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Abstract

Bayesian network (BN) is a powerful mathematical tool for prediction and diagnosis
applications. A large Bayesian network can constitute many simple networks, which in
turn are constructed from simple graphs. A simple graph consists of one child node and
many parent nodes. The strength of each relationship between a child node and a parent
node is quantified by a weight and all relationships share the same semantics such as
prerequisite, diagnostic, and aggregation. The research focuses on converting graphic
relationships into conditional probabilities in order to construct a simple Bayesian net-
work from a graph. Diagnostic relationship is the main research object, in which sufficient
diagnostic proposition is proposed for validating diagnostic relationship. Relationship
conversion is adhered to logic gates such as AND, OR, and XOR, which are essential
features of the research.

Keywords: diagnostic relationship, Bayesian network, transformation coefficient

1. Introduction

Bayesian network (BN) is a directed acyclic graph (DAG) consists of a set of nodes and a set of
arcs. Each node is a random variable. Each arc represents a relationship between two nodes.
The strength of a relationship in a graph can be quantified by a number called weight. There are
some important relationships such as prerequisite, diagnostic, and aggregation. The difference
between BN and normal graph is that the strength of every relationship in BN is represented by
a conditional probability table (CPT) whose entries are conditional probabilities of a child node
given parent nodes. There are two main approaches to construct a BN, which are as follows
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®  The first approach aims to learn BN from training data by learning machine algorithms.

®  The second approach is that experts define some graph patterns according to specific rela-
tionships and then, BN is constructed based on such patterns along with determined CPTs.

This research focuses on the second approach in which relationships are converted into CPTs.
Essentially, relationship conversion aims to determine conditional probabilities based on
weights and meanings of relationships. We will have different ways to convert graphic weights
into CPTs for different relationships. It is impossible to convert all relationships but some of
them such as diagnostic, aggregation, and prerequisite are mandatory ones that we must
specify as computable CPTs of BN. Especially, these relationships are adhered to logic X-gates
[1] such as AND-gate, OR-gate, and SIGMA-gate. The X-gate inference in this research is
derived and inspired from noisy OR-gate described in the book “Learning Bayesian Networks”
Neapolitan ([2], pp. 157-159). Diez and Druzdzel [3] also researched OR/MAX, AND/MIN,
and noisy XOR inferences but they focused on canonical models, deterministic models, and ICI
models whereas I focused on logic gate and graphic relationships. So, their research is different
from mine but we share the same result that is AND-gate model. In general, my research
focuses on applied probability adhered to Bayesian network, logic gates, and Bayesian user
modeling [4]. The scientific results are shared with Millan and Pérez-de-la-Cruz [4].

Factor graph [5] represents factorization of a global function into many partial functions. If
joint distribution of BN is considered as the global function and CPTs are considered as partial
functions, the sumproduct algorithm [6] of factor graph is applied into calculating posterior
probabilities of variables in BN. Pearl’s propagation algorithm [7] is very successful in BN
inference. The application of factor graph into BN is only realized if all CPT (s) of BN are
already determined whereas this research focuses on defining such CPTs firstly. I did not use
factor graph for constructing BN. The concept “X-gate inference” only implies how to convert
simple graph into BN. However, the arrange sum with a fixed variable mentioned in this
research is the “not-sum” ([6], p. 499) of factor graph. Essentially, X-gate probability shown in
Eq. (10) is as same as A message in the Pearl’s algorithm ([6], p. 518) but I use the most basic
way to prove the X-gate probability.

As default, the research is applied in learning context in which BN is used to assess students’
knowledge. Evidences are tests, exams, exercises, etc. and hypotheses are learning concepts,
knowledge items, etc. Note that diagnostic relationship is very important to Bayesian evalua-
tion in learning context because it is used to evaluate student’s mastery of concepts (knowledge
items) over entire BN. Now, we start relationship conversion with a research on diagnostic
relationship in the next section.

2. Diagnostic relationship

In some opinions like mine, the diagnostic relationship should be from hypothesis to evidence.
For example, disease is hypothesis and symptom is evidence. The symptom must be condi-
tionally dependent on disease. Given a symptom, calculating the posterior probability of
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disease is essentially to diagnose likelihood of such disease ([8], p. 1666). Inversely, the arc from
evidence to hypothesis implies prediction where evidence and hypothesis represent observa-
tion and event, respectively. Given an observation, calculating the posterior probability of the
event is essentially to predict/assert such event ([8], p. 1666). Figure 1 shows diagnosis and
prediction.

The weight w of the relationship between X and D is 1. Figure 1 depicts simplest graph with
two random variables. We need to convert diagnostic relationship into conditional probabili-
ties in order to construct a simplest BN from the simplest graph. Note that hypothesis is binary
but evidence can be numerical. In learning context, evidence D can be test, exam, exercise, etc.
The conditional probability of D given X (likelihood function) is P(D|X). The posterior proba-
bility of X is P(X|D), which is used to evaluate student’s mastery over concept (hypothesis) X
given evidence D. Eq. (1) specifies CPT of D when D is binary (0 and 1)

Dif X =1
Hmm:{l—DﬁX:O @

Eq (1) is our first relationship conversion. It implies
P(DIX=0)+P(D|X=1)=D+1-D=1
Evidence D can be used to diagnose hypothesis X if the so-called sufficient diagnostic proposition

is satisfied, as seen in Table 1.

The concept of sufficient evidence is borrowed from the concept of sufficient statistics and it is
inspired from equivalence of variables T'and T” in the research ([4], pp. 292-295). The proposi-
tion can be restated that evidence D is only used to assess hypotheses if it is sufficient evidence.
As a convention, the proposition is called diagnostic condition and hypotheses have uniform
distribution. The assumption of hypothetic uniform distribution (P(X = 1) = P(X = 0)) implies
that we cannot assert whether or not given hypothesis is true before we observe its evidence.

In learning context, D can be totally used to assess student’s mastery of X if diagnostic
condition is satisfied. Derived from such condition, Eq. (2) specifies transformation coefficient
k given uniform distribution of X.

Diagnosis Prediction

Figure 1. Diagnosis and prediction with hypothesis X and evidence D.
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D is equivalent to X in diagnostic relationship if P(X|D) = kP(D|X) given uniform distribution of X and the transformation
coefficient k is independent from D. In other words, k is constant with regards to D and so D is called sufficient evidence.

Table 1. Sufficient diagnostic proposition.

P(X|D)

% P(D|X) @)

We need to prove that Eq. (1) satisfies diagnostic condition. Suppose the prior probability of X
is uniform.

P(X=0)=P(X=1)
we have

_ P(DIX)P(X) P(DIX)P(X)
PXIP) = =557 — = BDX = 0)P(X = 0) + PDIX = P(X = 1)

(due to Bayes'rule)

_ P(D|X)P(X)
P(X) <P(D]X =0) + P(D|X = 1))

(due to P(X = 0) = P(X = 1))

_ P(D|X)
~ P(DIX=0)+P(DX =1)

=1 P(D|X)

(due to P(D|X =0) + P(D|X =1) = 1)-

It is easy to infer that the transformation coefficient k is 1, if D is binary. In practice, evidence D
is often a test whose grade ranges within an interval {0, 1, 2,..., n}. Eq. (3) specifies CPT of D in
this case

if X =1
P(DIX) = ®)

ifX=0

©nlg »nlg

Nl

Where
De{0,1,2, ...,n}

S:ZD:n(nH)
D=0



Converting Graphic Relationships into Conditional Probabilities in Bayesian Network
http://dx.doi.org/10.5772/intechopen.70057

As a convention, P(D|X) =0,VD ¢ {0,1,2, ..., n}. Eq. (3) implies that if student has mastered
concept (X = 1), the probability that she/he completes the exercise/test D is proportional to her/
his mark on D (P(D|X) = 2). We also have

mmx:m+mmxzn:9+1;_:g:

n n D D S
DZO (DX =1) ng_ =g

n N
B n—D }: n-D) > . 1-> D nn+1)—S 25-5
DE%P(DD(—O) Dz% D= 0 — D=0 5 D=0 _ 5 — 5 -1

We need to prove that Eq. (3) satisfies diagnostic condition. Suppose the prior probability of X
is uniform.

PX=0)=P(X=1)
The assumption of prior uniform distribution of X implies that we do not determine if student
has mastered X yet. Similarly, we have

P(D|X)P(X) P(D|X) o+l
P(D) ~ P(DIX=0)+P(DX=1) 2

P(X|D) = P(D|X) m

So, the transformation coefficient k is '72i1 if D ranges in {0, 1, 2,..., n}.

In the most general case, discrete evidence D ranges within an arbitrary integer interval
{a,a+1,a+2,...,b}. In other words, D is bounded integer variable whose lower bound and
upper bound are a and b, respectively. Eq. (4) specifies CPT of D, where De{a,a +1,a+2, ..., b}.

%ﬁle

P(D|X) = (4)
b+a Dix_o
s s

Where

Delaa+1,a+2,...,0b}
b4+a)(b—a+1)
2

S=a+(@a+1)+@+2)+...+b=

Note, P(D|X) =0,YD ¢ {a,a+1,a+2,...,b}. According to the diagnostic condition, we need
to prove the equality P(X|D) = kP(D|X), where

b—a+1

k==

Similarly, we have
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P(D) PDX=0+PDX=1) 2

P(D|X)P(X) P(D|X) b-a+1,

P(X|D) = (D|X) m

If evidence D is continuous in the real interval [a, b] with note that a2 and b are real numbers,
Eq. (5) specifies probability density function (PDF) of continuous evidence D € [g, b]. The PDF
p(D|X) replaces CPT in case of continuous random variable.

—a
p(DIX) = A b

where

D € [a, b] where a and b are real numbers

[ b? — 2
S = JDdD =— @)

a

As a convention, [a, b] is called domain of continuous evidence, which can be replaced by
open or half-open intervals such as (4, b), (a, b], and [a, b). Of course we have p(D|X) =0,
VD & [a,b]. In learning context, evidence D is often a test whose grade ranges within real
interval [a, b].

