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Chapter

Two Systems of Maxwell’s
Equations and Two Corresponding
Systems of Wave Equations in a
Rotating Dielectric Medium

Evgeny A. Bondarenko

Abstract

In this chapter, on the base of two basic systems of Maxwell’s equations for

electromagnetic field vectors EandBina uniformly rotating dielectric medium, the
two corresponding systems of wave equations have been derived (to the first order
in an angular velocity €2). From their comparative analysis, it can be seen that the
structure of the wave equations for electromagnetic field vectors in the first system
is asymmetrical with respect to Q, while the structure of such equations in the
second one is symmetrical. On this basis, it can be concluded that if the principle of
symmetry is accepted as a criterion for selection, then second system of wave
equations (and, therefore, corresponding the second set of Maxwell’s equations) for

vectors E and B may be preferred.

Keywords: Maxwell’s equations, wave equations, Sagnac effect, fiber-optic gyro,
ring laser gyro

1. Introduction

In order to develop the theory of fiber-optic gyro (or, e.g., ring laser gyro with
resonator containing a dielectric medium with index of refraction 7), one needs to
have a system of Maxwell’s equations and corresponding system of wave equations

for electromagnetic field vectors E and B which are written in a frame of reference
which uniformly rotates in an inertial frame with angular velocity Q (Q = ‘ Q ‘).

Since the module v of vector ¥=Q x 7 of a tangential velocity of such rotating
device is much smaller than the speed of light, it is sufficient for these systems to be
linear in v or, equivalently, in Q.

From the literature, it can be seen that there are mainly two basic systems of

Maxwell’s equations for electromagnetic field vectors E and B derived from the first
principles and written for the case of a uniformly rotating dielectric medium. These
two systems of equations are in good agreement with the experiments conducted

for ring optical interferometers, fiber-optic gyros, and ring laser gyros containing in
their arms the gas discharge tubes with Brewster’s windows. Both systems are based
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on the Galilean description of rotation: x = x° cos Q% + % sin Qt%,y = —x° sin Q%+
90 cos Q1 z =2t =10 (superscript 0’ refers to the inertial frame).

In the absence of free charges and currents, the first system, which was first
obtained in work [1] from the formalism of the theory of general relativity, may be
written in the form (we keep the terms only up to first order in Q):

VxE+22 =0, 1
X +at (@)
V - B= 0, )
Vx(B—C—zvxE)—C—&@ E—va>_O, (3)
— — 1% —
n

and the second one, which was first obtained in work [2] on the base of the use of
the tetrad method in this theory, may be presented as

— — 1_> —
V-(B+—zvxE):, (6)
C
VxB—C—zanE—va>:O, 7)
— — 1_) —
n

Systems of Maxwell’s Eqs. (1-4) and (5-8) are written here in units of the SI.

They contain only two electromagnetic field vectors E and B. In the named original
works [1] (see expressions (5), (14b) therein) and [2] (see relations (6.11), (6.12)

therein), these systems contain, besides vectors E and B, two more electromagnetic

field vectors D and H (which must be excluded). Systems (1-4) and (5-8) can be
also found, for example, in subsequent works [3-8] and [9], respectively. In the
case of vacuum (when n = 1), sets (1-4) and (5-8) are transformed into the ones
known correspondingly from works [10] and [11].

In the above systems, all the quantities are specified by the formulas

V=%(3/0x) +5(3/dy) +2(0/0z), E=Ey% + B, + Ez2, B=B,%& +B,j +B. %,

—

O= Q%+ Q) + Q2 F=x% +y) +25 D=0 X T=0,% 10, + 0. %, ©)
Vy = Qyz — ., vy = Lpx — Q2 Uy = Q) — ny

where X, 9, and £ are the unit vectors which form an orthogonal coordinate basis

{x9%} of a rotating frame; E,, E,, and E; and By, B), and B; are the components of

vectors E and B in this basis; Q is the vector of angular velocity with which the basis
{x9% } rotates in the inertial frame; Q,, Q,, and Q. are the components of vector

