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Abstract

In this chapter, we propose a mathematical epidemic model, with integer and fractional
order to describe the dynamics of Salmonella infection in animal herds. We investigate
the qualitative behaviors of such model and find the conditions that guarantee the
asymptotic stability of disease-free and endemic steady states. To assess the severity of
the outbreak, as well as the strength of the medical and/or behavioral interventions
necessary for control, we estimate basic reproduction number Ry. This threshold param-
eter specifies the average number of secondary infections caused by one infected indi-
vidual during his/her entire infectious period at the start of an outbreak. We also
provide an unconditionally stable implicit scheme for the fractional-order epidemic
model. The theoretical and computational results give insight into the modelers and
infectious disease specialists.

Keywords: basic reproduction number, Salmonella infection, SIRC epidemic model,
stability

1. Introduction

Mathematical epidemic models, for Salmonella infections, provide a comprehensive framework
for understanding the disease transmission behaviors and for evaluating the effectiveness of
different intervention strategies [1, 2]. We recall here that the Salmonella infection, a major
zoonotic disease, is transmitted between humans and other animals. Reports conducted by
the National Center for Emerging and Zoonotic Infectious Diseases (NCEZID) revealed that
the number of people infected by Salmonella, over the past few years, has remained increasing.
The most commonly developed symptoms of Salmonella include diarrhea, fever, and abdomi-
nal cramps that appear 12-72 hours after infection. The infected people usually recover
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without medical aid within a period of 4-7 days [3, 4]. However, hospitalization may be
needed for some infected people in the case of severe diarrhea. Salmonella is found living in
the intestinal tracts of not only humans but also other creatures such as birds. The transmission
of bacterium to humans occurs through the ingestion of food that has been contaminated with
animal feces. These contaminated foods are commonly from an animal source, such as beef,
poultry, milk, or eggs [5]. However, vegetables and other foods may also become contami-
nated. Additionally, foods that have been contaminated are almost impossible to detect while
eating, due to their normal taste and smell. Therefore, Salmonella is considered as a serious
problem for the public health throughout the world. There are no doubts that mathematical
modeling of Salmonella infection plays an important role in gaining understanding of the
transmission of the disease in a specific environment and to predict the behavior of any
outbreak. Furthermore, mathematical analysis leads to determining the nature of equilibrium
states and to suggest recommended actions to be taken by decision makers to control the
spreading of the disease. The objective of this work is to adopt the fractional-order epidemic
model to describe the dynamics of Salmonella infections in animal herds.

Fractional-order (or free-order) differential models have been successfully applied to sys-
tem biology, physics, chemistry, and biochemistry, hydrology, medicine, and finance (see,
e.g., [6-12] and the references therein). In many cases, they are more contestant with the
real phenomena than the integer-order models, because the fractional derivatives and
integrals enable the description of the memory and hereditary properties inherent in
various materials and processes. Hence, there is a growing need to study and use the
fractional-order differential and integral equations in epidemiology and biological systems
with memory [13]. However, analytical and closed solutions of these types of fractional
equations cannot generally be obtained. As a consequence, approximate and numerical
techniques are playing an important role in identifying the solution behavior of such
fractional equations and exploring their applications (see, e.g., [14-16] and the references
therein).

A large number of work done on modeling biological systems have been restricted to
integer-order ordinary (or delay) differential equations (see, e.g., [17-22]). In Ref. [23], the
authors proposed the classical Susceptible-Infected-Recovered (SIR) model. The authors in Ref.
[24] introduced a new compartment into the SIR model, which is called cross-immune
compartment to be called SIRC model. The added compartment cross-immune C(t)
describes an intermediate state between the fully susceptible S(f) and the fully protected
R(t) one. A fractional-order SIRC model of influenza, a disease in human population, was
discussed in Ref. [25]. In the present chapter, we consider the fractional-order SIRC model
associated with evolution of Salmonella infection in animal herds. However, we will take into
account the disease-induced mortality rate m in the model. Qualitative behavior of the
fractional-order SRIC model is then investigated. Numerical simulations of the fractional-
order SRIC model are provided to demonstrate the effectiveness of the proposed method by
using implicit Euler's method.