Functions p(D1X =1) and p(D|X = 0) are valid PDFs due to

b b
2D 1
DIX=1)dD = | =———dD =———12DdD =1
JP( | ) Jbz—az bz—azj

D

b
2 1

D

According to the diagnostic condition, we need to prove the equality

P(X|D) = kp(D|X)

where,

b—a

k==

When D is continuous, its probability is calculated in e-vicinity where ¢ is very small number.
As usual, ¢ is bias if D is measure values produced from equipment. The probability of D given
X, where D+ ¢e€ [a,b]and D - € € [a, b] is
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( D+e D
D+e b _a2
D—¢
POX) = | pOXAD =1
o J < . —227D>dDifX:O
o b—a b —a?
( 4eD
?ijﬁle
] 4e 45Da = 2¢p(DIX)
\—b—a_ibz—lﬂlfx:o
In fact, we have
P(D|X)P(X) _ P(D|X)

PXID) = BB =0)P(X = 0) + POIX = )P(X =1) ~ P(DIX =0) + P(DIX = 1)

<due to Bayes’rule and the assumption P(X = 0) = P(X = 1)>

b—a
= P(DIX) =kp(D|X) m

In general, Eq. (6) summarizes CPT of evidence of single diagnostic relationship.

%iszl
SR P
N S S B
k=—
2
Where,
2if De{0,1}
y_ 1t 1ifDE{0 12 0
)b—a+1lifDe{ga+1a+2 ..b}
b — a if D continuous and D € [a, b]
1if De{0,1}
itDe{0,1,2,...,
VIR { nt

b+aifDe{aa+1,a+2,..5b}
b+ a if D continuous and D € [a, b]

1if De{0,1}

’7(’72“) ifDe{0,1,2 ... n}

S=) D=—+= — ’
XD: (b+a)(b2 a+1) if De{a,a+1,a+2, ..., b} ©)

b? — a2

if D continuous and D € g, ]
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In general, if the conditional probability P(D1X) is specified by Eq. (6), the diagnostic condition
will be satisfied. Note that the CPT P(D1X) is the PDF p(D1X) in case of continuous evidence.
The diagnostic relationship will be extended with more than one hypothesis. The next section
will mention how to determine CPTs of a simple graph with one child node and many parent
nodes based on X-gate inferences.

3. X-gate inferences

Given a simple graph consisting of one child variable Y and n parent variables X;, as shown in
Figure 2, each relationship from X; to Yis quantified by normalized weight w; where 0 <w,; <1.
A large graph is an integration of many simple graphs. Figure 2 shows the DAG of a simple
BN. As aforementioned, the essence of constructing simple BN is to convert graphic relation-
ships of simple graph into CPTs of simple BN.

Child variable Y is called target and parent variables X;s are called sources. Especially, these
relationships are adhered to X-gates such as AND-gate, OR-gate, and SIGMA-gate. These
gates are originated from logic gate [1]. For instance, AND-gate and OR-gate represent prereq-
uisite relationship. SIGMA-gate represents aggregation relationship. Therefore, relationship
conversion is to determined X-gate inference. The simple graph shown in Figure 2 is also
called X-gate graph or X-gate network. Please distinguish the letter “X” in the term “X-gate
inference” which implies logic operators (AND, OR, XOR, etc.) from the “variable X”.

All variables are binary and they represent events. The probability P(X) indicates event X
occurs. Thus, P(X) implicates P(X = 1) and P(not(X)) implicates P(X = 0). Eq. (7) specifies the
simple NOT-gate inference.

Figure 2. Simple graph or simple network.
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P(not(X)) —P(X)=P(X=0)=1-P(X=1)=1—P(X)

)

P(not (not(X))> = P(X)
X-gate inference is based on three assumptions mentioned in Ref. ([2], p. 157), which are as
follows

e X-gate inhibition: Given a relationship from source X; to target Y, there is a factor I; that
inhibits X; from being integrated into Y. Factor I; is called inhibition of X;. That the
inhibition I; is turned off is prerequisite of X; integrated into Y.

*  Inhibition independence: Inhibitions are mutually independent. For example, inhibition I; of
X, is independent from inhibition I, of X5.

*  Accountability: X-gate network is established by accountable variables A; for X; and I;. Each
X-gate inference owns particular combination of A;s.

Figure 3 shows the extended X-gate network with accountable variables A;s ([2], p. 158).

The strength of each relationship from source X; to target Y is quantified by a weight 0 <w,; <1.
According to the assumption of inhibition, probability of I; = OFF is p;, which is set to be the
weight w;.

pi = wi
If notation w; is used, we focus on the strength of relationship. If notation p; is used, we focus
on probability of OFF inhibition. In probabilistic inference, p; is also prior probability of X; =1.

However, we will assume each X; has uniform distribution later on. Eq. (8) specifies probabil-
ities of inhibitions I;s and accountable variables A;s.

P(I=0N)=1- P(X,=1)=1- w=1- p=g,

Y=A x4 X XA,

Figure 3. Extended X-gate network with accountable variables A;s.
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P(I; = OFF) = p; = w;

P(I; =ON)=1—-p, =1—w;
P(A; = ON|X; =1,I; = OFF) = 1
P(A; = ON|X; =1,I; = ON) = 0
P(A; = ON|X; = 0,1; = OFF) = 0
P(A; = ON|X; = 0,I; = ON) = 0
P(A; = OFF|X; = 1,I; = OFF) = 0
(A,-:OFF|X1-:1 —ON)=1

1

1

(8)

I,
P(A; = OFF|X; = 0,1; = OFF) =
P(A; = OFF|X; = 0,1; = ON) =

According to Eq. (8), given probability P(A=ON | X=1, I=OFF), it is assured 100% confident
that accountable variables A; is turned on if source X; is 1 and inhibition I; is turned off. Eq. (9)
specifies conditional probability of accountable variables A; (s) given X; (s), which is corollary
of Eq. (8).
P(Al = ON|X, = 1) =p; = Wi
P(Ai=ON|X;=0)=0
P(Ai=OFFIX;j=1)=1-p,=1-w
P(A; = OFF|X; = 0) = 1

©)

Appendix Al is the proof of Eq. (9). As a definition, the set of all X;s is complete if and only if

P(X;U XpU --UX,,) Zwl—l

The set of all Xs is mutually exclusive if and only if

XinX;=@,Vi#]

For each X; there is only one A; and vice versa, which establishes a bijection between X;s and
A;s. Obviously, the fact that the set of all X;s is complete is equivalent to the fact that the set of
all A; (s) is complete. We will prove by contradiction that “the fact that the set of all X; (s) is
mutually exclusive is equivalent to the fact that the set of all A; (s) is mutually exclusive.”

Suppose X;N X; = @, Vi # jbut 3i # j: A;n A = B # @. Let B™' # @ be preimage of B. Due to
B C Ajand B C Aj, we have Bl'cX;andB ! C Xj, which causes that X;n X; = B! # @. There
is a contradiction and so we have

X;N XjZQ,VZ‘#]'iAiﬂ A] :Q,VZ‘#]‘

By similar proof, we have
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Ain Aj:@,Vi#]'inﬂ X]I@,Vl#]l

The extended X-gate network shown in Figure 3 is interpretation of simple network shown
in Figure 2. Specifying CPT of the simple network is to determine the conditional probability
P(Y=11X;, Xy,..., X,;) based on extended X-gate network. The X-gate inference is represented
by such probability P(Y =1 | Xj, X,,..., X,,) specified by Eq. (10) ([2], p. 159).

POYIXy, Xo, oo Xa) = D0 P(Y|AL Ag, o AD] T, PLAIX)) (10)

...,

Appendix A2 is the proof of Eq. (10). It is necessary to make some mathematical notations
because Eq. (10) is complicated, which is relevant to arrangements of X; (s). Given the set
Q={Xj, X5,..., X;,} where all variables are binary, Table 2 specifies binary arrangements of Q.

Given Q = {X3, Xy,..., X,,} where |QI =n is cardinality of Q.
Let a(Q2) be an arrangement of Q) which is a set of n instances {X;=x1, Xo=x5,..., X,,=x,,} where x;is 1 or 0. The number of all a
(Q)is 2! For instance, given Q = {X;, X5}, there are 2%=4 arrangements as follows:

a(Q)={X; =1, X =1},a(Q) = {X; =1, X, = 0},a(Q) = {X; = 0, Xz = 1}, a(Q)
= {X; = 0,X, =0}

Let a(Q:{X;}) be the arrangement of Q) with fixed X;. The number of all a(Q:{X}}) is 2!01-1 Similarly, for instance, a(Q:{X3,
X5, X3}) is an arrangement of Q with fixed X, X5, X5. The number of all a(Q:{X;, X5, X3}) is 21013,

Let c(Q) and ¢(Q:{X;}) be the number of arrangements a(Q2) and a(Q:{X}}), respectively. Such c¢(Q) and ¢(Q2:{X;}) are called
arrangement counters. As usual, counters ¢(Q) and c¢(Q:(X;}) are equal to 2'*' and 2'*'~?, respectively but they will vary
according to specific cases.

Let ZaF <a(Q)) and HﬂF (a(Q)) denote sum and product of values generated from function F acting on every a(Q2). The

number of arrangements on which F acts is ().

Let x denote the X-gate operator, for instance, x = © for AND-gate, x = @ for OR-gate, x =not © for NAND-gate, x = not @
for NOR-gate, x = ® for XOR-gate, x = not @ for XNOR-gate, x = & for U-gate, x = 4 for SIGMA-gate. Given an x-operator,
let s(Q:{X;}) and s(QQ) be sum of all P(X;xX>x...xX,,) through every arrangement of Q with and without fixed X;
respectively.

