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Abstract

In this paper, the Kelvin wave and knot dynamics are studied on three dimensional
smoothly deformed entangled vortex-membranes in five dimensional space. Owing to
the existence of local Lorentz invariance and diffeomorphism invariance, in continuum
limit gravity becomes an emergent phenomenon on 3 + 1 dimensional zero-lattice (a lattice
of projected zeroes): on the one hand, the deformed zero-lattice can be denoted by curved
space-time for knots; on the other hand, the knots as topological defect of 3 + 1 dimensional
zero-lattice indicates matter may curve space-time. This work would help researchers to
understand the mystery in gravity.

Keywords: vortex-membrane, knot, gravity

1. Introduction

A vortex (point-vortex, vortex-line, vortex-membrane) consists of the rotating motion of fluid
around a common centerline. It is defined by the vorticity in the fluid, which measures the rate
of local fluid rotation. In three dimensional (3D) superfluid (SF), the quantization of the
vorticity manifests itself in the quantized circulation v -dl =% where h is Planck constant
and m is atom mass of SF. Vortex-lines can twist around its equilibrium position (common
centerline) forming a transverse and circularly polarized wave (Kelvin wave) [1, 2]. Because
Kelvin waves are relevant to Kolmogorov-like turbulence [3, 4], a variety of approaches have
been used to study this phenomenon. For two vortex-lines, owing to the interaction, the
leapfrogging motion has been predicted in classical fluids from the works of Helmholtz and
Kelvin [5-10]. Another interesting issue is entanglement between two vortex-lines. In mathe-
matics, vortex-line-entanglement can be characterized by knots with different linking
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34 Superfluids and Superconductors

numbers. The study of knotted vortex-lines and their dynamics has attracted scientists from
diverse settings, including classical fluid dynamics and superfluid dynamics [11, 12].

In the paper [13], the Kelvin wave and knot dynamics in high dimensional vortex-membranes
were studied, including the leapfrogging motion and the entanglement between two vortex-
membranes. A new theory —knot physics is developed to characterize the entanglement evolu-
tion of 3D leapfrogging vortex-membranes in five-dimensional (5D) inviscid incompressible
fluid [13, 14]. According to knot physics, it is the 3D quantum Dirac model that describes the
knot dynamics of leapfrogging vortex-membranes (we have called it knot-crystal, that is really
plane Kelvin-waves with fixed wave-length). The knot physics may give a complete interpre-
tation on quantum mechanics.

In this paper, we will study the Kelvin wave and knot dynamics on 3D deformed knot-crystal,
particularly the topological interplay between knots and the lattice of projected zeroes (we call
it zero-lattice). Owing to the existence of local Lorentz invariance and diffeomorphism invari-
ance, the gravitational interaction emerges: on the one hand, the deformed zero-lattice can be
denoted by curved space-time; on the other hand, the knots deform the zero-lattice that
indicates matter may curve space-time (see below discussion).

The paper is organized as below. In Section 2, we introduce the concept of “zero-lattice” from
projecting a knot-crystal. In addition, to characterize the entangled vortex-membranes, we intro-
duce geometric space and winding space. In Section 3, we derive the massive Dirac model in the
vortex-representation of knot states on geometric space and that on winding space. In Section 4,
we consider the deformed knot-crystal as a background and map the problem onto Dirac
fermions on a curved space-time. In Section 5, the gravity in knot physics emerges as a topolog-
ical interplay between zero-lattice and knots and the knot dynamics on deformed knot-crystal is
described by Einstein’s general relativity. Finally, the conclusions are drawn in Section 6.

2. Knot-crystal and the corresponding zero-lattice

2.1. Knot-crystal

Knot-crystal is a system of two periodically entangled vortex-membranes that is described by a
special pure state of Kelvin waves with fixed wave length Zot—crystal <§, t) [13, 14]. In emergent

quantum mechanics, we consider knot-crystal as a ground state for excited knot states, i.e.,

ZA (;, t)
ZB (;, i')
On the one hand, a knot is a piece of knot-crystal and becomes a topological excitation on it; on

the other hand, a knot-crystal can be regarded as a composite system with multi-knot, each of
which is described by same tensor state.

anot—crystal (;, t) = — |Vacuum). (1)
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Because a knot-crystal is a plane Kelvin wave with fixed wave vector kg, we can use the tensor
representation to characterize knot-crystals [13],

- —I — -
l—‘f<r10t—s:rystal = (naal> ® (”TT+ 1 TO) (2)

where 1= <0 . ) and ¢, t! are 2 x 2 Pauli matrices for helical and vortex degrees of freedom,

respectively. For example, a particular knot-crystal is called SOC knot-crystal Zynot-crystal (f) [13],
of which the tensor state is given by

(@ 1) = i =(1,0,0), (0"® 1) = i =(0,1,0), (o® 1) = i=(0,0,1). (3

For the SOC knot-crystal, along x-direction, the plane Kelvin wave becomes z(x) = /2y
cos (ko - x); along y-direction, the plane Kelvin wave becomes z(y) = \/%ro (e + ie™™*¥); along

z-direction, the plane Kelvin wave becomes z(z) = roe'*.

For a knot-crystal, another important property is generalized spatial translation symmetry that
is defined by the translation operation 7 (Ax') = a @)'Axl) Tyt
Z(x't) —» T (AXNZ(x',t)

- 4)
_ ei. (]%-AX')'rlinot—crysmlz (xia t) :

A
Here k is —i ﬁ (I =x,y,z). For example, for the knot states on 3D SOC knot-crystal, the

translation operation along x'-direction becomes
(AI I) ( I
i kA )- ('@ 1).
T(Ax) = ")l 5)

2.2. Winding space and geometric space

For a knot-crystal, we can study it properties on a 3D space (x, y, z). In the following part, we
call the space of (x, y, z) geometric space. According to the generalized spatial translation sym-
metry, each spatial point (x, y, z) in geometric space corresponds to a point denoted by three
winding angles (@ (x), ®y(y), ©.(z)) where @, (x') is the winding angle along x/-direction. As
a result, we may use the winding angles along different directions to denote a given point
D (?) = (Dy(x), Dy (y), P.(z)). We call the space of winding angles (D, (x), D, (y), D, (z)) wind-

ing space. See the illustration in Figure 1(d).

For a 1D leapfrogging knot-crystal that describes two entangled vortex-lines with leapfrogging
motion, the function is given by

35
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Figure 1. (a) An illustration of a 1D knot-crystal; (b) the relationship between winding angle ® and coordinate position x.
The red dots consist of a 1D zero-lattice in geometric space and the blue dots consist of a zero-lattice in winding space; (c)
an illustration of a 3D uniform zero-lattice in geometric space; and (d) an illustration of a 3D uniform zero-lattice in
winding space.

(w*t)
cos
) — 1 2 / ¢ g iwot v t/2. ©)
—isin Wt
2

where w* is angular frequency of leapfrogging motion. For the 1D ¢,-knot-crystal, the coordi-
nate on winding space is ®(x) = Zx. Another example is 3D SOC knot-crystal [10], of which

a

Z(?,t

the function is given by

. w*t
ZKC,A (x, t) oS\ 5~

— s sk
Zxc <x’ t) — =10 e iwot+iw*t/2

ZKC,B <§, t) —isin (wz* t> (7)

1 ; : .
V/2rg cos (D (x)) - <_ 1o (e@y W) 4 jo=i®y (y)> ) ¢

V2

where the coordinates on winding space are ®,(x) = Zx, ®,(y) = Ly, ®.(z) = L z, respectively.

