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Abstract

The Lame system describing the dynamics of an isotropic elastic medium affected by a
steady transport load moving at subsonic, transonic, and supersonic speed is considered.
Its fundamental and generalized solutions in a moving frame of reference tied to the
transport load are analyzed. Shock waves arising in the medium at supersonic speeds are
studied. Conditions on the jump in the stress, displacement rate, and energy across the
shock front are obtained using distribution theory. Transport boundary value problem for
an elastic medium bounded by a cylindrical surface of arbitrary cross section and
subjected to transport loads is considered in the subsonic and supersonic case with regard
to shock waves. To solve problems, the generalized functions method is developed. In the
space of generalized functions, generalized solutions are constructed and their regular
integral presentations are obtained. Singular boundary equations solving the boundary
value problems are presented.

Keywords: elastic medium, transport load, subsonic, transonic, supersonic speed, shock
waves, boundary value problem, generalized functions method, generalized solutions,
singular boundary equations

1. Introduction

A widespread source of wave generation in continuous media is transport loading, i.e., mov-
ing loads whose form does not change over time. The velocity of a transport load has a large
effect on the type of differential equations describing the dynamics of the medium. The
equations depend parametrically on the Mach numbers, i.e., on the ratio of the speed of motion
to the propagation speeds of perturbations in the medium (sound speeds). It is well known [1]
that, in an isotropic elastic medium, there are two sound speeds (c;,c;), which determine the
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velocities of dilatational and shear waves propagation. This has a large effect on the type of
equations and leads to systems of elliptic, hyperbolic, or mixed equations. For transport
problems, typical factors are shock effects generated by supersonic loading. At shock fronts,
the stresses, displacement rates, and energy density are discontinuous. A convenient research
method for such problems is provided by the theory of generalized functions (distributions),
which makes it possible to significantly expand the class of processes amenable to study by
using singular generalized functions in the simulation of observed phenomena. In this chapter,
methods of this theory are used to solve boundary value problems using motion equations of
the theory of elasticity in cylindrical domains under the action of transport loads, moving at
supersonic and supersonic speeds.

2. Motion equation of elastic medium

We consider an isotropic elastic medium with Lame’s parameters A, 1, and a density p. Let us
denote x = xje;, ¢; as the unit vectors of Cartesian coordinate system in the space R’; displace-
ments vector u(x,t) = uje;; stress tensors ¢;; deformation tensor ¢;;. These tensors are connected
by Hook’s law [1]:

i =0,5(uij+uji), ijk=123. 1)
0i; = Cllew = Cllug, (2)
The elastic constant tensor has the symmetry properties.
C§ = Cji = Cif = Cia,
In the case of an isotropic medium, it is equal to
CH = A6]6f + p(8F8; + 6567)
and Hook’s law has the form
Oij = Adivuéij + H(M,‘,j —+ Llj,i)

Here 6;; = 5 is the Kronecker symbol. Ever where, there are tensor convolutions over of the
] i Yy Yy

A oy

same name indexes from 1 to 3, u;,; = 3%
]

Motion equations for material continuum

G; = , 4,7=1,2,3
oz; T =PE W

(.)G'U (‘)2H,' (3)

for elastic medium by using Egs. (1) and (2) have the form:
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LI (0%, 0)u; + G; =0 (4)
Here L is the matrix Lame’s operator:

. . 2
1000 = (@ - D+ (48 - )

dx; Ox; ot?

a1 =/ (A+2u)/p, c2 = \/u/p are the velocities of dilatational and shear waves (c; > ¢2), G(x,1)

is the mass force, A is the Laplace operator.

The system shown in Eq. (4) was fairly well studied by Petrashen [2]. Since the elastic potential
of the medium is positive definite, this system is strictly hyperbolic. Such systems can have
solutions with discontinuous derivatives. The discontinuity surface F in R*=R> x t(—oo < t < o0)
coincides with a characteristic surface of the system. It corresponds to a wave front F; moving
in R? at the velocity V:

V=—u/ ”V”:; s ”-'/”3 =

We note that v(x,t) = (v4,vo,v3V,) is a normal vector to F in R* satisfying the characteristic
equation

€ 6 € 2 b « 2 € ¥ 2 ¥ ¥
det {(¢ — &) vivy + 85 (G IIE —12)} = @ W= D@ IWIZ - B2 =0 (6)

This equation has the roots:

ve=Zgllvll;, j=1,2. )

From Egs. (5) and (7), we get that F; moves in R® at the sound velocity V= c; or V =c,.

We introduce a wave vector m = (mq, m,, m3). It is a unit normal vector to F; in R® for fixed t in
the direction of wave propagation. By virtue of Eq. (7),
v

a7 R (®)

Let v; = v4. The requirement that the displacements be continuous across the wave front, i.e.,

[u(x, )]y, =0 9)

which is associated with the preservation of the continuity of the medium, leads to kinematic
consistency conditions for solutions at the wave front:

du; du; N T
|:T.'2J'0—t + VE] . = (). i, = 1,2,3 (10)

’
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(the continuity of the tangent derivatives on F;). Additionally, Eq. (4) implies dynamical
consistency conditions for solutions at the wave front, which are equivalent to the momentum
conservation law in its neighborhood:

[i;]m; = —pV I:(?;;:I y 67 =123 <11>
Fe

Definition. A wave is called a shock wave if the jump in the stresses across the wave front is
finite: e;m [0l = 0. If mi{o]r = 0, then this is a weak shock wave. If m;[o;]r; = e, then this is a
strong shock wave.

