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Chapter

3D Boundary Layer Theory
Vladimir Shalaev

Abstract

Some new analytical results in 3D boundary layer theory are reviewed and
discussed. It includes the perturbation theory for 3D flows, analyses of 3D boundary
layer equation singularities and corresponding real flow structures, investigations of
3D boundary layer distinctive features for hypersonic flows for flat blunted bodies
including the heat transfer and the laminar-turbulent transition and influences of
these phenomena on flows, and the new approach to the analysis of the symmetric
flow instability over thin bodies and studies of the control possibility with the
electrical discharge using new model of this phenomenon interaction with the 3D
boundary layer. Some new analytical solutions of boundary layer and Navier-Stokes
equations are presented. Applications of these results to analyze viscous flow char-
acteristics of real objects such as aircraft wings, fuselages, and other bodies are
considered.

Keywords: 3D boundary layer, asymptotic perturbation theory, singularities,
flow structures, applications

1. Introduction

Despite the intensive development of computer technologies and numerical
methods for the Navier-Stokes and Reynolds equations, problems of the three-
dimensional boundary layer are of significant interest in the fluid dynamics. So far
these problems have been little studied as a result of objective difficulties related
with the large dimensionality and complexity of equations. Therefore, analytic
results in this field can play an important role in the depth understanding of fluid
dynamics phenomena and their study. In this part, some modern results in the
three-dimensional boundary layer theory are discussed.

The small perturbation theory for inviscid flows is well developed and widely
applied to estimate aerodynamic characteristics of real flight apparatus. Also it has
been attempted to develop such theory for the boundary layer [1]. However, the
zero approximation (“flat plate” approximation, zero cross-flow approximation)
only given a rational contribution and were used in calculations. Equations for
perturbations were complex. They required a numerical solution that was not much
simpler than the full equation system. Father investigations of three-dimensional
effects in the boundary layer theory became possible only after developments of
computers with the enough power, numerical methods, and turbulence models [2].

Another approach was developed on the base of the rational perturbation theory
including the first-order approximation [3–10] for some class of flows, such as
flows over aircraft wings and fuselages at small angle of attack, which have high
importance as for the theory and the practice. In this case, zero-order approxima-
tion functions do not depend on the cross coordinate. Equations of the first-order
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approximation reduce to a two-dimensional system by introducing a new variable.
The cross coordinate is included to this system as a parameter. This property of the
self-similarity simplifies the solution procedures allowing to apply two-dimensional
numerical methods and to reduce computing resources.

The singularity in the solution of 2D steady boundary layer equation is well
known as the separation. Singularities arising in solutions of unsteady or 3D laminar
boundary layer equations are not related directly with the flow separation and are
slightly studied due to difficulties of analytical investigations of complex equations
and uncertainty of numerical result treatments. However, this task is of interest for
the mathematical physics and for numerical modeling of aerodynamic applications.
For the first time, a singularity was found in the solution of 2D unsteady BL
equations for the flow around the flat plate impulsively set into motion [12]. The
singularity of the similar type was discovered on the side edge of a quarter flat plate
in a uniform freestream [13] and at a collision of two jets [14]. In Ref. [15],
necessary conditions were formulated for a singularity formation in self-similar
solutions of the unsteady model and 3D incompressible laminar boundary layers on
a flat surface with pressure gradients. Sufficient conditions and singularity types
were not studied, and real flow conditions were not considered. Singularities of
numerical solutions (the nonuniqueness or the absence of a solution) were found
for the laminar boundary layer in the leeward symmetry plane on a round cone at
incidence [16–18]. Similar results were obtained inside the computation region of
the 3D turbulent boundary layer on the swept wing [19]. The singular behavior of
boundary layer characteristics (the skin friction tends to the infinity in the symme-
try plan) was found for the boundary layer on the small span delta wing [8, 10]. The
explanation of these phenomena was found on the base of analytical solutions of
laminar boundary layer equations on conical surfaces [10, 21–24]. The asymptotic
flow structure on the base of Navier-Stocks equations in the singularity vicinity is
constructed.

The problem of the flow separation control using plasma actuators on the base of
the electrical discharge is assumed as a perspective aerodynamic instrument
[26–28]. It is considered as a one method for the control of the separated flow
asymmetry near the nose part of aircrafts. The problem was complicated by the
absence of an adequate model for the boundary layer-discharge interaction and a
criterion for flow asymmetry arising. The use as a criterion numerical results and
experimental data is restricted as a result of the high sensitivity of the asymmetry
origin to different parameters [29]. Solution of these problems was obtained with
the development of new models [30–34].

2. Small perturbation theory for three-dimensional boundary layer

As follows from the cross-flow impulse equation in biorthogonal coordinates
[2], the necessary conditions for a small cross velocity (|w| << 1) are the relations

1

λH2

∂p

∂z
� cos θ � k1 �

ε

λ
, , 1: (1)

The small parameter ε characterizes the gradient of the pressure p t; x; zð Þ with
respect to transverse nondimensional coordinate z; t and x here are dimensionless
time and longitudinal coordinate, λ is body span, H2 is metric coefficient, k1 is
longitudinal coordinate line curvature, and θ is the angle between coordinate lines
on the body surface. Using these conditions flow parameters in the 3D boundary
layer are presented by asymptotic expansions:
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vw ¼ vw0 t; sð Þ þ εvw1 t; s; zð Þ, hw ¼ hw0 t; sð Þ þ εhw1 t; s; zð Þ, w ¼ ε

λ
w1 t; s; n; zð Þ,

V ¼ u; v; h; ρ; μ; κð Þ ¼ V0 t; s; nð Þ þ εV10 t; s; n; zð Þ þ ε1V11 t; s; n; zð Þ:
(2)

Here, s t; x; zð Þ is a dimensionless length of the coordinate line z ¼ constmeasured
from the critical point xc t; zð Þ; n is normal coordinate transformed with Dorodnitsyn
transformation; vw t; x; zð Þ and hw t; x; zð Þ are blow (suction) velocity and the surface
temperature; u and v, h, ρ, κ and μ are dimensionless longitudinal and normal
velocities, enthalpy, density, thermal conductivity, and viscosity. The parameter
ε1, , 1 is not known a priori, it describes own flow perturbations inside the
boundary layer. The following is found from the analysis of equations: for thin

wings ε1 ¼ ε=λ2, for slightly asymmetric bodies ε characterizes the asymmetry and
ε1 ¼ α∗=λ, where λ is relative body thickness [4–10].

To calculate boundary layer characteristics, the equation system for the com-
posite solution incorporated in all terms of asymptotic expansion (2) was derived:

ρ
∂u

∂t
þ u� βw

λH2

� �

∂u

∂s
þ v

∂u

∂n

� �

þ ∂p

∂s
¼ ∂

∂n
μ
∂u

∂n
,

ρ
∂h

∂t
þ u� βw

λH2

� �

∂h

∂s
þ v

∂h

∂n

� �

¼ ∂

∂n

κ

Pr

∂h

∂n

þ γ � 1ð ÞM2 ∂p

∂t
þ u� βw

λH2

� �

∂p

∂s
þ μ

∂u

∂n

� �2
" #

,

ρ
∂w

∂t
þ u

∂w

∂s
þ v

∂w

∂n
þ k1u

2 � k2uw

� �

¼ ∂

∂n
μ
∂w

∂n

� 1

λH2

∂p

∂z
� εβ

∂p1
∂s

� �

þ cos θ
∂p

∂s
,

ρ
∂q

∂t
þ u

∂q

∂s
þ v

∂q

∂n
þ ∂k1

∂z
u2 � k2uq

� �

¼ ∂

∂n
μ
∂q

∂n
�

� ∂

∂z

1

λH2

∂p

∂z
� εβ

∂p1
∂s

� �

� cos θ
∂p

∂s

� �

, q t; s; n; zð Þ ¼ ∂w

∂z
,

∂ρ

∂t
þ ∂ρu

∂s
þ ∂ρv

∂n
þ 1

λH2
ρq� β

∂ρw

∂s

� �

� k2ρu ¼ 0,

n ¼ 0 : u ¼ w ¼ 0, v ¼ vw t; x; zð Þ, h ¼ hw t; x; zð Þ ∂h

∂n
¼ 0

� �

,

n ! ∞ : u ¼ ue t; x; zð Þ, w ¼ we t; x; zð Þ, h ¼ he t; x; zð Þ:

(3)

Eq. (3) is not true in the vicinity of the wing leading edge, where the pressure
perturbation has the singularity. Using the asymptotic theory, singular regions near
blunted and sharp leading edges were analyzed. It was found that the boundary
layer in these regions is described by equations for the boundary layer on the sweep
parabola or wedge. On a body the boundary layer begins in the critical point.