In addition, there exists generalized spatial translation symmetry on winding space. On wind-

ing space, the translation operation 7 (A®') becomes

!

T(ACDI) = ei.ZiAq)I'rknot—crystal (8)

where A®' denotes the distance on winding space.
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2.3. Zero-lattice

Before introduce zero-lattice, we firstly review the projection between two entangled vortex-

membranes z g <§, t) =&a/B (?, t) +in, /B <?, t) along a given direction 0 in 5D space by

5 EA/B(;J) B EA/B,@(;:t>

(1) )\ [amel®1)],

where EA/B/9<Y, t) = EA/B (?, t) cos O + Na/B (?, t) sin 6 is variable and [nA/B,Q(?C}? tﬂo = EA/B

©)

<?, t) sin® — 1 p <?, t) cos 0 is constant. So the projected vortex-membrane is described by
the function &4 /p ¢ (Y, t>. For two projected vortex-membranes described by &x ¢ (Y, t> and

&B,o (Y, t), a zero is solution of the equation
Peo |:ZA (}’ t)} = 5A,@<¥, t) — Py [ZB (?tﬂ = 55,9@, t). (10)

After projection, the knot-crystal becomes a zero lattice. For example, a 1D leapfrogging knot-
crystal is described by

()

COS 5

Zic(¥.t) =10 oy | an
—1sm( 5 >

According to the knot-equation lsg[ch, A(x)] = ﬁg[zKC,B(x)], we have

xoza.x+%wot (12)

where 6 = — 7 and X, is the position of zero. As a result, we have a periodic distribution of
zeroes (knots).

ZKC, A (za f)

ZKC, B (1 f)
similar situation—the solution of zeroes does not change when the tensor order changes, i.e.,
<a® T) =1y =(0,0,1) — 1, = (nx, ny, nx) with =1 [13]. We call the periodic distribu-

tion of zeroes to be zero-lattice. See the illustration of a 1D zero-lattice in Figure 1(b) and 3D
zero-lattice in Figure 1(c).

For a 3D leapfrogging SOC knot-crystal described by Zxc (?, t) = , we have

N
Ng

Along a given direction ¢, after shifting the distance 4, the phase angle of vortex-membranes in
knot-crystal changes T, i.e.,

37
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o (?t) O (Y ta- ?,t) — (?t) + (13)

Thus, on the winding space, we have a corresponding “zero-lattice” of discrete lattice sites
described by the three integer numbers

—

— 1 —
X=(X,Y,Z)=—®——® mod . (14)

See the illustration of a 1D zero-lattice in Figure 1(b) and 3D zero-lattice in Figure 1(d).

3. Dirac model for knot on zero-lattice

3.1. Dirac model on geometric space

3.1.1. Dirac model in sublattice-representation on geometric space

It was known that in emergent quantum mechanics, a 3D SOC knot-crystal becomes multi-
knot system, of which the effective theory becomes a Dirac model in quantum field theory. In
emergent quantum mechanics, the Hamiltonian for a 3D SOC knot-crystal has two terms—the
kinetic term from global winding and the mass term from leapfrogging motion. Based on a
representation of projected state, a 3D SOC knot-crystal is reduced into a “two-sublattice”
model with discrete spatial translation symmetry, of which the knot states are described by
IL) and |R) (or the Wannier states ¢{ ;|vacuum) and cf; j[vacuum)). We call it the Dirac model in

sublattice-representation.

In sublattice-representation on geometric space, the equation of motion of knots is determined
by the Schrodinger equation with the Hamiltonian

Hinot = | (lPJrI/:Iknotll’) &x,

) (15)
Hknot - _Ceffr : ﬁknot + mknOtcgffr5’

where ' (t, Y) is an four-component fermion field as ¢’ (t, ?) = (tﬂL (t, ?) WTLR (t, ?)
I,DIL <t, Y) ybIR (t, ?)) Here, L, R label two chiral-degrees of freedom that denote the two

possible sub-lattices, 1, | label two spin degrees of freedom that denote the two possible
winding directions. We have

I =1®u, (16)
and

=" Ly,

’=dQ®u, (17)

= GZ®Ly.
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ﬁkmt = Aknot E is the momentum operator. mknotcgff = 2hnotw™ plays role of the mass of knots
and ceff = #n]t = 2aw play the role of light speed where a is a fixed length that denotes the half
pitch of the windings on the knot-crystal.

In addition, the low energy effective Lagrangian of knots on 3D SOC knot-crystal is obtained
as

Lap = P (9, = Mnr ) ¥ (18)
where ¢ = "0, y# are the reduced Gamma matrices,
,yl — ,)/Ol—*l, 7/2 — ,}/01—'2, 7/3 — ,)/01"3, (19)

and

YW =10y =iyt (20)

3.1.2. Dirac model in vortex-representation on geometric space

In this paper, we derive the effective Dirac model for a knot-crystal based on a representation
of vortex degrees of freedom. We call it vortex-representation.

In Ref. [13], it was known that a knot has four degrees of freedom, two spin degrees of freedom
1 or | from the helicity degrees of freedom, the other two vortex degrees of freedom from the
vortex degrees of freedom that characterize the vortex-membranes, A or B. The basis to define
the microscopic structure of a knot is given by |1, A), |1,B), |1, A), ||,B).

We define operator of knot states by the region of the phase angle of a knot: for the case of
$omod(27) € (-, 0], we have ¢'|0); for the case of ¢, mod(27) € (0, 7], we have (c+|0>)+. As
shown in Figure 2, we label the knots by Wannier state |i,A,1), [i+1,A,1)", [i+2,A,1),
li+3,A,1)"....

To characterize the energy cost from global winding, we use an effective Hamiltonian to
describe the coupling between two-knot states along x'-direction on 3D SOC knot-crystal

Jeh /i Tl /b, A/BCA/B, ivel (21)

CA/B,1,i

. J is the coupling
CA/B, i

with the annihilation operator of knots at the site i, cp/p; = (

constant between two nearest-neighbor knots. According to the generalized translation sym-

metry, the transfer matrices T /B, A/p along x!-direction are defined by

k -0

L g ()
Taoan=Tgp=ce¢ (22)

39
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Figure 2. An illustration of knot states in vortex-representation: A and B denote two 1D vortex-lines. Here B denotes

conjugate representation of vortex-line-B. The curves with blue dots denote knots on the knot-crystal —the curves with
blue dot above the line are denoted by ¢f|0) and the curves with blue dot below the line are denoted by (cf \O))+.

and

Ty g=Tsa=0. (23)

After considering the spin rotation symmetry and the symmetry of vortex-membrane-A and
vortex-membrane-B, the effective Hamiltonian from global winding energy can be described
by a familiar formulation

Hcoupling = Hcoupling,B + Hcoupling,A (24)
where
N
-~ + da <k ~a’)
H coupling & = | Z Cp, i€ CA,itel +h.c. (25)
il
and
~1
-~ ¢ ia <k ol )
Hcoupling,B = ]Z Cg, i€ CBitel T h.c. (26)
il

We then use path-integral formulation to characterize the effective Hamiltonian for a knot-
crystal as

Jw* (t, z) DY ()eS/ 27)

where S = f Ldt and L=1i) ; lpjatl,bi — Heoupling: To describe the knot states on 3D knot-
crystal, we have introduced a four-component fermion field to be
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px) =1 (28)

where A, B label vortex degrees of freedom and 1, | label two spin degrees of freedom that

denote the two possible winding directions along a given direction e.