Definitions of fractional-order integration and fractional-order differentiation/integration are
given in Appendix.
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2. Construction of the model

Assume that the Salmonella infection spreads in animal herds which are grouped as four
compartments, according to their infection status: S(t) is the proportion of susceptible at time
t (individuals that do not have the infection), I(t) is the proportion of infected individuals (that
have the infection), R(f) is the proportion of recovered individuals (that recovered from the
infection and have temporary immunity), and C(t) is the proportion of cross-immune individ-
uals at time t. The total number of animals in the herd is given by N=S5+1+ R+ C We
consider that initially all the animals are susceptible to the infection. Once infected, a suscepti-
ble individual leaves the susceptible compartment and enters the infectious compartment
where it then becomes infectious. The infected animals pass into the recovered compartment.
After recovery from an infection animals, the individuals enter a new class C(t). Therefore, we
consider the disease transmission model consists of nonnegative initial conditions together
with system of equations.

5(t) = uN +nC(H)~(BI(E) + 1)5(1),

I(t) = BS(DI(t) + oBC(DI(1)=(0 +m + wI(D), o
R(t) = (1-0)BC(H)I(t) + OI(t)=(u + 6)R(2),
C(t) = OR(t)-BC(I(t)=(n + u)C(1).

Here '. = D = 4. The parameter u denotes the mortality rate in every compartment and is
assumed to equal the rate of newborns in the population. 5 is the contact rate and also called
the transmission rate for susceptible to be infected. 7! is the cross-immune period, while 67 is
the infectious period and 6 is the total immune period. ¢ represents the fraction of the
exposed cross-immune individuals who are recruited in a unit time into the infective subpop-
ulation [24, 26]. The presented model (1) differs from existing model, we assume a disease
induced mortality rate m; see the diagram of Figure 1.

0 7 f 1

S(t) 1) S R@) J o)

Y

Figure 1. Schematic diagram of SIRC epidemic model for Salmonella infection.

2.1. Fractional-order SIRC epidemic model

Most of biological systems have long-range temporal memory. Modeling of such systems by
fractional-order (or arbitrary order) models provides the systems with long-time memory and
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gains them extra degrees of freedom [27]. A large number of mathematical models, based on
ordinary and delay differential equations with integer-orders, have been proposed in modeling
the dynamics of epidemiological diseases [18, 20, 28, 29]. In recent years, it has turned out that
many phenomena in different fields can be described very successfully by models using fractional-
order differential equations (FODESs) [13, 6, 27]. This is due to the fact that fractional derivatives enable
the description of the memory and hereditary properties inherent in various processes. Herein, we
replace the integer-order of the model (1) into a fractional-order (or free-order) and assume that
s(t) = S(t)/N,i(t) = S(t)/N, r(t) = R(t)/N, c(t) = C(t)/N, where N is the total number of popu-
lation. Then the model with a fractional-order a (0 < @ <1) takes the form

D%s(t) = p + ne(t)=(Bi(t) + w)s(t),
D*i(t) = Bs(t)i(t) + ope(t)i(t)=(0 + m + w)i(t), 2)
D*r(t) = (1-0)Be(t)i(t) + Oi(t)—(u + O)r(t),
D%c(t) = or(t)=Be(t)i(t)—(n + p)c(t).
Here,
Df0) = F(rll—a) (9 L(t—s)“‘”‘lf(s)ds- ®)
When 0 < <1,
S N A0
Df(t) = [(1-a) JO (t-5)" as. @

(The initial conditions s(0) = s, i(0) = ip, r(0) = ry should be given.) We note that the fractional
derivatives involve an integration and are nonlocal operators, which can be used for modeling
systems with memory; see the Appendix.