The system (2) was applied to the solution of different problems for wings and
bodies [4–10]. To illustrate the developed approach in Figures 1 and 2, calculations
of displacement thicknesses (Figure 1) and skin frictions (Figure 2) on the wind
tunnel model of the US Air Force fighter TF-8A supercritical wing at Mach numbers
M = 0.99 and 0.5 are presented. Solid lines correspond to solutions of Eq. (3) for the

wing model (Re ¼ 2:246 � 106); dotted lines on Figure 4 are results for full scale

wing (Re ¼ 2:58 � 107); symbols present solutions of full 3D boundary layer
equations [11].
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These figures demonstrate that the asymptotic solution very well reproduce
numerical results as for the skin friction and for displacement thicknesses in the
large parameter diapason.

3. Singularities in solutions of three-dimensional boundary layer
equations

The laminar boundary layer problem on a thin round cone with the half apex
angle δc, , 1 at the angle of attack α* depends on the parameter k ¼ 4α∗= 3δcð Þ
only. Firstly, analytical results about singularities were obtained for outer BL
part for a such cone. It is understood from previous works [15–18, 20], the
singularity can arise when two subcharacteristic (streamlines) families collided
—this is a necessary condition. Such situation arises usually in the leeward
symmetry (runoff) plane over a body of revolution at an angle of attack.
Unusual properties in numerical solutions of self-similar equations in this plane
for a round slender cone in supersonic freestreams were studied in many works
due to the practical interest of the heat exchange on flying vehicles head parts
[16–18, 20]. In this case, one parameter defines the flow. Two solutions were
found in the windward symmetry (attachment) plane and at small angles of
attack (k≤ kc) in the leeward symmetry plane. In this plane, no solutions were

Figure 1.

Displacement thickness distributions on the model of supercritical wing; M ¼ 0:99, Re ¼ 2:246 � 106,
and α∗ ¼ 3:12°.

Figure 2.

Skin friction distributions on the model of supercritical wing; M ¼ 0:5, α∗ ¼ 12:09°, Re ¼ 2:246 � 106

(solid lines), and Re ¼ 2:58 � 107(dotted lines).
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obtained at moderate angles of attack (kc ≤ k≤ 2=3) and many solutions at larger
incidences up to BL separation (2=3≤ k, 1). Full BL equation solutions with
initial conditions in the windward symmetry plane fixed the violation of sym-
metry conditions in the runoff plane, a velocity jump through this plane in the
angle of attack diapason, when the self-similar solution has been absent
[10, 21]. The task for the cone was solved numerically on the base of
parabolized Navier-Stokes equations, without the streamwise viscous diffusion
[20]. However the problem is retained since the flow structure and reasons of
unusual BL properties have not been explained.

Analytical solutions of full equations for the outer BL part on the slender round
cone with initial conditions in the windward symmetry plane showed the singular-
ity presence in the leeward symmetry plane of the logarithmic type at k ¼ 1=3 and
of a power type at k. 1=3 [10, 21]. It had been shown numerical solutions provided
incorrect results near the singularity due to the accuracy loss. Similar but more
complex results were obtained for arbitrary cones; they allow defining the sufficient
conditions of the singularity arising [10, 22]. The asymptotic flow structure at large
Reynolds number near the singularity on the base of Navier-Stokes equations was
constructed, and analytical solutions in different asymptotic regions were obtained,
which were matched with BL solutions. The analysis of the viscous-inviscid inter-
action region, in particular, revealed that the singularity can arise not only in self-
similar but in full 3D BL equations [10, 22]. The theory showed that the singularity
appearance relates with eigensolutions of the BL equations appearing near the
runoff plane; it also explained numerical modeling results on the base of
parabolized Navier-Stokes equations.

In the outer BL part, the theory gives the critical angle of attack for the singu-
larity appearance kc ¼ 1=3. However calculations showed that this parameter is a
function on numbers of Mach M and Prandtl Pr and the wall temperature hw,
kc ¼ kc M∞;Pr; hwð Þ [10]. This indicates that a singularity can arise in the near-wall
region. The series decomposition of the near-wall solution in the runoff plane
showed the presence of a parameter α, the linear combination of skin friction
components, and the sign change of which leads to the change of the physical flow

Figure 3.
Solutions of boundary layer equations (dotted lines) and parabolized Navier-Stokes equations (solid lines).
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topology near this plane [24]. The analysis of BL equations in the near-wall region
showed that α ¼ 0 corresponds to the critical value kc, and it was confirmed by all
published numerical calculations [16–18, 20]. In the runoff plane, the new power
type singularity in solutions of full BL equations revealed that it is related with the
eigensolutions appearing near this plane. Calculation results for BL on delta wing
confirm the singularity presence.

3.1 Self-similar boundary layer on a cone

The 3D laminar boundary layer on a conical surface in the orthogonal coordinate
system xyφ (Figure 3) is described by following self-similar equations and bound-
ary conditions [10, 22]:

uyy ¼ Awuφ þ vuy þ A1w u� wð Þ,

wyy ¼ Awwφ þ vwy þ w
2

3
uþ Kw

� �

� h
2

3
þ K

� �

,

hyy ¼ Awhφ þ vhy �Me u2y þ
3

2
A1w

2
y

� �

, ρh ¼ 1,

y ¼ ε

ffiffiffiffiffiffiffiffiffiffiffi

3ρeue
2xμe

r

  

ð

y∗

0

ρd 
y∗

l
, Re ¼ ε�2 ¼ ρ∞u∞l

μ∞
,

f y ¼ u, gy ¼ w, v ¼ �f � K � 1

2
A ln ρeμe=ueð Þð Þφ

� �

g � Agφ,

y ¼ 0 : u ¼ v ¼ w ¼ 0, h ¼ hw hy ¼ 0
� �

; y ¼ ∞ : u ¼ w ¼ h ¼ 1:

(4)

Equation coefficients are defined by expressions

Me φð Þ ¼ γ � 1ð ÞM2
∞

u2e
he

, K φð Þ ¼ 2weφ

3Rue
,

A φð Þ ¼ 2we

3Rue
, A1 φð Þ ¼ 2

3

we

ue

� �2 (5)

In these equations, to reduce formulas, Pr ¼ 1 and the linear dependence of the
viscosity on the temperature (ρμ ¼ 1) are assumed. Indexes y and φ denote deriva-
tives with respect to the corresponding variables; x is the distance from the body
nose along the generator referenced to the body length l; y is the Dorodnitsyn
variable; y∗ is normal to the body surface; φ is the transversal coordinate, and it can
be the polar angle for a round cone; f y;φð Þ and g y;φð Þ are longitudinal and trans-
verse stream functions; v y;φð Þ is transformed normal velocity; and R φð Þ is the
metric coefficient. The density ρ, the enthalpy h, the viscosity μ, the longitudinal u,
and transversal w velocities are referenced to the values at the outer boundary
indexed by e, which are normalized to their freestream values indexed by ∞; they
are functions of φ only. The transversal velocity on the outer boundary layer edge
we ¼ 0 in the initial value plane (the attachment plane) φ ¼ 0, in which K 0ð Þ.0,
and in the runoff plane φ ¼ φ1, in which K φ1ð Þ ¼ �k,0, and two boundary layer
parts that came from different sides of the attachment plane collided. For the round
cone, φ1 ¼ π.