In continuum limit, we have

Hcoupling =H coupling, B + Hcoupling,A

= 2a] Z Yh lox cosky + 0, cosk, + 0z cosk. ]y,
K

+2a] Z I,DJ];/ P [o*x cos ky + 0, cosk, + 0, cos kz] Vg (29)
k

where the dispersion of knots is
EA/B,kﬁCefka —k0>' 3}, (30)

where 750 = (%,%,%) and cer = 24 is the velocity. In the following part we ignore Eo.

Next, we consider the mass term from leapfrogging motion, of which the angular frequency

w*. For leapfrogging motion obtained by [10], the function of the two entangled vortex-
membranes at a given point in geometric space is simplified by

ZA (E): O,t) 1 (1 _{_eia)*t>' a1

ZB <¥: 0, t) C 21—

ZA <§,t> 1 ZA <?,t> 0
At t =0, we have H :< );att:%, we have H :( ).Theleap-
ZB<x,t) 0 zB(x,t> 1
frogging knot-crystal leads to periodic varied knot states, i.e., at t =0 we have a knot on
vortex-membrane-A that is denoted by |0, A); at t = = we have a knot on vortex-membrane-B
denoted by |0, B). As a result, the leapfrogging motion becomes a global winding along time
direction, [t,A), |[t+ZX,B), |[t+2Z,A), |[t+32 B), ... See the illustration of vortex-
representation of knot states for knot-crystal in Figure 2(c). After a time period t =, a knot
state ¢, mod(27) € (—,0] turns into a knot state ¢y mod(2m) € (—m,0]. Thus, we use the

following formulation to characterize the leapfrogging process,

41
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R0 (32)
After considering the energy from the leapfrogging process, a corresponding term is given by

2hknotw*¢j\¢]§ + h.c. (33)

From the global rotating motion denoted e !, the winding states also change periodically.
Because the contribution from global rotating motion e~ ! is always canceled by shifting the
chemical potential, we do not consider its effect.

From above equation, in the limit ‘ k I — 0 we derive low energy effective Hamiltonian as

Hap =~ 2a] Z vh i (8 ’ E) Yak
k
+2a] Yy, <E - E) VB k Y
k
+2hknotw* Zk, alzbJrA o, kllbgr o,k

= Cet [ W' [TZ ® (3 -ﬁ)}‘l’d%

i (35)
ot [ WT (Tx ® 1)Wdx.
where
Ya(t7)
Uh (t, E’)
Y(x) = R (36)
Y AL (t, x>
g,y (t’ ¥>
We then re-write the effective Hamiltonian to be
/| t73 3
Hap = J (\y H3D‘If)d x (37)
and
Hsp = cegt T Prnot + MinotCoge L (38)
where
P=r® 1,T' =7"®d, (39)

?=17Qd, I =17Q0d.
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P = fnot k is the momentum operator. W' = (IPZ,T’ Vg 1 Ua 1 ¥p, L) is the annihilation opera-

tor of four-component fermions. mknotcgff = 2fynotw™ plays role of the mass of knots and
2a-]
hknot

Coff = play the role of light speed where a is a fixed length that denotes the half pitch of

the windings on the knot-crystal. In the following parts, we set Aixnot = 1 and cegr = 1.
Due to Lorentz invariance (see below discussion), the geometric space becomes geometric

space-time, ie., (x,y,z) — (x,V,z,t). Here, we may consider I' and I° to be entanglement
matrices along spatial and tempo direction in winding space-time, respectively. A complete set

of entanglement matrices (f, r ) is called entanglement pattern. The coordinate transformation

along x/y/z/t-direction is characterize by ¢ *- ¥ and el “t, respectively. Now, the knot
becomes topological defect of 3 + 1D entanglement—a knot is not only anti-phase changing

along arbitrary spatial direction e but also becomes anti-phase changing along tempo
direction (along tempo direction, a knot switches a knot state |[A/B) to another knot state
[B/A)).

Finally, the low energy effective Lagrangian of 3D SOC knot-crystal is obtained as

Lap = iYW — Hip

o~ (40)
= \I’<17/“6 by mknot>‘lf
where W = W0, )i are the reduced Gamma matrices,
7/1 — 7/OI"ll )/2 — VOFZI 7/3 — )/01'*3/ (41)
and
,)/0 — 1"5 =7, ® 1/ y5 — iyoyl,yZy?)‘ (42)

In addition, we point out that there exists intrinsic relationship between the knot states of
sublattice-representation and the knot states of vortex-representation

() (o) ®

i
0 )} . From the sublattice-representation of knot states, the knot-crystal

i
becomes an object with staggered R/L zeroes along x/y/z spatial directions and time direction;
From the vortex-representation of knot states, the knot-crystal becomes an object with global
winding along x/y/z spatial directions and time direction. See the illustration of knot states of
vortex-representation on a knot-crystal in Figure 2.

0
where U = exp [in <

43
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3.1.3. Emergent Lorentz-invariance
We discuss the emergent Lorentz-invariance for knot states on a knot-crystal.

Since the Fermi-velocity ces only depends on the microscopic parameter | and a, we may regard
ceft to be “light-velocity” and the invariance of light-velocity becomes an fundamental principle
for the knot physics. The Lagrangian for massive Dirac fermions indicates emergent SO(3,1)
Lorentz-invariance. The SO(3,1) Lorentz transformations Sy, is defined by

Story!Sia: = ¥ (44)
(u=0,1,2,3) and

Story Sier = 7. (45)

For a knot state with a global velocity v, due to SO(3,1) Lorentz-invariance, we can do Lorentz

boosting on (?, t) by considering the velocity of a knot,

, t—x-0

t—t = ——

27

V1i—vo

A
P = (46)

We can do non-uniform Lorentz transformation S, (?, t) on knot states W (7, t). The inertial

reference-frame for quantum states of the knot is defined under Lorentz boost, i.e.,
\1/(}’ t) Ly (z’, t’) — Stor- w(;’, t’). 47)

For a particle-like knot, a uniform wave-function of knot states () is

Y(t) = N 2t (48)
Under Lorentz transformation with small velocity ‘5 , this wave-function 1(t) is transformed
into
1 o PRl
) = — 8712(41 t
vl =75
| P
N lpl — ﬁ€712w t (49)

~ %eﬂ“’*texp (—i(Ekmtt — Prnot’ f))
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—2

~ p — ~ — 2 _ . . o .
where Ej ot =~ ZH;‘;‘:;, Prnot =@ U and mynoc” = 2w*. As a result, we derive a new distribution of

knot-pieces by doing Lorentz transformation, that are described by the plane-wave wave-
function %e‘iz“’*texp <—i (Eknott — Pt ?) ) The new wave-function %exp(—i (Exnott =P o’
X)) comes from the Lorentz boosting Sy ;.