2.2. Stability criteria for the epidemic SIRC model (2)

To find the equilibria of the model (2), we put D%s(t) = D"i(t) = D*r(t) = D%c(t) = 0. We have
disease-free (infection-free) equilibrium state £, and endemic equilibrium state £ :

& =(1,0,0,0) and &, = (s*,i",r",c"), (5)
where
S*:Q—i—m—l—y_a( | 001" )
p (u+00)Bi" + (u+0)(u+m)”
. 0" (Bi" + 1+ ) ©)
(u+00)Bi" + (u+0)(u+n)’
061

T (uto0)B (o) (utn)

The positive endemic equilibrium £, = (s*,i",r*,c*) satisfies Eq. (2) and i" is the positive root of
A7 + Ayi* 4+ Az, where
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Ay = =B [m(p + 60) + (6 + p + do)],
Ay = B[Bu(p + 60) +n06~(0 + m + ) [(u + 0) (1 + 1) + (1 + 60)] + 0],

As = Bu(u +0)( +1) {1— <W)] . @

The Jacobian matrix of the model (2) is

—pi(t)-u —Ps(t) 0 1
1 Bi(t)  Bs(t) + ofe(t)—(0 +m+ u) 0 oBi(t) ®)
I=1 "o (1=0)e(t) + 0 u+d)  (-o)it)
0 —pe(t) o —i(t)~(n + )

2.3. The reproduction number Ry

The basic reproduction number' R, that includes the indirect transmission may be obtained
using next-generation matrix method [30]. The spectral radius of the next generation matrix
(FV1), which is the dominant eigenvalue of the same matrix, gives the value of Ry. Then, the
basic reproductive number R, is obtained by the form

Ro = p(FV), )

where the matrices F = {%} and V = [&S;ijx)} . Fi(x), where x is the set of all disease-
X=Xo X=Xo

free states in the compartment i, is the rate of appearance of new infections in the compartment
i, and V;(x) is the net transfer rate (other than infections) of the compartment i. The net transfer
rate is given by V; = V-V, where V] is the rate of transfer of individuals out of the compart-
ment i and V; is the rate of transfer of individuals into the compartment i by all other means.
Therefore, the disease transmission model consists of nonnegative initial conditions, x;(0),
together with the following system of equations:

Xj=f(0)=F;(x)-V;, j21. (10)
From the model (2), we have
07, o7,
Fe ai(t) or(t) | (Pps O
{0F2 a7 ] \o o)

0i(t) or(t)

Vi oy (D
Vo 0i(t) or(t) _(6+m—|—y 0 >
B ) 2 ) 2 -0 u+o)

Ji(t) ar(h)

Since we have only two distinct stages namely I(t) and R(t); it follows that both F and V are 2 x2
square matrices. Furthermore, it can be noticed that F is nonnegative and V' is nonsingular. The

The number of individuals infected by a single infected individual placed in a totally susceptible population.
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basic reproductive number R is the dominant eigenvalue of the matrix FV!, which is obtained

by solving the characteristic equation (FV!)I-AI = 0 where A is the eigenvalue and I(#) is the
identity matrix. At the disease-free equilibrium, & = (1,0, 0,0), we have

p
Ro=—"—. 12
0 O+m+u (12)

The following theorem states that R is a threshold parameter for the stability of the model (2).

Theorem 1 The disease-free equilibrium is locally asymptotically stable and the infection will die out if
Ro < 1 and is unstable if Ro > 1. Conversely, the endemic equilibrium &£ is stable when Ro > 1 and

a; >0,i=1,2,34, may-a3 >0 and mayas—aias—a3 > 0, (13)
where
a1 = (D1 + D3 + Ds),
ay = (D1D3-Dy6 + D1Ds + D3Ds + B2i*s* + af>c*i*),
a3 = (D1D3Ds—D1 D46 + D3f?i*s* + Dsp?i*s* + p2c*ni*—Dyofdi*+ (14)
0B*Dic*i* + oDsp*c*i"),
as = D3Dsp%i*s*~Dyfoni* + Dafc*ni*~Daf?6i*s*—0pOD1 Dyi* + oD1 Dap?cti*,
and
Dy = ‘31 + u,
D, = (1-0)Bc* + 0,
D3 = (# + 6)7
Dy = (1-0)pi", (15)
Ds = pi" + (n+ u),
Ds = ﬁl* + u.