Eq. (4) is simplified for slender bodies since in this case, ue ¼ ρe ¼ μe ¼ 1,
A1, , 1. Neglecting proportional to A1 terms in (4), we obtain the Crocco integral
for the enthalpy and momentum equations in the form
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h ¼ hw þ hru� 1

2
Meu

2, hr ¼ 1� hw þ 1

2
Me,

Me ¼ γ � 1ð ÞM2, v ¼ � f þ Kg þ Agφ

	 


,

uyy ¼ Awuφ þ vuy,

wyy ¼ Awwφ þ vwy þw
2

3
uþ Kw

� �

� h
2

3
þ K

� �

:

(6)

For the slender round cone with the apex half angle δc<< 1 at the angle of attack
α∗, simple expressions for outer functions are

we ¼ 2α∗ sinφ, K φð Þ ¼ k cosφ, A φð Þ ¼ k sinφ, k ¼ 4α∗

3δc
(7)

3.2 Singularities in the outer boundary layer region

In the outer boundary layer region, y≫ 1, (y is the Dorodnitsyn variable normal
to the wall), flow functions are represented as [17, 36]

u ¼ 1þU η;φð Þ, w ¼ 1þW η;φð Þ, η ¼ y� δð Þ=
ffiffiffiffiffiffiffiffiffiffi

a φð Þ
p

,

h ¼ 1þH ¼ 1� 1

2
Me þ hw � 1

� �

U � 1

2
MeU

2
(8)

Here δ φð Þ is the displacement thickness defined by the equation of F. Moore [6],
the function a φð Þ is found from the local self-similarity condition, and U, , 1 and
W, , 1 are velocity perturbations with respect to boundary conditions, which in
the first-order approximation satisfy to equations [10, 21]

Uηη þ ηUη � aAUφ ¼ 0, Wηη þ ηWη �
2

3
a

3

2
AWφ þ 1þ 3Kð ÞW

� �

¼ 2

3
ap φð ÞU:

(9)

These equations have solutions:

U η;φð Þ ¼ C1erfc η=
ffiffiffi

2
p� �

W η;φð Þ ¼ �b φð ÞU, W1 η;φð Þ ¼ �b φð ÞU þ B1 kð ÞV η;φð Þ
(10)

Constants C1 and B1 are calculated from matching condition with a numeri-
cal solution inside the boundary layer. These solutions satisfy to initial condi-
tions in the attachment plane and must tend to zero at η ! ∞. The function
V η;φð Þ is the solution of the homogeneous equation for the cross-velocity per-
turbation, when the right-hand side equals to zero; it is expressed by Veber-
Hermite functions [21]. The coefficient B1 � 1=K 0ð Þ has the singularity at
K 0ð Þ ! 0. For the round cone this limit corresponds to zero angle of attack; in
this case, the analytical expression for W1 η;φð Þ shows the presence of the power
type singularity in the leeward plane φ ¼ φ1 [10, 21]. The first solution W η;φð Þ
is regular in this limit, and its behavior is defined by functions a φð Þ and b φð Þ,
which satisfy to equations [10, 21, 22]

webφ þ 2 1þMð Þweφb ¼ 2pMweφ, p φð Þ ¼ 1þ 1þ 3

2
K

� �

1

2
Me þ hw � 1

� �

,

weaφ þ 2 N þ 1ð Þweφa ¼ 2Nweφ, N φð Þ ¼ 3M φð Þ ¼ K�1:

(11)
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Solutions of these equations with initial conditions in the attachment plane are
represented in integral forms in the general case and have analytical expressions for
the round cone [10, 21]. Their properties near the leeward plane, at
ζ ¼ φ1 � φ, , 1, are represented by expressions

we ¼
3

2
kRζ, k ¼ �K φ1ð Þ, R ¼ R φ1ð Þ, p1 ¼ p φ1ð Þ, n ¼ 3m ¼ �K�1 φ1ð Þ,

m 6¼ 1 : b ¼ mp1
m� 1

� bmζ
2 m�1ð Þ, m ¼ 1 : b ¼ �2p1ln ζ þ b1,

n 6¼ 1 : a ¼ n

n� 1
þ anζ

2 n�1ð Þ, n ¼ 1 : a ¼ �2ln ζ þ a1

(12)

Here an and bm are known coefficients [10, 21]. These formulas are true for non-
slender bodies also [10, 22, 23].

These results show the presence in the outer BL part of two singularity types
in the leeward plane related with properties of functions a φð Þ and b φð Þ. For
k, 1 the function U η; ζð Þ exists at ζ ¼ 0 but reaches this limit irregularly; its
behavior is studied analytically in details for the slender round cone [10, 21].
For k≥ 1 the function U η; ζð Þ is singular at ζ ! 0 since a ζð Þ ! ∞ and the BL

thickness tend to infinity as
ffiffiffiffiffiffiffiffiffi

a ζð Þ
p

: the logarithmic singularity type takes place
at k ¼ 1, and it is of the power type at k. 1. At k≥ 1 the flow separation is
observed in experimental and numerical studies; this phenomenon changes not
only the outer part but also the inner boundary layer structure. It should be
noted that such behavior of velocity viscous perturbations near the BL outer
part at the separation development is a new property in the comparison with
the 2D flows.

The functionW η; ζð Þ has irregular but finite limit in the leeward plane for ζ ! 0
at k, 1=3. This limit is singular at k≥ 1=3: the singularity has the logarithmic or
power type, if k ¼ 1=3 or k. 1=3. At 1=3≤ k, 1 the singularity is related with the
behavior of cross-flow velocity only. This singularity leads to the longitudinal vor-
tex component strengthening in the outer part of the viscous region. The singularity
takes place, if the pressure gradient is negative (k≤ 2=3) or positive (k. 2=3). It is
formed by BL proper solutions, which have homogeneous conditions on both
boundaries and arise near the runoff plane. The critical value kc ¼ 1=3 for the outer
BL part is undependable on the wall temperature and Mach and Prandtl numbers;
however the considered singularities define the real flow structure near the leeward
plane at k≥ 1=3 [17, 36, 37].

3.3 Asymptotic flow structure near the singularity

Due to the irregularity of solutions already at k≥ 1=6 (m≤ 2), the vortex bound-

ary region near the runoff plane is formed with transverse dimension ζ � ε
1

2�m; at
m � 1 this value is of the order of the BL thickness ε. In this region, the transverse
diffusion is the effect of the first order, and to describe it we introduce the following
variables:

ε1 ¼ 3
2Reρe φ1ð Þue φ1ð Þ=μe φ1ð Þ
� ��1

2:

z ¼
ffiffiffiffiffi

kx
p

Rζ=ε1, u ¼ u y; zð Þ, h ¼ h y; zð Þ, w ¼ w y; zð Þ
(13)

Using these variables from Navier-Stokes equations at ζ � ε1, , 1 for this
region, we derive self-similar equations, which in its outer part, at y≫ 1, reduce to
the form
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Uyy þ kUzz þ 1� kð ÞyUy þ kzUz ¼ 0,

Wyy þ kWzz þ 1� kð ÞyWy þ
2

z
þ kz

� �

Wz þ 2k m� 1ð ÞW þ 2

3
p1U ¼ 0

(14)

For k, 1 these equations have the solution corresponding to the regular at k ! 0
solution of BL equations:

U y; zð Þ ¼ C1 erfc y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� kð Þ=2
p� �

erf z=
ffiffiffi

2
p� �

, W ¼ �B zð ÞC1erfc y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� kð Þ=2
p� �

,

Bzz þ
2

z
þ z

� �

Bz � 2 m� 1ð ÞB ¼ �2mp1F zð Þ, F zð Þ ¼ erf z=
ffiffiffi

2
p� �

(15)

The function B zð Þ is expressed by Kummer’s function Φ a; b; xð Þ [10, 22, 23]:

B ¼ mp1B0 zð Þ þ BmΦ 1�m;
3

2
;� 1

2
z2

� �

, Bm ¼ bm R
ffiffiffiffiffi

kx
p

=ε1

	 
2 1�mð Þ
: (16)

B0 zð Þ is a particular solution of the inhomogeneous equation; the coefficient Bm

is determined from matching condition.
In Figure 4, comparisons of solutions of BL (dotted lines) and Navier-Stokes

(solid lines) equations for m ¼ 1=2 (curves 1 and 2) and m ¼ 1 (curves 3 and 4) are
presented. It is seen that regular solutions of Navier-Stokes equations are converged
quickly to singular solutions of BL equations.