Noninertial system can be obtained by considering non-uniformly velocities, i.e., v— A ¥ (?, t).

According to the linear dispersion for knots, we can do local Lorentz transformation on (3_5, t> ie.,

!

t—>t<x,t)=—,

—

xX— X (x,t) L g
1—(A5)

—

We can also do non-uniform Lorentz transformation S o, <x, t) on knot states W (?, t), ie.,

w(7t) W (¥ (%.1)¢(31))
— Sior (Y t) \If(} t)

where the new wave-functions of all quantum states change following the non-uniform

(50)

(51)

Lorentz transformation Sy, (f, t). It is obvious that there exists intrinsic relationship between

noninertial system and curved space-time.

3.2. Dirac model on winding space
In this part, we show the effective Dirac model of knot states on winding space.

The coordinate measurement of zero-lattice on winding space is the winding angles, ®. Along

a given direction ¢, after shifting the distance a4, the winding angle changes 7. The position is

determined by two kinds of values: X are integer numbers

X=(X,Y,Z) :E(D_ECD mod 7t (52)

and 5 denote internal winding angles
o= (qu’ ¢)y7¢)z) =® modn (53)

with ¢, ¢, ¢, €(0,7].

45
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Therefore, on winding space, the effective Hamiltonian turns into

I/:I sp =T ‘ﬁknot + 7’”kno’cr5 =T 'ﬁX, knot+ I 'ﬁ(f)/ knot + mknOtFS (54)
where p, = 14 = d and p o =1 % Because of ¢; € (0,7], quantum number of p ¢ is angular

momentum Lq, and the energy spectra are 1 ‘qu ‘ If we focus on the low energy physics E < 1

(or fq) = 0), we may get the low energy effective Hamiltonian as
Hip= T Py o + Micnotl - (55)

We introduce 3 + 1D winding space-time by defining four coordinates on winding space,

D= (Cf), CDt> where @; is phase changing under time evolution. For a fixed entanglement

pattern <f, ° ), the coordinate transformation along x/y/z/t-direction on winding space-time

iT-® 5D

is given by ¢ ® and e ', respectively.

For low energy physics, the position in 3 + 1D winding space-time is 3 + 1D zero-lattice of

winding space-time labeled by four integer numbers, X = (?(, X0> where

;( CB— O mod 71,

(56)

_ A

Xo

;]|H 7~l|H

q)t ——CDtmOdT(
Tt

The lattice constant of the winding space-time is always 7t that will never be changed. As a result,
the winding space-time becomes an effective quantized space-time. Because of x, = a - X, the
effective action on 3 + 1D winding space-time becomes

Ssp = (a)* Z L3p (57)
X,Y,Z, Xo
where
71 _
Lo =T [z; (713, - mk} w, (58)

4. Deformed zero-lattice as curved space-time

In this section, we discuss the knot dynamics on smoothly deformed knot-crystal (or deformed
zero-lattice). We point out that to characterize the entanglement evolution, the corresponding
Biot-Savart mechanics for a knot on smoothly deformed zero-lattice is mapped to that in
quantum mechanics on a curved space-time.
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4.1. Entanglement transformation

Firstly, based on a uniform 3D knot-crystal (uniform entangled vortex-membranes), we intro-
duce the concept of “entanglement transformation (ET)”.

Under global entanglement transformation, we have
\If(?t) = w’(?,t> - EIET@,t) \y(zt) (59)
where

Ugr (y, t) _ pOBT | 0T (60)

Here, 6 ® and 0®; are constant winding angles along spatial ®-direction and that along tempo
direction on geometric space-time, respectively. The dispersion of the excitation changes under
global entanglement transformation.

In general, we may define (local) entanglement transformation, i.e.,

aET (;7 t) _ eié&')(}‘.t).f' O (R1) T (61)

where 6 ® (Y, t) and 6@, <§, t) are not constant. We call a system with smoothly varied-

(g @ (f,t), on (f,t)) deformed knot-crystal and its projected zero-lattice deformed (3 + 1D)

zero-lattice.

4.2. Geometric description for deformed zero-lattice: curved space-time

For knots on a deformed zero-lattice, there exists an intrinsic correspondence between an
entanglement transformation Ugr (?, t> and a local coordinate transformation that becomes a

fundamental principle for emergent gravity theory in knot physics.

For zero-lattice, ﬁET (Y, t) changes the winding degrees of freedom that is denoted by the local

coordination transformation, i.e.,

o (E’t) - 3(§,t) —® (It) LoD (E’t)

(62)
O (%,1) = 0)(7,1) = DX, ) + 00 (¥, 1)

These equations also imply a curved space-time: the lattice constants of the 3 + 1D zero-lattice
(the size of a lattice constant with 27t angle changing) are not fixed to be 24, i.e.,

20 — a4 (f t) (63)
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The distance between two nearest-neighbor “lattice sites” on the spatial/tempo coordinate
changes, i.e.,

(64)

and
At = (t+ep) —t = ep,
_ 65
At’:(t’+e6)—t’:e6(x,t> (65)
where e, (a =0,1,2,3) and ¢/ (?, t) are the unit-vectors of the original frame and the deformed

frame, respectively. See the illustration of a 1 + 1D deformed zero-lattice on winding space-
time with a non-uniform distribution of zeroes in Figure 3(d).

However, for deformed zero-lattice, the information of knots in projected space is invariant:

when the lattice-distance of zero-lattice changes a — aes (?, t), the size of the knots corre-

spondingly changes a — ae (?, t>. Therefore, due to the invariance of a knot, the deformation

of zero-lattice does not change the formula of the low energy effective model for knots on

o/n
B
2
32
1
12y Al
2a 4a

(c) (d)

Figure 3. (a) An illustration of deformed knot-crystal; (b) an illustration of smoothly deformed relationship between
winding angle ® and spatial coordinate x. The zero-lattice in winding space is still uniform; while the zero-lattice in
geometric space is deformed; (c) an illustration of a uniform 1 + 1D zero-lattice in geometric space-time; and (d) an
illustration of a deformed 1 + 1D zero-lattice in geometric space-time.
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winding space-time. Because one may smoothly deform the zero-lattice and get the same low
energy effective model for knots on winding space-time, there exists diffeomorphism invariance, i.e.,

Knot-invariance on winding space-time (66)

= Diffeomorphism invariance.

Therefore, from the view of mathematics, the physics on winding space-time is never changed! The
invariance of the effective model for knots on winding space-time indicates the diffeomorphism
invariance

1 X
Szero—lattice = (El)4 Z N4 |:1_Vya - mknot:| W, (67)

X/ Y/ Z/ XO a £

On the other hand, the condition of very smoothly entanglement transformation guarantees a
(local) Lorentz invariance in long wave-length limit. Under local Lorentz invariance, the knot-
pieces of a given knot are determined by local Lorentz transformations.

