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Abstract

This paper is devoted to the existence of a true random periodic solution near the
numerical approximate one for a kind of stochastic differential equations. A general
finite-time random periodic shadowing theorem is proposed for the random dynamical
systems generated by some stochastic differential equations under appropriate condi-
tions and an estimate of shadowing distance via computable quantities is given. Appli-
cation is demonstrated in the numerical simulations of random periodic orbits of the
stochastic Lorenz system for certain given parameters.

Keywords: random chaotic system, stochastic differential equations, random periodic
shadowing, stochastic Lorenz system

1. Introduction

The investigation for the dynamical properties of the random periodic orbits in some specific
stochastic differential equations (SDEs) is a difficult problem [1]. In general, numerical compu-
tation is still one of the most feasible methods of studying random periodic orbits of SDEs
describing many natural phenomena in meteorology, biology and so on [2—4]. As the chaotic
systems is sensitive to the initial value and random noise is constantly affected the systems
constantly, to estimate a particular solution of a random chaotic system by numerical solutions
for a given length of time is even more difficult. Therefore, it is always difficult to infer the
existence of a random periodic orbit rigorously from numerical computations. Shadowing
property plays important roles in the theory and applications of random dynamical systems
(RDS), especially in the numerical simulations of random chaotic systems generated by some
SDEs. As we know, numerical experiments can lead to many nice discoveries, a new numerical
method is presented to establish the existence of a true random periodic orbit of SDEs which
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lies near a numerical random periodic orbit. Furthermore, the reliability and feasibility of
numerical computations is considered as well.

There are two main motivations for this work. On the one hand, it follows from the classical
shadowing lemma that many studies about the periodic dynamics of deterministic chaotic sys-
tems have been performed in Ref. [3] and references therein. Many nice works on the numerical
analysis of RDS had been completed in Refs. [5] and [6]. On the other hand, our results in this
article have been inspired by our earlier work in Refs. [7] and [8], on shadowing orbits of SDEs
where we established in a rather general setting. To the best of our knowledge, shadowing is still
an interesting method for studying their random periodic dynamic behavior of SDE, and there is
no investigations of the random periodic shadowing theorem of SDE exist in the literatures.

In this work, two computational issues should be considered first. One is the definition of
(w, 6)-pseudo random periodic orbit, in which a true random periodic orbit is sufficiently
closed. Another issue is that in which conditions the random chaotic systems generated by
some SDE possess the so-called pseudo hyperbolicity for certain given parameters. With some
additional numerical computations, we can show the existence of a true random periodic orbit
near the (w, 6)-pseudo random periodic orbit under appropriate conditions. Therefore, the
main difference between the existing work and the current one is that the random periodic
case is concerned, and there is no hyperbolicity assumption on the original systems.

Utilizing the existence of the modified Newton equation’s solution, a random periodic
shadowing theorem for some kind of SDEs is proposed. The result shows that under some
appropriate conditions, there exists a true periodic orbit near the numerical approximative one
and the upper bound for the shadowing distance is given.

This paper is organized as follows. In Section 2, background materials on random shadowing
for random dynamical system generated by SDEs, including the definitions of (w, 0)-pseudo
random periodic orbit and the pseudo hyperbolic in mean square, are given. The main result
on random periodic shadowing is then stated in Section 3. Illustrative numerical experiments
for the main theorem are included in Section 4. The numerical implementations in details are
presented in the following section. And, the proof for the main result is presented in Section 6.
The final section is devoted to summarize the main results in the current work.

2. Preliminaries

Let (Q3, F, IP) be a canonical Wiener space, {F};cr be its natural normal filtration, and W(t)(t € R)
is a standard one-dimensional Brownian motion defined on the space (Q, F,P). And, we assume
that Q := {w e C(R,R) : w(0) = 0}, which means that the elements of Q) can be identified with
paths of a Wiener process w(t) = Wy(w). We consider a class of Stratonovich SDEs in the form of

dx; = f(xp)dt + pux;odWy,  x(0) = xo(w)€ER, (1)

where the random variable x;(w) is independent of F, and satisfies the inequality E|xo(w)|*
< oo, and p is a nonzero real number.
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2.1. Basic assumptions and notations

We define the metric dynamical systems (Q,F,P, 0" by the mapping 0 : R x Q — (), such
that for w € Q),

O'w(s) = w(t+s)-w(t),

where s, t € R.