Another effect generated by the singularity at k≥ 1=3 due to the BL growth at
ζ ! 0 is the viscous-inviscid interaction. This effect is important in the
region, where the inviscid and induced cross velocities have same orders;
this condition defines the transverse dimension of the region Δφ and the
velocity scale:

Δφ �
ffiffiffi

ε
p

x�
1
4, we � kRue

ffiffiffi

ε
p

x�
1
4: (17)

In this region, the flow has the two-layer structure. Assuming the potential flow
in the outer inviscid region, the solution here is presented by the improper integral

Figure 4.
The general flow scheme and the coordinate system for a cone.
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from the displacement thickness δ x; sð Þ. In the boundary layer, the flow is described
by full 3D equations:

s ¼ Rζ
ffiffiffi

ε
p , we ¼

3

2
ue

ffiffiffi

ε
p

We x; sð ÞWe x; sð Þ ¼ �ks 1þ r½ �, r ¼ 4m

π

∂

∂x

ð

∞

0

δ x; tð Þdt
s2 � t2

v ¼ f þ Kg þ Ags þ
2

3
xf x, h ¼ hw þ hru� 1

2
Me φ1ð Þu2

uyy ¼ Wewus þ vuy þ
2

3
xuux

wyy ¼ Wewws þ vwy þw
2

3
uþWesw

� �

� h
2

3
þWes

� �

þ 2

3
xuwx

(18)

For these equations boundary conditions have the form (1). A solution of
these equations will be matched with the boundary layer solution at s ! ∞.
Initial conditions are needed at some streamwise location x ¼ x0, which can be
obtained from a solution of Navier-Stokes equations near the body nose; this feature
does the problem more complicated. Obtained equations allow a self-similar
solution for hypersonic flows at some additional assumptions.

The solution in the outer boundary layer part, at y≫ 1, is described by formulas

t ¼ y=
ffiffiffiffiffiffiffiffiffiffiffiffiffi

d x; sð Þ
p

, u ¼ 1þU x; t; sð Þ, w ¼ 1� c x; sð ÞU

U ¼ C1 erfc t=
ffiffiffi

2
p� �

, p0 ¼ 3

2

1

2
M0 þ hw � 1

� �

1þ rð Þsds � 2mxdx � 2 n� 1� rsð Þd ¼ �2n

1þ rð Þscs � 2mxcx � 2 m� 1� rsð Þc ¼ �2m p1 � qp0
� �

(19)

Along characteristics ξ x; sð Þ ¼ const, which are streamlines of the inviscid flow,
the equations for functions d ¼ d ξ; sð Þ and c ¼ c ξ; sð Þ are integrated. At s ! 0 these
functions are represented in the form

c ¼ CsL þm p1 þ p0rs
� �

m� 1� r
, L ξ; sð Þ ¼ m� 1� rs

1þ r
; d ¼ DsI þ n

n� 1� rs
,

I ξ; sð Þ ¼ n� 1� rs
1þ r

, C ¼ bmε
m�1, D ¼ anε

n�1:

(20)

Coefficients C and D are obtained by matching d ξ; sð Þ and c ξ; sð Þ at s ! ∞ in
relation to a ζð Þ and b ζð Þ at ζ ! 0 [17, 36]. The logarithmic singularity appears in
these functions at I ¼ 0 or L ¼ 0. At L ξ;0ð Þ,0 or I ξ;0ð Þ,0, the singularity is of
the power type.

Following from presented results, in contrast with the 2D separation, the
viscous-inviscid interaction does not eliminate the singularity in 3D boundary layer;
this effect moves only the critical value of kc.

3.4 Singularities in the boundary layer near-wall region

The singularity in the outer BL part gives the critical value kc ¼ 1=3, although
calculations show kc ¼ kc M∞;Pr; hwð Þ. This indicates on the possibility of singularity
arising in the near-wall region. To study this possibility, at the first, we study the
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solution behavior of Eq. (6) at y, , 1 in the runoff plane φ ¼ φ1 where the solution
is presented in the form

τ0 ¼ du0 0ð Þ
dy

, θ0 ¼ dw0 0ð Þ
dy

,

u0 ¼ τ0yþ U0 yð Þ, w0 ¼ θ0yþW0 yð Þ, v0 ¼ �αy2 � F0 þ kG0, α ¼ 1

2
τ0 � kθ0ð Þ

(21)

Second terms of these decompositions can be presented by series

U0 ¼ F0y ¼ ∑
i¼0

αiy
iþ4

iþ 4ð Þ! , F0 ¼ ∑
i¼0

αiy
iþ5

iþ 5ð Þ! ,

W0 ¼ G0y ¼ ∑
i¼0

βiy
iþ2

iþ 2ð Þ! , G0 ¼ ∑
i¼0

βiy
iþ3

iþ 3ð Þ! :
(22)

First three coefficients of these series are defined by relations

α0 ¼ �2τ0α, α1 ¼ kτ0β0, α2 ¼ kτ0β1

β0 ¼ �phw, β1 ¼ �pτ0hr, β2 ¼
1

3
τ0 � 3kθ0ð Þθ0 þ 2pMeτ

2
0

(23)

Using these decompositions we can study qualitatively a dependence of the flow
structure near the runoff plane from parameters by analyzing the subcharacteristic
behavior. The transformed normal to the body surface v and transverse w velocities
at ζ, , 1 and y, , 1 in the first-order approximation are represented in the form

v ¼ v0 ¼ � αy2 � 1

6
kβ0y

3

� �

¼ � 1

6
kβ0y

2 yþ yc
� �

yc ¼ � 6α

kβ0
¼ 6α

kphw
, w ¼ �w0 ¼ �kθ0ζy

(24)

In the plane ζ ¼ 0, the cross-flow velocity w ¼ 0 due to symmetry conditions.
Here two critical points, in which v ¼ 0, can be. The first point locates on the cone
surface y ¼ 0, and the second one y ¼ �yc appears in the physical space at α,0, if
p.0 (k, 2=3), that corresponds to small angles of attack for the round cone and at
α.0, if p,0. Commonly, the critical value of the cross-flow velocity gradient
kc ≤ 1=3 corresponds to the negative cross-flow pressure gradient p.0, the trans-
verse skin friction in this region θ0.0.

Using these expressions, the equation for the subcharacteristics is obtained in
the form

ycdy

y yþ yc
� � ¼ β

dζ

ζ
, β ¼ α

kθ0
; α 6¼ 0 : y ¼ ycy0s

β

yc þ y0 1� sβð Þ , s ¼
ζ

ζ0

















,

α ¼ 0 : y ¼ y0
1� y0dln s

, d ¼ phw
6θ0

(25)

Here y0 and z0 define the initial point in the cross-plane.
The subcharacteristic behavior is shown in Figure 5a and b for p.0. At α.0

velocities v,0 and w,0; the only critical point node is in the coordinate origin,
and subcharacteristics go to it from the region ζ 6¼ 0 (Figure 5a). At α ¼ 0 yc ¼ 0
and the point ζ ¼ y ¼ 0 is double critical point of the type saddle node: the saddle is
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in the lower half-plane, i.e., out of the physical space. The node is in the upper half-
plane, and the subcharacteristic pattern retains the same as at α.0. At α,0 the
node drifts in the point ζ ¼ 0, y ¼ yc.0, and the coordinate origin becomes by the
saddle point (Figure 5b). In this case, at y. yc the normal velocity v,0 and at
0, y, yc v.0; v ¼ 0 on the line y ¼ yc.