According to the local coordinate transformation, the deformed zero-lattice becomes a curved
space-time for the knots. In continuum limit Ak < (a) ' and Aw <@y, the diffeomorphism
invariance and (local) Lorentz invariance emerge together. E. Witten had made a strong claim
about emergent gravity, “whatever we do, we are not going to start with a conventional theory of non-
gravitational fields in Minkowski space-time and generate Einstein gravity as an emergent phenome-
non.” He pointed out that gravity could be emergent only if the notion on the space-time on
which diffeomorphism invariance is simultaneously emergent. For the emergent quantum
gravity in knot physics, diffeomorphism invariance and Lorentz invariance are simultaneously
emergent. In particular, the diffeomorphism invariance comes from information invariance of
knots on winding space-time—when the lattice-distance of zero-lattice changes, the size of the
knots correspondingly changes.

To characterize the deformed 3 + 1D zero-lattice (Y/ <§, t) N4 <Y, t) ), we introduce a geometric

description. In addition to the existence of a set of vierbein fields e”, the space metric is defined
by nubegeg = 84 Where 1 is the internal space metric tensor. The geometry fields (vierbein fields

e <?, t> and spin connections @™ <?, t)) are determined by the non-uniform local coordinates

—! [ — . . . —
(x (x, t> N4 (x, t)) Furthermore, one needs to introduce spin connections ™ (x, t) and the

Riemann curvature two-form as

Ry = dwy + 0 Aawj,

1 (68)
=5 puvdxt Adx”,
where R}, = €3¢, Rp,, are the components of the usual Riemann tensor projection on the tangent

space. The deformation of the zero-lattice is characterized by
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RY = dw™ + 0™ Aw®. (69)

So the low energy physics for knots on the deformed zero-lattice turns into that for Dirac
fermions on curved space-time

Seurved ST = J¢——g¢(eﬁ;yﬂ (iéy ¥ ia)y) . mknot)\l’d4x (70)

where @, = (@%%/2,0fy7/2) (i,j=1,2,3) and y* = ~1}",»"] (a,b=0,1,2,3) [15]
This model described by Scurved—st is invariant under local (non-compact) SO(3,1) Lorentz

. — - ab
transformation S (x, t) = eeﬂl’("=t)7’ as

W(?t) N (?t) - s(?x)w(f, t),
() (2 ()

1 (V1)
—— (E t) - s(?, t)wy (? t) (S (? t))
+S (? t>ay <S (? t))_l.
y® is invariant under local SO(3,1) Lorentz symmetry as
¥ =07 = S@’t)VS (S@’t))_l (72)

In general, an SO(3,1) Lorentz transformation S (?, t) is a combination of spin rotation trans-
formation R (?, t) = ﬁspin <Y, t) . IAQSpace <§, t) and Lorentz boosting Sy or (?, t).

In physics, under a Lorentz transformation, a distribution of knot-pieces changes into another
distribution of knot-pieces. For this reason, the velocity ce and the total number of zeroes
Ninot are invariant,

/ —
Ceff — Coff = Ceff (73)
and

Ninot — N i(not = Ninot- (74)

4.3. Gauge description for deformed zero-lattice

4.3.1. Deformed entanglement matrices and deformed entanglement pattern

The deformation of the zero-lattice leads to deformation of entanglement pattern, i.e.,
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(F, r5> o (f/(x), (r5)’(x)> (75)
where

T (X) = uET(X) F aET(X)_l, (FS)/(X) = lAlET (f, t) FSE[ET(X)_l. (76)

x denotes the space-time position of a site of zero-lattice, (Y, t). Each entanglement matrix
becomes a unit SO(4) vector-field on each lattice site. The deformed zero-lattice induced by

local entanglement transformation Ugr (x) is characterized by four SO(4) vector-fields (four

.
entanglement matrices) (F (x), (F5 )/(x)) See the illustration of a 2D deformed zero-lattice in

Figure 4(d), in which the arrows denote deformed entanglement matrix (FS)’(X).

4.3.2. Gauge description for deformed tempo entanglement matrix

Firstly, we study the unit SO(4) vector-field of deformed tempo entanglement matrix (I)’ (x).

To characterize (I )/(x), the reduced Gamma matrices y* is defined as

/.\ /.-\—’— extra knot /.\

P AR
RNV NN

extraknot  (b)

Figure 4. (a) An illustration of the effect of an extra knot on a 1D knot-crystal along spatial direction; (b) an illustration of
the effect of an extra knot on a 1D knot-crystal along tempo direction. Here A*/B* denotes conjugate representation of
vortex-line-A/B; (c) the entanglement pattern for a uniform knot-crystal. The arrows denote the directions of entangle-
ment matrices; and (d) the entanglement pattern for a knot-crystal with an extra knot at center. The purple spot denotes
the knot. The red arrows that denote local tangential entanglement matrices have vortex-like configuration on 2D
projected space.
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yl — )/Orl, 7/2 — yOFZ, y3 — y0r3, (77)

and

—

0 _ 04,14,24,3

W=T"=1Q 1,)° =i"'y%7. (78)

Under this definition ()° = I), the effect of deformed zero-lattice from spatial entanglement

) T .y 3 .
transformation el APx ol APy Hil"AL: oan be studied due to

I — (1) (0 = U (3, U 0~ £ T (79)

However, the effect of deformed zero-lattice from tempo entanglement transformation 1"

cannot be well defined due to

I — (1) (0 = Uy (7, )P Upp (0" = T°. (80)

We introduce an SO(4) transformation u <f, t) that is a combination of spin rotation transfor-

mation R (x) and spatial entanglement transformation (entanglement transformation along x/y/
z-direction) lj’é/Ty / #(x) = €00 e,

U(x)=R(x)@ UL (x). (81)

Here, @ denotes operation combination. Under a non-uniform SO(4) transformation a(x), we
have

=(’x) = yn'(x) (82)

where n = (nl, n?, n3¢>8) = (ﬁ, qb8> is a unit SO(4) vector-field. For the deformed zero-lattice,
according to ()°(x))’ # )°, the entanglement matrix I° = )° along tempo direction is varied,

% — (%) (x) # T°.

In general, the SO(4) transformation is defined by U (x) = e« (@ = —1[)% y#]). Under
the SO(4) transformation, we have

()
—~
=
~—
N———
oL

pi = () = Uy
Ay — A, (7.0) = T (3.0) Au00 (T 0) (83)

LU0, (ﬁ(x))_l.

In particular, y° is invariant under the SO(4) transformation as
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Y = (7)) =T (U) =y (84)

The correspondence between index of y* and index of space-time x* is

1 2
VeXy Sy
5 0 (85)
Yy ez y ot

We denote this correspondence to be

(1,2,3,0)gr = (1,2,3,0)gp (86)
where (1,2,3,0)g; denotes the index order of »* and (1,2,3,0)s; denotes the index order of
space-time x”.

As a result, we can introduce an auxiliary gauge field AZh(x) and use a gauge description to

characterize the deformation of the zero-lattice. The auxiliary gauge field A‘:f’ (x) is written into
two parts [15]: SO(3) parts

, N ~ -1
Al(x) = tr <)/’] (Ue)d(t) ) (87)
and SO(4)/SO(3) parts
~ -1
i0 i0
AO(x) = tr <)/ U(x>)d(U(x)> ) .
1 / 1 /
=7d(/'(x) =y x)
The total field strength F7(x) of i, j = 1,2,3 components can be divided into two parts
Fi(x)=Fi+ APp AP, (89)
According to pure gauge condition, we have Maurer-Cartan equation,
Fix)=Fi+ APAA? =0 (90)
or
Fi = dAT + A% A AN
O

= —AOpAAY,
Finally, we emphasize the equivalence between 1% and ', i.e., y" & T".