Let O;(w) be a one-dimension random stable Ornstein-Uhlenbeck process which satisfies the
following linear SDE

dO; = —Odt + dW;.

And let

z(t, ) == exp (—uO(w))xi(w) € RY,

then SDE (1) can be changed to a random differential equation (RDE) in the form of

% = exp (-uO¢(w))f (exp (uOx(w))z) + uOsz = f,(6'w, 2). )

It follows from Doss-Sussmann Theorem in Ref. [9] that the solution of RDE (2) is the solution
of SDE (1).
In this paper, we make the following assumptions:

e We suppose that f, : QxR? — R? be a measurable function which is locally bounded,

locally Lipschitz continuous with respect to the first variable, and be a C' vector field on R?.

By Theorem 2.2.2 in Ref. [2], RDE(2) generates a unique RDS ¢ on the metric dynamical
systems (Q, F, P, 0") as follows

t

p(s,t,w)z=2z+ Jfl(QTa),(p(s, 7,w)z)dTeR?, (3)

and which is C'-class with respect to z in Ref. [8].
And there exists a diffeomorphism ¢ : RxR X QxRY — RY, (s, t,w,z) == @(s, t, a))zeRd.
We also make use of the following notations which is similar to the Ref. [8].

e The norm of a random variable x = (x1,xa,..., x;)€L*(Q, P) is defined in the form of

1
2

Il = Uguxl (@)F + (@) + oo+ [ra(@) PP@)] < .

where L*(Q,P) is the space of all square-integrable random variables x : Q — R,
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e The norm of a stochastic process x(t, ) with x;(w)€L?(Q,P) and t€R is defined as

lIx(t, )ll, = supllxi(w)lly < e
teR

¢ For a given random matrix A, and the operator norm | - |, the norm of A is defined as
follows

1
ANl 2q.p) = BIAP)E.

e Normally, the norm || - ||, and || - ||;2 are denoted as || - || for simplicity reason, unless
Yy 2 [2(Q,P) phcity

otherwise stated.

2.2. Some extended definitions

Definition 2.1. For a given positive number 0, if there is a sequence of positive times

{tk}kN:JBl,O <ty<t <,..., <7 <tyy1, T, and a sequence of random variables

{1y (0" @), Fr)hlo,

Yy (6%w) is F-adapted, such that
f1(y (6% )y, (6% w) # 0, P-almost surely for k=0,1,2,..., N,
and the following inequalities P-almost surely hold

”yk+1(6tk+] w)‘@(tk, tk-i-l’ Gtkw)yk(etkw)] ” < 6’ k = 07 17"'7 N_l,

and

||yN(9tNa))_yo(6tow)” <o, 4)

then the random variables {(y, (0%w), Fy, )}, are said to be a (w, 5)-pseudo random periodic
orbit of RDS (3) generated by SDE (1) in mean-square sense.

Definition 2.2. For a given positive number ¢ and a (w, 0)-pseudo random periodic orbit
{(yk(Gtk w), F tk)}kN:O of RDS (3) generated by SDE (1) with associated times {tk}kN:t)l, if there is a

sequence of times {hk}kNj}l, ho<his, ..., <1<hny1, such that the following inequalities hold

Iy, (0% w)-x (0™ )| < €,0 < b=l < e,k = 0, 1,..., N,

and the random variables {(x(6™w), F, )}, are on the true orbits of RDS (3) generated by
SDE (1), that is

X1 (0™ @) = (e, i1, 0" )i (0™ w), k=0,1,2,..., N-1,

and
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xo(QhO(u) = @(hn,hN+1, QhNa))xN(Gth), (5)

then the (w, 8)-pseudo random periodic orbit {(y,(0%w), Fy )}, is said to be (w, 6)-periodic

shadowed by a true orbit of RDS (3) generated by SDE (1) in mean-square sense.

