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Abstract

There are many complicated and fussy mathematical analysis processes in geodesy, such
as the power series expansions of the ellipsoid’s eccentricity, high order derivation of
complex and implicit functions, operation of trigonometric function, expansions of special
functions and integral transformation. Taking some typical mathematical analysis pro-
cesses in geodesy as research objects, the computer algebra analysis are systematically
carried out to bread, deep and detailed extent with the help of computer algebra analysis
method and the powerful ability of mathematical analysis of computer algebra system.
The forward and inverse expansions of the meridian arc in geometric geodesy, the
nonsingular expressions of singular integration in physical geodesy and the series expan-
sions of direct transformations between three anomalies in satellite geodesy are established,
which have more concise form, stricter theory basis and higher accuracy compared to
traditional ones. The breakthrough and innovation of some mathematical analysis prob-
lems in the special field of geodesy are realized, which will further enrich and perfect the
theoretical system of geodesy.

Keywords: geodesy, computer algebra, mathematical analysis, meridian arc, singular
integration, mean anomaly

1. Introduction

Geodesy is the science of accurately measuring and understanding three fundamental proper-
ties of the Earth: its geometric shape, its orientation in space, and its gravity field, as well as the
changes of these properties with time. There are many fussy symbolic problems to be dealt
with in geodesy, such as the power series expansions of the ellipsoid’s eccentricity, high order
derivation of complex and implicit functions, expansions of special functions and integral
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transformation. Many geodesists have made great efforts to solve these problems, see [1-8].
Due to historical condition limitation, they mainly disposed of these problems by hand, which
were not perfectly solved yet. Traditional algorithms derived by hand mainly have the follow-
ing problems: (1) The expressions are complex and lengthy, which makes the computation
process very complicated and time-consuming. (2) Some approximate disposal is adopted,
which influences the computation accuracy. (3) Some formulae are numerical and only apply
to a specific reference ellipsoid, which are not convenient to be generalized.

In computational mathematics, computer algebra, also called symbolic computation, is a scien-
tific area that refers to the study and development of algorithms and software for manipulating
mathematical expressions and other mathematical objects. Software applications that perform
symbolic calculations are called computer algebra systems, which are more popular today.
Computer algebra systems, like Mathematica, Maple and Mathcad, are powerful tools to solve
some mathematical derivation in geodesy, see [9-11]. By means of computer algebra analysis
method and computer algebra system Mathematica, we have already solved many compli-
cated mathematical problems in special fields of geodesy in the past few years; see [12-15].

The main contents and research results presented in this chapter are organized as follows: In
Section 2, we discuss the forward and inverse expansions of the meridian arc often used in
geometric geodesy. In Section 3, the nonsingular expressions of singular integration in physical
geodesy are derived. In Section 4, we discuss series expansions of direct transformations
between three anomalies in satellite geodesy. Finally in Section 5, we make a brief summary.

2. The forward and inverse expansions of the meridian arc in geometric
geodesy

The forward and inverse problem of the meridian arc is one of the fundamental problems in
geometric geodesy, which seems to be a solved one. Briefly reviewing the existing methods,
however, one will find that the inverse problem was not perfectly and ideally solved yet. This
situation is due to the complexity of the problem itself and the lack of advanced computer
algebra systems. Yang had given the direct expansions of the inverse transformation by means
of the Lagrange series method, but their coefficients are expressed as polynomials of coeffi-
cients of the forward expansions, which are not convenient for practical use, see [6, 7]. Adams
expressed the coefficients of inverse expansions as a power series of the eccentricity e by hand,
but expanded them up to eighth-order terms of e at most, see [1]. Due to these reasons, the
forward and inverse expansions of the meridian arc are discussed by means of Mathematica in
the following sections. Their coefficients are uniformly expressed as a power series of the
eccentricity and extended up to tenth-order terms of e.

2.1. The forward expansion of the meridian arc

The meridian arc from the equator where the latitude is from B = 0 to B is

B -3/2
X=a(1-¢) J (1—¢*sin®B) ~"dB 1)
0
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where X is the meridian arc; Bis the geodetic latitude; a is the semi-major axis of the reference
ellipsoid; e is the first eccentricity of the reference ellipsoid.