Q; 7 is the radius vector of the given observation point in basis {X 2 }; x, y, and 2
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are the components of vector 7; v is the vector of linear tangential velocity of the
observation point calculated in the inertial frame; Ux,Vy, and v, are the components

of vector v; 7 = (¢,11,)"/? is the index of refraction of a dielectric medium; and ¢,
and p, are the relative permittivity and permeability of a medium, respectively.
Remark about systems (1-4) and (5-8)
<1 1. According to the textbook [12], in a uniformly rotating frame of reference
with spatial rectangular coordinates x, y, 2 and time coordinate ¢, the quadratic form

ds* may be presented as ds* = i dx’ dx* where x° = ct, x' = x, x2 =y, andx’*=z.In

general, when Q= Q,x+ Q,j + Q. %, the nonzero components of a space-time

metric tensor (with determinant g = —1) of such rotating frame may be written as
i 242\ S =\ 1A\ - o L

Zoo = 1-07/¢% 81 =8n =83 = ~ L1801 =& = —Vx/C: 40y = &2 = —Vy/¢; and

803 = &30 = —Vz/c. Then, components Kus = —£,5 + 80, L0s/L00 Of 2 spatial metric

tensor [with determinant x = (1 — v?/ 62)71] of such frame will be xy; = 1+ xv2/c?,
Kpn =1+ Kvyz/cz, k33 =1+ kv2/c? k1 = kn = Kvxvy/cz, K13 = K31 = KUy v /c?, and
K23 = K3 = KUy Vg /c%. From these formulas for Kkqp and k, it follows that the spatial
metric tensor of a rotating frame of reference, in a linear with respect to Q
approximation, has a diagonal form with nonzero elements k11 = k2 = k33 = 1and
its determinant x = 1. Therefore, in such approximation, geometry of space in a
rotating frame of reference remains Euclidean (flat space). So, spatial rectangular
coordinates x, y, and z (or, e.g., cylindrical coordinates p, ¢, 2) of the given

observation point in this frame have their usual sense, and the operator V in
systems (1-4) and (5-8) may be used in usual way. >.
As one can see, the above two systems of Maxwell’s Egs. (1-4) and (5-8) for

electromagnetic field vectors E and B are not identical: system (1-4) has asymmetri-
cal structure with respect to Q in a sense that rotation manifests itself only in the third
and fourth equations but not in the first and second ones; system (5-8) has symmet-
rical structure with respect to Q because rotation manifests itself in all four equations.
The reason of such difference between these two systems is that they were obtained
in works [1, 2] with the help of two qualitatively different theoretical approaches.

In this situation, one may ask the following questions: (1) what will the form of
the two corresponding systems of wave equations for the named vectors in first and
second cases be? (2) Which system of such wave equations (first or second) is
preferred? The answers to these questions are not given in the literature.

So, the task of this research is to derive the wave equations for vectors E and B—
at first on the base of system of Maxwell’s Egs. (1-4) and then on the base of system
(5-8). The results obtained in both cases must be compared. All calculations must

be performed with accuracy approximated to the first order inv (v = | v |) or,

equivalently, Q (Q = | Q ).

2. Auxiliary relations

In this section, we are going to present some useful formulas for the quantities
\Y x(% X 5),5 x(? X 6),%(5 X E;),% <5-a>,and \Y& (7 X E}> which
involve vectors 3=Q x 7 and G (@:E, E).

A. Consider the term V x (6 X 5) It is known (see, e.g., handbook [13]) that
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—

G (6 . 5). In the case 7=Q x 7, we have (G . V) =0 x @, 6 - 2= 0, and, to

6x(5xa):—(5-6>a+§xa. (11)
C. Consider the identity%-(?xé) :a-<€x?>—5-(§xa).8ince
VXx1=20,
?-(Hxé)zzﬁ-a—ﬁ-ﬁxé). (12)
D. Consider the identity%(? E): (5 6) H+(@ 6)?4—5 x(%xé)%—
éx(%x?).Since(a-e)5:§xa,§x5:2§,andax<§x5’):
—2(?z><§),
V(:G)=(v-V)G-8xG+3x(VxG). (13)

E. Consider the vector V2 (5 X E;) There is the formula

—

V2 (1xG) =V (v xG) &+ V(7 x G)yj/ +92 (1xG) 5 (4

Let us first calculate the projection V? (5 X G) of this vector onto the axis x.
X