Velocity suffers a jump discontinuity across a shock front. At fronts of weak shock waves, the
velocities are continuous, but the second derivatives of solutions are not. Strong shock waves
(in the sense of the aforementioned definition) do not occur in actual media, since, at large
stress jumps, the medium is destroyed and ceases to be elastic. However, strong shock waves
in elastic media play an important theoretical role in the construction of solutions, specifically,
fundamental solutions of Eq. (4).

3. Lame transport equations and Mach numbers

Suppose that the force affecting the medium moves at a constant velocity ¢ along the X3
axis (for convenience, in its negative direction) and, in a moving coordinate system
x' = (x1,%2,z = x3 + ct) it does not depend on t:

G(x,z) = Gj(x1,x2,x3 +ct) e (12)
Transport solutions are solutions of Eq. (4) with the same structure:
u = u(xg,x2,x3 +ct) = u(x, z) (13)

The speed of transport loads is called subsonic if ¢ < cp,transonic if c; < ¢ < ¢4, and supersonic if
¢ > c1. A speed is called the first or second sound speed if c = ¢;, j =1, 2, respectively.

In the new variables, the equations of motion are brought to the form

. i D g 9\ o 1
Li| 5 ) = (M2 — M; )az~;a'a-J+ M; A_W 8 u,+gj=o. (14)

Here g; = (pcz)_lGj; M; = ¢/c;j are Mach numbers: (M; < M,).

As M; <1(j = 1, 2) the load is subsonic and the system of equations is elliptic. If the load is
supersonic, i.e.,, M; > 1, j =1, 2, then the system becomes hyperbolic. In the case of transonic
speeds, i.e.,, M; <1 and M, > 1, the equations are hyperbolic-elliptic. In the case of sound
speeds, the equations are parabolic-elliptic if M, = 1 and parabolic-hyperbolic if M; = 1. We
will show this later when considering fundamental solutions of Eq. (14).
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Since the original system is hyperbolic, Eq. (14) can also have discontinuous solutions. Let F be
a discontinuity surface in the space of variables x such that it is stationary in this space and
moves at one of the sound velocities V = ¢4,c;, in the space of (x1,x2,x3). It follows from Eq. (7)
that V = cns, where n = (1ny,n,,n3) is the unit normal to F in R®. Therefore, since ¢ = ci/ns and
Inzl <1, such surfaces can arise only at supersonic speeds: ¢ > c;.

It follows from Egs. (9) to (11) and Eq. (13) that the kinematic and dynamical consistency
conditions for solutions at discontinuities in the mobile coordinate system have the form:

[u(x,2)[p=0 = [naui,j — nju 2], = 0; (15)

l0ij]nj = —pexclui 2]y n. = —cx/c,  forczcy (16)

n = {ny,na,n, = nz} is a wave vector, k = 1 for shock dilatational waves, k = 2 for shock shear
waves. Here and hereafter, the derivative with respect to x; is denoted by the index j after a
comma in the function notation or by the variable itself.

Definition. If ¢ > ¢, the solution of the system in Eq. (14) is called classical if it is continuous and
twice differentiable everywhere, except for, possibly, wave fronts. The number of fronts is
finite at any fixed t and the conditions on the gaps, Egs. (15) and (16), are satisfied on the wave
fronts.

At first, we construct the solutions of the transport Lame equation using methods of general-
ized functions theory.

4. Shock waves as generalized solutions of transport Lame equations:
conditions on wave front

Consider Eq. (14) and its solutions on the space of generalized vector functions D’3 (R%) with
components being generalized functions from D'(R%) (see [3]). Obviously, if u is a solution of
Eq. (14) that is twice differentiable, then it is also a generalized solution of Eq. (14). If a vector
function u satisfies Eq. (14) in the classical sense almost everywhere, except for some surfaces,
on which its derivatives are discontinuous, then, generally speaking, u is not a generalized
solution of Eq. (14).

Let u(x,z) be a shock wave (x = (x1,x2)), i.e., a classical solution of the Lame transport equations,
Eq. (14), that satisfies conditions Egs. (15) and (16) at the front F. Let u(x,z) denote the
corresponding regular generalized function.

Theorem 4.1. The shock wave U (x,z) is a generalized solution of the Lame equation in D' (R°).

Proof. Using the rules for differentiating generalized functions with derivatives having jump
discontinuities across some surfaces (see [3]), for the equations of motion in D3 (R?), we obtain

133
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00 ;i Q%
i pe2
o; ox?2

ou;
G 2 !
+ G = Gi]‘hj pc h, Fép—{-

(17)

0 d
+@ { [A Z/lkl’lkéij + y(uih]- + M]'hi] F(SF} — & {[ui ]thél-"}/
]

Here, the right-hand side involves singular generalized functions, namely, single layers 6r (x,z)
and double layers on F. By virtue of conditions Egs. (15) and (16), the densities of these layers
are equal to zero, so the right-hand side of Eq. (17) vanishes; i.e., the shock wave satisfies the
same equations, Eq. (14), but in the generalized sense.

As a result, we obtain a simple formal method for deriving conditions at jumps in solutions
and their derivatives across the shock fronts in hyperbolic equations. Namely, these equations
are written in the space of generalized functions and the densities of the singular functions
corresponding to single, double, etc., layers are set to zero.

Define as follows the kinetic energy density

K = 0.5p]|u,||> = 0.5p¢% |, | (18)

and elastic potential

W = 0.501']'141’,]' = 0.501']'51']' (19)

Consider the following functions: the enerqy density E = K + W of elastic deformations and the
Lagrangian A=K — W.

Theorem 4.2. If G is continuous, then the Lagrangian /\ is continuous at the shock waves fronts.