ZP(Xlxsz XX,[a(Q ) ZP( = 1ja(Q )
s(Q: (X)) = ZP(Xlxsz XX |a(Q - {X})) ZP( = 1a(Q: {x}))

For example, s(Q) and s(Q:{X;}) for OR-gate are:

s(Q) = Zp(xl X ... @x”\a(g))

a

S(Q: {Xi)) = ZP(Xl DX D ... X, [a(Q: {xi})>

a

Such s(Q2) and s(Q2:{X}) are called arrangement sum. They are acting function F.
Note that Q) can be any set of binary variables.

Table 2. Binary arrangements.
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It is not easy to produce all binary arrangements of ). Table 3 shows a code snippet written by
Java programming language for producing such all arrangements.

Each element of the list “arrangements” is a binary arrangement a(€)) presented by an array of
bits (0 and 1). The method “create(int[] a, int i)” which is recursive method, is the main one that
generates arrangements. The method call “ArrangementGenerator.parse(2, n)” will list all possi-
ble binary arrangements.

Eq. (11) specifies the connection between s(C:{X; = 1}) and s(Q:{X; = 0}), between c(Q:{X; = 1})
and c(Q:{X; = 0}).
s(Q:{X;=1})+s(Q: {X; =0}) =s(Q)

(11)
c(Q: {Xi=1}) +¢(Q: {X; = 0}) = c(Q)

It is easy to draw Eq. (11) when the set of all arrangements a({:{X; = 1) is complement of the set
of all arrangements a(Q2:{X; = 0).

Let K be a set of X;s whose values are 1 and let L be a set of X;s whose values are 0. K and L are
mutually complementary. Eq. (12) determines sets K and L.

K={i: X;=1}
L={i:X;=0} 12)
KnL=g

KUL=1{1,2,...,n}
The AND-gate inference represents prerequisite relationship satisfying AND-gate condition
specified by Eq. (13).
P(Y = 1|A; = OFF for some i) = 0 (13)

From Eq. (10), we have

n
P(Y=1X1, X5, ... Xp) = Y P(Y =1]|Ay, Ay, ..., A ] [P(AiIX)
A1, Ay, .y Ay i=1

= [[P(Ai = ONIX))
i=1
(Due to P(Y = 1A; = OFF for some i) = 0)

- (HP(A,- — ONIX; = 1)) (HP(A,- — ONIX; = 0))
ieK i¢K
if all X; 1
(o) ) - {

i€k igK 0 if there exists at least one X; = 0

(Due to Eq. (9))
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public class ArrangementGenerator {
private ArrayList<int[]> arrangements;
private int n;

private int 1;

private ArrangementGenerator(int n, int r) {
thisn=n;
thisr=r;
this.arrangements = new ArrayList();
}
private void create(int[] a, int i) {
for(intj=0;j <n; j++) {
afil =j;
ifi<r-1)
create(a, i+ 1);
elseif(i==r-1) {
int[] b = new int[a.length];
for(int k = 0; k < a.length; k++) b[k] = a[k];
arrangements.add(b);

}
}
public int[] get(int i) {
return arrangements.get(i);
}
public long size() {
return arrangements.size();
}
public static ArrangementGenerator parse(int n, int r) {
ArrangementGenerator arr =
new ArrangementGenerator(n, r);
int[] a = new int[r];
for(int i=0; i<r; i++) a[i] = -1;
arr.create(a, 0);
return arr;

Table 3. Code snippet generating all binary arrangements.

In general, Eq. (14) specifies AND-gate inference.

( N

H p; if all X;(s) are 1
P(Xl(DXz@@Xn) :P(Y: 1|X1,X2,...,Xn) = i—1

L 0 if there exists at least one X; =0
(14)

¢ n
1-— -if all X;(s) are 1
P(Y =0|Xy, Xp, ..., Xpy) = H Vi ©

\ 1 if there exists at least one X; =0

The AND-gate inference was also described in ([3], p. 33). Eq. (14) varies according to two
cases whose arrangement counters are listed as follows
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c(Q:{X;=1}) =1,cQ: {X; =0}) =0,c(Q) = 1.

c(Q:{X;=1)=2""1-1,¢Q: {X; =0}) =2""1,¢(Q) =2" — 1.
The OR-gate inference represents prerequisite relationship satisfying OR-gate condition spec-
ified by Eq. (15) ([2], p. 157).
P(Y = 1|A; = ON for some i) =1 (15)

The OR-gate condition implies
P(Y = 0|A; = ON for some i) =0

From Eq. (10), we have ([2], p. 159)

n

P(Y=0[X1,Xp, ... Xu) = Y P(Y=1|Ay, Ay ..., A) [ [P(AIX)
A1, Az ooy An i=1

= [ [P(A; = OFF|X;)

i=1

<due to P(Y = 1|A; = ON for some i) = 0)

— (HP(AZ- = OFF|X; = 1)) <HP(A1‘ = OFF|X; = 0))

iek i¢K
[[a-pifk#2

= (H(l —m)) (Hl) = {fEK
iekK €K 1ifK:®

(Due to Eq. (9))

In general, Eq. (16) specifies OR-gate inference.

PX1®X®...0X,) =1—P(Y =0[Xy, Xa, ..., Xy,) = ik

{1H(1pi)ifK7$®

0if K =
1 (%) (16)

P(Y = 0|X1, Xy, ...

[[a-p)ifk#o
, Xn) = iek
1lif K=
where K is the set of X;s whose values are 1. The OR-gate inference was mentioned in Refs. ([2],

p- 158) and ([3], p. 20). Eq. (16) varies according to two cases whose arrangement counters are
listed as follows
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K+#@
c(Q:{X;=1})=2"1c(Q: {X;=0})=2""1—1,¢(Q) =2"—1.
K=o

C(Q: {Xi=1})=0,c(Q: {X; =0}) =1,c(Q) = 1.

According to De Morgan’s rule with regard to AND-gate and OR-gate, we have
P(not(X1®X2®...®Xn)) = P((not(XQ) <) (not(X2)> ®D...0 (not( )))

{11‘[(1(1,01.))1@7&@

iel
Oif L=g
(Due to Eq. (16))
According to Eq. (14), we also have

P(not(Xl DX ®...®X,) P((not not(X2)>®...®(not(Xn)>)

n

P not(X 1f all not (X;)(s) are 1
=1

0 if there exists at least one not (X;) =0

( —p,) if all X;(s) are 0

- i=1

0 if there exists at least one X; =1

In general, Eq. (17) specifies NAND-gate inference and NOR-gate inference derived from
AND-gate and OR-gate

1-[]pifL# @
P(not(X,0X,0...0X,) ) = el
0if L=0
" (17)
[[eifk=0
P<not(X1®X2@...€BXn)): .
0if K#£ @

where K and L are the sets of X;s whose values are 1 and 0, respectively.

Suppose the number of sources X;s is even. Let O be the set of X;s whose indices are odd. Let O,
and O, be subsets of O, in which all X;s are 1 and 0, respectively. Let E be the set of X;s whose
indices are even. Let E; and E, be the subsets of E, in which all X;s are 1 and 0, respectively.

11
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(E=1{2,4,6,...,n} (0=1{1,35,..,n—1}
Ei CE 0O, CcO

E;, CE 0, cO

EUE, = E and ¢ OUO, =0

EiNE =@ O1n0O, =@
Xi=1,VieE; Xi=1,VieO,

X, =0,VieE, X;i=0,VieO,

Thus, O; and E; are the subsets of K. Sources X;s and target Y follow XOR-gate if one of two
XOR-gate conditions specified by Eq. (18) is satisfied.

A;=ONforieO
PlY=1 , =P(Y=1|A; =0ON,A, =OFF,...,A,_1=0N,A, =0OFF) =1
A;=OFFforig O

A; =ON forieE
PlY=1 , =P(Y=1|A;1 =0OFF,A;=0N,...,A,-1 =0FF, A, =0ON) =1
A;=OFFfori¢ E

(18)

From Eq. (10), we have

n

P(Y=1X1, X, .., Xp) = Y P(Y=1]Ay, A, ..., A) [ [P(AIX))
A1, A, oy Ay i=1
If both XOR-gate conditions are not satisfied then,
P(Y=1|X1, X5,...,X,) =0

If the first XOR-gate condition is satisfied, we have

P(Y =1|X1, Xa, ..., Xp)

n

=P(Y =1|A; = ON, A, = OFF, ..., A,_1 = ON, A, = OFF)[ [ P(4|X;)
=1
= (HP(Ai = ON|Xi)> (HP(Ai = OFFyXl-))
ieO iecE
We have

[7(Ai = ONIX;)
ieO

= (H P(A; = ON|X; = 1)> x (H P(A; = ON[X; = 0))

i€O1 iEOz

_ <Hpi> ] (H()) {iglpiif@@

i€ ieO, 0if 025,5@
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(Due to Eq. (9))

We also have

[[P(Ai = OFFIX))

ieE

= (HP(Ai = OFF|X; = 1)) * (HP(Ai = OFF|X; = 0))

i€k i€ Ey
H(l—pi) if E1 # @
= ]Ia —ra-)) (H1> = {iEEl
<ieE1 i€k, 1ifEL=9Q

(Due to Eq. (9))

Given the first XOR-gate condition, it implies

P(Y =1Xy, Xa, ..., X)) = (HP(AZ- = ON\X,-)> (HP(AZ- = OFP|Xi)>

ieO ieE

( (HPi)(H(l—Pi)>ifOz=®andE1;£@

iEO] i€Eq

Hpiifozz®andE1 =@
iGO]

\ 0if O, # @

Similarly, given the second XOR-gate condition, we have

P(Y =1|X1, Xo, ..., X,,) = <HP(Ai = ON|Xi)> (HP(Ai = OFP|Xi)>
ieE ieO

(Hpi) <H(1 —Pi)>isz =@and O; # @

ieE; ieOy

HpiifEZ:QandOlzg

i€k

0if B, £ @

\
If one of XOR-gate conditions is satisfied then,

P(Y = 11X, X, -y X))
- (HP(Ai - ON\Xi)) (HP(Ai - OFF|Xi)> + (HP(Ai - ON]Xi)) (HP(Ai - OFF|X1-))

ieO ieE ieE ieO

This implies Eq. (19) to specify XOR-gate inference.