Expanding the integrand in Eq. (1) and integrating it item by item using Mathematica as
follows:

-3/2

S = series| (1 -&® #sin[B]?) . {e, 0, 10}]

3 15 35 315 €93
1+ —8in[B]?e®+ — 3in[B]%e®+ — 8in[B]®e®+ — sin[B]®e® + 3in[B]? e + O[] 1!
2 - 16 128 256

Y0 = Integrate[S, B]

3 = 15
B+ i {B-Cos[B] S8in[B]) e* + oL (12B-838in[2B] +S8in[4B]) % -

35 (-60B + 455in[2B] - 98in[4 B] + Sin[6B]) e 1
~
3072 131072
1
105 {B40B - 672 Sin[2B] + 168 Sin[4B] - 328in[6B] +3Sin[8B]) e® + ——
2621440

€93 (2520 B - 2100 3in[2B] + 600 Sin[4B] - 150 83in[6B] + 25 8in[8B] - 28in[10B]) e'? + o[e]™*
0 = TrigReduce [Normal [¥#0]]

1

7864 320

(78643208 +5898240Be® +5529600Be® + 53760008+ 52520008e” + 5235308087 -
2949120e? 8in[2B] - 3686400 e®* 8in[2B) - 4032000e®3in[2B) - 4233600e® 8in[2B] -
4365900e'® Sin[2B] + 460800 e® Sin[4B] + 806400 e® Sin[4B] + 1058 400 e® Sin[4 B] +
1247400 e 53in[4B] - 89600 e®* Sin[6B] - 201600 ® Sin[6B] -
311850 e'® 3in[6B] + 18900 &® Sin[8 B] + 51975 '? Sin[8 B] - 4158 &’? 5in[10B])

Then one arrives at

X =a(1 — €*)(KoB + Kz sin2B + Ky sin4B + Kg sin6B + Ks sin 8B + Ky sin 10B) )

Ve

where
, 3. 45, 175 . 11025 . 43659
K — 1 e 2 il 4 6 8 10
0= 110 T51% T256° T16384° T 65536°¢
o B 15, 525 (2205, 72765
27 78% 732° T1024° T 4209%6° " 131072°
K15 0 105 2205 10395
256° " 1024° T 16384° T 65536 .
(35 o 105 10395
6= 73072 T 2096° 262144
315, 3465
Ks =131072° 1 522288¢
6B
10 1310720
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Egs. (2) and (3) can also be derived using the binomial theorem by hand which consumes
much more time, see [6-9]. The denominator 693 of the last coefficient Ky is mistaken as 639 in
Ref. [9].

2.2. The inverse expansion of the meridian arc using the Hermite interpolation method

Differentiation to the both sides of Eq. (1) yields:

dX = a(l-¢?) A
dB (1 — e2sin2B)*/? @

Define 1 as

X

V= a(1 — e?)Ko )

Substituting Eq. (5) into Eq. (4) yields:

3/2

B _ (1- ¢ sin2B)

Kol = (6)

Suppose that the inverse solution of Eq. (6) has the following form:

B =1 + ap sin 21 + a4 sin41) + ae sin 61 + ag sin 8y + a1 sin 10y (7)

Eq. (7) has five coefficients to be determined. Once these coefficients are known, the inverse
problem can be solved.

We consider that the values of differentiation Eq. (6) at the beginning and end points can be
treated as interpolation constraints. It is generally known that

B'(0) = Ko (8)

(T 3/2
B(3) = K(1-¢) 9)
The further derivation of Eq. (6) with respect to ¢ yields B”(¢). Unfortunately, B” (i) is equal to
zero at ¢ = 0, Y = 5. Hence, one differentiates Eq. (6) twice and it yields B"(¢). Omitting the
derivative procedure by means of Mathematica, one arrives at

274 729 o 4329 4 381645
4 64 256 16384

(TN _ap 154 376 3 5 51 4
B(3) =3¢ -T¢ 5 + 3¢ ~ et (D

B"(0) = -3¢

(10)

The further derivation of B" (1)) with respect to 1 yields B (1), but B¥ (1) is equal to zero at
i =0, = £ Hence, one differentiates B (1)) twice and it yieldsB® (1). Then one arrives at
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455 ;| 20145 ;4924935