This analysis shows that at the parameter α sign change, the physical flow
structure varies qualitatively, and the value α ¼ 0 is a criterion of the new flow
property appearance. It should be noted that in solutions of Navier-Stokes equations
for similar problems near the coordinate origin z ¼ y ¼ 0 in the leeward symmetry
plane, the streamwise-oriented vortex arises, and the flow is not described by the
BL theory since the viscous diffusion inside the vortex is distributed along the
radius from its axis, but not along the normal to the body surface. On the base of
this qualitative analysis, it is supposed that the critical value kc hw;Mð Þ is defined by
the relation

2α kcð Þ ¼ τ0 kcð Þ � kcθ0 kcð Þ ¼ 0 (26)

To support this hypothesis, equations for functions U0 yð Þ and W0 yð Þ are ana-
lyzed by substituting near-wall decompositions to Eq. (6). Considering functions
U0 yð Þ and W0 yð Þ as perturbations, we can linearize resulting equations and obtain
in the first-order approximation:

U0yy þ αy2U0y þ τ0 F0 � kG0ð Þ ¼ �ατ0y
2,

W0yy þ αy2W0y �
2

3
τ0 � 3θ0ð ÞyW0 þ θ0 F0 � kG0ð Þ ¼

β0 þ β1yþ
1

2
β2y

2 þ 2

3
θ0y� p hr � 2Meτ0yð Þ

� �

U0

(27)

At y ! 0 U0 yð Þ and W0 yð Þ are expressed by above series, and in order to
match them with the solution of full Eq. (6) in the main BL part, it is required
that these functions will grow at y ! ∞ not faster than a power function. To
study their solution behavior at y ! ∞ and α 6¼ 0, we introduce the new
variable:

ξ ¼ �αy3=3, y ¼ � 3ξ=αð Þ13: (28)

At the limit ξ ! ∞, previous equations are reduced in the first-order approxi-
mation to the form

Figure 5.
Subcharacteristics in the cross-plane at α≥0 (a) and α,0 (b); p.0.
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ξ
∂
2U0

∂ξ2
þ 2

3
� ξ

� �

∂U0

∂ξ
¼ � τ0

3

3ξ

α

� �1
3

, c ¼ 2
τ0 � 3kθ0

9α

ξ
∂
2W0

∂ξ2
þ 2

3
� ξ

� �

∂W0

∂ξ
þ cW0 ¼ � β1

3α
þ β2

6α

3ξ

α

� �1
3

� 2

9α
θ0 þ 3Meτ0ð ÞU0

(29)

Solutions of these equations can be represented as

U0 ¼ A00

ð

y

0

e�
1
3αs

3

dsþ τ0
3ξ

α

� �1
3

,

W0 ¼ B00Φ �c;
2

3
; ξ

� �

þ B01ξ
1=3Φ

1

3
� c;

4

3
; ξ

� �

� 3β1
2 τ0 � 3kθ0ð Þ

� 3β2
τ0 � 9kθ0

3ξ

α

� �1
3

� θ0 þ 3Meτ0

τ0 � 3kθ0
U00

(30)

First terms of these expressions are solutions of homogeneous equations,
with zero right-hand sides; A00, B00, and B01 are constants; Φ a; b; xð Þ is
Kummer’s degenerate hypergeometric function, which has asymptotes at
ξ ! ∞:

α.0, ξ,0 : Φ � �ξð Þc; α,0, ξ.0 : Φ � eξξc�2=3 (31)

Solutions grow exponentially at α,0 and p.0; they cannot be matched with
the solution in the main BL part. Therefore, at these conditions a solution of BL
equations cannot exist. This conclusion and also the criterion (26) for the boundary
of the existing leeward symmetry plane solution are confirmed by numerical calcu-
lations for the slender round cone at an angle of attack [25–32, 37], a part of which is
presented in Figure 6. In this figure, symbols correspond to calculations of limit

Figure 6.
The boundary of the solution existing in the leeward symmetry plane of the slender round cone at the angle of
attack and Pr ¼ 1 in the dependence of the critical value kc: ▲, [28]; ■, [29]; and ○, [37].
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values α kcð Þ for the solution existing at different boundary conditions in the diapa-
son of Mach numbers from 2 to ∞ at the Prandtl number 1 for different surface
temperatures. At k, 1=3 data are grouped near the value α ¼ 0 in accordance with
the criterion (26). The data scatter is, apparently, due to the decrease of the calcu-
lation accuracy at the approach to the critical value kc and also with errors of data
copying from papers. At k. 1=3, all calculations are finished with α.0, since the
solution existing in this region is determined by singularities in the outer BL part,
but not in the near-wall region.

Then we consider the solution behavior of full BL equations in the near-wall
region beside the runoff plane at ζ, , 1. 3D BL equations have the parabolic type,
and their solution before the runoff plane knows nothing about the solution in this
plane; however, in order for the first solution to move smoothly into the last one at
α.0, the first will be locally self-similar. Due to this condition, the streamwise τ ζð Þ
and cross-flow θ ζð Þ friction stresses and the self-similar variable η at ζ, , 1 will be
defined by expressions

τ ζð Þ ¼ τ0

a ζð Þ , θ zð Þ ¼ θ0

a ζð Þ , η ¼ y

a ζð Þ (32)

The function a zð Þ at α≥0 will satisfy to the condition a 0ð Þ ¼ 1. In this case,
flow functions in the boundary layer near the wall can be represented in the
form

f η; ζð Þ ¼ a ζð Þ τ0
η2

2
þ F η; ζð Þ

� �

, u η; ζð Þ ¼ f η ¼ τ0ηþU η; ζð Þ

g η; ζð Þ ¼ a ζð Þ θ0
η2

2
þ G η; ζð Þ

� �

, w η; ζð Þ ¼ gη ¼ θ0ηþW η; ζð Þ

v ¼ a α� 1

2
θ0kζ

aζ
a

� �

η2 þ F � kG 1þ kζ
aζ
a

	 


� kζGζ � kζηζW

� �

(33)

Substituting these expressions to Eq. (6) and linearizing the result with respect
to disturbances, we obtain the first-order approximation for the flow in the near-
wall region beside the runoff plane:

Uηη þ αη2Uη þ a2 kθ0ζηUζ þ τ0 F � kG 1þ aζ
a

	 


� kζGζ

h in o

¼ �ατ0η
2

Wηη þ αη2Wη þ a2 kθ0ζηWζ þ θ0 F � kG 1þ ζaζ
a

� �

� kζGζ

� �

� 3αcηW

� �

¼

�αθ0η
2 þ a2 β0 þ β1ηþ

1

2
β3η

2 þ 2

3
θ0 þ 3pMeτ0
� �

η� phr

� �

U

� �

(34)

Here β3 ¼ 2
3 τ0θ0 � kθ20 þ pMeτ

2
0. Due to local self-similarity at α≥0, we define

the function a ζð Þ as

αa2 � 1

2
kθ0ζaaζ ¼ α, a2 ¼ 1þ Cζq, q ¼ 4α

kθ0
(35)

The constant C is found from a comparison with numerical calculations. It
follows from this relation at α≥0 and q, 2 the solution of Eq. (6) in the near-wall
region at ζ, , 1 can find in the form of the series:

14

Boundary Layer Flows - Theory, Applications and Numerical Methods



F η; ζð Þ ¼ F0 ηð Þ þ ζqFq ηð Þ þ…, U η; ζð Þ ¼ U0 ηð Þ þ ζqUq ηð Þ þ…,

G η; ζð Þ ¼ G0 ηð Þ þ ζqGq ηð Þ þ…, W η; ζð Þ ¼ W0 ηð Þ þ ζqWq ηð Þ þ…,
(36)

The first term of this expansion is the solution for the runoff plane but depends
on the self-similar variable. Second terms define the proper solution of BL Eq. (6) at
ζ, , 1, which at η ! ∞, has the form [37]

ξ ¼ � αη3

3
, Uq ξð Þ ¼ Aq0Φ

4

3
;
2

3
; ξ

� �

þ Aq1ξ
1
3Φ

5

3
;
4

3
; ξ

� �

Wq ξð Þ ¼ Bq0Φ
4

3
� c;

2

3
; ξ

� �

þ Bq1ξ
1=3Φ

5

3
� c;

4

3
; ξ

� �

þ 9β1
2τ0

þ 3β2
11

3
τ0 � kθ0

3ξ

α

� �1
3

þ θ0 þ 3Meτ0

2τ0
U0 �

θ0 þ 3Meτ0

τ0 � 3kθ0
Uq:

(37)

Here Aq0, Aq1, Bq0, and Bq1 are constants. These relations show that the proper
solution in near-wall BL region near the runoff plane is nonzero. It is irregular at
α≥0 and it is singular at α,0. The logarithmic singularity is not in this case, and
the solution of BL equations exists at the critical value kc in contrast to the outer
region.