Proof The disease-free equilibrium is locally asymptotically stable if all the eigenvalues, A;
i=1,2,3,4. of the Jacobian matrix, J(&)) satisfy the following condition

aTt

larg ()] > = (16)
where
H (e B ) 0 1
| 0 pA(O+m+u 0 0
0 0 5 ~(n+w
The eigenvalues of the Jacobian matrix (&) are
M=, Ay = B=(0 +m+p), As = —(u +6), Aa = =(n + p). (18)

Hence &) is locally asymptotically stable if Ry < 1 and is unstable if Ry > 1.
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Now, we extend the analysis to endemic equilibrium £.. The Jacobian matrix (£, ) evaluated
at the endemic equilibrium is

i -u —ﬁ(sg ) 8 U]
B pi*  Bs* 4+ opc*—(0 +m+p opi*
JEI=1 " (-0 +60  —(u+0) (o) | (19)
0 —pc’ o i =(n+ )
with characteristic equation
M+ A% + ;A% +asA +a, = 0. (20)

Using Routh-Hurwitz stability criteria [31], the endemic equilibrium &, is locally asymptoti-
cally stable provided that

a; >0,i=1,2,3,4, aya,—az > 0 and a1a2a3—a%a4—a§ > 0. (21)

This completes the proof.

3. Numerical method and simulations

Since most of the FODEs do not have exact analytic solutions, so approximation and numerical
techniques must be used. In addition, most of resulting biological systems are stiff, therefore,
efficient use of a reliable numerical method for dealing with such problems is necessary. In this
section, we provide an implicit scheme to approximate the solutions of the fractional-order
epidemic model. We also verify that the approximate solution is stable and convergent.

Consider a biological system, with fractional-order, of the form

D%(t) = f(ty(t)), te[0,T],
y®(0) = y®(0), 1<=0,1,2,...,m—1.0<aSl @)

Here, y(t) = [y, (£)y,(),-.-.y, (1)]" and f(£,y(t)) satisfy the Lipschitz condition

IIf (£ ()~ (Ex(O) | <Klly(t)—x()ll, K >0, (23)

where x(t) is the solution of the perturbed system.

Theorem 2 The FODE (22) has a unique solution if Lipschitz condition (23) is satisfied and

One definition of the stiffness is that the global accuracy of the numerical solution is determined by stability rather than
local error and implicit methods are more appropriate for it.
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KT*

Proof One can apply the fractional integral operator (given in the Appendix) to the differential
Eq. (22) and incorporate the initial conditions. Thus, Eq. (22) can be expressed as

mZyo +—j0<t—s>“f<s,y<s>>ds. (25)

which is a Volterra equation of the second kind. Define the operator Z, such that

Ly(t) = gyé” ,i—k, + ﬁj;a—s)“‘lf(s,y(s»dsn (26)
Then, we have
12y(0-75(01 1 [ (o)At
< ay " SUP WOl -
%%Ey—x||Jo “1ds
< I
Then, we have
I2y()-+(Oll Mily-si. e8)

Using the Banach contraction principle, we can prove that that # has a unique fixed point
which means that the problem has a unique solution. o

Many efficient numerical methods have been proposed to solve the FODEs [14, 32]. Among
them, the so-called predictor-corrector algorithm is a powerful technique for solving the
FODEs, and considered as a generalization of the Adams-Bashforth-Moulton method. The
modification of the Adams-Bashfourth-Moulton algorithm is proposed by Diethelm [14, 33—
34] to approximate the fractional-order derivative. However, the converted Volterra integral
equation (25) is with a weakly singular kernel, such that regularization is not necessary
anymore. In our case, the kernel may not be continuous, and therefore the classical numerical
algorithms for the integral part of Eq. (25) are unable to handle the solution of Eq. (22).
Therefore, we implement the implicit Euler's scheme to approximate the fractional-order
derivative.