4.3.3. Gauge description for deformed spatial entanglement matrix

Next, we study the unit SO(4) vector-field of deformed spatial entanglement matrix (l"i)/(x). To

characterize (Fi)/(x), the reduced Gamma matrices y* is defined as
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v =10,y =9I y* =y°T°, (92)
and
0 i z i
Yy =1 =1tQ0d,
y> =iy%yyHP. &)

Here, T, T/, and T are three orthotropic spatial entanglement matrices. Under this definition
(° =T, the effect of deformed zero-lattice from partial spatial/tempo entanglement transfor-

| | [ gael LT 5. :
mation ¢/ AP oA LA (a1 he studied due to

I — (1) (0 = U™ (%, ) I ™ oo~ £ T (94)

However, the effect of deformed zero-lattice from spatial entanglement transformation 1"

cannot be well defined due to
i i/ i (2 i77%; -1 i
I = (1) (x) = Ugy (%, £) T Uy 00~ = T (95)

We use similar approach to introduce the gauge description. We can also define the reduced
Gamma matrices p* as

771 — )701—‘2, 772 — )701—*3/ )73 — )’}01"5, (96)

and

y
97
y? =iyt o
The correspondence between index of * and index of space-time x” is
ey yrez 98)
53 50
Yy ety ex.
We denote this correspondence to be
(1,2,3,0)gr < (2,3,0,1)g7. (99)

Now, the SO(4) transformation U (Y, t) = P (7" (" =—11[y,,9"]) is not a combination
of spin rotation symmetry and entanglement transformation along x/y/z-direction. However,
for the case of a or b to be 0, U <7; t) = ¢®0 (07" denotes the entanglement transformation

along y/z/t-direction. The unit SO(4) vector-field on each lattice site becomes
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U)7°(U() " = (7°00) = 37" (100)

wheren = <ﬁ1, 12,73, qBS) is a unit vector-field. The auxiliary gauge field A”(x) are defined

A% (x) = tr(f/ij (il(x))d(fl(x))_1>. (101)

According to pure gauge condition, we also have the following Maurer-Cartan equation,

FI = dAT + A*AAN = — A0 A AP, (102)
Finally, we emphasize the equivalence between 7% and I'*, i.e., 7' ©T?%, 72 & T°, 78 & T°,

4.3.4. Hidden SO(4) invariant for gauge description

In addition, there exists a hidden global SO(4) invariant for entanglement matrices along

l
—

different directions in 3 + 1D (winding) space-time (f, F5> — <F , (1“5)/). To show the hidden

SO(4) invariant, we define the reduced Gamma matrices y* as

,}N/l _ 7701-*2, ,)72 — )701—'3, 773 — )N/OFS/
70 = al! + pr? 4913 + 617, (103)

with a? + 2 +9? + 6% = 1. Here, q, f, , 6 are constant.

Under this description, we can study the entanglement deformation along orthotropic spatial/
tempo directions to x' = ax + By + yz + 6Ot

4.4. Relationship between geometric description and gauge description for deformed
zero-lattice

Due to the generalized spatial translation symmetry there exists an intrinsic relationship
between gauge description for entanglement deformation between two vortex-membranes
and geometric description for global coordinate transformation of the same deformed zero-
lattice.

On the one hand, to characterize the changes of the positions of zeroes, we must consider a
— —/
curved space-time by using geometric description, x = (x, t> —x = (x N4 ) On the other

hand, we need to consider a varied vector-field
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~ ~ -1

(') =T (Ux) =Y () (104)
by using gauge description. There exists intrinsic relationship between the geometry fields
e"(x) (a=1,2,3,0) and the auxiliary gauge fields A (x).

For a non-uniform zero-lattice, we have

@ (?t) :3(?,1‘) —® (?t) 16D (E’t)

(105)
(%,1) = @), 1) = &%, 1) + 00 (%, 1).

On deformed zero-lattice, the “lattice distances” become dynamic vector fields. We define the
vierbein fields e”(x) that are supposed to transform homogeneously under the local symmetry,
and to behave as ordinary vectors under local entanglement transformation along x*-direction,

¢'(x) = dx"(x) = %d@“(x). (106)

For the smoothly deformed vector-fields n'(x) <1, within the representation of T° = 1° we

have
Ao’ (x) ' 07,
=n'(x) = tr|y dy'(x
> (x) = tr[y’dy (x)] 107)
=A"x),i=1,2,3.
Thus, the relationship between ¢/(x) and A” (x) is obtained as
e'(x) = (2a) A (x). (108)

According to this relationship, the changing of entanglement of the vortex-membranes curves
the 3D space.

On the other hand, within the representation of I" = 7° we have

dO'(x) o v 0o
~ 2 =it (x) =[5 ()] 100
= A%x),i=jk0,
and
O (x) = di(x) = %dq)t(x) = 20)A%(x). (110)

According to this relationship, the changing of entanglement of the vortex-membranes curves
the 4D space-time.
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In addition, we point out that for different representation of reduced Gamma matrix, there

exists intrinsic relationships between the gauge fields A(x) and A(x). After considering these
relationships, we have a complete description of the deformed zero-lattice on the geometric
space-time,

5. Emergent gravity

Gravity is a natural phenomenon by which all objects attract one another including galaxies,

stars, human-being and even elementary particles. Hundreds of years ago, Newton discovered

GMm
2

the inverse-square law of universal gravitation, F = where G is the Newton constant, r is

the distance, and M and m are the masses for two objects. One hundred years ago, the
establishment of general relativity by Einstein is a milestone to learn the underlying physics
of gravity that provides a unified description of gravity as a geometric property of space-time.
From Einstein’s equations Ry, — %ng = 8nGT,, the gravitational force is really an effect of

curved space-time. Here R, is the 2nd rank Ricci tensor, R is the curvature scalar, Suv is the

metric tensor, and T, is the energy-momentum tensor of matter.

In this section, we point out that there exists emergent gravity for knots on zero-lattice.

5.1. Knots as topological defects

5.1.1. Knot as SO(4)/SO(3) topological defect in 3 + 1D space-time

A knot corresponds to an elementary object of a knot-crystal; a knot-crystal can be regarded as
composite system of multi-knot. For example, for 1D knot, people divide the knot-crystal into
N identical pieces, each of which is just a knot.

From point view of information, each knot corresponds to a zero between two vortex-
membranes along the given direction. For a knot, there must exist a zero point, at which
Ea(x) is equal to {g(x). The position of the zero is determined by a local solution of the zero-

equation, Fg(x) = 0 or £a g(x) = &g o(X).

From point view of geometry, a knot (an anti-knot) removes (or adds) a projected zero of zero-
lattice that corresponds to removes (or adds) half of “lattice unit” on the zero-lattice according to

Ax; = +ao (E t) ~ +a (111)

As a result, a knot looks like a special type of edge dislocation on 3 + 1D zero-lattice. The zero-
lattice is deformed and becomes mismatch with an additional knot.