In the work of [15], at the analysis of perturbations in the boundary layer related
with the angle of attack, it was found that they lead to infinite disturbances in the
symmetry plane, although equations have no visible singularities contained. In this
case, the first-order approximation is described by the Blasius solution for the delta
flat plate. In Figure 7, dimensionless longitudinal and transverse skin friction dis-

tributions f ʹ ʹ1 zð Þ and gʹ ʹ1 zð Þ, induced by the second order BL approximation
(Figure 7a) and the angle of attack (Figure 7b) are presented in dependence on
transverse coordinate z ¼ 1� Z=X, where X and Z are Cartesian streamwise and
transverse coordinates. By approaching the symmetry plane (z ¼ 1), skin friction
perturbations infinitely grow. Detailed investigation of equations for these func-
tions showed that in these cases singularities take place as in the near-wall and outer
BL parts. In the outer part, the singularity corresponds to values of the parameter

Figure 7.
Skin friction distributions on the small aspect ratio delta wing at М = 2 related with (a) second BL
approximation and (b) angle of attack.
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m = 3/4 and 7/8 in relation to cases а and b, respectively. The longitudinal velocity
perturbation singularity is related only with the near-wall singularity.

Near-wall singularities generate the flow structure including three asymptotic
sublayers describing the viscous-inviscid interaction similar as near the 2D separa-
tion point. However, the viscous-inviscid interaction is not enough to remove the
singularity of the obtained type. Near the wall sublayer close to the symmetry plane
the fourth region is formed, in which the flow is described by the parabolized
Navier-Stocks equations similar to the above case of the outer singularity.

4. Studies of the symmetric flow instability over thin bodies and the
control possibility on the base of the interaction model of 3D boundary
layer with the electrical discharge

The electric discharge is considered as one of effective methods for control of the
flow asymmetry over bodies [23–27]. However, to select optimal control parame-
ters, it needs to have a reasonable criterion for the asymmetry origin and a possi-
bility for fast estimation of the control effect. For the second problem, the model of
the boundary layer and discharge interaction is proposed. The scheme of this model
is shown in Figure 8 [28–31, 37].

It is assumed the plasma discharge effect can be modeled by the heat source in
the boundary layer. The effect of gas ionization is neglected since the ionization
coefficient is of the order of 10�5. This source in the energy equation is presented by
formulas:

Q ¼ Q∗xl

h∞u∞
¼ Q0y

2 exp � y� yc φð Þ
� �2

σ

" #

, yc ¼ 2y0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

φ� φ1ð Þ φ2 � φð Þj j
p

(38)

Here Q∗ is a dimensional source intensity; Q0 is a maximum of dimensionless
heat-release intensity; σ characterizes the discharge width; yc φð Þ is a centerline of
the discharge that is approximated by the parabola; y0 is a maximum distance from
the discharge centerline to the wall; and the angles φ1 and φ2 determine the elec-
trode locations.

Calculations of the turbulent boundary layer characteristics were conducted
using the method [10] for a slender cone of half-apex angle δc ¼ 5∘ at the angle of
attack α ¼ α∗=δc ¼ 3:15. Other parameters are: l ¼ 1 m, T∞ ¼ 288K, u∞ ¼ 10 m=s,
σ ¼ 1, and y0 ¼ 1; the center between electrodes is located at ϕ0 ¼ 0:5 ϕ1 þ ϕ2ð Þ ¼
1:714 rad 98:25°

� �

, ϕ1 ¼ ϕ0 � 3Δϕ, and ϕ2 ¼ ϕ0 þ 3Δϕ, where Δϕ ¼ 0:0314159 is
the integration step of the finite-difference approximation.

In Figure 9, the dimensionless enthalpy (Figure 9a) and circumferential veloc-
ity (Figure 9b) profiles across the boundary layer are shown as functions of η for
Q0 ¼ 200 and for different polar angles φ. These profiles are similar to the source

Figure 8.
A scheme of discharge interaction with the boundary layer.
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heat intensity distribution across the boundary layer. The temperature reaches the
maximum value near the rear electrode, φ ¼ φ2 ¼ 1:809. Behind the heat source
region, the temperature maximum decreases and moves toward the upper bound-
ary-layer edge due to the heat diffusion. The station φ ¼ 1:87 is located just after the
separation point

Figure 10a demonstrates the plasma discharge effect on the separation point. As
the heat source intensity increases from 0 to 400, the separation angle, φs, decreases
from 133° to about 105°. It is seen that the plasma heating is more effective in the
range Q0, 100, where the slope dφs=dQ0 is relatively large.

Figure 10b illustrates feasibility of the vortex structure control using a local
boundary-layer heating on the base of the developed criterion of symmetric flow
stability (solid line). Due to the heat release, the flow configuration changes from
the initial asymmetric state (φs ≈ 133°, symbol 1) to the symmetric state with
θs ≈ 120° (symbol 2). This requires a nondimensional heat source intensity Q0 ≈ 30
that corresponds to the total power which is approximately equal to 480 W. This
example indicates that the method is feasible for practical applications of the global
flow structure control.

The method of the global flow stability was developed [27–31] using the asymp-
totic approach for the flow over slender cones, the separated inviscid flow model
[34] and the stability theory of autonomous dynamical systems [35]. Comparison of
the calculated criteria for different elliptic slender cones with experimental data for
laminar and turbulent boundary layers sowed its efficiency.

Figure 9.
Profiles of temperature (а) и and circumferential velocity (b) across the boundary layer near the heat-release
region.

Figure 10.
Discharge effect on the separation angle (a) and flow state (b).
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5. Investigations of abnormal features of the heat transfer and the
laminar-turbulent transition for hypersonic flows around flat delta
wing with blunted leading edges

Although found in the experimental zones of abnormal high heat fluxes on the
windward flat surface of the half cone with blunted nose and delta wings with
blunted leading edges, the phenomenon of the early laminar-turbulent transition
[38–46] cannot be explained in frameworks of the boundary layer theory and on the
base of solutions of parabolized Navier-Stocks equations. Only detailed flow simu-
lations using full Navier-Stocks equations allowed to find reasons of such anomalies
[46–48].

Figure 8 shows the comparison of calculated (the upper part) and experimental
(the lower part) heat flux distributions on the delta wing with the leading edge
sweep angle χ = 75°, the bluntness radius of cylindrical edges and the spherical
nose R = 8 at the angles of attack α = 0°, M = 6, unit Reynolds numbers
Re1 = 1.1556 � 106 m�1 [47, 48]. Similar patterns were obtained in numerical
simulations for different Reynolds numbers and Mach numbers up to 10.5 [46].
At moderate Mach numbers, a flow on such simple surface outside the nose and
leading edge regions is described very well by the flat plate approximation and has
no anomalies.

At hypersonic speeds, high heat flux regions, which is present in Figure 11, are
observed in the middle wing span and near the symmetry plane. It is seen that the
experimental middle high heat flux streak is finished by the turbulent wedge.
Calculations were conducted only for the laminar flow.

