulational laser
field is imposed into the system along the y-axis. This external laser field is properly
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chosen so that a new dipole-dipole interaction will be introduced into the system,
i.e., the so-called LDDI. Its Hamiltonian takes the form [10]:

Hopt ¼ ∑
m

∑
n6¼m

Joptmn Ŝ
�
mŜ

þ
n þ Sþ

mS
�
n

� �

: (13)

Here, the coefficient Joptmn describes the site-to-site spin coupling induced by the
LDDI, which has the concrete form:

Joptmn ¼
Q

144ℏk3L

ð

dr

ð

dr0f c r
0ð Þ exp � R2

W2
L

� �

� cos kLyð Þ cos kL y� y0ð Þ½ �eþ1 �W r0ð Þ � e�1 � ϕm rð Þj j2 ϕn r� r0ð Þj j2:
(14)

In above integral we define Q ¼ γ Ω1j j2=Δ2
1 to describe the magnitude of the

LDDI; here γ is the spontaneous emission rate of the atoms, and Ω1 is the Rabi
frequency; Δ1 is the optical detuning for the induced atomic transition. A cutoff
function f c rð Þ ¼ exp �r=Lcð Þ is introduced to describe the effective interaction

range of the LDDI, Lc being the coherence length. R2 ¼ r⊥
2 þ r⊥ � r⊥

0j j2 with the

transverse coordinate r⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ z2
p

. The unit vectors have the form:

e0 ¼ ez, (15)

e�1 ¼ ∓ ex � iey
� �

, (16)

and eα α ¼ x; y; zð Þ which are the usual geocentric Cartesian frame. The tensor
W rð Þ describes the spatial profile of the LDDI and has the form:

W rð Þ ¼ 3

4
1� 3 cos 2θ
� � sin ξ

ξ2
þ cos ξ

ξ3

� �

� sin 2θ
cos ξ

ξ

 �

, (17)

where we define ξ ¼ kL r� r0j j, and θ is the angle between the dipole moment
and the relative coordinate r� r0. Being different from MDDI in Eq. (8), it shows
that the LDDI in this system leads to the spin coupling only in the transverse
direction, i.e., the direction perpendicular to the external magnetic field, as shown
in Eq. (13). The total Hamiltonian of the system can be written as [10].

Figure 2.
The spin coupling coefficients Jzmn ¼ Jmag

mn and Jij as a function of the lattice site index for different transverse

widths of the condensate in the MDDI and LDDI dominating optical lattice [4].
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H ¼ Hm þHopt: (18)

Function (11) now has the form:

i
dϕn

dt
¼ γBBzϕn þ ∑

j¼n�1
2SJ

mag
nj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ϕj

	

	

	

	

	

	

2
r

ϕn þ ∑
j¼n�1

4SJnj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ϕnj j2
q

ϕj: (19)

The interaction coefficient Jij satisfies Jij ¼ J
opt
ij þ 1

2 J
mag
ij .

Figure 2 shows the two spin coupling coefficients varying with the lattice sites
and the transverse width of the condensate. It is clear that the spin coupling coeffi-
cients are sensitive to the variation of the transverse widthW of the condensate and
exhibit the similar long-range behavior.

3. Magnetic soliton in atomic spin chain

3.1 Magnetic soliton under the MDDI

To confirm that the magnetic soliton can be formed in this system, we first
consider the case that other interactions between spins are absent in this section.
Namely if the solitons indeed exist, they can be generated by the MDDI alone

Jij ¼ J
mag
ij =2. In the usual way, we set:

S�n ¼ S�n =S, (20)

S z
n ¼ S z

n=S, (21)

here S is the magnitude of spin for site n and only depends on the number of
atoms trapped in each site. Under the external magnetic field B considered here, we
make an assumption that the spin deviation from the quantized z-axis is consider-
able, which is reasonable when the number of atoms trapped in each site is large; it
is achievable according to present experiments. We also assume that the magnitude
of the spin deviation sn will extend over a large number of lattice sites and vary
slowly with site index n. Considering the spatial symmetry, we introduce a stag-
gered variable:

ϕn ¼ �1ð Þnsþn , (22)

where ϕn is complex; to find the existence conditions of the magnetic soliton
modes, we need firstly to get the nonlinear Schrödinger equation (NLSE) for ϕn in
continuum form, which is expected to be qualitatively correct for solitons in
discrete limit.