([A]p = 0) and the jump in the energy density satisfies the relation
halEle = [(o9hy)uiz] (20)
First formula is equivalent to the equality:

Ck
[E]F = —?h;([ Gijui'z]Fck’ k= 1,2

k

where ¢, is the sound velocity corresponding to front F, h;‘ is the components of the wave

vector to F.
The last formula may be easy to get if we write the equation for E in D; (R3) in the form
E/z =E,+ [E]thép = (aijui,z),]' +p(G,u,,) + [Gijui, Z:|F6th + p(G, [u]F)hZ(Sp =

[E]ph, = [Gij”i' Z] £l
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as [u]p = 0. For the gaps of these functions, the theorem has been proved on the basis of classic
methods (see [4, 5]). For full proof of this theorem, see [6].

5. Fundamental Green’s tensors and generalized solutions of transport
Lame equations

The matrix of fundamental solutions a(x, z) satisfies Eq. (14) with a delta function in the mass
force:

7 (i) OF +5(x)6k =0,  i,5=1,2,3 (21)

ox’
This matrix is called Green’s tensor for the transport Lame equations if it satisfies the decay
conditions at infinity
Uf =0, oUf -0, yoo ijk=123. (22)
For a fixed k, its components describe the displacements of the elastic medium under a
concentrated force moving at the velocity c along the axis Z = X3 and acting in the X} direction.

Green’s tensor can be obtained by taking the Fourier transform of Eq. (17) and solving the

corresponding system of linear algebraic equations for the Fourier transforms U(&1,&5,E3). It is
reduced to the form (see [4]).

_ M2§? &E; ( 1 1 )
U= —2t 24 —_— 23
(lEl* — Mze3) -~ & \llgl* — M3e3  ||€)” — mzed 22

It can be seen that fl(x, z) has no classical inverse Fourier transform since it has non-integrable
singularities in its denominators. This is associated with the fact that the matrix of fundamen-
tal solutions is defined, generally speaking, up to solutions of the homogeneous system of
equations. The functions

r —7T “ 2 .oy~
fkm = E ' (”f”l - “11316.;)) y m=0,1, 2’

are of crucial importance in the construction of the original Green’s tensor. It is easy to see that
f om is the Fourier transform of the fundamental solution to the equation

O for
022

P for | O for

52 * o2 +8(2)6(2) =0 (24)

+ (1 - M)

This equation is similar to the elliptic Laplace equation at subsonic speeds if M < 1 and to the
wave equation at supersonic speeds if My > 1. At the sound speed (My = 1), the variable z
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disappears from the equation and the equation becomes parabolic, since the space dimension
is higher by one, which determines the type of Eq. (14), as noted earlier, since the solutions
contain waves of two types. Green’s tensor for the Lame transport equation was constructed
by Alekseyeva [4] by applying fundamental solutions of the Laplace and wave equations and
regularization functions f ,,, which depends on the speed of transport load. Green’s tensor has
the regular form:

Ul(x,2) = 28 o (Ix11,2) + 2 (Fr, 5 (Ix11,2) = fai(1xI],2)), (25)

where the type of basic function depends on velocity c.

In subsonic case (M < 1):

[2 4 2,2
1 |zl + /2% +mir

4nf . =, 4nf, = 1 /
foi(1,2) \/m mfy; = sgn [z[ In mir
]
|Z| + V]‘
4:7Tf2]. = |z| ln( - — Vi +my|x||,

In sonic case (M =1):

Fullxl2) = 05 8(@)lxl,  f1, =05 O@)], o =05 z6(2)lx.

In supersonic case (M > 1):

0(z — mjr) B 0(z — mjr) z+ V) B 0(z — mjr) z+ V7 B
hi=""5 m( mjr ) T (Zln< mjr ) _Vj>'

f -(T,Z) = 7
K 27, /22 — m]Zr2

Here and hereafter, we use the following notation: 0(z) is the Heaviside step function,

me=1\/1-M;, Vi=\/22+m2, Vi=1\/22—mlr2, r=/x3+x3=|4x|

The dilatational and shear components of a(x, z) are easy to write out

Ul(x,z) = Uy (x, 2) + Ul (x,2)

. . ‘ (26)
Uiy = cforilixllz), - Up(x,2) = 20 (lIxl,2) = fa i(lIx]l, 2)
In the supersonic case, the support of the functions is the cone z > my|x||. This determines a
radiation condition as physical considerations imply that there are no displacements of the
elastic medium outside this cone since the perturbations have a finite propagation velocity,
which cannot be higher than the corresponding sound velocity for a particular type of defor-
mation. At the fronts of shock waves (z = m||x||), Green’s tensor grows to infinity.



General Functions Method in Transport Boundary Value Problems of Elasticity Theory
http://dx.doi.org/10.5772/intechopen.74538

If the following convolution exists,
i; = UpGj(x, ) /pc® (27)

it is easy to prove that it is the generalized solution of the transport Lame equations, Eq. (14).

If mass forces are regular, then Eq. (28) has an integral presentation:

ui(x,z) = J Ué(x — Y,z — 1)g8;(y, 1)dy,dy,dt = u;(x, z) (28)

D-

If mass forces are concentrated on surface D and described by singular generalized functions
of the type of single layers g = g;(y, 7)ejop(y, 7), then

i, 2) = | (Wt = .2 - g, D 0 = w(x.2) 29)
D

Moreover, by the Du Bois-Reymond lemma [3], these solutions are classical. For other types of
singular mass forces, to calculate Eq. (28), we use the definition of convolution of a generalized
function [3].

It is easy to see from Egs. (23) to (25) that the solution is represented as a composition of
fundamental solutions distributed over the support of the function f(x,z); their intensities are
determined by its value.