To understand the reason for the heat flux anomaly, the cross-flow pattern helps
(Figure 9). Three longitudinal vortexes are in this flow. The largest vortex is in the
inviscid region above shock (the dark layer) and boundary (the light layer) layers.
Vortex near the symmetry plane and in the middle of the span occupies both layers.
Its mutual location depends on the blunt radius, Mach, and Reynolds numbers [43,
46]. For the considered case, the middle vortex is above the high heat flux region
that is shown below the cross-flow pattern (Figure 12).

The analysis shows that high heat flux streaks are formed by the convective
transfer of heat gas from the shock layer to the wing surface by the gas rotation
inside the vortex. In the considered case, the middle vortex is formed before the
symmetry plane vortex near the nose in the narrowing flow region between the
head shock and the leading edge due to the cross-flow acceleration near the leading
edge and the induced pressure gradient related with the domed flow structure near
the symmetry plane.

Figure 11.
Comparison of numerical (the upper part) and experimental (the lower part) specific heat flux distribution on
the wing surface.
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In considered conditions, the middle vortex also is the reason for the laminar-
turbulent transition. Formed along the vortex center, streamwise velocity profiles
have inflection points that lead to the Rayleigh instability development. Transverse
velocity profiles along this line have the S-shaped form that leads to the cross-flow
instability. Both these processes result to the more early transition than Tollmien-
Schlichting wave evolution.

6. Conclusions

In this work, the short review of researches on the study of BL equation singu-
larities, which are formed when two streamline families are collided, is presented.
This phenomenon can arise only in unsteady and 3D problems and has no analogue
in 2D flows. A typical example of such problem is the flow around a slender cone in
the vicinity of the runoff plane. In this case, solutions are found in the analytical
form that allows to analyze explicitly the singularity character.

The analysis of solutions for the outer flow part revealed two singularity types.
One type is in streamwise and cross-velocity viscous perturbations; it arises at
values of relative cross pressure gradient k≥ 1 and leads to the exponential distur-
bance growth as the runoff plane is approached. At k ¼ 1 the singularity is loga-
rithmic and at k. 1 it is power; its appearance is correlated with the BL separation
appearance. Another singularity type at smaller values of k≥ 1=3 in the first-order
approximation leads to the infinite growth of transverse velocity perturbations only
and is not related directly with the flow separation; at k ¼ 1=3 the singularity is
logarithmic, and at k. 1=3 it is power. These BL singularities correspond to some
asymptotic flow structure at Re≫ 1. This structure includes the boundary region
with the dimension of the order of the BL thickness, in which the viscous transverse
diffusion effect smoothes the singularity. The comparison of obtained parabolized
Navier-Stokes equation solutions describing the flow in the boundary region with
BL equations solutions confirms this conclusion. Second region induced by the
viscous-inviscid interaction effect has the transverse dimension of the order of
square root from the BL thickness and the two-layer structure. For the potential
flow in the outer inviscid subregion, the integral solution representation is found on
the base of the slender wing theory. The inner subregion is described by full 3D BL
equations, the solution of which is obtained for the outer viscous subregion part. It
was shown that the viscous-inviscid interaction does not eliminate the singularity

Figure 12.
The cross-flow structure above the wing in the section Х = 0.1 m.
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but drifts it in the parametric space. To eliminate the irregularity, the boundary
region is needed.

To find the dependence of the critical parameter of the singularity appearance kc
on Mach and Prandtl numbers and the wall temperature BL equations, solutions are
studied in the near-wall region beside the runoff plane. Equation subcharacteristic
(streamlines) analysis showed the presence of one parameter α, the sing of which
defines the qualitative change of the streamline topology and, consequently, the
physical flow structure. It is shown and confirmed by comparison with all available
calculations that the boundary of the solution which exists in the runoff plane
corresponds to the criterion α kcð Þ ¼ 0. The analysis of BL equation solutions near
the runoff plane revealed the presence at α≥0 of irregular and at α,0 singular
proper solutions. This is confirmed by numerical calculations of the flow around
slender delta wing with the small aspect ratio. Singularities in the near-wall region
generate the some flow structure in its vicinity, the study of which is out of this
paper framework. Presented results do not depend on outer boundary conditions
and are true for the full freestream velocity diapason including hypersonic flows.

Presented research allows concluding that the flow in symmetry planes, for
example, on wings, has the complex structure, which is needed to take into account
the numerical modeling in order to eliminate the accuracy loss. Regular flow func-
tion decompositions commonly used at solutions of BL equations are not applied
near this plane, and it cannot be considered as a boundary condition plane due to a
possible solution disappearance.

Author details

Vladimir Shalaev
Moscow Institute of Physics and Technology, Zhukovsky, Russia

*Address all correspondence to: vi.shalaev@yandex.ru

©2019 TheAuthor(s). Licensee IntechOpen. This chapter is distributed under the terms
of theCreativeCommonsAttribution License (http://creativecommons.org/licenses/
by/3.0),which permits unrestricted use, distribution, and reproduction in anymedium,
provided the original work is properly cited.

20

Boundary Layer Flows - Theory, Applications and Numerical Methods



References

[1]Mager A. Three-dimensional
boundary layer with small cross-flow.
Journal of the Aeronautical Sciences.
1954;21:835-845

[2] Cebeci T, Cousteix J. Modeling and
Computations of Boundary Layer Flows.
Long Beach; Berlin, Heidelberg, N. Y:
Horizons Publishing Inc.; Springer;
2005, 502p

[3] Lunev VV, Senkevich EA. Method of
meridional sections in problems of a
three-dimensional boundary layer. Fluid
Dynamics. 1986;21:394-400

[4] Shalaev VI. Boundary layer on
slender wings in a supersonic gas flow.
In: Numerical Methods of Continuum
Mechanics. Vol. 17. Novosibirsk:
Siberian Branch of the Academy
of Sciences of the USSR; ITPM;
1986. pp. 127-134, N 5: [in Russian]

[5] Shalaev VI. Three-dimensional
boundary layer on slender wings and
bodies at small angles of attack. In:
Modeling in Continuum Mechanics.
Novosibirsk: Siberian Branch of the
Academy of Sciences of the USSR;
ITPM; 1988. pp. 148-153. [in Russian]

[6] Khonkin AD, Shalaev VI. Three-
dimensional boundary layer on slender
wings of finite span. Reports of USSR
Academy of Sciences. 1989;307(2):
312-315. [in Russian]

[7] Khonkin AD, Shalaev VI. Three-
dimensional boundary layer on bodies
with slight cross-section asymmetry at
small angles of attack. Reports of USSR
Academy of Sciences. 1990:313(5):
1067-1071 . [in Russian]

[8] Shalaev VI. Boundary layer on
slender small span wing. Journal of
Applied Mechanics and Technical
Physics. 1992;1:71-78

[9] Shalaev VI. Unsteady boundary
layers with small cross flows. Fluid
Dynamics. 2007;42(3):398-409

[10] Shalaev VI. Application of Analytical
Methods in Modern Aeromechanics.
Part. 1. Boundary Layer Theory. Moscow:
MIPT; 2010. 300p. (In Russian)

[11] Cebeci T, Kaups X, Ramsey JA. A
General Method for Calculating Three-
Dimensional Compressible Laminar and
Turbulent Boundary Layers on Arbitrary
Wings. NASA CP; 1977. N 2777

[12] Brown SN, Stewartson K. On the
propagation of disturbances in a laminar
boundary layer I. Mathematical
Proceedings of the Cambridge
Philosophical Society. 1973;73:493-503

[13] Stewartson K. The Theory of
Laminar Boundary Layers in
Compressible Fluids. Oxford: Clarendon
Press; 1964

[14] Stewartson K, Simpson CJ. On a
singularity initiating a boundary layer
collision. Quarterly Journal of
Mechanics and Applied Mathematics.
1982;35:1-16

[15]Williams JC. Singularities in solution
of three-dimensional boundary layer
equations. Journal of Fluid Mechanics.
1985;160:257-279

[16] Bashkin VA. On uniqueness of
self-similar solutions of three-
dimensional laminar boundary layer
equations. Izvestia AS USSR. MZhG.
1968;5:35-41