B (0) = 122 + 90¢*
(0) = 12¢" + 90" + — - 2 ¢ T 100

(12)

Making use of the five interpolation constraints in Eqgs. (8-12) and differentiating Eq. (7)
correspondingly, one arrives at a set of linear equations for the unknown coefficients

B'(0) -1
2 4 6 8 10 @ .
B’(— 1
2 4 6 8 ~10 a 2
8§ 64 216 -512 —1000 || a | =| B(0) (13)
8 —64 -216 —512 1000 a B(g)
32 1024 7776 32768 100000/ \ ajp
B(5)(O)
The solution to Eq. (13) is
B'(0)—1
o 2 4 6 8 10 B o (n) :
ay —2 4 -6 8 -10 (E B
a6 | =| -8 —64 —216 —512 —1000 B"(0) (14)
as 8 —64 -216 —512 1000 B(g)
o 32 1024 7776 32768 100000
B(S)(O)

Omitting the main operations by means of Mathematica, one arrives at

32, 34 23 o 255 5 20861
278 16 2048 4096 524288
_ 2 2 933 5 197 o
- 256 256 8192 4096
151 ¢, 151 5 5019 4

a4

— — 15
%~ G1aa® T1096° 131072 (15
e 1097 S 1097 /10
71310727 ' 65536
j— 8011 /10
1 2621440
2.3. The inverse expansion of the meridian arc using Lagrange’s theorem method
Suppose that
y=x+f(x) (16)

with |[f(x)| << |x| and y=x. Lagrange’s theorem states that in a suitable domain the solution of
Eq. (16) is
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o\ gn—1
v=y+ 3 O 17)

n=1 n dyn_l

oo

Supposef(x)is defined by the following finite trigonometric series:

f(x) = asin2x + Bsindx + y sin 6x + 0 sin 8x + ¢ sin 10x (18)

where the coefficients a = O(¢?), p=0(e*), y =0(e®), 6 =0(c%), e =0(!%) are small
enough for the condition [f(x)| << |x|. In deriving the inversion we shall truncate the infinite
Lagrange expansion at eighth-order terms of e and drop higher powers. Inserting Eq. (18) into
Eq. (17), one arrives at

1d 1 d? 1 d° i 1 d*

x=y—f(y)+ 2dy W) - 3l ay? Fy) + @d—yg fFw)l" - gd—f Fy)l (19)

One should make use of several trigonometric identities to calculate the derivatives, substitut-
ing them into Eq. (19) and grouping terms according to the trigonometric functions. It is a
difficult and time-consuming work to do by hand, but could be easily realized by means of
Mathematica. Omitting the main procedure, one arrives at

x =Y+ dpsin2y + dy sin4y + dg sin 6y + dg sin 8y + djo sin 10y (20)

where
1 3 > 15 3 5
dzz—a—aﬁ—ﬁy—kia +ap —a y+sa'p——=a

4
dy = —B+a? —2047/—|—4a2ﬁ—§a4

g0( (21)

27
de = =y +3ap — 3ad — §a3 +gaﬁz + 9a%y —?asﬁ +

dg = —0 + 2B* + day — 8a26+§a4

25 25 125 125
dip = —& +5a0 + 58y — ?aﬁz - 70(2)/ + 70{% - gaS

\

Substituting x for Band y for 1 in Eq. (16), the coefficients a, §, , 6, ¢ are consistent with a, ay,
ae, ag in Eq. (3). According to Eq. (20) and denoting ay, as, ae, as, a1o as the new coefficients, the
inverse expansion of the meridian arc can be written as

B =1 4 ap sin 2y + a4 sin4y + ae sin 6y + ag sin 8y + a1 sin 10y (22)

where
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Iy = —y — Aoty — Aalg + 1043 + a0l — 10?0(6 + 10(3044 — iaf’
22 A R VR
2 ) 4 4
ay = —ay + a; — 2006 + 4504 — 5%
3 9 27
as = —a + 300 — 3anag — Eag + E“Zai + 9306 — 70420(4 + §a§ (23)
2 2 8 4
ag = —ag + 25 + 4danae — 8asay + 3%
25 5, 25, 125 , 125 4
alp = —ap + daoag + dassg — — oy — —— 506 +——Ay004 — ——
\ 2 2 6 24