3.1.1 Nearest-neighbor approximation with the MDDI

Here we firstly consider only the nearest-neighbor (NN) interactions. In other
words, we assume that the on-site spin couples only to the spins at its two neigh-
boring sites, and the longer range couplings are artificially cut off. In above
equation, for small retortion from the ground state, we have:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ϕj

	

	

	

	

	

	

2
r

≈ 1� 1

2
ϕj

	

	

	

	

	

	

2
: (23)
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Using the slow varying envelope approximation or long-wavelength limit, we have:

d2ϕ y; tð Þ
dy2

	

	

	

	

	

y¼yn

≈
ϕnþ1 þ ϕn�1 � 2ϕn

a2
: (24)

where a is the lattice constant. Then we can obtain the continuum limit NLSE for
ϕ y; tð Þ, namely

i
dϕ

dt
¼ 2 SJ

mag
01 a2

d2ϕ

dy2
þ βϕ� 4SJ

mag
01 ϕj j2ϕ, (25)

where a ¼ λL=2 is the lattice spacing between two adjacent sites, with λL being

the wave length of the lattice laser beams, and the coefficient β ¼ γBBz þ 8SJ
mag
01 .

This NLSE is integrable, and it has bright soliton solution if the effects of dispersion
and nonlinearity can cancel each other. In other words, the condition for Eq. (25) to
have one bright soliton solution is that the coefficient of the second-order spatial
derivative term and the coefficient of the cubic nonlinear term are of the same sign
[11]. The criterion for the existence of solitons requires:

f Wð Þ ¼ �8S2a2J
mag
01 2.0: (26)

Since the spin coupling parameter J
mag
01 is positive, this condition cannot be

satisfied, that is to say, there is no one soliton solution in atomic spin chain under
the NN approximation. It drives us to in-depth consideration; we should consider
more complex interactions, i.e., more site-to-site interactions would be considered.

3.1.2 Next-nearest-neighbor approximation with the MDDI

Even though the long-range effect of the dipole-dipole interaction is obvious, in
this section, we consider a case slightly beyond the NN approximation, i.e., the
next-nearest-neighbor (NNN) approximation, which is used in some solid-state
systems. Under this approximation, each on-site spin is coupled to the four near-
neighbor spins, two on its right side and the other two on its left side, respectively.
In this case, we set:

αj ¼ J
mag
0j =J01, (27)

A2 ¼ J02=J01, (28)

η ¼ γBBz þ 4S J
mag
01 þ 2J01 þ J

mag
02 � 2J02

� �

: (29)

Additionally, the second-order spatial derivative is introduced:

d2ϕ y; tð Þ
dy2

	

	

	

	

	

y¼yn

≈
ϕnþ2 þ ϕn�2 � 2ϕn

2að Þ2
: (30)

Then, we can easily get:

i
dϕ y; tð Þ

dt
¼ 4SJ01 1� 4A2ð Þa2 d

2
ϕ y; tð Þ
dy2

þ ηϕ y; tð Þ

� 2SJ01 α1 þ A2α2 þ 2� 2A2ð Þ ϕ y; tð Þj j2ϕ y; tð Þ,
(31)
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where

η ¼ γBBz þ 4S J
mag
01 þ 2J01 þ J

mag
02 � 2J02

� �

: (32)

Because the LDDI is absent in this case, we have:

J
opt
01 ¼ 0, (33)

J01 ¼
1

2
J
mag
01 , (34)

α1 ¼ α2 ¼ 2: (35)

Then, Eq. (31) can be rewritten as [10]:

i
dϕ y; tð Þ

dt
¼ 2 SJ

mag
01 1� 4A2ð Þa2 d

2
ϕ y; tð Þ
dy2

þ ηϕ y; tð Þ � 4SJ
mag
01 ϕ y; tð Þj j2ϕ y; tð Þ,

(36)

where η ¼ γBBz þ 8SJ
mag
01 . For two adjacent sites, A2 ¼ J

mag
02 =J

mag
01 measures the

relative strength of the NNN spin coupling to the NN spin coupling. The condition
for Eq. (36) to have one soliton solution is

f Wð Þ ¼ �8S2a2J
mag
01 2 1� 4A2ð Þ.0; (37)

we have A2.0:25. From the definition of A2, we can rewrite the condition as
0:25,A2, 1, which agrees with the instability condition of the extended nonlinear
band edge spin wave modes in the linear stability analysis in Ref. [4]. It means that
one soliton solution can exist in atomic spin chain after the NNN interactions
between spins are considered. To a certain extent, this result is very useful because
the NNN approximation is good enough to describe this system under appropriate
parameters and it provides us an opportunity to make comparison between the
atomic spin chain and Heisenberg spin chain.