In Alexeyeva and Kayshibayeva’s paper [5], there are some numerical examples of calculation
of the dynamic of elastic medium at subsonic, transonic, and supersonic speed of transport
loads moving along the strip in an elastic medium.

6. Subsonic Green’s tensor, fundamental stress tensors, and their
properties

In the subsonic case from Eq. (25), we obtain the components of Green’s tensor in the form:

m_ 1 (1 2202 W, B 3Via
Yo \Vy T riME riM3 )’
[:rg _ 1 1 221173“"'12 .’I.‘?V'u

P dr \Va | omMME rME)

e ay DiE2 w1 (1 m
02 = 0} = 222 (2Wiy + Vo), 03 = — (_ . ﬁ)

4t dre2 \V; W,
. . Nz ... s o 222Wig
IJ'J = L‘:l = ——nlz U, =U; = - -
: 2 d7rcr? ‘ 2 4 47 c2r?

Vie=Vi=Va, Vi=y/z22+m?r2, m}=1-M?, Wy=V"'-V;' r=/23+23
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They are regular functions. Since by x — 0 [6]:

r?(m? — m)

y 2 2
2|z

= 2 m2 —m?
1”“12 — r—j‘/lg ~ —( 22|”| |) (30)

ri(mi2 —m?) 2%
a

Vi ;
12 ~ 217] I

Wig ~

these components are bounded for (x,z) # (0,0,0). At the point (x,z) = (0,0,0), they have a

weak singularity of order R™', R =+/22 + 12 It has a similar asymptotic at infinity. Accord-
ingly, R™? is the order of the tensor derivatives asymptotic and the behavior of at .

Tensor U generates next fundamental stress tensors if we use Hook’s law (Eq. (2)):

Th(,2) = AU+ p (Uk + Upj ), Tl z,m) = Thx, 2y

(31)
o~ i
Ti(x,z,n) = —(pc*)  Ti(x,z,n)
Then the elastic constant tensor is presented in the form
. S~ . )
Tl(x,z,n) = C},,Us,wm, C},, = C},,/(pc?) (32)

Tensor F]’:(x, z,n) describes the stresses at the plate with normal 7 in a point x = (x,z). Tensor T

have some remarkable properties.

Theorem 6.1. Fundamental stress tensor T is the generalized solution of the transport Lame equation
with singular mass forces of the multipole type:

pLL(0) TH + Ki(dw, m)0 <x) —0 (33)

where

Kﬁ-(bx/, 1’1) = An;0; + um; <6£a] + 6;6,) .
For any closed Lyapunov’s surface D, bounding a domain D~ C R

5IHp(x,2) = V.P. J (Thr =y, 7 = 2.0y, 0) + ol = y, 7 = 2)na(4,7) )dS(yr) (34)
D

where Hy(x, z) is the characteristic function of D™, which is equal to 0.5 at D; n(y, t) is a unit normal
vector to D. The integrals are regular for (x,z)€D and are taken in value principle sense for (x,z) € D.

These formulas have been proved by Alexeyeva [6]. The formula in Eq. (35) can be referred to
as a dynamic analog of the well-known Gauss formula for a double-layer potential of the
fundamental solution of Laplace’s equation ([3]: 403). It plays a fundamental role in the
solution of transport boundary value problems (BVP).
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7. Statement of subsonic transport boundary value problems. Uniqueness
of solution

Let D~ be an elastic medium bounded by a cylindrical surface D with generator parallel to the
axis X3; let S be the cross-section of the cylindrical domain; let S be its boundary, and let n be
the unit outward normal of D. Obviously, n = n(x) and 73 = 0. We assume that G is an integrable
vector function and 3¢ > 0 such that

1GG, 2N <O(IKI75) forllx'll =, x'€ D™ +D. (35)

There is the subsonic transport load P(x,z) moving along the boundary D (c < cy):

0ij(x,z)nj(x) = P(x,z) = pc’p;(x,2), (x,z)€D (36)

We assume that J¢; > 0:
||”‘IJ 3"13)“ <O(zI™")  for Izl — o, XES, (37)
lp(x,2)]l so(\zrl‘fz) for |z| — o, x €. (38)

A vector function u(x,z) satisfying the aforementioned conditions is referred to as a classical
solution of the BVP. Let C, = {(x,z): x €D, a <z <b}. The two useful energetic equalities have
been proved by Alexeyeva [6].

Theorem 7.1. Classic solution of transport BVP satisfying to the equalities:

J (P,u)dD(x,z) — J (W —0.5p||u,.||* — (G,u)> dx1dxpdz+
Day D,

ab

+ J {(pPui,z — 03) | (xayi(x,a) — (pc*ui, > — 03(x, b)) | pyui(x, b) }dx1dxodz = 0
2

J <W+0,5pC2||u,Z||2 — O‘i31/l1‘,z) ;t“’dxldxz = J (P, uj, . )dx1dx,dz + J (G, u,,)dxdx,dz

S D, iw D,

z, Foo

J(P(x,z),u(x,z))dD(x,z) = J (0.5pc%||u, - |I> = W — (G, u))dx1dx2dz
D D

J (W +0,5pc* |, -|1*)dV (x) = J(P, u,,)dD(x,z) + J (G,u,,)dV(x,z) (39)
S” D D~

Dgy = {(x,z) :x€D, a<z<b}, D, ={(x,z) :xeD™, a<z<b}.

139
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The following assertion is its corollary.
Theorem 7.2. The solution of the subsonic transport boundary value problem is unique.