Taking into account (9), we have

= o R R
V2 <v X G) = <ﬁ+ﬁ+a_22) (vy Gz — v:Gy), (15)

X

or

= _ aZ 62 82
V2 (v X G) = <W+W+@> [(Qx —Q2)G; — (Y —Qx)G,]. (16)

X
After the calculation, we get

— - ’G, G, oG ’G, &G, &G
5 [— . z Z z y ) )
v (” XG>x_”y(ax2 T T 622>_vz(0x2 T T (322> 1)

oG oG
oy 774 ox ox

Let us add to the right-hand side of (17) the following terms: —2Q, (0G,/dx) and
+2Q, (0G,/0x). Then
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- - ’G, 0*G, G G, &G, G
2 — . Z Z z Y ) )
v (v XG)fvy(axz T T azZ)_”Z<ax2 T T az2>

(18)
G, 0G, 0G oG 0G oG
20, == y 2l +2(Q, =240, 2+ Q.—=),
(ax+&y+az>+< x Ve T 0x)
or
— N — N 4>2—> — — a — —
V2<v><G) :[v x(v G)] —zszx(v-c)ua(g-c;). (19)

Similarly, we may obtain

%%Bxé)y: [5 x(%z §>]y—2%(§-5>+2%(§-5), (20)

52(%«3)2:[5 X<§26>L_2QZ<§'E>+Za_az(5"é>' 1)
Therefore

52(5x5):§x(§25)—2§(€-§)+2§<§-§). (22)

Finally, taking into account that, to the first order in Q, Q (6 . 6) = 0, we get

62(5 X 6) 7 x(%zé) 12V (?z - é). (23)

Formulas (10)—(13) and (23) will be used in the next sections.

3. First system of wave equations for vectors E and B in a rotating
medium

In this section, we are going to derive the first system of wave equations for

electromagnetic field vectors E and B which will correspond to the original system
of Maxwell’s Egs. (1-4).

3.1 Equation for vector E

To derive the wave equation for vector E, we apply the operator V X to
expression (1):

ex(exﬁ)%(exg):o. (24)

Taking into account (10) and (3), we rewrite (24) in the form

2 2—) g
oo m*PPE 10 (- 0B\ 10d[= /[~ =\ =/= =\ _
VE-G S tan | ) aw VX (X E) -V (V) =0

(25)
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or, using (1),

Consider the term V (V E> in (27). According to (4), V. E= n% \V ~<$ X B).
Taking into account (12) and (3), we have V- (v X B> 2Q

(z . E),so

6(5@)— v(ﬁ H)—l—v@ E) (28)

c2

Consider the last term in (28). In accordance with (13),

V(5 E)=(v V) E-GxE+5x(VxE) 29)
therefore
V(V-E)=2V(6B) -5 [(v-V)E-axE+5x(VxE)|

(30)

Finally, substituting (30) into (27), we obtain the desired wave equation for

VeCtOI‘EI
VE-ZZ242° [(z) -V>E—Q><E} _ - V(Q-B) —0. (31
C C
3.2 Equation for vector B

In order to derive the wave equation for vector B, we apply the operator V x to
expression (3):

V(T xB)— 2 Fx[F (5 B)| =% 2 (FxE) 45 2 [F (v x B)] ~o0.

(32)

Taking into account (10), (1), and (2), we rewrite (32) as

2 2R
= n2PB 10 [~ =1 1o (o /=N
VB——————[VX<Z)><B>]+C—2 Vx[Vx(vxE)]—O. (33)

Since V x [6 x(? X Eﬂ = —§2<5 X E)+ v [6 -<5 X Eﬂ,
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$5-2 2B 1005, (x8)] - 19(v < E)+ 1 §[7 (3 < B)] <o
(34)

Using (11), we have

2 2
—ow n2 B 10/ T I Ry 1 - _ 7
VB—CTF+C—2§[(U~V)B—Q><B}——2V(v><E>+—2V[V-(vxEﬂ:O.