Remark 2.3. As the o-algebra F;(£>0) is nondecreasing, in order to guarantee the random

variables x(6"w)(k =0,1,2,..., N) are F,-measurable, we need the shadowing condition

0<ty—hi<e instead of |tx—hi|<e. We refer to the Ref. [2] for the deterministic counterpart. Here,

we choose a sequence of times {hk}kl\ljo1 = {tk}kNj]l in sequels.

Definition 2.4. The RDS ¢ : RxRxQxR? — R? is said to be pseudo hyperbolic in mean
square if the temple variables «i(w), x2(w)21, v1(w),v2(@)20 exist, such that the following
inequations hold with R? = E*(w)®E"(w),

Ell@(s, t1, w)x||* < k1 (@)e ™1 @QERIE|p(s, b, 0)x]|*, VH > 1, >5,x € E'(w),
Ell@(s, ta, )x|* < ko (w)e 2@ ERIE| g (s, tr, w)x||%, VH > s, x € E* (w).

This means that there is a splitting into exponentially stable (E°(w)) and unstable (E"(w))
components. The multiplicative ergodic theorem (MET) of Oseledets in [10] provides the
stochastic analogue of the deterministic spectral theory of matrices, and a method to check
the pseudo hyperbolicity.

3. Random periodic shadowing for RDS generated by SDEs

3.1. Theoretical foundations

Let {(y,(0"%w), Fy,)}i o be a (w, 6)-pseudo random periodic orbit of RDS (3) generated by SDE
(1) and y, (0™ w)eL?(Q,P)(k = 0,1,..., N). Assume that we have a sequence of d x d random
matrices {(Yx(0%w), Fy )}i, such that

I Yir1 (6% @)=De(ty, tey1, 0% @)y, (0% w)|| <6, for k=0,1,..., N-1,

and
||Y0(8t°a))—D(p(tN, IN+1, QtNa))yN(Qth) [| £6. (6)
A sequence of d x (d - 1) random matrices (Sx(6"%w), F;,) are chosen such that its columns form

an approximate orthogonal basis for the subspace orthogonal to T(xx) and k=0, 1, ..., N, where
T(xx) = f,(6"w, xx), the approximate orthogonal means that the following inequality holds

1Sk (0% w)S; (6% w)-I|| < b1,

for some positive number 0;€(0,0), where * denotes the transpose of matrix.

Now a sequence of (d — 1) x (d — 1) random matrices A;(0"w) is chosen which satisfy

219
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| Ak (6" w)=S;, 1 (0" @) Yy (6% @) Sk (0% w) || <6, for k=0,1,... N-1,

and

AN (6™ @)=S5(8" @) YN (0™ @) Sn (0™ w)|| <6

Next, a linear operator L is defined as follows. If random variables & = {£,(6%w)};_, are in the
space (RN then we let L& = {[LE&], )Y, to be

L&), = &1(0% w)-Ap(0%w)E(0"%w), for k=0,1,..., N-1.

and

L&)y = &0(0"w)-An (0™ w)En (6% w).

It follows from Section 4.2 that the operator L has right inverses and we choose one such right
inverse L.

At last, we define some constants. Let U be a convex subset of R? containing the value of the
(@, 6)-pseudo orbit {(y, (6%w), Fy, )i Therefore, we define

At = iInf Aty = inf (f1—t).
0<ksN Kt osksN(kJrl k)

Next, we choose a positive number 0 < £y<At such that ||x—yk(6tka))||Sso, then the solution
@(s,t,w)x(s<t) is defined and remains in U for 0 < <t + ¢y P-almost surely.

Finally, we define

My = supl|f; (6'w,x(1))],

xel

M; = sup||Df, (6'w,x(1))Il,
xeld

M, = sup|ID*f, (6'w,x(1))|l
xel

and
®= sup [Yi(6"w)l,
0<k<N-1
where
o (Ow,x(t)
Dfl N |: ax,' ’

We first introduce the following lemma which has been proved in the Ref. [8] and will be
applied to the main theorem [11].