Proof. Since the problem is linear, it suffices to prove the uniqueness of the zero solution. Let u
(x,z) satisfy the zero boundary conditions P(x,z) =0 on D and be a solution of the homogeneous
Lame equations ((Eq. (14)) by G(x,z) = 0.

Then for Vz

| W+ o i?)avi) —o (40)
J

It follows from the formula (Eq. (40)) of Theorem 7.1. The integrand is a positive quadratic
form in u;;, since the elastic potential satisfies the relation W >0 ([1]: 589, 591); moreover, W= 0
only for displacements of the medium treated as an absolutely rigid body. Therefore, Eq. (40) is
true only if u;; = 0 for all i, j. This, together with the decay of solutions at infinity and the
arbitrary choice of z, implies that u = 0.

The proof of the theorem is complete. It is valid both for the internal and external boundary
value problem. The asymptotic requirements on G and the boundary functions may be
weakened.

8. General functions method: statement of subsonic transport BVP in
D;(R%)

Our aim is to construct the solution of BVP by using boundary integral equations (BIE) for
u(x,z). The construction of an analog of Green’s formula for solutions of elliptic equations ([3]:
366), which permits one to determine the values of the desired function inside the domain on
the basis of the boundary values of the function and its normal derivative, is the key point in
the construction of BIE of boundary value problems. An analog of this formula for equations of
the static theory of elasticity is referred to as the Somigliana formula [1]. It determines the
function u(x,z) in the domain D™, if the boundary values of displacements up(x,z) and stresses
p(x,z) are given. We construct a dynamic analog of that formula in the case of transport
solutions. To this end, we use the method of generalized functions (GFM).

We introduce the regular generalized solution of BVP
u(x,z) = u(x,z)Hp(x) = u(x,z)Hg (x)1(z), (41)

which defines it as a regular vector function on all space R®. Here Hp(x, z) is the characteristic
function of the set D: 1(z) = 1, Hg (x) is the characteristic function of S~, which is equal to 0.5 at
S:0;Hs™ (x) = —n;(x)ds(x), where nj(x)0s(x) is a simple layer at S.
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By using the properties of the differentiation of regular generalized functions with jumps on D,
we obtain the equation for u(x, z):

pCZLé(ax,aZ,)it\]’(x,Z) = @i+
+(pcnaui,. —B;)dp + (nauidp),. — (Cguk-méu) » (42)

G = GHp(x,z), Op(x,z) =6s(x)1(z), 1(z) =1, is a simple layer on D. Since n; =0 on D, it
follows from the properties of the Green tensor that an analog of the Somigliana formula holds
in the space of generalized functions:

~1

pczﬁi = a],'*Pj(SD + ((Auknkéé + u(njul + nluj))(SD*u >,]‘ + LAIJZ.*G]'H*,

i
which we write in a form more suitable for transformation as:
~ ~j 37 =kl
U = Ui*pjép(x,z) + Ui,m*Cfmuknl(SD(x,z) (43)
If we write out this convolution in integral form with regard to the notation introduced here

and Egs. (1) and (2), then we obtain a formula, whose form coincides with the Somigliana
formula for problems of elastostatics ([1]: 605):

uiHB(va) = J (ué(xvyazaﬂf) pj(]/? T) - Té(xay?za Tv”(]/v T))uj(% T)>dD(y’ T)/
D
i,j: 1,2,3

(44)

where we introduce the shift tensors:
i 7 j i
Uix,y,z,7) =Ui(x —y,z—1), Ti(x,y,z,7,n) =T(x —y,z—1,n).
This formula permits one to determine displacements in the medium on the basis of known

boundary values of displacements and stresses. But the integrals are regular only for (x,z)&D
and do not exist for(x,z) € D.

9. Singular boundary integral equations of subsonic transport BVP

The following assertion provides a solution for the aforementioned boundary value problems.

Theorem 9.1. If the solution u(x;z) of subsonic transport BVP satisfies the Holder condition on D;
namely,

luj(x, 2) — iy, DI <Cll(x2) = (. 1)]I", x €S, y €S,
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then u(x;z) satisfies the singular boundary integral equation

0,5u(x,z) = §].*lA1]i(x, z) + J U]l:(x, Y,2,7) p;(y, 1)dD(y, 1)—
D
—V.P. J T (x,y, 2,7, n(y, ©))ui(y, \)dD(y,7) — i,j = 1,2,3
D

(45)

Proof. Let consider Eq. (45) for (x,z) €D™. Let (x",2") € D, x — (x*,z%). Then, using Theorem
6.1, we have

lim  wui(x,z) = u;(x*,z%) = §.*ﬁ](x*,z*) + lim )JUé(x,y,z, ) pj(y, 7)dD(y, T)—

I (x2)—(x* 2*

(x”z)*}(x*”z*) 1
D
—  lim JT{:(x,y,z, T, n(y, T))(u]-(y, T) — uj(x*,z*))dD(y, T)+
(x,2)—(x*,2*)

D

+uj(x*,z*)( )lir(n* )JT]l:(x,y,z, T,n(y,7))dD(y,7) =
Z)—(x*z :

/\*Aj * ok i
=g U (x",z )+Jui(x,y,z, 7) p;(y, 1)dD(y, 7)—
D

—V.P. | Ti(x,y,z,7,n(y, 7)) (uj(y, 1) — uj(x*,z*))dD(y, 1)+

O—

+uf(x*a2*) lim (61 - Jué,z(x,y,z, T))”Z(y)dD(ya T)) =

(x,2) = (x*,z)
D

/\*Aj * ok ‘
=g U (x",z )+Jué(x,y,z, 7) p;(y, 1)dD(y, T)—
D

—V.P. J T]Z:(x,y,z, T,n(y, 7)) (u]-(y, T) — uj(x*,z*))dD(y, T)+
D
+u;(x*, z*)éﬁ = §j*lAli(x*,z*) + J ll]l:(x,y,z, ) p;(y, D)dD(y, T)—