Given fractional-order model (Eq. (22)) and mesh points 7 = {ty,t1,...,tn/, such that ) = 0 and
tn = T. Then a discrete approximation to the fractional derivative can be obtained by a simple
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quadrature formula, using the Caputo fractional derivative (42) of order a, 0 < a<1, and using
implicit Euler's approximation as follows (see [15]):

DS x;(ty, dxl t”_s)_ads
:
n 1
S Jff_l)h 'if o)
e ] [ A 9)
— T ] (5 4+ 1))
e ] e+ 1)) 100 ).
Setting

g(a,h):ﬁhla and @ = [7~(-1)", (where o} = 1), (30)

then the first-order approximation method for the computation of Caputo's fractional deriva-
tive is then given by the expression

Dxi(t) = Gla) Y (7 x7) + O(h). (31)

From the above analysis and numerical approximation, one arrives at the following Remark.

Remark 1 The presence of a fractional differential order in a differential equation can lead to a notable
increase in the complexity of the observed behavior, and the solution continuously depends on all the
previous states.

3.1. Stability and convergence

Here, we prove that the suggested numerical scheme of implicit difference approximation
(Eq. (31)) is unconditionally stable. It follows then that the numerical solution converges to
the exact solution as h — 0.

In order to study the stability of the numerical method, let us consider a test problem of linear
scaler fractional differential equation

Du(t) = pou(t) + py,  u(0) = uo. (32)

such that 0 < a<1, and p, <0, p; > 0 are constants.

159
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Theorem 3 The fully implicit numerical approximation (31), to test problem (32) for all t>0, is
consistent and unconditionally stable.

Proof We assume that the approximate solution of Eq. (32) is of the form u(t,)=U"=(,, then
Eq. (32) can be reduced to

(1_&> = Cn 1+ ZCU Cn] Cn—]—‘rl) + Pl/Gah ) n22. (33)

Cnl"‘za} Cn] Cn]+1)+p1/Gah

Ch = , >2. 34
(=2 n (34)

Since (1—(5’—0,) >1 for all G, then

Cl SCO7 (35)

<Cp1+ ZC‘) Cn] Cn ]+1) nz2. (36)

Thus, for n = 2, the above inequality implies
GG+ a)2 (Co G1). (37)

Using the inequality (35) and the positivity of the coefficients w,, one gets
C<Gy. (38)

Repeating the process, we have from Eq. (36)

CnSCn1+Zw Cn] Cn ]+1)<Cnl (39)

Since each term in the summation is negative. Thus C,<(, <, <...<(y. With the assump-
tion that ¢, = |U"| <y = |U°|, which entails ||U" || < ||Up|| and we have stability.

The above numerical technique can then be used both for both linear and nonlinear problems,
and it may be extended to multiterm FODEs.

3.2. Numerical simulations

The approximate solutions of epidemic model (2) are displayed in Figures 2—4, and sensitivity
of Ry to transmission coefficients is displayed in Figure 5. The numerical simulations are
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performed by Euler's implicit scheme discussed in Section 3. We choose different fractional-
order values (0.5 < a < 1), and parameter values given in Table 1. The displayed solutions in
Figure 4 confirm that the fractional order of the derivative plays the role of time-delay (or
memory) in the system.

State trajectories of the proposed model with o = 0.8
350 T T T T T

300

250

200

State

150

100

50

Time

Figure 2. Numerical simulation of the fractional-order epidemic model (2), when a = 0.8, and Ry > 1 (Each infected
individual infects more than one other member of the population and a self-sustaining group of infectious individuals
will propagate), with parameter values of Table 1.
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Figure 3. Phase plane portrait for the fractional-order endemic model (2), in absence of C(f) and R(t) components, when
a = 0.7 (left) and @ = 0.9 (right) with Ry = 0.5 < 1. We note that solution paths approach the disease-free equilibrium
& =(1,0,0).
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07 08 09 1

Parameter

U

Description Value
Répléceﬁeﬂt ana e;<i;c re;te (d’ayr'lr) | 0011
Transmission rate of susceptible to be infected (animal™ day™!) 0.15
Recovery rate of infected animals day™ 0.16
Disease-induced mortality rate (day™) 0.041
Cross-immune period 0.5
The average reinfection probability of C(t) 0.06
The average time of appearance of new dominant clusters 1
The total number of population 345

Table 1. List of parameters.