[17]Wu P, Libby PA. Laminar boundary
layer on a cone near a plane of
symmetry. AIAA Journal. 1973;11(3):
326-333

[18]Murdock JW. The solution of sharp
cone boundary layer equations in the
plane of symmetry. Journal of Fluid
Mechanics. 1972;54:665-678. Pt 4

[19] Cousteix J. Houdeville R.
Singularities in three-dimensional

21

3D Boundary Layer Theory
DOI: http://dx.doi.org/10.5772/intechopen.83519



turbulent boundary-layer calculations
and separation phenomena. AIAA
Paper. 1981;1201

[20] Rubin SG, Lin TC, Tarulli F.
Symmetry plane viscous layer on a
sharp cone. AIAA Journal. 1977;15(2):
204-211

[21] Shalaev VI. Singularities in the
boundary layer on a cone at incidence.
Fluid Dynamics. 1993;6:25-33

[22] Shalaev VI. Singularities of 3D
laminar boundary layer equations and
flow structure near a sink plane on
conical bodies. Fluid Dynamics. 2007;
42(4):560-570

[23] Shalaev VI. Singularities in laminar
boundary layer and flow structure near
sink plane on conical bodies. In: 29th
ICAS Congress, St. Petersburg,
September 7—12, 2014. Available from:
http://www.icas.org/ICAS_ARCHIVE/
ICAS2014/data/papers/2014_0675_paper.
pdf

[24] Shalaev VI. Singularities of 3D
laminar boundary layer equations and
flow structure in their vicinity on
conical bodies. In: International
Conference on the Methods of
Aerophysical Research. AIP Conference
Proceedings. Vol. 1770. 2016.
pp. 030055-1-030055-14

[25] Stewartson K. Is the singularity at
separation removable? Journal of Fluid
Mechanics. 1970;44:347-364, part 2

[26] Lowson MV, Ponton AJC.
Symmetric breaking in vortex flows on
conical bodies. AIAA Journal. 1992;
30(6):1576-1583

[27] Kumar A, Hefner JN. Future
challenges and opportunities in
aerodynamics. In: 22th ICAS Congress,
Harrogate, 28 August–1 September,
2000. pp. 0.2.1-0.2.14

[28]Meng X, Wang J, Cai J, Liu F, Luo S.
Effect of plasma actuation on

asymmetric vortex flow over a slender
conical forebody. AIAA Paper. 2012;0287

[29] Séraulic A, Pailhas G.
Implementation of DBD plasma
actuators to control boundary layers in
subsonic flows. International Journal of
Aerodynamics. 2013;3(1):3-25

[30] Shalaev V, Fedorov A, Malmuth N,
Zharov V, Shalaev I. Plasma control of
forebody nose symmetry breaking.
AIAA Paper. 2003;0034

[31] Shalaev V, Fedorov A, Malmuth N,
Shalaev I. Plasma control of forebody
nose symmetry breaking. AIAA Paper.
2004;0842

[32] Shalaev VI, Shalaev IV. A stability
criterion of symmetric separated flow
over slender bodies and flow control by
volumetric and surface gas heating. In:
XV International Conference on the
Methods of Aerophysical Research
(ICMAR). Abstracts. Vol. 1.
Novosibirsk: Parallel; 2010. pp. 223-224

[33] Shalaev VI, Shalaev IV. On stability
of symmetric vortex structures at flow
over bodies. Bulletin of Nizhny
Novgorod University. 2011;4:1265-1266,
part 3

[34] Reijasse P, Knight D, Ivanov M,
Lipatov I, editors. EUCASS book series.
Progress in flight physics. Chapter 4.
Vortex, wakes and base flows. Shalaev
VI, Shalaev IV. Stability of Symmetric
Vortex Flow over Slender Bodies and
Possibility of Control by Local Gas
Heating. Paris: EDP Sciences. 2013;5:
155-168. Doi:10.1051/eucass/201305155

[35]Dyer DE, Fiddes SP, Smith JHB.
Asymmetric vortex formation from
cone at incidence—A simple inviscid
model. Aeronautical Quarterly. 1982;
3(6):293-312

[36]Gilmore R. Catastrophe Theory for
Scientists and Engineers. New York:
Wiley; 1981: 350p

22

Boundary Layer Flows - Theory, Applications and Numerical Methods



[37]Maslov A, Zanin B, Sidorenko A,
Malmuth N, et al. Plasma control of
separated flow asymmetry on a cone at
high angle of attack. AIAA Paper. 2004;
0843

[38] Borovoi VY, Davlet-Kildeev RZ,
Ryzhkova MV. On heat exchange
peculiarities on the surface of some
lifting bodies at large supersonic speeds.
Fluid Dynamics. 1968;1

[39] Kondratiev IA, Yushin AY. On local
heat flux increasing on the windward
surface of a delta wing with blunted
leading edges. In: Aerothermodynamics
of Aerospace Systems; Report Collection
of TsAGI School-Seminar “Mechanics of
Liquid and Gas”. Vol. 1. Zhukovsky:
TsAGI; 1990. pp. 167-175

[40] Gubanova OI, Zemlyansky BA,
Lesin AB, Lunev VV, Nikulin AN,
Syusin AV. Abnormal heat exchange on
the winward side of the delta wing with
the blunted nose at hypersonic speeds.
In: Aerothermodynamics of Aerospace
Systems; Report Collection of TsAGI
School-Seminar “Mechanics of Liquid
and Gas”. Vol. 1. Zhukovsky: TsAGI;
1990. pp. 188-196

[41] Kovaleva NA, Kolina NP, Yushin
AY. Experimental investigation of heat
flux and laminar-turbulent transition on
half delta wing models with blunted
leading edge in supersonic flow.
Uchenye Zapiski Tsentralnogo Aero-
Gidrodinamicheskogo Instituta
(TsAGI). 1993;24(3):46-52

[42] Lesin AB, Lunev VV. On peak heat
fluxes on delta flat plate with blunted
nose in hyersonic flow. Fluid Dynamics.
1994;2:131-137

[43] Bragko VN, Vaganov AV, Dudin
GN, Kovaleva NA, Lipatov II, Skuratov
AS. Experimental investigation of delta
wing aerodynamic heating pecularities
at high Mach numbers. Proceedings of
MIPT. 2009;1(3):57-66

[44] Vaganov AV, Yermolaev YG,
Kosinov AD, Semenov NV, Shalaev VI.

Experimental investigation of flow
structure and transition in boundary
layer on delta wing with blunted leading
edges at Mach numbers 2, 2, 5 and 4.
Proceedings of MIPT. 2013;3(19):164-173

[45] Vlasov VI, Gorshkov AB, Kovalev
RV, Lunev VV. Thin delta flat plat with
blunted nose in viscous hypersonic flow.
Fluid Dynamics. 2009;4:134-145

[46] Bragko VN, Vaganov AV, Neyland
VY, Starodubtsev MA, Shalaev VI.
Simulation of flow peculiarities on delta
wing windward side with blunted
leading edges on the base of Navier-
Stocks equation numerical solution.
Proceedings of MIPT. 2013;5(2):13-22

[47] Aleksandrov SV, Vaganov AV,
Shalaev VI. Physical mechanisms of
longitudinal vortexes formation,
appearance of zones with high heat
fluxes and early transition in hypersonic
flow over delta wing with blunted
leading edges. In: International
Conference on the Methods of
Aerophysical Research, Permision from
AIP Conference Proceedings. Vol. 1770.
2016. pp. 020011-1-020011-10. DOI:
10.1063/1.4963934

[48] Aleksandrov SV, Vaganov AV,
Shalaev VI. Physical mechanisms of inc
reased heat flux zone appearance and la
minar-turbulent transition in the
boundary layer on blunted delta
wings at high freestream velocities.
In: Proceedings of 7th European
Conference for Aeronautics and
Aerospace Sciences. Milan; 2017. p. 082.
DOI: 10.13009/EUCASS2017-81

23

3D Boundary Layer Theory
DOI: http://dx.doi.org/10.5772/intechopen.83519