The coefficients in Eq. (23) are also easily expressed in a power series of the eccentricity by
means of Mathematica. Omitting the main procedure, one arrives at

b3, 34, 23 o 255 o 20861
278% T16° T2048° T 42096° " 524288
21, 21 533 4 197
4 =556% T256° T8192° T1006°
W 151 o 151 g 5019 o
6~ 6144 4096 ' 131072 (24)
L1097 5 1097 4
8 T 131072° " 65536
L8011
L 10 T 2621440

The results in Eq. (24) are consistent with the coefficients in Eq. (15), which substantiates the
correctness of the derived formula.

2.4. The accuracy of the inverse expansion of the meridian arc

In order to validate the exactness of the inverse expansions of meridian arc derived by the
author, one has examined its accuracy choosing the CGCS2000 reference ellipsoid with
parametersa = 6378137, e = 0.08181919104281579. The accuracy of the inverse expansions
derived by Yang (see [6, 7]) is also examined for comparison.

One makes use of Eq. (1) and Eq. (5) to obtain the theoretical value 1 at given geodetic latitude
By. Then one makes use of the inverse expansions derived by Yang (see [6, 7]) to obtain the
computation value B;. Substituting i,into Eq. (22), one arrives at the computation value Bj.
The differences AB; = B; — By, AB; = B. — By(i = 1,2) indicate the accuracies of the inverse

expansions derived by Yang (see [6, 7]) and the author respectively. These errors are listed in
Table 1.
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Bo/(*) 20 40 60 80
ABy/(") —32x1077 ~16x10°° ~1.8x10°° ~14x10°°
AB} /(") 2.7 %1077 8.6 x 1077 1.3 x10°8 1.7x 1078

Table 1. Errors of the inverse expansions of meridian arc.

From Table 1, one could find that the accuracy of the inverse expansion of meridian arc
derived by Yang (see [6, 7]) is higher than 107, and the accuracy of the inverse expansion
Eq. (22) derived by the author is higher than 10~””. The accuracy is improved by 2 orders of
magnitude by means of computer algebra.

3. The singular integration in physical geodesy

Singular integrals associated with the reciprocal distance usually exist in the computations of
physical geodesy and geophysics. For example, the integral expressions of height anomaly,
deflections of the vertical and vertical gradient of gravity anomaly can be written in planar
approximation as

‘= % ” ™8 ey (25)
E=— % ﬂ % dxdy (26)
n=-— % ” y%dxdy (27)

L= % ” % dxdy (28)

where r = \/x? + y?, Ag, is the gravity anomaly at the computation point. When r — 0, the
above integrals become singular and need special treatment at the computation point. The past
treatments are with respect to template computations, which regards the innermost area as a
circle, see [3, 16]. But the gravity anomalies are given in the rectangular grids(such as 2" x 2'), if
the approximate disposal is used, some significant error may be introduced. Sunkel and Wang
expressed the gravity anomalies block by block as an interpolation polynomial and derived the
analytic values of the integrals, see [17, 18]. However, the integrals of the rational functions are
very complicated, especially when related interpolation polynomials contain many terms. One
only can give the analytic values of the corresponding linear approximation. In this chapter,
we use the nonsingular integration transformations proposed by Bian (see [19]) to compute the
above integrals precisely.
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=-d

Figure 1. Integrals in the rectangular area.

As shown in Figure 1, let the innermost area be the rectangular o € [—a < x <a,—-b <y < V]
(a >0, b > 0) due to the convergence of meridian, and the gravity anomaly is expressed as
double quadratic polynomial:

Ag(x,y) = EZ: (g) ]ZZO:%' (%)] (29)

=0

Inserting the innermost area into Egs. (25)-(28), and let the contributions be A, A&, Anand AL,
one arrives at

AL = Ziy J(J Ag (f’y ) dxdy (30)

AE = — 27117 ngg Y ey (31)
An=— 2; Jy Agj;‘ oY) gy (32)
AL — % J J Ag(x,y) r_3 Ag(0,0) . dy (33)