Consider the term V [6 -(F X I_fﬂ in (35). In accordance with (12),
V(3% E) =28 F - 5-(V x E),or, with (0, V (5 x E) =2 6 - F +
(8/t) (H : 73). Then

V[V(vxE)] =2V (¢ E)+ 2V (v-B), (36)

or, taking into account (13),

VIV xE) =29 (6 E)+ 2 [(v-V)B-6xB|+ 2[5 x(VxB)]

(37)
With the help of (3), we find
G [v(3E)] =29 (6 8) + 2 [(5.) 56 x B+ v <2 2L 9

Substituting (38) into (35), we obtain

2 2 7p 2 23
=2z mn" 0B 20/~ =2\2 = = 2 z2/=z =2 1|z~ 2y —- no0E
(39)

Consider the last term in (39). In accordance with (23), V2 (5 X E) =

-  —

5x(§zf)+2§<Q-E);hence
V2<vxE>—vxc—2?:vx VIE-5 o +2V(Q-E>. (40)

It is clear that, to the first order in Q,

. [=,—- w2 PE

So, expression (40) may be rewritten as

52($xﬁ)—5x”—562—E:2€<Q-E). (42)
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After inserting (42) into (39), we obtain the desired wave equation for vector B:

2 32
VB_C_ZW—F—Z(}—I[OWV)B—QXB]—O. (43)

3.3 Result of Section 3

According to (31) and (43), the first system of wave equations for electromag-

netic field vectors E and B in a rotating medium has the following form:

_>_>232E'20_)_>_>ﬂ_>2_>ﬂ_>
VZE‘%F*@[(” V)E-@xE| -5V (2B)=0
(44)
2 5

4. Second system of wave equations for vectors E and B in a rotating
medium

In this section, we are going to obtain the second system of wave equations for

electromagnetic field vectors E and B which will correspond to the original system
of Maxwell’s Egs. (5-8).

4.1 Equation for vector E

To derive the wave equation for vector E, we apply the operator V X to expres-
sion (5):

6x<6xﬁ>+%(%x§)+l—wx<v XEH:O. (45)

Taking into consideration (7) and (10), we rewrite (45) in the form

§2E—’Z—ja;t—§+%%(Hx%)—%%[ﬁx@xﬁﬂ—?(ﬁﬁ):a
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Consider the term V (6 . E) in (48). According to (8), V. E= n% v -(5 X §>,

where, taking into account (12),

3-(5x§>:2§-§-5-(€x§). (49)

With the help of (7), we find V - (5 X E) —2Q-B (/) (0)a) (5 E)
hence

V(V-E)= ;V(ﬁ'g)—%gv(v E). (50)

Consider the term 6 (7 . E) in (50). In accordance with (13),

6(5'§>:<5'6>E—§x§+5x<€xﬁ). (51)

Then
V(V-E)=2V(6B) -5 [(v-V)E-axE+5x(VxE)|
(52)

Substituting (52) into (48), we obtain the desired wave equation for vector E:

VE- OB 201G R GxE] -2 (6B) =0

4.2 Equation for vector B

In order to derive the wave equation for vector B, we apply the operator V x to
expression (7):
Vx(FxB) -5 L (FxE)+5 2 [Fx(5xE)] 0. 6
¢ ot c? ot

Taking into account (5) and (10), we rewrite (54) in the form

ezg_ﬁ@_lﬁ(;xﬁ@)_%[w(vxg)}_e(e.ﬁ):o,

(55)

w52 OB 100G (5 B) v x(VxB)|-V (V) =0 ()

Consider the term V x <5 X §> in (56). According to (11), V x (3 X E) =
—(5 . 6) B —|—?2 X §.Thus,
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B L L (5 9) BB x(VxB)|-F (V.5) =0
(57)
Consider the term V (V' - B ) in (57). In accordance with (6),
V- B=—(1/%) V(v x E). (58)
Taking into account (12), we have
V(6 xE)=28-E-5(VxE), (59)
or, using (5),
V(4xE)=20-E+2(v-B). (60)
So
v §:—632§ E—Clz%(ﬁi). (61)
Hence
%(6-5):—%%(ﬁf)-%%%(ﬁﬁ). (62)
Consider the term V (¥ - B) in (62). In accordance with (13),
V(s-B)=(v-V)B-QxB+vx(VxE). (63)
Then
V(V-B)=-2V(aE) -5 2[(7 V)B-axB+7x(VxB)|
(64)