Lemma 3.1 Let X and ) be finite-dimensional random vector spaces of the same dimension,
and B be an open subset of X. Let vy be a given element of B. Suppose that G : B — ) be a C*
function and satisfy:
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i. the derivative DG(v) of function G at v9€B is right inverse with £;
ii. B contains a closed ball whose center is vy and radius is €, where € = 2||||||G(vo)|;
iii. the inequality 2M||K||*[|G(vo)|| <1 holds, where

M = sup{||D*G(v)| : veB, ||v-vo < €};
Then, there is a solution v of the equation G(v) = 0 satisfying ||v—vo|| < €.

3.2. Main results
Now, we state the main theorem and postponed its proof in the latter section.

Theorem 3.2. For a given bounded (w, 6)-pseudo random periodic orbit of RDS (3) generated
by SDE (1) {(y, (6% ), F, )}, assume that

C := max{M,' (1 + ©|IL7||), IL"]|}. (7)

If the quantities shown in Section 3.1 together with 6 and ¢, satisfy:
i GG=C<%

iil. G =4CH < ¢p;

iii. C3 =8C*0(MoM; + 2M; exp (M1At) + MpAt - exp (2M1At))<1;

Then there exists a sequence of times {hk}kl\]:%l (hoshiS,..., <hniistni1) such that the (w, 0)-

pseudo random periodic orbit {(y, (0% w), F, )}, is (w, 6)-periodic shadowed by a true random
periodic orbit of SDE (1) containing points {(x¢x(6™w), F},)}Y, in mean-square. Moreover,
shadowing distance satisfies ¢<4C5.

4. Numerical experiments

Here, we apply the random periodic shadowing theorem to rigorously establish the existence
of random periodic orbits of the stochastic Lorenz equation. And, this section will provide
numerical experiments to compute the shadowing distance.

4.1. Experimental preparation
Consider the following Stratonovich stochastic Lorenz equation (SSLE) in R?,
dX; = f(Xp)dt + uXedWi(w), X(0) = xo€R? (8)

where X; = (x,y, z)TeR3, x, y and z are the state variables, o, p and  are positive constant
parameters, and
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—0x + oy ux
fX) = | pxy=xz | uXe= | py |.
—Bz + xy Uz

Make the transformation as follows:

X(t,w) = exp (—uOy(
( (
( (

g
=
N—

=

Yy

t,w) = exp (—uOi(w))y

Z(t,w) = exp (—uO(

g
~
~—
N

It follows from the transformation that the above SSLE (8) can be transformed to the random
differential equation (RDE) in the following form

.
d—’t“ = 6(-% +7) + pOy(w)x

d

d—Z =Xz + px— + uOr(w)y )
dt

d—j = Xy-Pz + 1Oy (w)z

The existence and uniqueness of solution of RDE (9) can be proved by the same approaches as
proposed in the Refs. [2] and [12] though a normally required linear growth condition does not
be satisfied. Hence, a RDS ¢ can be generated by the solution operator of RDE (9).

In this experiment, it appears numerically that the stochastic Lorenz equations have asymptot-
ically stable random periodic orbit for the parameter values ¢ = 10,p = 100.5,8 = &.

Firstly, we generate Brownian trajectories in the following way
Wo = 0,Wiiinar = Wiar + ¢4

where
lﬁbi = N(07\/E)’l - 1,2,..., N

Secondly, it follows from the reference [13] that a global attractor, i.e., a forward invariant
random compact set U of RDS ¢ generated by RDE (9) is the closed ball B; with center zero
and radius R(w), that is, By = (X,€eR3: |IX]] <R(w)}, where

R(w) = cZJi exp (c15-20Ws(w))ds

and
c1 = min(1,8,0),c, > 0,2(BX, X;) < —1|Xi|* + c2,

-0 o O
B=|p -1 0 |.
0 0 -p
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It has been proved in Ref. [13] that the RDS ¢ generated by Eq. (8) lies in the forward invariant
random compact set ¢/ for P-almost surely w€() on the finite interval.