Q

The following transformation is introduced for o

(34)
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Using the properties of the integration for even/odd functions and exploiting the symmetry of
the integration area, one arrives at

11 2 2 2.2
AC = 4ab J J o + QoU” + X U” + AU D dudo (35)
21ty Jo Jo Va2u? + b2o?
—a2p (L (2 2
AE =" bJ J - (“1”“””3 /)2 dudo (36)
21ty Jo Jo (a2u2 +b202)
—agh? (1 (1 R 4 2
P J J v (2o el /)2 dudv (37)
2rty Jo Jo (a2u? + b*0?)
4gb (T (1 0[20112 + (XOQUZ + 0(221/[22)2
AL — EJ J 20 fudo (38)

0Jo (a?u? + bzvz)

Drawing a line from the origin to the upper right corner, it divides the upper right quadrant.
intooiel0l<u<1l,0<v<ul,omell<u<v,0<u<l].

The following nonsingular integration transformation is introduced for o4

e

The following nonsingular integration transformation is introduced for o,
v="0
R (40)
v

Insertingv = ku(oru = Av)into Egs. (35)—(37),0ne arrives at

(39)

SIS ES!

4ab (! 1 1 1 dk
AC = 4 J <O!00+—6¥20+—a02](2+—0122]g)

N e e "
4ab (! 1 1 1 dA
—+ LJ (aoo + —ap + —CYzo/\z + —a22A2>

27'()/ 0 3 3 5 A /bz —|—ﬂ2A2

—44%p (1 1 dk
AE = J <a +-a k2>—
207 Jo 10701 (@ +b213)3/2

42
(L) v -
27‘()/ 0 10 3 12 (b2+a2A2)3/2
An_—4ab2 Jl (a 1 ) K dk
2y o U T (2 ) )

_4a_bzr <a +1a /\2) i
27—()/ 0 o1 3 21 (b2+a2/\2)3/2
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4ab (* 1 dk
AL = LJ <0(20 + Oéozkz + —0(22k2> —3/2
27t Jo 3 (a2 + V°K?)

4ab (! 1 dA
+ —J (ao() + OézoAZ + —0(22A2> —3/2
21 Jo 3 (B + a2A?)

(44)

Now we can see that the denominators are greater than zero after transformation Eq. (39) and
Eq. (40), and the singularities have been eliminated. The integrals in x and y directions are
converted to the integrals of the powers of k andA. This basically changes the double integrals
to single variable integrals, which could easily be calculated in Mathematica as follows:

AE =
FullSinplif]r[
1ab ﬂu,u+§ﬂ2,u+§ﬂn,2k2+iﬁ2,2k2
Integ‘rate[ F {k, 0,1},
2yy v a® + bk
Assumptions — {a =0, b » 0}] +

dah ﬂn,n+§ﬂu,2+§'ﬂz,nlz+$ﬂz,zlz
Integrate[ LA, 0, 1},
b° +a° A*

Assumptions — {a > 0, b = n}]] (45)

2y

m |Th2 |:'30 al ArcSinh[El Gy g +

10* ArcSinh’E] Go,e + |a a' +b' -pf ArcSinh[E] | (5o + 30,) | +
b | bl |

f h . . . .
ﬁg ‘30 ]‘J2 AICSiIﬂI[— ] Cp,o + Sh "'\Il E.z + ]‘Ji Cp,x + 3b '“1.!I B.2 + ]D2 O .¢ +
\ a

ArcSinh’El (100 o0 -a' (Sog,e+3e,0)) ||

AL =

1 2
; a2 Kk

(62 & h2 k2]3;’2

4a’h d1.0+

FullSimplify [_ Integrate [

; {k, 0, 1}, Assumptions - {a >0, b » l]}] -
27y

4 a2 b (ﬂlfo + % alfg) .12
Integrate [
(v? +a? %)

; {A, 0, 1}, Assumptions - {a =0, b - ll}]]
27y

—6b® Arcsinh| 2| oy o+ 2 lab )/ af +b* - b® ArcSinh| 2| - a® Arcsinn[® [ul "
b ! b a ’

Jabixy
(46)
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1)’ =
2 aO,l + %' az‘_l] k2