Substituting (64) into (57), we obtain the desired wave equation for vector B:

—

Vzﬁ—nz PB 20 [< =

N — — — 2% — —

4.3 Result of Section 4

According to (53) and (65), the second system of wave equations for electro-

magnetic field vectors E and E in a rotating medium has the following form:

- — 2 24} — — — — — — —
VZE—”—EJFEQ[(? V)E—QxE]—EV(Q-B — 0,
¢z o2 2ot n2 (66)
22B 290 2
—»2—> n N — — — — — — — o
ViB-5E 52 (v-V)B-GxB|+5V(8-E) =0

10
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— —
5. Two systems of wave equations for vectors E and B in a rotating
medium: a comparative analysis

The first system of wave equations for electromagnetic field vectors E and B
[which was derived from the corresponding original system of Maxwell’s Egs. (1-4)]
has the form

2 2@

VE-5 S 5 [(V)E-QxE] -5V (8:B)=0 (&)
o n @B 20/~ o\ ==
VB_C—Z?+C—2&[<U~V>B—Q><B]:0. (68)

The second system of wave equations [which was obtained from the
corresponding original system of Maxwell’s Egs. (5-8)] is

FE T E 200G GYE 8] 2V (@ 5)=0 @

Hzﬂ_n_@ 207(2 2\Nm = 21,2 =(2 =

VB-S s+ 52 |(VV)B-QxB|+5 V(Q-E)=0.  (70)
Systems (67-70) have been derived in preprint [14] on the base of the procedure

developed (for the case of vacuum) in work [15]. It should be noted that Egs. (67)

and (69) for vector E in both systems, after dropping the terms Q x E and
v (?2 : E) , take the approximate form

2 25
sp MPE 2000 Gy g
VE-S 2520 V) E] =0 (71)
known, for example, from work [8] (see relation (33) therein).

Expressions (67, 68) and (69, 70) represent two qualitatively different systems

of wave equations for vectors E and B in a uniformly rotating dielectric medium.
From a comparative analysis of these systems, it follows:

1. The structure of equations for vectors E and B in the first system (67, 68) is

asymmetrical with respect to Q. Therefore, the propagation of E- and B-
components of electromagnetic waves in a rotating medium in general case

Q= Q% + Q,j 4 Q. % will be governed by qualitatively different laws.

2. The structure of the wave equations in the second system (69, 70) is
symmetrical with respect to Q. Hence, the propagation of the named field
components in such case will be governed by similar laws.

Systems of wave Egs. (67, 68) and (69, 70) [in conjunction with corresponding
original sets of Maxwell’s Egs. (1-4) and (5-8)] may serve as a theoretical basis for a
detailed study of the process of electromagnetic wave propagation in a rotating
dielectric medium. But before the beginning of such study, the researcher must first

solve the problem of choosing between them (because the final results will be
different).

11
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[In the author’s opinion, from the position of the principle of symmetry, the
system of wave Egs. (69, 70) is preferable to system (67, 68), and the corresponding
original system of Maxwell’s Egs. (5-8) is preferable to the original system (1-4).]

6. Conclusion

In this chapter, on the base of two basic systems of Maxwell’s Egs. (1-4) and

(5-8) for electromagnetic field vectors Eand Bina uniformly rotating dielectric
medium, the two corresponding systems of wave Egs. (67, 68) and (69, 70) have
been derived (to the first order in Q).

From their comparative analysis, it can be seen that the structure of the wave
equations for electromagnetic field vectors in system (67, 68) is asymmetrical with
respect to Q, while the structure of such equations for these vectors in system
(69, 70) is symmetrical.

On this basis, it can be concluded that if the principle of symmetry is accepted as
a criterion for selection, then system of wave Egs. (69, 70) for electromagnetic field

vectors E and B may be preferred. The same conclusion may be also made about the
original system of Maxwell’s Eqs. (5-8) on the base of which set of wave
Egs. (69, 70) has been obtained.
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