113



114  Bayesian Inference

PX1®X®...0X,) =P(Y = 11X, Xa, ..., Xy,)

(H I%-)(H(l—pi)) + (HPZ)(H(l—pZ-)) if O, =@ and E; = @

i€, i€k i€eEy ie 0O

(H Pi)(H(l—Pi)> if O, =@and E1 # @ and E; # @

iEO] iEE]
HpiifOzzgand&:@

L iEO]

<HPi>< (1—}71-))iszZQandOl#QandOQ;&@
ieOq

ieE;
[IriifE2=0and 0, =@ (19)
iEE]
0if Oy # @ and E; # @
0if n <2 ormnisodd

where

0={135..,n—1} (E=1{2,4,6,...,n}
0,cO E;CE
0, cO E,CE
Ou0, =0 and { E\UE, = E
O1N0O, =@ EinE, =@
X;=1,VYieO; X, =1VieE
\XiZO,ViEOz \XiZO,VZ'EEz

Where,

Given n > 2 and n is even, Eq. (19) varies according to six cases whose arrangement counters
are listed as follows

O, =@and E; = &
c(Q:{X;=1}) =1,¢(Q: {X; =0}) =0,c(Q) = 1.
O, =@andE; # @and E; # @
c(Q:{X;=1})=22-2,¢(Q: {X;=0}) =0,c(Q) =22 — 2.
O, =@and E; = @
c(Q:{X;=1}) =1,¢(Q: {X;=0}) =0,c(Q) = 1.
Ex=@and O # @and O, # &
(Q:{X;=1) =221 - 1,0(Q: {X; =0}) =21 —1,¢(Q) =22 - 2.
Ez=@and O; = &
(Q:{X;=1})=0,c(Q: {X;=0})=1,¢(Q) =1.
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O, 42@and E, £ @
CQ:{Xi=1}) = (27 —1)(B-1),c(Q: {X;i=0}) =27 (B —1),c(Q) = (2 -1)"

Suppose the number of sources X;s is even. According to XNOR-gate inference [1], the output
is on if all inputs get the same value 1 (or 0). Sources X; (s) and target Y follow XNOR-gate if
one of two XNOR-gate conditions specified by Eq. (20) is satisfied.

P(Y =1|A4; = ON, Vi) =1

P(Y = 1|A; = OFE,Vi) = 1 (20)

From Eq. (10), we have

n

P(Y =1[X1, Xp, ..., Xu) = Y P(Y=1|Ay, Ay ..., A) [ [P(AIX)
A1, Ag, .y Ay i=1

If both XNOR-gate conditions are not satisfied then,

P(Y =1|X1, Xa, ..., Xu) =0

If A;= ON for all i, we have

P(Y =1|X1, X2, ..., Xx) = P(Y = 1]A; = ON, Vi) [ [P(A; = ON|X;)
i=1

L fL=0
= [[P(Ai = ONIX;) = IHPZ
= 0ifL #@
(Please see similar proof in AND-gate inference)

If A; = OFF for all i, we have

i=1

: (1—-p)if K# @
p(yznxl,xz,---,xn)=HP<AZ:OFF’X1'):{ig( pl)'fK
i =0

(Please see similar proof in OR-gate inference)

If one of XNOR-gate conditions is satisfied then,
n

n
P(Y = 1|X1, Xa, ..., Xu) = [ [P(A; = ON|X;) + [[P(A;i = OFF|X;)
i=1 i=1

This implies Eq. (21) to specify XNOR-gate inference.
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ﬁpi+ﬁ(l_pi> ifL =g
i~1 i=1

[[a-p)ifL#@and K # o
ieK

\ l1if L#@and K = @
(21)

P(not(x1 X ® ... ®X,1)) — P(Y = 1|X1, Xa, .., X)) =

where K and L are the sets of X;s whose values are 1 and 0, respectively. Eq. (21) varies
according to three cases whose arrangement counters are listed as follows

L=g
((Q:{X;=1})=1,¢Q: {X;=0})=0,c(Q) =1.
L+#@and K # @
c(Q:{X;=1})=2"1-1,¢cQ:{X;=0})=2"1-1,¢Q) =2" -2.
L#@and K =@
c(Q:{X;=1})=0,¢c(Q: {X;=0})=1,¢(Q) = 1.

Let U be a set of indices such that A;= ON and let « > 0 and § > 0 be predefined numbers. The
U-gate inference is defined based on &, p and cardinality of U. Table 4 specifies four common
U-gate conditions.

Note that U-gate condition on | Ul can be arbitrary and it is only relevant to A;s (ON or OFF)
and the way to combine A;s. For example, AND-gate and OR-gate are specific cases of U-gate
with Ul =n and Ul > 1, respectively. XOR-gate and XNOR-gate are also specific cases of
U-gate with specific conditions on A; (s). However, it must be assured that there is at least one
combination of A;s satisfying the predefined U-gate condition, which causes that U-gate
probability is not always equal to 0. In this research, U-gate is the most general nonlinear gate
where U-gate probability contains products of weights (see Table 5). Later on, we will research
a so-called SIGMA-gate that contains only linear combination of weights (sum of weights, see
Eq. (23)). Shortly, each X-gate is a pattern owning a particular X-gate inference that is X-gate
probability P(X; x X, x...x X,). Each X-gate inference is based on particular X-gate condition
(s) relevant to only variables A;s.

From Eq. (10), we have

P(Y=1|X1,Xp, ... Xa) = Y P(Y=1|Ay, Ay ..., A) [ [P(AIX)
A1, Agy ey A i=1

Let U be the set of all possible U (s), we have
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[Ul=a P(Y = 1|A1, A, ..., A,) = 1if there are exactly a variables A; = ON (s). Otherwise, P(Y = 1|Ay, A, ..., A,) = 0.
[Ulza P(Y = 1]A1, Az, ..., Ay) = 1 if there are at least a variables A; = ON (s). Otherwise, P(Y = 1]A;, Ay, ..., Ay) = 0.
IUI<B P(Y = 1|Ay, Ay, ..., Ay) = 1 if there are at most f variables A; = ON (s). Otherwise, P(Y = 1|Ay, A, ..., A,;) = 0.
aslUISB P(Y =1]A;1, Ay, ..., Ay) = 1if the number of A; = ON (s) is from a to f. Otherwise, P(Y = 1|A1, Ay, ..., A,) = 0.

Table 4. U-gate conditions.

n

P(Y =1|X1, Xp, ..., Xu) = > _P(Y =1|Ay, Ay, ..., A)) [ [P(AIIX:)
Uelu i=1

= > [P(a = ONx) [ [P(4) = OFFIX;)

Ueld icl el
If X; = 0,Vie U then,

P(Y =1|X3, Xp, ..., Xu) = > [J0][P(4; = OFF|X;) =0

Uediel jgu

This implies all sets U (s) must be subsets of K. The U-gate probability is rewritten as follows

P(Y =1X1, Xy, ..., Xy) = Y [[P(Ai = ON|X; = 1)] [P(4; = OFF|X;)
Ueldiel jeu

=Y [Ir]]r4; = oFFix))

Ueddiel jeU

= > [Ir: I] P4; = OFF|x; = 1)] [P(A; = OFF|X; = 0)

UeUiel jeK\U jEK
=> In I a-pllt=> Ilr 1l a-p)
UeUiel jeK\U JjEK UeUdiel jeK\U

(Due to Eq. (9))

Let Py; be the U-gate probability; Table 5 specifies U-gate inference and cardinality of ¢/ where
U is the set of subsets (U) of K.

Note that the notation (7) denotes the number of combinations of j elements taken from n

()=

Arrangement counters relevant to U-gate inference and the set K are listed as follows

elements.

17
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Let,

As a convention,

[ul=0

[U1=0

[Ul=a
O<a<n

U >
O<a<n

Iul<p
0<B<n

aglUI<p
O<a<n
0<B<n

su=>_ IIp [T @=p)

Ueliel jeK\U

Py = P(XlL*'JXzL*'J...UX,,) = P(Y = 1|X],X2, ..

[Ip.=1ifluj=o0

ied
I a-p)=1iflul =K
jek\u
n
[[a=pyif|K >0
Py =4 i1
1 if |K| =0
| =1
Sy if [K| >0
u—{ | =2
1if [K| =0

o Xu)

The case | U120 is the same to the case |Ul<n

Ilpﬂf\K|::n
i1

U=
0if K| <n
1if [K| =n
| =
0if K| <n
Sy if [K|2a
Py =
()ﬁ|K\<ia
( if [K|>a
| =
0if K| <
Sy if [K|2a
Py =
0if K| <
K| |1<|
E: ’ ﬁ\K|>a
| =
0 if K| < a
Su if ‘K| >0
Py =
1if K| =0
min ﬂ,\K\ ‘K|
ﬁ\K|>()
| =
1if [K| =0
Su if ‘K| >a
Py =
0if K| <
min(f, [K]) \K|
ﬁ\K}Za
| = j=a
0if K| <«

Table 5. U-gate inference.
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K| =0

c(Q:{X;=1}) =0,c(Q: {X; =0}) =1,¢(Q) = 1.
K| =1

c(Q:{X;i=1}) =1,c(Q: {X; =0}) =0,c(Q) = 1.

|IK|=aand a >0

@ xi=1p = (477 )@ p=op = (" )= ().

|IK|<aand @ > 0

qo: ==Y ("2 e pi=on =3 (" )@ =3(1)

=0

|IK|za and a > 0

ca: =1 =3 (17 e x=on =5 ("7 @ =3(")

j=a j=a j=a

The SIGMA-gate inference [9] represents aggregation relationship satisfying SIGMA-gate
condition specified by Eq. (22).