[az % h2 k2]3.r‘2

4

a
Funsnmify[- Integrate[( , {k, 0, 1}, Assumptions —» {a =0, b » u}] i
2y
dans og,1 + ? az,1 A2
Int,egrate[—
[hz +a2 12)3."2

, {2, 0, 1}, Assumptions » {a =0, b » o}]]
2wy

_6a ArcSinh[-i] @i 4B (ab  at + bt —p? Arn::Sinh[i] -a ArcSinh[]i'] | Bs.1

3athmy
(47)
AL =
Funsmlify[
dab G g + 0,2 K+ i o 2 K?
— Integrate[ , {k, 0, 1}, Assumptions = {a =0, b > n}] +
2 (3.2 +h2 k2]3,-‘2
2ab o tegrat a0r2+a2f012+§a2r212 A, 0, 1}, Assumpti 0,b =0
- ntegra e[ [h2+a2_12]3"'2 fA, 0,1}, Assumptions - {a >0, b = }]] (48)
1

mz |3 a’ Arc:Sinh[E] ay; +3b° Aru:SinhlE] Gy, +

’—EL]'J -..,Illm + ]:.3 AICSinh[ E] N El.g ﬁ]‘:ch_nhl EI | " |
| b al, _‘

In case of a square grid with a unit length, Egs. (45)-(48) can be simplified in Mathematica as.

FullSimplify[4€ /. a—=1/. b = 1]

60 ArcSinh[L] cgg + 5 [E +ArcSinh[l]) (Ctys +Cz.0) +6 [? -ArcSinh[l]] age (49

15 -y

FullSimplify[Af /. a—1/. b = 1]

~GArcSinh[l] oy, + 2 [E -2 ArcSinh[l]j o, (50)

3y

FullSimplify[an /. a—=1/. b = 1]

~6ArcSinh[l] gy + 2 [E -2 Arcﬁinh[l]j agq (51)

Iy
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FullSimplify[4l f. a—-1/. h —=1]

6 ArcSinh[l] (og: +0s.0) -2+ 2 op,s + AArcSinh[l] s (©O2)

3

One could find that it is greatly fussy to complete these integrals by hand, which could be
easily realized using some commands of computer algebra system.

4. The series expansions of direct transformations between three
anomalies in satellite geodesy

The determination of satellite orbit is one of the fundamental problems in satellite geodesy. A
graphical representation of the Keplerian orbit is given in Figure 2, see [20].

Eccentric, mean and true anomalies are used to describe the movement of satellites. Their
transformations are often to be dealt with in satellite ephemeris computation and orbit deter-
mination of the spacecraft. In Figure 2, E is the Eccentric anomaly, vis the true anomaly. In
order to realize the direct transformations between these anomalies, the series expansions of
their transformations are derived using the power series method with the help of computer
algebra system Mathematica. Their coefficients are expressed in a power series of the orbital
eccentricity e and extended up to eighth-order terms of the orbital eccentricity.

4.1. The series expansions of the direct transformation between eccentric and mean
anomalies

Let the mean anomaly be M. Mcan be expressed by E as follows:

M =E —esinE (53)

Differentiating the both sides of Eq. (53) yields

N\ .
\satellite

ae

apogee a geocenter  perigee

Figure 2. Keplerian orbit.
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dE 1

mzl—ecosE (o4)

To expand Eq. (54) into a power series of cos M, we introduce the following new variable

t= cosM (55)
therefore
aM 1
g o) S § 56
dt sin M (56)
and then denote
dE 1
=V 7
) dM 1 —ecosE (57)
Substituting Eo = 7 into Eq. (53) yields
i
My = 5~ e (58)

Substituting Eq. (59) into Eq. (55), one arrives at

tp = sine (59)

Making use of the chain rule of implicit differentiation

., df dE dM
F®) ~ dEdM dt
o _ 4 dEdM  df am

I
f()_dEdM At dM dt

It is easy to expand Eq. (58) into a power series of fg

£ = 2 f(t) +£ ()0~ o) + o (o)t~ o+ f ()~ o+ (60)

One can imagine that these procedures are too complicated to be realized by hand, but will
become much easier and be significantly simplified by means of Mathematica. Omitting the
detailed procedure in Mathematica, one arrives at

dE b
— =1+ b1(cosM — sine) —1—2—2'

adM
b5 . 5 b6
+§(C05M— sine) +a

by
4!