From point view of entanglement, a knot becomes topological defect of 3 + 1D winding space-
time: along x-direction, knot is anti-phase changing denoted by ™ %% Adx = 7; along

y-direction, knot is anti-phase changing denoted by el Ay A®, = 71; along z-direction, knot
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is anti-phase changing denoted by ™" 2% A®, = i; along t-direction, knot is anti-phase

changing denoted by "%, A®, = 7. Figure 4(a) and (b) shows an illustration a 1D knot.

In mathematics, to generate a knot at (xo, Yo 205 to), we do global topological operation on the
knot-crystal, i.e.,

e A% (x)|0) (112)
with A®x = 0, x < xp and ADx = 11, x> xy;

AT AP, (%) 10) (113)
with A®, =0,y <y, and AD, = 1, y>y,;

e A®:(x) ) (114)

with A®, =0,z < zg and AD, = 71, z>x;

e A% ) (115)

with A®; =0, <ty and AD; = 71, t>1t). As a result, due to the rotation symmetry in 3 + 1D
space-time, a knot becomes SO(4)/SO(3) topological defect. Along arbitrary direction, the local
entanglement matrices around a knot at center are switched on the tangential sub-space-time.

5.1.2. Knot as SO(3)/SO(2) magnetic monopole in 3D space

To characterize the topological property of a knot on the 3 + 1D zero-lattice, we use gauge
description. We firstly study the tempo entanglement deformation and define I° = y,,. Under
this gauge description, we can only study the effect of a knot on three spatial zero-lattice.

When there exists a knot, the periodic boundary condition of knot states along arbitrary
direction is changed into anti-periodic boundary condition,

ADx = 71, AD, = 71, AD, = T1. (116)

Consequently, along given direction (for example x-direction), the local entanglement matrices
on the tangential sub-space are switched by ¢! 2?* (Adx = 7). Along x-direction, in the limit

of x — —oo, we have the local entanglement matrices on the tangential sub-space as I’? and T?;
in the limit of x — oo, we have the local entanglement matrices on the tangential sub-space as

eil"l‘A(Dx (1"2) e—il"l-A(Dx — _I?and eil"l»AcDx (F3) e—irl-AcDx S

Because we have similar result along x'-direction for the system with an extra knot, the system
has generalized spatial rotation symmetry. Due to the generalized spatial rotation symmetry,
when moving around the knot, the local tangential entanglement matrices (we may use indices
J, k to denote the sub space) must rotate synchronously. See the red arrows that denote local
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tangential entanglement matrices in Figure 4(c) and (d). In Figure 4(d), local tangential entan-
glement matrices induced by an extra (unified) knot shows vortex-like topological configura-
tion in projected 2D space (for example, x-y plane). As a result, local tangential entanglement
matrices induced by an extra knot can be exactly mapped onto that of an orientable sphere
with fixed chirality.

To characterize the topological property of 3 + 1D zero-lattice with an extra (unified) knot, we
apply gauge description and write down the following constraint

1 .
WerdV = — ” jceiikFly - dS; (117)

where

Fi = dA7 + A¥nAY
. , (118)

=—ApA"
and p; = ,/—g¥'. The upper indices of F;’,z label the local entanglement matrices on the
tangential sub-space and the lower indices of F;I,j denote the spatial direction. The non-zero
Gaussian integrate ﬁﬂ ejkeijkl-";],i -dS; just indicates the local entanglement matrices on the

tangential sub-space A A A” to be the local frame of an orientable sphere with fixed chirality.

As a result, the entanglement pattern with an extra 3D knot is topologically deformed and the
3D knot becomes SO(3)/SO(2) magnetic monopole. From the point view of gauge description, a
knot traps a “magnetic charge” of the auxiliary gauge field, i.e.,

Nf = J\/_—g‘lﬁ‘l’d?’x =q, (119)

where ¢,, = - || e]'keiij;i -dS; is the “magnetic” charge of auxiliary gauge field A*. For single

knot Nr = 1, the “magnetic” chargeis q,, = 1.

5.1.3. Knot as SO(3)/SO(2) magnetic monopole in 2 + 1D space-time

Next, we study the spatial entanglement deformation and define I'" = 7,. Under this gauge
description, we can only study the effect of a knot on 2D spatial zero-lattice and 1D tempo
zero-lattice.

In the 2 + 1D space-time, a knot also leads to m-phase changing,

ADi = 11, AD; = 71, AD; = 71 (120)

Due to the spatial-tempo rotation symmetry, the knot also becomes SO(3)/SO(2) magnetic

monopole and traps a “magnetic charge” of the auxiliary gauge field A*, i.e.,
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Np = J,/—\If—g "Wy =g, (121)

where g, is the “magnetic” charge of auxiliary gauge field A, Remember that the correspon-
dence between index of ' and index of space-time x' is ! &y, 72 &z, 73 o t.

To characterize the induced magnetic charge, we write down another constraint
1 .
/fprdV = E JJ eijei]'kF]z( . dS,’ (122)

where

Bi = dAT + AT A AT
— A0pAP, 1)

The upper indices of F/ = dF’ 4+ F* AFY denote the local entanglement matrices on the tangen-
tial sub-space-time and the lower indices of 15]15( denote the spatial direction. Therefore, according

to above equation, the 2 + 1D zero-lattice is globally deformed by an extra knot.

In general, due to the hidden SO(4) invariant, for other gauge descriptions 7° = aI'! + I 4 yT°

+0I°, a knot also play the role of SO(3)/SO(2) magnetic monopole and traps a “magnetic charge”
of the corresponding auxiliary gauge field.

5.2. Einstein-Hilbert action as topological mutual BF term for knots

It is known that for a given gauge description, a knot is an SO(3)/SO(2) magnetic monopole
and traps a “magnetic charge” of the corresponding auxiliary gauge field. For a complete basis

of entanglement pattern, we must use four orthotropic SO(4) rotors ((F 1)/(x), (T 2)/(x), (I“?’)/(x),

(FS)/(X)) and four different gauge descriptions to characterize the deformation of a knot (an SO(4)/
SO(3) topological defect) on a 3 + 1D zero-lattice.