P(Y) = P(Z; A,-)

where the set of A; is complete and mutually exclusive

zn:wi =1
i=1

AN Aj =@, Vi#]

(22)

The sigma sum ZL . A; indicates that Y is exclusive union of A;s and here, it does not express

arithmetical additions.
n n
Y=Y A=UA
i=1 i=1
This implies

P(Y) = P (iA,) _p (Lnlei) — zn:P(Ai)
i-1 i=

i=1

The sigma sum ZL | P(Ai) now expresses arithmetical additions of probabilities P(A)).

119
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SIGMA-gate inference requires the set of A;s is complete and mutually exclusive, which means
that the set of Xs is complete and mutually exclusive too. The SIGMA-gate probability is [9]

P(Y|X1, Xo, ..., (ZA X1, Xo, ..., )

(due to SIGMA gate condition)

= ZP (AilX1, Xz, ... Xo)
i=1

<because Ai(s) are mutually exclusive)

= ZP(Ai|Xi)

(because A, is o:nly dependent on X;)

It implies
P(Y =1|Xy, Xy, ..., Xy)
= P(A; = ONIX;)
i=1

= (ZP(Al = ON|X, = 1)) + (ZP(AZ = ON|X1 = O))

iekK i¢K
= Zwi + ZO = Zwi
iek igK iek

(Due to Eq. (9))

In general, Eq. (23) specifies the theorem of SIGMA-gate inference [9]. The base of this theorem
was mentioned by Millan and Pérez-de-la-Cruz ([4], pp. 292-295).

P(X1+X2+ +X (ZX) —P :1|X1,X2,...,Xn)zzwi

ieK
P(Y =0[X1, Xp, ..., Xp) =1 = wi = > w;
ieK ielL

where the set of Xs is complete and mutually exclusive.

n

. LW = 1

=1 (23)
Xin Xj=@,Vi#]

The arrangement counters of SIGMA-gate inference are c(:{X; = 1}) = ¢(Q:{X; = 0}) = 21
c(Q) =2".

Eq. (9) specifies the “clockwise” strength of relationship between X; and Y. Event X; =1 causes
event A; = ON with “clockwise” weight w;. There is a question “given X; =0, how likely the event
A;= OFF is”. In order to solve this problem, I define a so-called “counterclockwise” strength of
relationship between X; and Y denoted w;, Event X; = 0 causes event A; = OFF with
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“counterclockwise” weight w;. In other words, each arc in simple graph is associated with a
clockwise weight w; and a counterclockwise weight w;. Such graph is called bi-weight simple graph
shown in Figure 4.

With bi-weight simple graph, all X-gate inferences are extended as so-called X-gate bi-inferences.
Derived from Eq. (9), Eq. (24) specifies conditional probability of accountable variables with
regard to bi-weight graph.

P(Ai=ON|X;=1) =p, = w;
P(Ai=ON|X;=0)=1-p, =1 - w;
P(Ai=OFFIX;=1)=1-p,=1—-w;

P(A; = OFF|X; =0) = p;, = w;

(24)

The probabilities P(A;= ON | X;=0) and P(A; = OFF | X;=1) are called clockwise adder d; and
counterclockwise adder 6;. As usual, d; and 0, are smaller than w; and w;. When d; =0, bi-weight
graph becomes normal simple graph.

diZP(Ai:OleiZO):1—pi:1—a)i
(SiZP(Ai:OFF’Xi:l)Zl—pi:1—wi

The total clockwise weight or total counterclockwise weight is defined as sum of clockwise
weight and clockwise adder or sum of counterclockwise weight and counterclockwise adder.
Eq. (25) specifies such total weights W; and WV;. These weights are also called relationship powers.

Wi = w; +d;
W; = w; + 0,
where
i=1l—p, =1-w;

Si=1-p =1-uw (25)

Given Eq. (25), the set of all A;s is complete if and only if Z:l: Jwi=1

Figure 4. Bi-weight simple graph.

121



122

Bayesian Inference

By extending aforementioned X-gate inferences, we get bi-inferences for AND-gate, OR-gate,
NAND-gate, NOR-gate, XOR-gate, XNOR-gate, and U-gate as shown in Table 6.

The largest cardinalities of K (L) are 2"~ and 2" with and without fixed X;. Thus, it is possible
to calculate arrangement counters. As a convention, the product of probabilities is 1 if indices
set is empty.

[If =1if1=02

iel

With regard to SIGMA-gate bi-inference, the sum of all total clockwise weights must be 1 as
follows

n n

zn:Wi = (wi+d)=> (wi+1l-w)=1
i—1

i=1 i=1
Derived from Eq. (23), the SIGMA-gate probability for bi-weight graph is

P(X; + Xz + ... + Xu) = »_P(A; = ON|X;)
i=1

= 3 P(A; = ON|X; = 1) + 3 P(A; = ON|X; = 0)

iekK ieL
= E w; + E d;
iekK ieL

Shortly, Eq. (26) specifies SIGMA-gate bi-inference.

PXy+Xo+ ..+ X)) =) wi+ Y di

ieK iel
where the set of X,(s) is complete and mutually exclusive.

W;=1
2 6)
X;n X] = @,Vl#]

The next section will research diagnostic relationship which adheres to X-gate inference.

4. Multihypothesis diagnostic relationship

Given a simple graph shown in Figure 2, if we replace the target source Y by an evidence D, we
get a so-called multihypothesis diagnostic relationship whose property adheres to X-gate infer-
ence. Maybe there are other diagnostic relationships in which X-gate inference is not
concerned. However, this research focuses on X-gate inference and so multi-hypothesis diag-
nostic relationship is called X-gate diagnostic relationship. Sources X;, X, ..., X,, become hypoth-
eses. As a convention, these hypotheses have prior uniform distribution.
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According to aforementioned X-gate network shown in Figures 2 and 3, the target variable
must be binary whereas evidence D can be numeric. It is impossible to establish the evidence D
as direct target variable. Thus, the solution of this problem is to add an augmented target
binary variable Y'and then, the evidence D is connected directly to Y. In other words, the X-gate
diagnostic network have n sources {X;, X,..., X,}, one augmented hypothesis Y, and one
evidence D. As a convention, X-gate diagnostic network is called X-D network. The CPTs of
the entire network are determined based on combination of diagnostic relationship and X-gate
inference mentioned in previous sections. Figure 5 depicts the augmented X-D network. Note
that variables X, X,,..., X,, and Y are always binary.

Appendix A3 is the proof that the augmented X-D network is equivalent to X-D network with
regard to variables X;, X,,..., X, and D. As a convention, augmented X-D network is consid-
ered as same as X-D network.

The simplest case of X-D network is NOT-D network having one hypothesis X; and one
evidence D, equipped with NOT-gate inference. NOT-D network satisfies diagnostic condition
because it essentially represents the single diagnostic relationship. Inferred from Egs. (1)
and (7), the conditional probability P(D1X;) and posterior probability P(X;|D) of NOT-D
network are

1-DifX; =1

PDIX) = Dif X; = 0
l p—
P(D|X1)P(X1)

P(X4|D) =

P(Xy) (P(D\Xl —0) + P(D|X; = 1))

(Due to Bayes’ rule and uniform distribution of X;)

Figure 5. Augmented X-D network.
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_ P(D|X1)
~ P(D|X; = 0) + P(D|X; = 1)

— 1% P(D|X))
(due to P(D|X; = 0) + P(D|X; = 1) = 1)

It implies NOT-D network satisfies diagnostic condition. Let

Q= {Xy,Xo, ..., X}
n = Q|

We will validate whether the CPT of diagnostic relationship, P(D1X) specified by Eq. (6), still
satisfies diagnostic condition within general case, X-D network. In other words, X-D network
is general case of single diagnostic relationship.

Recall from dependencies shown in Figure 5, Eq. (27) specifies the joint probability of X-D
network.

P(Q,Y,D) =P(Xy, Xy, ..., Xy, Y, D) = P(D|Y)P(Y|X1, X, ..., XH)HP(Xi) 27)
i=1

where Q = {X1, X2, ..., Xn}.

Eq. (28) specifies the conditional probability of D given X; (likelihood function) and the
posterior probability of X; given D.

P(X; D) _ Z{Q, v, x, 0y (&Y. D)
P(Xi) Z{Q, Y,D}\{X,}P(Q’ Y, D)

P(D|X;) =

(28)
P(X; D) _ Z{Q, Y,D}\{X,-,D}P(Q’ Y, D)

P(Xi|D) =
=R TN oy PO YD)

where Q) = {X;, X5,..., X,;} and the sign “\” denotes the subtraction (excluding) operator in set
theory [10]. Eq. (29) specifies the joint probability P(X;, D) and the marginal probability P(D)
given uniform distribution of all sources. Appendix A4 is the proof of Eq. (29).

P(X;, D) = 235 ((ZD —M)s(Q: {X)) 2N (M — D))

1
- 2"S

(29)
P(D)

((zp — M)s(Q) + 2" (M — D))

where s(Q2) and s(Q:{X;}) are specified in Table 2. From Egs. (28-30) specifies conditional
probability P(D|X;), posterior probability P(X;|D), and transformation coefficient for X-gate
inference.
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P(X;=1,D) (2D —-M)s(Q:{X;=1})+2" (M - D)

P(DIX;=1) = PR =T = o
i — - : L= n—1 .