4.2. Numerical results

We first present the results of our computations of the (w, 6)-pseudo random periodic orbits for
the stochastic Lorenz equation. To generate a good (w, 6)-pseudo random periodic orbit, we
numerically computed the orbit for some time with a rough guess of initial value. In this
experiment, we take the initial value (xo, yo, zo) = (1.76, —4.48, 80.99), time step size At = 0.00007
and iterative step N = 100000. The (w, 6)-pseudo random periodic orbits of Eq. (9) in Figure 1
are generated by the Euler-Maruyama scheme in Ref. [14] and the refined initial data. This also
shows that there exists a forward invariant random compact set.

Pseudo random periodic solution

x component of pseudo random periodic solution

40 30
304
20t
10+
ot
Y10
-20F
-30F
40}
50}
; ; " N . i . _40 . ) ’ " " . . " .
-40 -30 -20 -10 0 10 20 30 0 001 002 003 004 005 006 007 008 009 0.1
X t
P yoor'npone.ntof plseudolrandon? perio'dic so!,.ltion ' —_— . zoor'nponeplof p'seudolrandon? perio‘dic sol:.ntion '
30 1 140
20 - 130
10 1 120
ool bt -
y-1o . 2100
-20 1 90
-30 1 80
-40 1 70
-50 E 60
0 001 002 003 004 005 006 007 008 009 0.1 0 001 002 003 004 005 006 007 008 009 0.1
t t

Figure 1. (w, 6)-pseudo random periodic orbits of SLS.

Secondly, we briefly describe the details of the computation of the key quantities listed in
Table 2. It follows from the methods shown in Section 3, and we can determine the parameters
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of Theorem 3.2. Tables 1 and 2 present the important quantities and the necessary inequalities

pertaining to this (w, 0)-pseudo random periodic orbit.

Parameters Value Parameters Value

At 0.00007 o 2.01

Xo (1.76, —4.48, 80.99) Mo <9.8037

N 10° M, <0.0185

Approx. period 7=0.1837 M, 0.0014

Xo623 (-0.6911, -7.7293, 81.6553) ® <1.0013

Il X2623 = Xoll 4.1241 ) <4.1265
L7 <4.8218¢-03

Table 1. Value of the parameters.

Inequalities Value

C <0.1025

Cq <0.4229

C, <1.6918

Cs <0.0757

Shadowing distance ¢ 1.2688

Shadowing time ¢ 70

Table 2. Comparison of the inequalities.

80
70
60

50

XXl

20 ff

10

Figure 2. The distance ||X,, = Xol|.

In conclusion, there is explicit dependent relationship between the shadowing distance and the
pseudo orbit error, and there exists the true periodic orbit in the appropriate neighborhood of the
(w, 6)-pseudo random periodic orbit of SLS (Figure 2). Figures 3a and 3b demonstrate the relation
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between (w, 6)-pseudo random periodic orbits and true periodic orbits of Eq. (8). The blue lines
denote (w, 6)-pseudo random periodic orbit for the random dynamical system, and the domain
between two blue lines has at least a true orbit for the corresponding random dynamical system.

(@) ®)

50 Pseudo random periodic solution -— z component of pseudo random periodic solution
s T v : : T v T T : T . :

30F 140 F

20+ 130+

10F 120}
0 110
Y.l Z 100}
20 90
=30+ 80
40+ 70
-50 + 60
-60 % . . . . . 50 + . . " 2 . . . n
-40 -30 -20 -10 0 10 20 30 0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
X t

Figure 3. (a) The symbolic drawing of the relation between true orbit and pseudo orbit plane. (b) The approximative
structure of pseudo random periodic solution projected on the z plane.

5. Choice of the operator L™

We are going to verify that the linear operator L along the obtained (w, 0)-pseudo random

periodic orbit {(y, (0% w), Fy, )11, is invertible for P-almost surely o€Q
Letg = {gk(tha))},I(\]:0 bein ). To find & = L} g, we have to solve the random difference equation

&1 (0% ) = Ap(0%w) & (6% w) + g (6% w), for k=0,...N-1,
Eo(0"w) = AN(O™ w)En (6™ w) + gy (0™ w).