D

—V.P. J T]l:(x,y,z, T,1(y,7))uj(y, 1)dD(y, T) — 0, 5u;(x*, z") + ui(x*, z").
D

In the last relation, we have used the obvious properties: integrals with ll]l exist by virtue of the

Holder property of u on D and weak singularity U]l at D. Then if the surface integral exists, its
value coincides with the principal value; the principal value of the integral containing the
difference of integrated functions is equal to the difference of the principal values of integrals
corresponding to each of these functions if they exist.
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By transposing the last two terms to the left-hand side of the relation, we obtain the formula of
the theorem for the boundary points. The proof of the theorem is complete.

This theorem gives us resolving system of integral equations for defining unknown values of
boundary displacements.

Note also that the subsonic analog of the Somigliana formula was obtained for generalized
functions. But since they are regular, from the Dubois-Reymond lemma ([3]: 97), the solution is
classical. However, if the acting loads are described by singular generalized functions, which
often takes place in physical problems, then one should use a representation of a generalized
solution in the convolution form (Eq. (43)) with the evaluation of convolutions by the defini-
tion (see [3]: 133).

10. Supersonic green’s tensor and its antiderivative with respect to z

From Eq. (25), we get the regular representation of ﬁ{ in the supersonic case which has the

form
62 22x2 (91 62) x2
2l =+ (= | =25 (01V1— 0,V2),
Vo AME \Vi Vo) AM2 (61¥1 - 62V2)
(46)
6, %2 [(6; 6, x?
2nly = —~ + ——> (——— ——L (61V1 — 6,V),
2V, AME Vi Vo) AMR (61V1 = 02V2)
X1X2 61 62 3 01  Oym3
2nll} === 0.V, — 0,V) ), 2rl% = [ L 2\
e i <Z<V1 V2)+(11 22)> ntly (V1+ 72
x1z (07 O 3 Xz (61 6
2 3 = 5\ 55 | 2 = 7 1/
T(ul 1’2 (Vl Vz) nllz (V1 V2
Here 0; = 0(z — mj|x||), V;” = /22 — 2||x|| = /M;* — 1. It satisfies the radiation condi-
tions:
supp U(x,z) €{z > 0}, Ui — 0, Uy, — 0 by x' — . 47)
z
One can readily see that its components are zero outside the sonic cones:
Kt ={(x,z) :z>mx||},1=1,2.

On the surfaces of the cones, the components U; have singularities of the type (2 — mzjr2 12

i
For solution of supersonic problems, we introduce the tensor W, (x,z), which is the antideriv-

ative of fl; with respect to z:
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o~ .

Zw]k = Ulxo(x1)5(x2)0(z) = U} %0(z), Wi, =U! (48)

They are also fundamental solutions of Eq. (14) for the mass forces of the corresponding
Fj# 0(z). After calculation, we define its components as:

1% v
2W = 2 (3 = 3) (O1V1 — 022) +0, 5m%611nz;: Tt (M2 - 0,5m8) ezlnznt -
1 2
(49)
z z+V; z+V,
2nW3 = -7 (x] — x3)(61V1 — 62V2) + 0, 5m7 O11n _— (M3 — 0,5m3) 6>1In ot
1% v
271Wg = Qllnz T + m%@zlnz;n'— 1’2, 27’(Wg = —XQT_2(91V1 — QZVZ)
2
2nWT = zx1200r 401V — 02V2),  2rWT = —x1172(01V1 — 0,V2)
Tensor W\; has the same support as LAI; but as at the cone K;
z+ 'V,
m;llzll =2z =V, (2,2)=0 =In L =0 (50)
, m; e

it continues on fronts K. W/ (x,z) has weak singularity by x’ = 0 and weak logarithmic
singularity on Z with respect to ||x|| by x = 0. To single out these singularities, we decompose
it into the terms:

2

W]’:(x,z) = W;:s (x,2) + W]id(x, z) = ;ek(z — Myr) W]’i(x) + W;d(x,z),

. 51
ZHCZW;-Si (X) = —(61‘36]'3 + 0751’1’1%(1 — (51'3)51']')11'17}111’, ( )

ZHCZW;Z (x) = (636 + 6(0,5m3 (1 — 63) — M3)Inmyr

The tensors W;S of diagonal form are independent of z inside the sonic cones K;(I = 1, 2)
and have a logarithmic singularity with respect to ||x|| on the Z-axis. Unlike the generat-
ing tensor W;-s, W;d has bounded jumps on the K;. One can readily see that the tensor
shifts

Uj(x,y.2) = Ul(x = .2), Wix,.2) = Wiz = y.2)
have the following symmetry properties around the Z-axis:
Ué(x,%z) = Ué(y,x,z) = ll;(x,y,z), W]l:(x,y,z) = W]l:(y,x,z) = W]’:(x,y,z), j=12 (52)

But for the components with indices (i,j) = (1,3), (3,1), (2,3), (3,2)
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U{:(x,y,z) = —ll]l:(y,x,z), W]l:(x,y,z) = —Wi:(y,x,z) (53)

11. Fundamental supersonic antiderivative stress tensor H and its
properties

We introduce antiderivative stress tensor

£, = £26(2)5(x
N (54)

H; =Tx0(z)6(x) = T;%0(z), H;,. =T

This tensor can be obtained in a different way, by analogy with T, using Hooke’s law, except
that the Green tensor should be replaced with its antiderivative W. By using the presentation of
the basic functions of Green’s tensor construction (Eq. (25)) in the supersonic case, it can be
presented in the following form:

. . ’ 5 [« Ofi d
Hl(z,z,n) = (2M} — M3) nj fu1.e —M3 (()ij% + “if]2-j) —25 (f314i —f32~u))
9;.. - z
27 fuei (llll , 2) = 7 (0:3 = mh) ,

2+ Vi~

27 faprii (12|l 5 2) = (8i3d,3 + 0, 5midij€ps) Op In ——E— —
*farsis (2l 2) = (8i3d)s , 5micBiseiis) O my ||z||

V5. O -4
_lfT‘”A ((5,‘3'?".J +05_,'3T',5 +||’1_‘” (T’,,‘ T'U' —0, 55,‘_]'1‘[;1;;))

Obviously, for z < 7, all the introduced shifted tensors are zero. It has the following symmetry
properties around the Z-axis:

Hz.(x,y,z, m) = —Hﬁ(y,x,z, m) = —H]l.(x,y,z, —m)

except for (i,7) = (1,3), (2,3), (3,1):

H?(x,y,z) = H?(y,x,z), Hf’(x,y,z) = H?(y,x,z), i=12.

Components H]Z: (x,z) have weak singularities on the fronts of the type (22 — m2]-||x||2)_1/2, but
more stronger singularity of the type of ||x|| ' on the axis Z. If we put Eq. (51) in Hook’s law,
then we can again single out two terms in H]l (x,z):

2
H;(x, z) = H;S (x,2) + H]’:d (x,z) = Z Ok(z — myr) (H]li(x) + H;Z(x, z)) (55)
k=1
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i
J
say that they are stationary. Accordingly, the tensors H]’ﬁ (x,z) are said to be dynamic, because

Since the tensors H; (x) independent of z inside the sonic cones K; (I = 1,2), we conventionally

they depend essentially on z, although they are regular functions. The aforementioned sym-
metry properties hold for both stationary and dynamic terms in the tensors.

For this type of tensors, the next theorem was proved (see [7]).

Theorem 11.1. The fundamental stress tensor H satisfies the relation
z

6§H§ (x)0(z) = Jd’[J Hi(y —x,7,n(y)) dS(y)+
0 s

Ly :
+J <(pC2) 12.1.3(x —y,z) — W,.(y — x7z)> dy,dy,
3

For x¢D all integrals are regular; for x € D the first integral is singular, calculated in value principle
sense.

This theorem enables us to obtain solvable singular boundary integral equations for a super-
sonic transport boundary value problem.

12. Statement of supersonic transport BVP: uniqueness of solutions

We suppose here that supersonic transport loads, moving at supersonic velocity ¢ > c;, are
known on the boundary D:

P = ajniej = pc’p;(x,2)ej0(2), x = (x1,%2) €S, i,j=1,2,3 (56)
Functions pj(x,z) are integrable on D,. We assume here G =0 and
u(x,z) =0, wu;.(x,z)=0, 220, xe$~ (57)
For [|(x,2)[| — e
up — 0,3 >0: |lojull < O(ll(x,z)ll”g), =12z (58)
The jump conditions, Egs. (15) and (16) are satisfied on the shock wave fronts.
Theorem 12.1. The solution of the supersonic transport boundary value problem is unique.
Proof. Suppose that there exist two solutions. Since the problem is linear, it follows that their
difference u(x,z) satisfies the zero boundary conditions, i.e., P(x;z) = 0, and is a solution of the

homogeneous equations of motion (G = 0). We note, that Lemma 8.1 is also true in the
supersonic case for shock waves as there is Theorem 3.2 for the gaps of energy on their fronts



General Functions Method in Transport Boundary Value Problems of Elasticity Theory
http://dx.doi.org/10.5772/intechopen.74538

(see full proof). Then together with conditions given in Eq. (59) of decay of the solutions at
infinity and the zero conditions for z =0,

J E(x,z)dx1dxy; = J ol - (x,z)dxidx, — 0 by z— oo
S S

The energy density E is a positive definite quadratic form of u;; by construction. Therefore, by
virtue of the decay of the solution at infinity, the relation only holds if u;; = 0 for all i and j.
Hence, we obtain u = 0; i.e., the solutions coincide. The proof of the theorem is complete.

Theorem 12.1 holds for both exterior and interior boundary value problems.

13. Statement of supersonic BVP in Dj(R®) and its generalized solution

To solve the problem, we also use the method of generalized functions. We introduce here the
regular generalized function with support on D :

uj(x,z) = uj(x,z)Hg (x)0(z) (59)

Also using the properties of differentiation of regular generalized functions with gaps at D,
and taking into account the boundary conditions and the conditions on the fronts, we obtain
the transport Lame equations (Eq. (14)) on the space of distributions with singular mass forces:

/g\j = pjés(x)é)(z) + ((/\uknkéij + H(Mﬂ’lj + u]-ni))és (X)Q(Z))/i (60)

By using the properties of convolutions with the Green tensor and the boundary conditions,
we obtain the generalized solution of BVP in the form:

pciix = UpsPibs(x)0(2) + Ul i* (Attyrtyndys + u (im; + win;) )85 (x)0(2) (61)

By analog with the subsonic case, if we use fundamental stress tensor, then the right-hand side
of Eq. (61) may be represented in the form of a surface integral over the boundary of the
domain. In our notation, on the boundary, it acquires the form

ung(x)G(z) = J (ujz:(x7yvz - T) pj(yv T) - T]l:(x,y,z - T 7’1(% T))uj(yv T)>dD(y7 T) (62)