P(D|X; = 0) = P}(j)(ix :0,01)3) _ (2D —M)s(Q: {X21n12}) 42" (M= D)

p(x; = 1|p) = L& =L D) _ (2D =M)s(Q: {X; = 1}) + 2""1(M — D) (30)

P(D) (2D — M)s(Q) + 2" (M — D)

(2D — M)s(Q: {X; = 0}) + 2" (M — D)
(2D — M)s(Q) + 2" (M — D)

P(X; =0|D)=1—-P(X; = 1|D) =

. P(X;|D) 2-1g
"~ P(DIX;)) (2D —M)s(Q) +2"(M — D)

The transformation coefficient is rewritten as follows
2n-1g
k —
2D(s(Q) —2"1) + M(2" - 5(Q))

Note that S, D, and M are abstract symbols and there is no proportional connection between
2""'S and D for all D, specified by Eq. (6). Assuming that such proportional connection 2" 'S =
aD’ exists for all D where a is arbitrary constant. Given binary case when D =0 and S =1, we
have

o=l — o1, 1 —on-1g — uDf = g+ 0 = 0

There is a contradiction, which implies that it is impossible to reduce k into the following form

-
bD

Therefore, if k is constant with regard to D then,

ZD(S(Q) i 2”-1) +M(2” A s(Q)) — C#0,¥D

where C is constant. We have

;<2D(S(Q) —2 1)+ M(2" - 5(Q))) = Y C

D
= 25(s(Q) —2"1) + NM(2" - 5(Q)) = NC
= 2"S = NC

It is implied that
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P(X,0X,0...0X,) = [ [p.] [4:

ieK iel
PXi@X®...0X,) =1-[[o]]p;
ieK i€l
P(not(Xloxzo...QXn)) =1-]]p]]o
ielL iekK
P(not(Xl DX ... EBXn)) = HdiHPi
iel iekK
PX1®%®...0X,) = [[ v [T4 1o e+ [Tr: I14 1o [ e
ieO, i€0, i€E; i€E; i€eE; i€E, i€0, i€0,
P(not(X1 RX>® ... ®Xn)) = 1Ir 114 + 1o e
ieK ieL ieK i€l

P(X10X,.. X, Z( I v 11 )( 11 o 11 pi)

UeU \jeun Kk ieunL icUnk ieUNnL
There are four common conditions of U: | Ul=a, |Ul2a, |UI<B, and a<|UI<B. Note that U is the complement of U,

U={12..n}\U

The largest cardinality of I/ is:

|u‘ — 217

Table 6. Bi-inferences for AND-gate, OR-gate, NAND-gate, NOR-gate, XOR-gate, XNOR-gate, and U-gate.

- 215 _NC_N

2D<5(Q)—2”’1>+M<2”—S(Q)) 2C 2

This holds

2ND( )—271) +25(2" - 5(0))

o) =

on— 1):

= 2ND< 1)

2's = N(2D(s(0) — 2" 1) +M(2” -5(0)))
25
(ND - S) (s Q) -

Assuming ND = S we have
ND =S =2NM = D =2M

There is a contradiction because M is maximum value of D. Therefore, if k is constant with
regard to D then s(QQ) =2"'. Inversely, if s(QQ) =2" ' then k is

k=

2" N
ZD(Zn—l . 271—1) + M(zn o 211—1) - 2
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Given X-D network is combination of diagnostic relationship and X-gate inference:

P(Y = 1‘X1, Xz, ooy Xn) = P(X1XX2X...XX,,)

gifY:1
P(D|Y) = M D
g—glszo

The diagnostic condition of X-D network is satisfied if and only if

s(Q) = ZP(Y = 1\11((2)) — 2101 vy +

At that time, the transformation coefficient becomes:

N
k=35

Note that weights p; = w; and p; = w,, which are inputs of s(Q), are abstract variables. Thus, the equality s(Q) = 2'?*'"!

implies all abstract variables are removed and so s(2) does not depend on weights.

Table 7. Diagnostic theorem.

In general, the event that k is constant with regard to D is equivalent to the event s(Q) = 2" .
This implies diagnostic theorem stated in Table 7.

The diagnostic theorem is the optimal way to validate the diagnostic condition.

The Eq. (30) becomes simple with AND-gate inference. Recall that Eq. (14) specified AND-gate
inference as follows

H p; if all X;(s) are 1
P(X10X70...0X,) =P(Y =1|X1, X, ..., Xp) = { o7

0 if there exists at least one X; =0

Due to only one case X; = X, =...= X, =1, we have
n

s =sQ: {X;i=1}) =[],

i=1
Due to X; =0, we have

S(Q: {X;=0})=0

Derived from Eq. (30), Eq. (31) specifies conditional probability P(D1Xj;), posterior probability
P(X;ID), and transformation coefficient according to X-D network with AND-gate reference
called AND-D network.

127



128

Bayesian Inference

@D -M]]_p;+2"(M-D)

P(D|X;=1) = TS
mmx:m:MgD
@D-M]]._p,+2"'(M-D)
P(Xi = | ) = = " 31
@D-M)][_p+2"M-D) (31)
P(X; = 0|D) = 27 (M - D)

@D -M]]._p;+2"(M-D)

2"
@D -M)]]._p;+2"(M-D)

For convenience, we validate diagnostic condition with a case of two sources Q2 = {X;, X5}, p1 =
p2=w;=w,=0.5 De|0,1,2 3}. According to diagnostic theorem stated in Table 7, if s(QQ) # 2
for given X-gate then, such X-gate does not satisty diagnostic condition.

Given AND-gate inference, by applying Eq. (14), we have

s(Q) = (05%05)+0+0+0=025

Given OR-gate inference, by applying Eq. (16), we have

5(Q)=(1-05%05)+(1-05)+(1-05)+0=3-3%05%05=175

Given XOR-gate inference, by applying Eq. (19), we have

s(Q) = (05%05+0.5%0.5) +05+05+0 =15

Given XNOR-gate inference, by applying Eq. (21), we have

s(Q) = (05%05+0.5%0.5) +05+05+1=25

Given SIGMA-gate inference, by applying Eq. (23), we have

5(Q) = (05+0.5) +05+05+0=2

It is asserted that AND-gate, OR-gate, XOR-gate, and XNOR-gate do not satisfy diagnostic
condition and so they should not be used to assess hypotheses. However, it is not asserted if U-
gate and SIGMA-gate satisfy such diagnostic condition. It is necessary to expend equation for
SIGMA-gate diagnostic network (called SIGMA-D network) in order to validate it.

In case of SIGMA-gate inference, by applying Eq. (23), we have
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Zwi =1
s(Q) = 2”*12w1~ =1
S(Q: {X; =1}) = 2" w; + 2”—2%)0]- = 2"V + 2" 2(1 — wy) = 2" (1 4 wy)
P
s(Q: {X;=0}) =s(Q) —s(Q: {X; =1}) =2"(1 — w)

It is necessary to validate SIGMA-D network with SIGMA-gate bi-inference. By applying
Eq. (26), we recalculate these quantities as follows

s(Q) =2""" wi + 2"y di =2"1 (wi+di) =27

(due toZ(wi + di) = 1)
S(Q : {Xl = 1}) = 2”71101' + 2”722101’ + 2”722% = 2”72w1' —+ 2n722(wi + dl) = 2”72(1 -+ wi)
j#i i i
S(Q:{X;=0}) =5(Q) —s5(Q: {X; =1}) =2"2(1 —w)
Obviously, quantities s(Q), s(Q:{X;=1}), and s(€2:{X; = 0}) are kept intact. According to diagnostic

theorem, we conclude that SIGMA-D network does satisfy diagnostic condition due to
s(Q)=2"""'. Thus, SIGMA-D network can be used to assess hypotheses.

Eq. (32), an immediate consequence of Eq. (30), specifies conditional probability P(DIX;),
posterior probability P(X;| D), and transformation coefficient for SSIGMA-D network.

(2D — M)w; + M

P(D|X; = 1) = -

P(DIX; = 0) = (M —2];)37171- +M

p(x; = 1)p) = 2P _Zz\/IAZIwi A A (32)
P(X, = 0|D) = (M—Z;DAZIwi+M

In case of SIGMA-gate, the augmented variable Y can be removed from X-D network. The
evidence D is now established as direct target variable. Figure 6 shows a so-called direct
SIGMA-gate diagnostic network (direct SIGMA-D network).

Derived from Eq. (23), the CPT of direct SIGMA-D network is determined by Eq. (33).
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D M—-D
P(D|X1, Xa, ..., Xp) = Zgwi +Y
iekK jeL

where the set of X; (s) is complete and mutually exclusive.

=1
2. (33)

XinX; =g, Vi#]j
Eq. (33) specifies valid CPT due to

> P(D|Xy, Xy, ..., Xy ZwZZD+ Zw]ZM D)

zEK ]eL
SZSwZ SZwJ (NM - S) SZSw, SZSwJ Zw, =1
iek jEL iekK jEL

From dependencies shown in Figure 6, Eq. (34) specifies the joint probability of direct SIGMA-D
network.

=1
P(X1, X3, ..., Xy, Y, D) = P(D| Xy, X, ..., Xi) ; P(X;) (34)

Inferred from Eq. (29), Eq. (35) specifies the joint probability P(X;, D) and the marginal proba-
bility P(D) of direct SIGMA-D network, given uniform distribution of all sources.

P(X;, D) = zl—nS(Q {Xi})

Jrs()

(35)
P(D) =

where 5(Q)) and s(Q:{X;}) are specified in Table 2.

By browsing all variables of direct SIGMA-D network, we have

D=XX+. 34X,

Figure 6. Direct SIGMA-gate diagnostic network (direct SIGMA-D network).



Converting Graphic Relationships into Conditional Probabilities in Bayesian Network
http://dx.doi.org/10.5772/intechopen.70057

M —D
s(Q {X_1})_2"1 +2”2Z w;+2") U

J# J#
n—2 n—2
(2Dw; + M w;) = (ZDwi M1 - wi)>
J#
n
<Due to Zwi = 1>
i=1
2n—2

((213 — Myw; + M)

Similarly, we have

(Q {X—O})—Zn 1M w; + 2" ZZ ]+2n Zzsw] 2(M ZD)ZU1+M)
J# J#

_2”125 1+2"12M D i = 2”511\/1

By applying Eq. (35), s(Q:{X; = 0}), s(Q:{X; = 1}), and s(Q2), we get the same result with Eq. (32).