3.1.3 Long-range case with the MDDI

To study the effects of the long-range spin coupling on the nonlinear spin
wave dynamics, we need consider the spin coupling at all sites through the whole
optical lattice, though the MDDI decreases rapidly in some cases. We firstly use
Eq. (22) to rewrite the nonlinear motion equation of ϕn as

i
dϕn

dt
¼ γBBz þ ∑

j 6¼n

2SJ
mag
nj

" #

ϕn � ∑
j 6¼n

SJznj ϕj

	

	

	

	

	

	

2
ϕn

� ∑
j 6¼n

4SJnjϕj �1ð Þj�n þ ∑
j 6¼n

2SJnj ϕnj j2ϕj �1ð Þj�n:

(38)

Then we set:

ϕn ! ϕ y; tð Þ, (39)

J
mag
nj ! Jmag y� y0ð Þ, (40)

Jnj ! J y� y0ð Þ, (41)
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γBBz þ ∑
j 6¼n

2 SJ
mag
nj ! ω yð Þ: (42)

Considering the discreteness of the optical lattice, we can treat the symbolic
terms as below:

�1ð Þ j�n ¼ cos j� nð Þπ½ � ¼ cos
2π

λL
y� y0ð Þ

 �

: (43)

After changing the sum to integration, Eq. (38) becomes:

i
dϕ y; tð Þ

dt
¼ ω yð Þϕ y; tð Þ � 2S

λL
ϕ y; tð Þ

ð∞

�∞
Jmag y� y0ð Þϕ2 y0; tð Þdy0

� 8S

λL

ð∞

�∞
J y� y0ð Þϕ y0; tð Þ cos 2π

λL
y� y0ð Þ

 �

dy0

þ 4S

λL
ϕ2 y; tð Þ

ð∞

�∞
J y� y0ð Þϕ y0; tð Þ cos 2π

λL
y� y0ð Þ

 �

dy0:

(44)

Denoting y� y0 ¼ ξ, the ϕ y0; tð Þ can be expanded as:

ϕ y0; tð Þ ¼ ϕ y; tð Þ þ ∂ϕ y; tð Þ
∂y

ξþ 1

2!

∂
2ϕ y; tð Þ
∂y2

ξ2 þ…: (45)

Taking above series into Eq. (44), the integration variable is changed, i.e.,

dy0 ! �dξ, and using the assumption ∂ϕ y; tð Þ=∂y≪ 1, finally we get [10]:

i
dϕ y; tð Þ

dt
¼ �2β1

∂
2ϕ y; tð Þ
∂y2

þ ω yð Þ � 4β0½ �ϕ y; tð Þ

þ 2β0 � γð Þ ϕ y; tð Þj j2ϕ y; tð Þ,
(46)

where we have used Jij ¼ 1
2 J

mag
ij , and the coefficients are defined as below:

βn ¼
S

λL

ð∞

�∞
Jmag ξð Þξ2n cos 2π

λL
ξ

� �

dξ, n ¼ 0, 1, (47)

γ ¼ 2S

λL

ð∞

�∞
Jmag ξð Þdξ: (48)

The condition for Eq. (46) to have envelope soliton solution is

f Wð Þ ¼ �2β1 2β0 � γð Þ.0: (49)

From the definitions of βn and γ, we can easily get 2β0, γ. Then Eq. (49)
reduces to β1.0, i.e.,

ð

Jmag ξð Þξ2 cos 2π

λL
ξ

� �

dξ.0: (50)

This result is consistent with the instability condition of modulational instability
of nonlinear coherent spin wave modes near the Brillouin zone boundary under the
long-wavelength modulation [4]. There, the modulational instability criteria take
the corresponding discrete form:

1� 4A2 þ 9A3 � 16A4 þ…,0, (51)
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where Aj ¼ J
mag
0j =J

mag
01 ( j ¼ 2, 3…) is the relative strength of the longitudinal spin

coupling of site j to that of NN.
The function f Wð Þ versus the transverse widthW of the condensate is plotted in

Figure 3 for three different approximations. f Wð Þ ¼ 0 marked in dashed line in
Figure 3 characterize critical value, above which the magnetic solitons can occur. It
is clear that the NN approximation and the NNN approximation take effect for a
small transverse width.

3.2 Magnetic soliton under the LDDI

When we choose red-detuned optical lattice or an external modulational laser
field is imposed into the system, both the static MDDI and the laser-induced LDDI
begin to take effect on the dynamics of the soliton excitation, and the criterion for
the existence of solitons could be changed. Here we also consider three interaction
distances as doing in Section 3.1.

3.2.1 Nearest-neighbor approximation with the LDDI

In this case, we can obtain the continuum limit NLSE for ϕ y; tð Þ with the form:

i
dϕ y; tð Þ

dt
¼ 4SJ01a

2 d
2
ϕ y; tð Þ
dy2

þ γBBz þ 4SJ
mag
01 þ 8SJ01

� �

ϕ y; tð Þ

� 2S J
mag
01 þ 2J01

� �

ϕ y; tð Þj j2ϕ y; tð Þ:
(52)

The existence condition of magnetic soliton now has the form

f Wð Þ ¼ �8S2a2J01 J
mag
01 þ 2J01

� �

.0: (53)

Obviously, magnetic soliton can be observed in this case, which is different from
the case where only the MDDI plays role.