With the same choice of the parameters as Section 3, it can be shown that random matrix
Ax(0"w) is upper triangular with positive diagonal entries. Therefore, there is an integer I such
that for most k, the first I diagonal entries of A (6% ) exceed 1 and the rest are less than 1 in mean
square for P-almost surely w€Q [15]. We can partition the random matrix Ax(6"%w) in the form

_ | PO ) Q0% w)

Ap(0%w) = 0 Ry (6"w) ,k=0,1,..., N,

where P(0%w) is] x [ random matrix,Q,(60%w) is! x (d - -1) random matrix, and Ri(6"%w)
is(d-1-1) x (d-1-1) random matrix.

It follows from multiplicative ergodic theorem that the Lyapunov exponents of A(6"%w) are
nonzero. Then it suggests that the RDS ¢ generated by SDE (1) along the obtained (w, 6)-
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pseudo orbit {(y, (0%w), Fi)li, is pseudo hyperbolicity in mean square for P-almost surely
w€. It can be written as

£ (0% w) = Py(6%@)ED (0% w) + Qu(0"w)EP (6% w) + g1V (6% w)
£21(0" 1 w) = R(6"w)E (0" w) + g (6" w)

fork=0,1,...,N-1, and

{ £ (0"w) = Py (0™ w)EY + Qu(0™w)el (0™ w) + gy (0™ w)
E2(6"w) = Ry (6"w)ER (0™ w) + g8 (0™ w)

Let 562) (6"w) = 0 solve forwards the second equation of the first equations above. The substi-
tute it into the first equation with 5,&2)(9%)), and let 5§3>(9fw w) = 0, then solve it backwards.

Finally, the solutions E,((l) (Gtka)) are obtained. Therefore, the right inverse L' is obtained as

L], = (& (0% w), &7 (0% w)|" .k = 0,1,..., N.

Hence, invertibility of the operator L is proved, which is an important for the application of the
random shadowing lemma.

6. Proof of the main theorem

Proof. For a given (w, 6)-pseudo random periodic orbit {(y, (0% w), Fy,)}i_, of RDS ¢ (3) gener-
ated by SDE (1), and an associated sequence of d x d random matrices {Yx(6%w)};_, satisfying
Eq. (6). Our aim is to show that {(y,(0%w), Fy )l is (@, 6)-periodic shadowed by a true
random periodic orbit containing {(xx(0"w), F, )}, where x; (6" w) lies in the random hyper-
plane Hy(6%w) through y, (6% ).

Suppose that the random hyperplane H, (6% w) is approximately normal to T(y,) = f,(6%w,v,)
at the point yk(Gtk w). Therefore, we only need to find a sequence of times {hk},I{\]:JE,1 = {tk}kN:JE)l,
hoshis,..., <hngistygr and a sequence of points {(xk(Qh"a)),}" tN)}kN:o with xk(Qhkw)e’Hk(tha))
being contained in the ¢-neighborhood of y, (0% w) such that

xk+1(9hk“w) = @(hk, hiy1, Qhkw)xk(ehka)), for k=0,1,..., N-1,

and

xo(QhOa)) = gD(hN, hN+1, Gth)xN(GhNa)).

By the assumption, we obtain that Sy(6%w) isa d x (d — 1) random matrix whose columns form
an approximative orthogonal basis for H;(0%w). We first define the random hyperplane
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Hy (0" w) as the image of R*? through the map z—y, (0%w) + Sk(6%w)z, which can be viewed

as a subspace of the tangent space at y, (0" ).

Therefore, the problem of finding appropriate sequences of h; and x; becomes that of finding a

sequence of times {hk}kl\];[)1 = {tk}kN:Jle and a sequence of points {(zk(tha)),]-" tN)}kN:o in R*! such

that

Yirr (th @) + Sk <6tk+l W)Zjs1 (thw)

= @(h, hiy1, Qh"a))(yk(é’tkw) + Sk(Gt"w)zk(Qh"a))), k=0,1,.., N-1,

and
Yo (0" @) + Sp(6" w)zo (0" w) = @(hn, hin 11, 0™ @) (Y (O™ @) + Sy (0™ w)zn (0™ w)).