(ZD - M)w; + M

PDIX;=1)=
(D% =1) <
(M—2D)wi+M
P(D|X; =0) =
(DI, =0) =
(2D - M)w; + M
(X =1D) w
o _(M—ZD)wi—i—M
P(X;=0|D) = M
N
k=7

Therefore, it is possible to use direct SIGMA-D network to assess hypotheses. It is asserted that
SIGMA-D network satisfy diagnostic condition when single relationship, NOT-D network,
direct SIGMA-D network are specific cases of SIGMA-D network. There is a question: does an
X-D network that is different from SIGMA-D network and not aforementioned exist such that
it satisfies diagnostic condition?

Recall that each X-D network is a pattern owning a particular X-gate inference which in turn is
based on particular X-gate condition (s) relevant to only variables A;s. The most general
nonlinear X-D network is U-D network whereas SIGMA-D network is linear one. The U-gate
inference given arbitrary condition on U is
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ielNK ielNL

P(X1wXow...wX,) Z( H pi H 1@) H (1_pi) H P;

Ued \ieun K ieUNL

Let f be the arrangement sum of U-gate inference.

ielNK ielNL

f(py p:) ZZ( H Pi H (1Pi)) l_[ (1-p) H Pi

Uel \jeun K ieuNnL

The function fis sum of many large expressions and each expression is product of four possible
sub-products (IT) as follows

Epr=[[ v I @=p) IT @-r) II o

ieUN K ieUNL ieln K ielNr

In any case of degradation, there always exist expression Expr (s) having at least 2 sub-
products (IT), for example,

Expr = H p; H (1-p,)

ieUNK ieUNL

Consequently, there always exist Expr (s) having at least 5 terms relevant to p; and p; if n > 5, for
example,

Expr = p,p,ps(1 — py)(1 — ps)

Thus, degree of f will be larger than or equal to 5 given n > 5. According to diagnostic theorem,
U-gate network satisfies diagnostic condition if and only if f(p;, p;) =2""" for all n>1 and for all
abstract variables p; and p;. Without loss of generality, each p; or p; is sum of variable x and a
variable g; or b;, respectively. Note that all p;, p;, a; are b; are abstract variables.

p;=x+4ai

p; =x+bi
The equation f—2" "' = 0 becomes equation g(x) = 0 whose degree is m > 5 if n > 5.
gxX) =+x" +Cix" '+ 4+ Cpx +Cp =21 =0

where coefficients C; s are functions of 4; and b;s. According to Abel-Ruffini theorem [11],
equation g(x) = 0 has no algebraic solution when m > 5. Thus, abstract variables p; and p; cannot
be eliminated entirely from g(x) = 0, which causes that there is no specification of U-gate
inference P(X;xX5x...xX,,) so that diagnostic condition is satisfied.
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It is concluded that there is no nonlinear X-D network satisfying diagnostic condition, but
a new question is raised: does there exist the general linear X-D network satisfying
diagnostic condition? Such linear network is called GL-D network and SIGMA-D network
is specific case of GL-D network. The GL-gate probability must be linear combination
of weights.

n n
P(XixXox..xX,) = C+ > aiw; + > _Bidi
i=1 i=1

where C is arbitrary constant.

The GL-gate inference is singular if @; and f; are functions of only X; as follows

P(X1xXpx...xX,) = C+ Zhi(xi)wi + Zgi(Xi)di
i=1 i=1

The functions h; and g; are not relevant to A; because the final equation of GL-gate
inference is only relevant to X; (s) and weights (s). Because GL-D network is a pattern,
we only survey singular GL-gate. Mentioned GL-gate is singular by default and it is
dependent on how to define functions h; and g;. The arrangement sum with regard to
GL-gate is

S(Q) = Z (C + ihi(xi)wi + igi(xi)dl)
a =1 i=1

= 2"C + 2”—1Z<hi(xi = 1)+ i(X; = 0))w,- + 2”‘1Zn:<gi(Xi =1)+giXi = 0)>d1-

i=1 i=1

Suppose h; and g; are probability mass functions with regard to X;. For all 7, we have
0<h; (X,) <1
0<gi(X;)<1

hi(Xl‘ = 1) + hl‘(Xi = 0) =1
9iXi=1) +&(Xi=0) =1
The arrangement sum becomes

S(Q) =2"C+ 2" (w; + dy)

=1

GL-D network satisfies diagnostic condition if
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s(Q) =2"C+ 2" (w; +dy) =2""

i=1

= 2C+ (wi+di):1

n
i=1

Suppose the set of X;s is complete.

(wi -+ di) =1
=1

This implies C = 0. Shortly, Eq. (36) specifies the singular GL-gate inference so that GL-D
network satisfies diagnostic condition.

P(XixXox..xXu) = S hi(Xp)wi + Y _gi(Xi)d;
= =

where h; and g; are probability mass functions and the set of Xi(s) is complete. (36)

iwi =1
i=1

Functions h,(X;) and g;(X;) are always linear due to X;" = X; for all m > 1 when X; is binary. It is
easy to infer that SIGMA-D network is GL-D network with following definition of functions h;
and g;.

hi(X,‘) =1- gi(X,') = Xl’, Vi
According to Millan and Pérez-de-la-Cruz [4], a hypothesis can have multiple evidences as

seen in Figure 7. This is multi-evidence diagnostic relationship opposite to aforementioned multi-
hypothesis diagnostic relationship.

Figure 7 depicts the multi-evidence diagnostic network called M-E-D network in which there
are m evidences Dy, D,,..., D,, and one hypothesis Y. Note that Y has uniform distribution.

In simplest case where all evidences are binary, the joint probability of M-E-D network is

m
P(Y, Dy, Dy, ..., D) = P(Y)[ [P(D|Y) = P(Y)P(Dy, Dy, ..., DulY)
j=1

The product H]";  P(Dj|Y) is denoted as likelihood function as follows

m

P(Dy, Dy, ..., Du|Y) = [[P(DjY)

=1

The posterior probability P(Y | D,, D,,..., D,,) given uniform distribution of Y is
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L]

3
]

Figure 7. Diagnostic relationship with multiple evidences (M-E-D network).

Figure 8. M-HE-D network.

P(Y,Dy, D, ..., D)
P(Y=1,Dy,Dy, ..., Dy) + P(Y =0, Dy, Ds, ..., Dyy)
1

L PoY =1+ [ POy =0

P(Y|Dy, Dy, ..., Dy) =

«P(Dy, Dy, ..., Dy|Y)

The possible transformation coefficient is

1 m m
7= [[P@Djly = 1) + [[P(Dj]Y = 0)
j=1 j=1

M-E-D network will satisfy diagnostic condition if k = 1 because all hypotheses and evidence
are binary, which leads that following equation specified by Eq. (37) has 2m real roots P(D;1Y)
for all m > 2.

m m

[[PDjly =1) + [[P(Djly =0) =1 (37)

=1 =1

Eq. (37) has no real root given m = 2 according to following proof. Suppose Eq. (37) has 4 real
roots as follows
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From Eq. (37), it holds

((a1a, +biby =1 (a1 = ap

111211220 El1=l12=0.5
al(l—a2)+b1b2 =1 by =by

by = by by = b,
(1—&1)ﬂ2+b1b2:1:> a%—kb%:l < or

2 4+b=1 B+ =1
a1a2+b1(1—b2) =1 611—|—2b% =2

bh =2 by =15
a1a2+(1—b1)b2:1 \b1+261%:2

\

The final equation leads a contradiction (b; =2 or b; = 1.5) and so it is impossible to apply the
sufficient diagnostic proposition into M-E-D network. Such proposition is only used for one-
evidence network. Moreover, X-gate inference absorbs many sources and then produces out of
one targeted result whereas the M-E-D network essentially splits one source into many results.
It is impossible to model M-E-D network by X-gates. The potential solution for this problem is
to group many evidences D;, D,,..., D,, into one representative evidence D which in turn is
dependent on hypothesis Y but this solution will be inaccurate in specifying conditional
probabilities because directions of dependencies become inconsistent (relationships from D;
to D and from Y to D) except that all D;s are removed and D becomes a vector. However,
evidence vector does not simplify the hazardous problem and it changes the current problem
into a new problem.

Another solution is to reverse the direction of relationship, in which the hypothesis is depen-
dent on evidences so as to take advantages of X-gate inference as usual. However, the rever-
sion method violates the viewpoint in this research where diagnostic relationship must be
from hypothesis to evidence. In other words, we should change the viewpoint.

Another solution is based on a so-called partial diagnostic condition that is a loose case of
diagnostic condition for M-E-D network, which is defined as follows

P(Y|D;) = kP(Dj|Y)

where k is constant with regard to D;. The joint probability is

P(Y,Dy, Dy, ..., D) = P(V)[ [P(DjY)
j=1

M-E-D network satisfies partial diagnostic condition. In fact, given all variables are binary,
we have



Converting Graphic Relationships into Conditional Probabilities in Bayesian Network
http://dx.doi.org/10.5772/intechopen.70057

Z\I’\{Y, Dj}p(Y, D1, Ds, ..., Dy,)
Z\I’\{Dj}P(Y/ Dy, Dy, ..., Dy)

P(Y|Dj) =

(Let W ={Dy, D,,..., D))

L P(Dj|Y)HIT:1,k7éj (ZDkP(Dk|Y))
H;n:l,k;éj <ZDkP(Dk|Y T 1)> + H:Z:Lkﬁ' (Zka(Dk’Y = 0))

(Due to uniform distribution of Y)

m
- P(Dj|Y)Hk:Lk#1 1,
Hk:l,k;ﬁj +Hk:1,k;£j

(Due to Y P(Di|Y) = P(Dy = 0]Y) + P(Dy = 1]Y) = 1)
Dy

Partial diagnostic condition expresses a different viewpoint. It is not an optimal solution
because we cannot test a disease based on only one symptom while ignoring other obvious
symptoms, for example. The equality P(Y'|D;) = 0.5P(D;|Y) indicates the accuracy is decreased
two times. However, Bayesian network provides inference mechanism based on personal
belief. It is subjective. You can use partial diagnostic condition if you think that such condition
is appropriate to your application.