2 s

(cosM — sine) +3' 3

4

(cosM — sine)” +—(cos M — sine)

o

b
®+ 7 (cosM — sine) +8'

(cosM — sine)’ + 1 (cosM — sine)®

(61)



where

Mathematical Analysis of Some Typical Problems in Geodesy by Means of Computer Algebra

\

http://dx.doi.org/10.5772/intechopen.81586

by —e+§e +ﬂe+5%e

13 47 121
by — 402 4+ 24 1 206 L 157 8
H e+3e+15e+63e

91 1127
_ 3,745 7
by = 27e —|—2e +—24e
2937 82771
_ 4 6 8
b4—256€ + e + 105 e (62)
18173
bs = 3125¢° + ———¢’
1150593
be = 46656¢° + ————¢8

by = 823543¢’
bg = 16777216¢

Integrating at the both sides of Eq. (62) gives the series expansion

where

E =M+ a1 sinM + a, sin2M + a3 sin 3M + a4 sin4M + as sin 5M

(63)
+ ag SIN6M + a7 sSin7M + ag sin 8M
( _ 1 3 1 5 1 7
M =emg¢ T 192% T 9216°
_1 2 1 4 1 6 1 8
M2=5¢ T5¢ T8t Tt
3, 27 5 243,
¥ =g¢ " 128° T5120°
1 4 4 6 4 8
g =-€ ——e +-——¢
3° 15" 45
(64)
L1255 3125,
> 384" 9216
780" 560
16807
77 46080
128
ag = —— 8

\

~315°¢
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4.2. The series expansions of the direct transformation between eccentric and true
anomalies

The true anomaly v can be expressed by E as follows:

v 1+e E
tan 5= V71 _etan > (65)

Therefore, it holds

1 E
v = 2arctan< 1 i Etan —> (66)

One could expand v as a power series of the eccentricity at e = 0 in order to obtain the direct series
expansion of the transformation from E to v. Omitting the detailed procedure in Mathematica,
one arrives at

v=E+ B;sinE + B,sin2E + B, sin3E + B, sin4E + B sin5E

+ B, sin6E + B, sin 7E + B sin 8E 67)
where
(ﬁl :e+%e3+é65+%e7
B, = 41162 +%e4 +65—4e6 +%e8
By = %63 +11—6e5 +6i4e7
ﬂ4:3l2€4—|-31—266+%68 )
Bs :81065 —|—614€7
B :éze6 —|—1;8€8
B; :ﬁ‘;
Ps :10%68
From Eq. (67), one knows
E= 2arctan< 1 :Litan g) (69)

Expanding E as a power series of the eccentricity at e = 0 by means of Mathematica yields the
direct series expansion of the transformation from v to E



where
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E=v+y,sinv+ y,sin2v + y,sin3v + y, sin4v + y; sin5v

(70)
+ Y, 8in6v + Y, sin7v + yg sin 8v
, 1. 1. 5
-, -3 -5 v 7
M=7e7g" 78" Twf
_1 2 1 4 5 6 7 8
7/2—46 —|—8€ +64e +128€
_ 1 3 1 5 3 7
3T 710% T16° T st
_ 1 4 1 6 8
Va =3¢ T3¢ To56° -
BRIy
75 = 780% 64
o 1 6 1 8
Ve =192° T128°
1 7
Y7 —me
O
(78 1024

4.3. The series expansions of the direct transformation between mean and true anomalies

The whole formulae for the transformation from M to v are as follows

\

E =M+ a1 sinM + a, sin2M + a3 sin 3M + a4 sin4M + a5 sin 5M

+ ag SIN6M + a7 sSin7M + ag sin 8M

(72)

v = E + B, sinE + B, sin 2E + B, sin3E + B, sin4E + B sin 5E

+ B, sin 6E + B, sin 7E + B, sin 8E

Since the coefficients «;,; (i = 1,2, ---8) are expressed in a power series of the eccentricity, one

could expand v as a power series of the eccentricity at e = 0 in order to obtain the direct
expansion of the transformation from M to v. Omitting the main operations by means of