N+1

We next introduce the space X = RN "2 x (R*1)*! with norm

Il ({sihecy (G )l ZmaX{ sup |s¢|, sup IICkII},

0<k<N+1 0<k<N

and the space J = (Rd)N 1 with norm

N
= max
”{gk}k:OH OskSNIngII,

where sy € R, {; € R and S € R,

Now, we let B be a properly chosen e-open neighborhood of vy = ({t};,0) in X which

contain the point v = ({sk}kN;’lO, {Ck}kN: o). And, we introduce the function G : B — ) given by

(G, = yk+1(6tmw) + Spi1 (0™ @) (1 (0% @)
(St k1, 0% @) (1, (0" @) + Sk(0"w) k(0% w)), for k=0,1,..., N-1,

and

GOy = ¥(0"w) + So(6"@)Co (6 w)

(10)
~p(sn,SN+1, OV @) (1, (0™ @) + Sn (6™ )TN (6™ w)).

It is the fact that Theorem 3.2 will be proved if we can find a solution 7= ({l}; ),
{z: (0™ W)} ,) of the equation

G(v) =0, as.

in the closed ball of radius ¢ about vy = ({tk}kN;{)l, 0).

In order to apply Lemma 3.1, those hypotheses (i) — (iii) for the map G as Eq. (10) should be verified.
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Step I:

First and foremost, it follows from the construction of pseudo orbits that ||G(v)|| <6. Secondly,

the Gateaux derivative of the map G at vy with u = ({Tk}kN:J[)l, {ék(Gtkw)}kN:O) €X is given by

[G(vo + eu)-G(vo)];
&
= _TkT(yk+1) 7 Sk+1(6tk+1a)) . Ek—i—l (th-ﬂa))
Dt ti, 0% @)y (60" @) - Si(6"w) - E(0"w),

[DG(vo)u], = lim,_o

fork=0,1,..., N-1, and

[DG(vo)uly = ~tnT(yy) + So(6%w) - £ (0" w)

t £ t t (11)
—D(P(tN, tN+1, 0 Nw)yN(Q Na)) . SN(Q Na)) : éN(Q Na)).

We will approximate DG(vy) by another operator. Now, we define the operator 7 : X — ) for
ueX. Let 7 yu be the approximation of [DG(vy)u], in Ref. [16], we have

T = ~TT(.q) + Ski1(0 ) - Ei1(0™ w)
=Y (0%w) - Sp(0%w) - & (0% w), k=0,1,..., N-1,

and
Tanu= —nT(yy) + So(0°w) - &(0"°w) (12)
Y (0™w) - Sn(0™w) - En (0 w).

Now, we need to prove that 7 is invertible. Therefore, we must show that for all ¢ = { gk}kN:0 €),
there is a solution of the following equation

Tiu =g,
thatis, fork=0,1, ..., N1,
“TT (Y1) + Ske1(0% @) Exi1 (0% ) =Y (0" w) S (0" ) E (0" w) = (0" w),
and

—tnT (yy) + So(0"w) - & (0" w)-YN(0Nw) - Sn(O™w) - En(O™ )

= gn(0V). (13)

As we know, the matrix

[nigi;n 'S "(Gtk”)]

is orthogonal for each k. Then this set of equations is equivalent to the following two sets of
equations, one set obtained by premultiplying the kth member in Eq. (13) by T"(y,,,) and
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T*(y,), respectively, the other set obtained by premultiplying the kth member in Eq. (13) by
Ski1 (0% @) and S} (6" w), respectively. Therefore, we obtain for k=0, 1, ..., N -1,

Gl T ) IP-T () Ve 04 @) St (0% 0) (0% 0) = T(yy )" g,(6%@),
and
~tnIITW)IIP=T (o) YN (0™ @) Sn (0™ @) En (0™ ) = T(y) gy (0™ w), (14)
Eri1 (0% 0)=Ak (6% )& (0% w) = S (0" w)g, (6% w), k=0,1,..., N-1,
and
&o(0"w)-An(O™w)En (0N w) = S;](QtOw)gN(Qth). (15)