Firstly, we use Lagrangian approach to characterize the deformation of a knot (an SO(3)/SO(2)
topological defect) on a 3D spatial zero-lattice, Nr = g,,. The topological constraint in Eq. (117)
can be re-written into

i — 1 ~
/gy () /z)w:ejkeijkEDiF§’; (124)
or

1 . . ) 1 o~
1V=8 @y V' (Y /2)W = iejenimy EDI‘F;I,Z (125)

where D; = i0; + iw; is covariant derivative in 3 + 1D space-time. @” is a field that plays the
role of Lagrangian multiplier. The upper index i of @” denotes the local radial entanglement
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matrix around a knot, along which the entanglement matrix does not change. Thus, we use
the dual field @” to enforce the topological constraint in Eq. (117). That is, to denote the
upper index of F¥ that is the local tangential entanglement matrices, we set antisymmetric
property of upper index of @” and that of F*. Because @” and " have the same SO(3,1)
generator (y%/2), due to SO(3,1) Lorentz invariance we can do Lorentz transformation and
absorb the dual field @” into @%, i.e., 0% — (a)Oi)/ = % + @%. As a result, the dual field @” is

replaced by o

In the path-integral formulation, to enforce such topological constraint, we may add a topo-
logical mutual BF term Sygr in the action that is

1 . .
SmBF1 = — in J €0ijk €0vk RglvF ]Akxd4x
(126)
IR S
41t K
where
RY = do® 4+ % Aol (127)

From F¥ = —A°AA¥ and el nel = (2a)*A° AA®. The induced topological mutual BF term
Swmpri is linear in the conventional strength in R% and F*. This term is becomes

1
471(2a)

SMEBF1 = J GOi]'kROi A ej A ek. (128)

Next, we use Lagrangian approach to characterize the deformation of a knot (an SO(3)/SO(2)
topological defect) on 2 + 1D space-time, Nr = g,,. Using the similar approach, we derive
another topological mutual BF term Sy, in the action that is

1 I 1 ~n o~
SmBR2 = _EJGOijk €0vAKR8LF];}de4x = —EJEOijk R AP (129)

where RY = d@% + % A@ii, From FO = —AYAAP and éine = (Za)ZAjOAAkO, this term
becomes
1

S =
MBF2 = (22)°

J €ioR” ne/ ne*. (130)

The upper index of R” denotes entanglement transformation along given direction in winding
space-time. We unify the index order of space-time into (1,2, 3,0)s; and reorganize the upper

index. The topological mutual BF term becomes @ | eijkoRij Aef A€l In Ref. [16-19], a topo-
logical description of Einstein-Hilbert action is proposed by S. W. MacDowell and F. Mansouri.

The topological mutual BF term proposed in this paper is quite different from the MacDowell-
Mansouri action.
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According to the diffeomorphism invariance of winding space-time, there exists symmetry
between the entanglement transformation along different directions. Therefore, with the help
of a complete set of definition of reduced Gamma matrices y#, there exist other topological
mutual BF terms Sypg,;. For the total topological mutual BF term Syigr = ) ; Smsr,i that char-
acterizes the deformation of a knot (an SO(4)/SO(3) topological defect) on a 3 + 1D zero-lattice,
the upper index of the topological mutual BF term R7AefAel must be symmetric, i.e.,
i k1=1,2,3,0.

By considering the SO(3,1) Lorentz invariance, the topological mutual BF term Sygr turns into
the Einstein-Hilbert action Sgy as

1 .
SMBE = SEH = " 5 JeijklRl] Ak el
, i(a) (131)
_ R——
- 16nGJ V=8Rdx

where G is the induced Newton constant which is G = a2. The role of the Planck length is
played by [, = g, that is the “lattice” constant on the 3 + 1D zero-lattice.

Finally, from above discussion, we derived an effective theory of knots on deformed zero-
lattice in continuum limit as

S= Szeroflattice + SEH

— J v/ —g(x)P (ez‘y“f) 0 mknot) Wa'x. (132)

1 4
+—16HGJ,/—ng X

where D p= 16# + iw,. The variation of the action S via the metric 08, gives the Einstein’s

equations

1
Ry — ERgW = 8nGT . (133)

As a result, in continuum limit a knot-crystal becomes a space-time background like smooth
manifold with emergent Lorentz invariance, of which the effective gravity theory turns into
topological field theory.

For emergent gravity in knot physics, an important property is topological interplay between
zero-lattice and knots. From the Einstein-Hilbert action, we found that the key property is
duality between Riemann curvature R” and strength of auxiliary gauge field F*': the deformation
of entanglement pattern leads to the deformation of space-time.

In addition, there exist a natural energy cutoff 7w, and a natural length cutoff a. In high energy
limit (Aw ~ wy) or in short range limit (Ax ~ a), without well-defined 3 + 1D zero-lattice, there
does not exist emergent gravity at all.
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6. Discussion and conclusion

In this paper, we pointed out that owing to the existence of local Lorentz invariance and
diffeomorphism invariance there exists emergent gravity for knots on 3 + 1D zero-lattice. In
knot physics, the emergent gravity theory is really a topological theory of entanglement
deformation. For emergent gravity theory in knot physics, a topological interplay between
3 + 1D zero-lattice and the knots appears: on the one hand, the deformation of the 3 + 1D zero-
lattice leads to the changes of knot-motions that can be denoted by curved space-time; on the
other hand, the knots trapping topological defects deform the 3 + 1D zero-lattice that indicates
matter may curve space-time. The Einstein-Hilbert action Sgyy becomes a topological mutual
BF term Swpr that exactly reproduces the low energy physics of the general relativity. In
Table 1, we emphasize the relationship between modern physics and knot physics.

In addition, this work would help researchers to understand the mystery in gravity. In modern
physics, matter and space-time are two different fundamental objects and matter may move in
(flat or curved) space-time. In knot physics, the most important physics idea for gravity is the
unification of matter and space-time, i.e.,

Matter (knots) < Space-time(zero-lattice). (134)

One can see that matter (knots) and space-time (zero-lattice) together with motion of matter
are unified into a simple phenomenon—entangled vortex-membranes and matter (knots)
curves space-time (3 + 1D zero-lattice) via a topological way.

In the end of the paper, we address the possible physical realization of a 1D knot-crystal based
on quantized vortex-lines in “He superfluid. Because the emergent gravity in knot physics is
topological interplay between zero-lattice and knots, there is no Einstein gravity on a 1D knot-
crystal based on entangled vortex-lines in *He superfluid. However, the curved space-time
could be simulated.

Firstly, we consider two straight vortex-lines in “He superfluid between opposite points on the
system. Then, we rotate one vortex line around another by a rotating velocity w,. Now, the

Modern physics Knot physics

Matter Knot: a topological defect of 3 + 1 D zero-lattice

Motion Changing of the distribution of knot-pieces

Mass Angular frequency for leapfrogging motion

Inertial reference system A knot under Lorentz boosting

Coordinate translation Entanglement transformation

Space-time 3 + 1D zero-lattice of projected entangled vortex-membranes
Curved space-time Deformed 3 + 1D zero-lattice

Gravity Topological interplay between 3 + 1D zero-lattice and knots

Table 1. The relationship between modern physics and knot physics.
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winding vortex-line becomes a helical one described by roe o=@ i% with wg ~ (ﬁ In ﬁ)k%

As a result, a knot-crystal is realized. For “He superfluid, ¥ = h/m is the discreteness of the
circulation owing to its quantum nature [2]. / is Planck constant and m is atom mass of SE. So

k = h/m is about 10~% cm?/s. The length of the half pitch of the windings a = 7o is set to be 10°°
cm, and the distance between two vortex lines 7 is set to be 107® cm. We then estimate the

effective light speed c¢ that is defined by cet = Kko

=150 <lnﬁ - %) (ap denotes the vortex filament

radius which is much smaller than any other characteristic size in the system). The effective
light speed ce is about 4 m/s. A non-uniform winding length leads to an effective curved
1+ 1D space-time.

However, at finite temperature, there exist mutual friction and phonon radiation for Kelvin
waves on quantized vortex-lines in “He superfluid. After considering these dissipation effects,
the Kelvin waves are subject to Kolmogorov-like turbulence (even in quantum fluid [3, 4]).
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