Reference
B3]

[35]
Assumed
Assumed
(36]
Assumed
Assumed

Assumed
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4. Discussion and conclusion

In this chapter, we provided a fractional-order SIRC epidemic model with Salmonella infection.
The model provides a comprehensive framework for understanding the disease transmission
behaviors, as well as for evaluating the effectiveness of different intervention strategies. We
derived the sufficient conditions to preserve the asymptotical stability of disease-free and
endemic steady states. The threshold parameter (reproduction number) R has been evaluated
in terms of contact rate, recovery rate, and other parameters in the model. The threshold
parameter Ry is very sensitive to transmission coefficients p and O that reflects that these
parameters play an important role to assess the strength of the medical and behavioral inter-
ventions necessary for control. We provided an unconditionally stable method, using Euler's
implicit method for the fractional-order differential system. The solution of a fractional-order
model at any time t* continuously depends on all the previous states at t<t*.

It has been found that fractional-order dynamical models are more suitable to model biological
systems with memory than their integer-orders. The presence of a fractional differential order
into a corresponding differential equation leads to a notable increase in the complexity of the
observed behavior. However, fractional-order differential models are as stable as their integer-
order counterpart.
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Appendix
Let L' = L'[a,b] be the class of Lebesgue integrable functions on [a,b], a < b < .

Definition 1 The fractional integral of order B € R™ of the function f(t), t > 0 (f : RT — R) is defined
by

I'f(t) = Jt (t;?iv)_l f(s)ds, t> 0. (40)

The fractional derivative of order a € (n—1,n) of f(t) is defined by two ways:

*  Riemann-Liouville fractional derivative: Take fractional integral of order (n-a) and then take n'
derivative,

*  Caputo fractional derivative: Take n'" derivative and then take a fractional integral of order (n—a)

dn
Dif (1) = Dy f(t), Di=2n n=12.. (41)

Def(f) = "D (), n=1,2,.... (42)
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We notice that the definition of time-fractional derivative of a function f(¢) at t = ¢, involves an
integration and calculating time-fractional derivative that requires all the past history, i.e. all
the values of f(t) from t =0 to t =t,. Caputo's definition, which is a modification of the
Riemann-Liouville definition, has the advantage of dealing properly with initial value prob-
lems. The following Remark addresses some of the main properties of the fractional deriva-
tives and integrals (see [12, 36-39]).

Remark 2 Let v,y € R" and a € (0,1). Then
i IfIN: L' — L' and f(t) €LY, then I'If(t) = IV F(b);
t

ii. lim,_,I'f(x) = I'f(t) uniformly on [a,b], n = 1,2,3,..., where I\f () = Jf(s)ds;
0

iii. lim,_ oL f(t) = f(t) weakly;

iv. Iff(t) is absolutely continuous on [a,b], then lim,_1Df(t) = dfd(:);

V. Thus D{f(t) = %Ii_“f (t) (Riemann-Liouville sense) and D{f (t) = Ii‘“% (t) (Caputo sense).

The generalized mean value theorem and another property are defined in the following
Remark [40].

Remark 3
i.  Suppose f(t) € Cla,b] and Dif(t) € C(a,b] for 0 < a <1, then we have

F(H) = fla) + ﬁnff(g)u—a)“, witha < &<t Vie(abl. (43)

ii. If (i) holds, and DSf(t)20 V t € [a,b], then f(t) is nondecreasing for each t € [a,b]. If DIf(t)<0
V t € [a,b], then f(t) is nonincreasing for each t € [a,b).
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