If we are successful in specifying conditional probabilities of M-E-D network, it is possible
to define an extended network which is constituted of n hypotheses X;, X,,..., X,, and m
evidences D;, D,,..., D,,. Such extended network represents multi-hypothesis multi-evidence
diagnostic relationship, called M-HE-D network. Figure 8 depicts M-HE-D network.

The M-HE-D network is the most general case of diagnostic network, which was mentioned in
Ref. ([4], p. 297). We can construct any large diagnostic BN from M-HE-D networks and so the
research is still open.

5. Conclusion

In short, relationship conversion is to determine conditional probabilities based on logic gates
that are adhered to semantics of relationships. The weak point of logic gates is to require that
all variables must be binary. For example, in learning context, it is inconvenient for expert to
create an assessment BN with studying exercises (evidences) whose marks are only 0 and 1. In
order to lessen the impact of such weak point, the numeric evidence is used for extending
capacity of simple Bayesian network. However, combination of binary hypothesis and
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numeric evidence leads to errors or biases in inference. For example, given a student gets
maximum grade for an exercise but the built-in inference results out that she/he has not
mastered fully the associated learning concept (hypothesis). Therefore, I propose the sufficient
diagnostic proposition so as to confirm that numeric evidence is adequate to make compli-
cated inference tasks in BN. The probabilistic reasoning based on evidence is always accurate.
Application of the research can go beyond learning context whenever probabilistic deduction
relevant to constraints of semantic relationships is required. A large BN can be constituted of
many simple BN (s). Inference in large BN is hazardous problem and there are many optimal
algorithms for solving such problem. In future, I will research effective inference methods for
the special BN that is constituted of X-gate BN (s) mentioned in this research because X-gate
BN (s) have precise and useful features of which we should take advantages. For instance, their
CPT (s) are simple in some cases and the meanings of their relationships are mandatory in
many applications. Moreover, I try my best to research deeply M-E-D network and M-HE-D
network whose problems I cannot solve absolutely now.

Two main documents that I referred to do this research are the book “Learning Bayesian
Networks” [2] by the author Richard E. Neapolitan and the article “A Bayesian Diagnostic
Algorithm for Student Modeling and its Evaluation” [4] by authors Eva Millan and José Luis
Pérez-de-la-Cruz. Especially, the SIGMA-gate inference is based on and derived from the work
of the Eva Millan and José Luis Pérez-de-la-Cruz. This research is originated from my PhD
research “A User Modeling System for Adaptive Learning” [12]. Other references relevant
to user modeling, overlay model, and Bayesian network are [13-16]. Please concern these
references.

Appendices

A1. Following is the proof of Eq. (9)

P(A; = ON|X;)
— P(A; = ON|X;, I; = ON)P(I; = ON) + P(A; = ON|X;, I; = OFF)P(I; = OFF)
— 0% (1—p,) + P(A; = ON|X, I; = OFF)p,

(By applying Eq. (8))
— p,P(A; = ON|X,, I; = OFF)
It implies
P(A; = ON|X; = 1) = p,P(A; = ON|X; = 1,I; = OFF) = p,
P(A; = ON|X; = 0) = p,P(A; = ON|X; = 0,I; = OFF) = 0
P(A; = OFFX;=1) =1—P(A;=ON|X; =1) =1 —p,
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A2. Following is the proof of Eq. (10)

P(Y, Xy, X3, ..., Xy)

P(Y|X1, Xa, ..., Xpy) = PXy, X X))
7 VAR n

(Due to Bayes’ rule)

Y oan A POYX Xo o, XalAr, Ag oy A) % P(AL, Ay, .y Ay)
\ P(X1, X2, ..., Xu)
(Due to total probability rule)

P(A1, Az, ..., Ay)
P(X1, X2, ..., X3)

= Y P(Y, X1, Xa, ..., XulA1, Ag, .. Ay) %
A1, Azy vy A
P(A1, Ay, ..., Ay)

= > P(Y|A1,A2,...,An)*P(Xl,Xz,...,Xn|A1,A2,...,An)*P(XLXZ/W’XH)

Al/ AZ/ s Ay

(Because Y is conditionally independent from X;s given A;s)

P(Xl/ XZ/ LR Xn/ Al/ AZ/ (R4 An)
P(X1, X2, .., Xy)

= Y P(Y|AL Ay .. A+
A]/ AZ/ 4 An

= Y P(Y|A1, Ay ..., Ay) % P(AL Ay, o Agl Xy, Xo, o Xy)
A1, Agy ey Ay

(Due to Bayes’ rule)

n

= > P(Y|A, Ay ., A)]P(AIIXL, X, .., Xi)
A1, Ag, .., Ay i=1

(Because A;s are mutually independent)

n

= Y P(Y|A, Ay . AD][P(AIX)

Al,Az,...,An i=1

(Because each A; is only dependent on X;) m

A3. Following is the proof that the augmented X-D network (shown in Figure 5) is equivalent
to X-D network (shown in shown in Figures 2 and 3) with regard to variables X;, X,..., X,,
and D.

The joint probability of augmented X-D network shown in Figure 5 is

n
P(X1, X2, ..., Xy, Y, D) = P(D|Y)P(Y|X1, X2, ..., XH)HP(X,-)
i=1

The joint probability of X-D network is
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n
P(X1, Xy, ..., Xy, D) = P(D|X1, Xa, ..., Xu) [ [P(X0)
i=1

By applying total probability rule into X-D network, we have

P(D, X1, X, ..., X
P(X1, X, ..., Xp, D) = 1(3(X1 1X22 HP

(Due to Bayes' rule)

> L P(D, X1, Xa, ..., Xu| Y)P(Y) 1
_ Y .
B P(X1, X2, ..., Xp) .HP (X0)

(Due to total probability rule)

B > P(D, X1, Xa, o Xy Y)P(Y) 2

P(X;
P(X1, Xa, .., Xo) H (Xi)

...,

P(Y)
= P(D, X1, X3, ..., Xu|Y P(X
(21; ( 1, 42 nl )*P(Xl,Xz, ) H

P(X1, Xp, ..., Xu |Y
(ZP DY) * =5 % ) HP

ey

(Because D is conditionally independent from all X; (s) given Y)

P(Y, X1, Xa, ...,
(ZP OM) 5% %, ) HP

ceey

=S P(DIY)P(Y|X1, Xa, ..., XH)HP(X
Y i=1

(Due to Bayes’ rule)
=> P(X1,Xp, ..., Xy, Y, D) m
Y

A4. Following is the proof of Eq. (29)
Given uniform distribution of X; (s), we have

P(X1) = P(Xa) = = = P(X,) = 5

The joint probability becomes

1

P(Q,Y,D) = 5

P(Y|X1, Xa, ..., X,)P(D]Y)
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The joint probability of X; and D is

P(Xi/ D) =

P(Q, Y, D)

{Q, Y, D}\{X;, D}

—P(X =1,X=1,.

+PX=1,%=1,..
+P(X1=0,X,=0,..
+P(X1=0,X, =0,
+P

—1,...% ...,
+P(Y

+1M— D
2" S
=1...,X; ..., Xy

+P(Y=0X1=1,X2=1,..,,

(Due to Eq. (6))

ceey

ceey

X;
X;
X
X;

X

Y=1X=1X=1,...,

Xy1=1,X, =0)+ - +P(Y

=1X, =1,X=1,..,

(P(Y —0Xi=1X=1,...,
=1, X,

o X Xym1=1,X,=1,Y=1,D)

G X s Xye1=1,X,=0,Y =1,D) + -

, ,,...an_OX—lY_lD)
Xy 1=0X,=0,Y=1D)
yeuXp1=1X,=1Y=0,D)
Xy =1,X,=0,Y=0,D) + -
ey Xy1=0,X,=1Y=0,D)

oo Xiy ooy Xy1=0,X,=0Y =0,D)

X Xp1=1X, =D +P(Y=1X; =1, X,

11X =1LX=1,... X ..., Xy1 = 0,X, = 1)

Xy vy X1 = 0, Xy = 0))

X Xpe1 =1, X, =1)+P(Y=0/X3 =1, X,
=0)+ -+ P(Y Xn-1

Xy vy X1 = 0, Xy, = 0))

—0X1=1X=1,..., X, ..., =0,X,=1)

The marginal probability of D is

P(D) =
{Q, Y, D}\{D}

—P(Xi=1,%=1,..,
+ P(X1 =0,X,=0,...,
+ p(Xl =1,X,=1,...,

P(Q, Y, D)

X,=1,Y=1D)+PX; =1,X=1,...,
X,=1,Y=1D)+P(X; =0,X,=0, ...,
X,=1Y=0D)

1D
zns(P(Y:l]Xl:1,X2:1,...,Xn:1)+P( =1X;=1,X=1,... X, =0) +
+PY=1X=1,X=1...,X=1)+P(Y=1X;=1,X =1,.... X, = 0)

1M-D

g (P(Y:O|X1:1,X2:1,...,Xn:1)+P(Y:O|X1:1,X2:1,...,Xn:0)+---

CP(Y=0[X1=1,X =1,...,
—|—P(X1 =1,X=1,...,

X,=D+PY=0X;=1,X2=1,..., X, = 0))

X,=0Y=0D)+

By applying Table 2, the joint probability P(X;, D) is determined as follows
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P(X; D)

(DZP( = 1a(Q: {X})) + (M - D)EP(Y = 0la(C2: {Xz’})>>
(sz( = 1a(Q: {X;})) + (M~ D)Xa:(l —P(Y =1la(Q: {Xf})))>

((ZD —M)s(Q: {X;}) + 2" (M — D))

B 1
- 2"s

Similarly, the marginal probability P(D) is

1
2"S

P(D) = ((2D — M)s(Q) +2"(M — D)) |
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