Mathematica, one arrives at the direct expansion of the transformation from M to v

where

vV=M++ 61sinM + O sin2M + 63 sin 3M + 64 sin4M + 65 sin>5M

(73)

+06 sin 6M + 67 sin7M + g sin 8M
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( 1 5 107
5 = 2 — = S+ ——¢
1= 20— 20 F 508+ ponse
5p My 17 o 43
62 =3¢ ~ 529 +155¢ * 5760°
5. 135 435 95,
3T 12° T e’ T’
103 , 451, 4123 ,
542—3 +
9 480° T11520° 74)
5. 1097 5 5957 ;
57960 ¢  2608°
s 1223 o 7913
© =960 © 4480
47273
7= 32056°
556403 4
L %8 = 322560°

The whole formulae for the transformation from v to Mare as follows

E=v+y,sinv + y,sin2v + y,;sin3v + y, sin4v + y; sin5v
+ 79, sin6v + Y, sin7v + yg sin 8v (75)
M =E —esinE

Expanding Mas a power series of the eccentricity at e = 0 by means of Mathematica yields the
direct series expansion of the transformation from v to M

M =v+ e1s8inv + & 8in 20 + €3 8in 3V + €4 sin4v

+¢55in 50+ €6 Sin 6V + €7 sin7v + &g sin 8v (76)
where
&1 = —2e
& = Zez—kée —f—%eé—i—%eg
&3 = —;63 —%65 — 17667
€4 —35—264+3%66+%e6
5= ol 2 77)
o igi 6+128 6
&7 = —%67
9
[ ¢ = 1024
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Eo/(") 20 40 60 80

AE1/(") 82x 1078 ~1.7x 1077 1.6 x 1077 22x10°8
Avy /(") 3.5 %1077 —74x1077 6.8 x 1077 9.9 x 1078
AMy /(") 35x10°° -52x107° —71x107° —3.7x107°
AEy /(") 28x10°8 21x10°8 1.4 %1078 12 %1078
Avy /(") —2.9x 1078 —2.4x1078 ~15x 1078 -1.3x1078

Table 2. Errors of the derived series expansions.

4.4. The accuracy of the derived series expansions

In order to validate the exactness of the derived series expansions, one has examined their
accuracies when the orbital eccentricity e is respectively equal to 0.01, 0.05, 0.1 and 0.2.

One makes use of Eq. (53) and Eq. (67) to obtain the theoretical value My and vy at given
geodetic latitude E. Substituting M, into Eq. (64) and Eq. (74), one arrives at the computation
value E; and v;. Substituting vy into Eq. (71) and Eq. (77), one arrives at the computation value
E, and M;. Substituting E, into Eq. (68), one arrives at the computation value v,. The differ-
ences between the computation and theoretical values indicate the accuracies of the derived
series expansions, which are denoted as AE;, Avy /(") AM; /(") AEy /(") Avy/("). Due to limited
space, these errors when e is equal to 0.05 are only listed in Table 2.

From Table 2, one could find that the accuracy of derived series expansions is higher than
107", which could satisfy practical application. Other numerical examples indicate that when
the orbital eccentricity e is respectively equal to 0.01, 0.01 and 0.2, the accuracy of derived series

expansions is correspondingly higher than 107, 107" and 0.1".

5. Conclusions

Some typical mathematical problems in geodesy are solved by means of computer algebra
analysis method and computer algebra system Mathematica. The main contents and research
results presented in this chapter are as follows:

1. The forward and inverse expansions of the meridian arc often used in geometric geodesy
are derived. Their coefficients are expressed in a power series of the first eccentricity of the
reference ellipsoid and extended up to its tenth-order terms.

2. The singularity existing in the integral expressions of height anomaly, deflections of the
vertical and gravity gradient is eliminated using the nonsingular integration transforma-
tions, and the nonsingular expressions are systematically derived.
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3. The series expansions of direct transformations between three anomalies in satellite geod-
esy are derived using the power series method. Their coefficients are expressed in a power
series of the orbital eccentricity e and extended up to eighth-order terms of the orbital
eccentricity.
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