If we write g = {SZ(Gtkw)gk(Gtka))}szo, it follows from the condition (7) that the solution of
Eq. (15) is
& = (L7Z)y (16)

If Eq. (16) is substituted into Eq. (14), we obtain for k=0, 1, ..., N -1,
[Yi(0%w)Sk(6% )L Spy1 (0™ ) + 1]g, (0% w),

L T(Yis1)
Th=—— "
||T<3/k+1)||
and
_ T(yO)* N N -1 to 15N

IN=""" 5 [YN(Q a))SN(G a))L So(@ a)) + ”gN(Q a)). (17)

1T (yo)
Taking into account Egs. (16) and (17), we define the right inverse of 7 in the form of
T¢'g = [luhly (0" w)ll)
It follows from Eq. (17) that 7 is invertible and the following inequality holds

|77 <C. (18)

Therefore, we can construct the invertibility of DG(v). By the operator theory, we obtain
(19)

K =[1+TYDG(vy)-T)'T".

By Egs. (11) and (12) and the assumption (i) of Theorem 3.2, we obtain that

17 (DG (vo)-T)II<IIT DG (w0)-T ||
177 - [sup || (D@(te, ter1, 0% @)y (0% @)=Y (6%w) S (0% w) (6% w) ]

IA

1
C6<§.

IA
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Then the inverse [[ + 7 (DG(vo)-T )] exits and K is a right inverse of DG(vp). Furthermore,
I[T+7 7 (DG(eo)=T)]" Il < 2.
Therefore, we have verified hypothesis (i) of Lemma 3.1.

Step II:
It follows from Egs. (18)—(20) that we have

IKClI<2C.

and

IG(vo)ll = suplly; 1 (6% @)-p(t, tii1, 0% @)y, (0% w) || <6.
k

By the assumption (ii) of Theorem 3.2, we obtain that
e = 2|IKIIG(vo)l <4Co < €.

That is, the closed ball of radius ¢ around v, is contained in the open set B. Therefore, we have
verified hypothesis (ii) of Lemma 3.1.

Step III:

We only need to estimate ||D2G(v)||. Then we choose u = ({rk}kN;Bl, {nk}kN: o) and calculate the

second order Gateaux differential of G(v) for k=0, 1, ..., N as follows

[DG(v)uul;, := 1t1£18 [DG(v + tﬂ|)tL|1—DG(U)u]k

= —1nDT[y, (0%w) + Si(0%w) (6% w)] - Tly, (6% w) + Sk(0%w) k(0% w)]
-14DT[y, (0% w) + Sk(6*w) (i (6% w))-
D(t, i1, 0% @) (1 (0" @) + k(0% @) Lk (0" w)) - Si(0™ w) 1, (0" w)
-nDTy, (0% w) + Sk (6% w) i (6" w)]-
D(t, i1, 0% @) (1 (0" @) + Sk(0% )G (0% w)) - Sk(0" w) & (0" w)
~D*@(tr, tey1, 0" w) (y, (0" w)
+5k(0" )G (0% w)) - [Sk(0% @) Ex (0% )] - [S(6% w)n (6% w)].

By the norm property, i.e., subadditivity, we obtain

M = sup||D*G(v)|| < MoM; + 2M; exp (M;At) + MyAtexp (2M;At).
k

It follows from the assumption (iii) of Theorem 3.2 and
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IG(vo) Il <&, [IK]1><4C?,

that
2MIKI11G(vo) I <1.

Then we have verified hypothesis (iii) of Lemma 3.1. Therefore, the conclusion follows from
Lemma 3.1. This finishes the proof.

Remark 6.1 The proof is similar to the paper [8], and we extend it to the random periodic case.

7. Conclusion

The main result presented here is the random periodic shadowing theorem of the RDS gener-
ated by some SDEs. To conduct the study, we have extended the random shadowing theorem
to the random periodic scenario by taking advantage of mean square and stochastic calculus.
We show that the existence of the random periodic shadowing orbits of the SSLE so that the
numerical experiments are performed and match the results of theoretical analysis. Although
some progresses are made, more accurate numerical methods of estimating the shadowing
distance are needed in practice, which will be presented in our further work.
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