D,

This formula is similar to the Somigliana formula in the static theory of elasticity ([1]: 146), but
it is impossible to use this formula to determine the solution of the boundary value problem in
the case of supersonic loads, because the second term contains strong non-integrable singular-
ities of the tensor T on the shock wave fronts of fundamental solutions; therefore, the integrals
are divergent. To construct a regular integral representation of the formula, we must regularize
it. For this, we use the tensor H.
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14. Dynamic analog of the Somigliana formula in supersonic case

For regularization of Eq. (61), we put W,, instead of U in the second term and use the property
of differentiation of convolution:

pCZ/le = ﬁi*P]és(x)G( ) + Wk iz (Aumnmélj + [.l(uﬂ’l]' + ujni))és(x)e(z) =

~j <] *
= UpPi0s(0)0(2)+ W, i* (At 21 0s + (i, 2y + wj,215) ) 65 () 0(2)+ (63)
—I—W\i A (Aumnméij + H(”inj + ujni))(ss (X)(S(Z) —
— UL#Pids(x)0(z) + W;«m*Cﬁnui,zm(x)és(x)@(Z) + C;;Wim i (x-0)m(x)5s (x)

From here on, we use Eq. (57) we get the formula which can be written in integral form.

Theorem 14.1. The generalized solution of supersonic transport BVP can be presented in the form:

tii = Upsp 05(x)0(2) + Cl W, s, (%) (x)0(2) (64)

which for x&S has the next integral presentation

) Z—1myr .
wH; (10(2) =>_ [ 00z~ mnasty) | {Ujtx—y.z= 0 pv.0-
k=1 0

~H (= gz = ), T = [HE e gz (0.2 — min)dS()
S
(65)
r=lx—yl

Proof. Formula (65) follows from Eq. (64) in virtue of Egs. (61) and (32). Its integral form is

H; (90(z) = [ {Ultxy.z = )y 07) = Hilyz = om0, oo
0

If we use Eq. (55) for H;(x, z) as the support of H;S (x,z2), H;d (x,z), we get

Z—myr

2 p
uiHs (x ;J (z — mr)dS(y) J {Ui-(x—y,z—T)P,-(y,T)— )
- 0

~ (Hjp(x =,z = T.n(y) + Hy(x =y, n(y))uy (9, ) ot
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Note that
Z—Mt
J Hiy (x — v, n(y))uj,«(y, T)dt = Hy (x —y,n(y))) (uj(y, z — mgr) — uj(y,0) =
0

= Hij(x — y.n(y))uj(y, z — mr)

In virtue of this equity, we get from Eq. (66) the last formula of the theorem.

All integrals exist; indeed, the integrands are integrable everywhere, including the fronts of
fundamental solutions, because the kernels of the integrands have weak singularities on the

fronts of the form (2% — m?;||x||?) Y2 in virtue of the properties of kernels U and H. The proof is
completed.

This formula is a dynamic analog of Somigliana formula for supersonic loads. It defines the
displacement in elastic medium by using boundary values of stresses and velocity of displace-
ments of boundary surface.

This formula also preserves its form for (x,z) € D with regard to the definition of Hs™ (x)0(z)
on D.

15. Singular boundary integral equations of supersonic transport BVP

Theorem15.1. If the classical solution of BVP satisfies the Holder’s conditions at D,, i.e., 3C>0, >0
that

}uj(x,z) - u]-(y7z)| < C||x —yHﬁ, X,y €ES.

then it satisfies the singular boundary integral equation at D,

Z—myr
2 k

0, 5u;(x,z) = J O(z — myr)dS(y) J {U]l:(x —Y,2—1T) Pj(% T)—
k=1
SE(") q

—H(x = y,2 = T.n(y)u; (9, T) T

—V.P. J Hés(x —y,z,n(y))uj(y,z — mr)dS(y), r = ||x — y||
Si(x)

z

Sk@) ={(y,7) :mur<z-71}, S¥z)={(y):mur <2},

Proof. The desired assertion follows from Theorem 14.1 and Theorem 11.1 for tensor H by
analogy of the proof of Theorem 12.1 about singular boundary integral equations in the
subsonic case. Full proofs of these theorems can be found in [7].
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This theorem gives us a resolving system of integral equations for definition of unknown
values of boundary displacements in the supersonic case.

Moreover, the Somigliana formula for displacements was obtained for generalized functions.
But since they are regular, from the Dubois-Reymond lemma ([3]: 97), this solution is classical.
However, if the acting loads are described by singular generalized functions, which often
takes place in physical problems, then one should use a representation of a generalized
solution in the convolution form (Eq. (65)) with the evaluation of convolutions by the defini-
tion (see [3]: 133).

16. Conclusion

The constructed singular boundary integral equations in the supersonic case are not classical
equations because the solution inside a domain is determined by the boundary values of
stresses and displacement rates rather than displacements themselves, unlike the Somigliana
formula. In addition, the domain of integration over a boundary surface substantially depends
on z, which is specific for hyperbolic equations. This complicates finding solutions of such
problems by the successive approximation method. However, for the numerical discretization
of singular boundary integral equations, the method of boundary elements makes it possible to
use standard methods of computational mathematics for a computer implementation of the
solution of such problems. The aforementioned boundary value problems model the dynamics
of underground structures like transport tunnels and extended excavations subjected to the
dynamic influence of moving vehicles and seismic loads. They permit one to study the dynam-
ics of a rock mass in a neighborhood of underground structures depending on its physical-
mechanical properties, the velocity of moving transport, specific features of the transport load,
and the geometric properties of structures in technical computations of displacements and the
stress-strain state of the mass away from the tunnel.
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