Figure 3.
The existence conditions for magnetic solitons in atomic spin chain dominated by the MDDI. The three lines
correspond to the NN approximation (blue), the NNN approximation (green), and the long-range case,
respectively. The critical value of the transverse width is W1 and W2 [10].
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3.2.2 Next-nearest-neighbor approximation with the LDDI

In this case, the NLSE for ϕ y; tð Þ has the form:

i
dϕ y; tð Þ

dt
¼ 4SJ01 1� 4A2ð Þ d

2
ϕ y; tð Þ
dy2

a2 þ ηϕ y; tð Þ

� 4SJ01 1� 4A2ð Þ ϕ y; tð Þj j2ϕ y; tð Þ:
(54)

We assume that the intensity of the external laser is strong enough which

corresponds to strong LDDI; then the terms like J
mag
0j =J0j have been ignored. So for

two adjacent sites, A2 ¼ J02=J01 measures the relative strength of the NNN spin
coupling to the NN spin coupling. The condition for Eq. (54) to have one soliton
solution is

f Wð Þ ¼ �16S2J201 1� 4A2ð Þ 1� A2ð Þ.0: (55)

3.2.3 Long-range case with the LDDI

In fact, once the external laser is imposed into the lattice, the LDDI dominates
the system rapidly; the NLSE now takes the form [10]:

i
dϕ y; tð Þ

dt
¼ �2β1

∂
2ϕ y; tð Þ
∂y2

þ ω yð Þ � 4β0½ �ϕ y; tð Þ

þ 2β0 � γð Þ ϕ y; tð Þj j2ϕ y; tð Þ,
(56)

where the coefficients are defined as below:

βn ¼
2S

λL

ð∞

�∞

J ξð Þξ2n cos 2π

λL
ξ

� �

dξ, n ¼ 0, 1, (57)

γ ¼ 2S

λL

ð∞

�∞
Jmag ξð Þdξ: (58)

The value of βn depends on both the MDDI and the LDDI. When a strong
enough external modulated laser is imposed into the system, we have Jmag ξð Þ≪ J ξð Þ,
which corresponds to γ≪ 2β0. Thus the existence criteria of one soliton solution of
Eq. (56) becomes β1β0,0, namely

f Wð Þ ¼
ð

J ξð Þξ2 cos 2π

λL
ξ

� �

dξ

ð

J ξð Þ cos 2π

λL
ξ

� �

dξ,0 (59)

Similarly, Eq. (59) is consistent with the corresponding discrete form of MI
condition of NCSW modes near the Brillouin zone boundary under the long-
wavelength modulation [4]:

1� 4A2 þ 9A3 � 16A4 þ…ð Þ 1� A2 þ A3 � A4 þ…ð Þ,0, (60)

where Aj ¼ J0j=J01 ( j ¼ 2, 3…) is the relative strength of the transverse spin

coupling of site j to that of NN.
We plot the existence regions of magnetic solitons in atomic spin chain domi-

nated by the LDDI in Figure 4. The longitudinal coordinates stand for the intensity
of the modulated laser. It is clear that the magnetic soliton can be achieved by
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tuning the transverse width and the modulated laser, which demonstrates the
high controllability of optical lattice.

4. Conclusion

In this chapter, we have shown the existence conditions of magnetic solitons that
can occur in optical lattice. Compared to the more conventional solid-state magnetic
materials, we discuss how the NN, the NNN, and the long-range interactions (the
MDDI and LDDI) dominate the system. We also show that they can be tuned by
the laser parameters and the shape of the condensate including the laser detuning,
the laser intensity, and the transverse width of the condensate.

Besides studying the magnetic solitons, the atomic spin chain in optical lattice
provides us with a useful tool to study the fundamental static and dynamic aspects
of magnetism and lattice dynamics [12–14]. In experimental applications, the
atomic spin chain has become potential candidates for multi-bit quantum compu-
tation due to their long coherence and controllability [13, 15–17]. The theoretical
study of magnetic solitons in optical lattices will play a guiding role when the optical
lattice is used in cold atomic physics, condensed matter physics, and quantum
information.
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Figure 4.
The existence regions of magnetic solitons under the NNN approximation (a) and the long-range case
(b) in atomic spin chain dominated by the LDDI, respectively. The critical value of the transverse width is
Wa and Wb. The blank regions correspond to the existence of solitons for both cases [10].
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