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Abstract

In this chapter, by researching the algorithm of the formal series, and deducing the
recursion formula of computing the nondegenerate and degenerate singular point quan-
tities on center manifold, we investigate the Hopf bifurcation of high-dimensional
nonlinear dynamic systems. And more as applications, the singular point quantities for
two classes of typical three- or four-dimensional polynomial systems are obtained, the
corresponding multiple limit cycles or Hopf cyclicity restricted to the center manifold
are discussed.

Keywords: high-dimensional system, center manifold, Hopf bifurcation, singular point
quantities

1. Introduction

This chapter is concerned with Hopf bifurcation restricted to the center manifold from the
equilibrium for three-, four-, and more higher-dimensional nonlinear dynamical systems.

Let us first consider the generic real systems which take the form

x = Ax + f(x) 1)

where x = (x1, X2, -+, x,) € R", A € R"" n €N, and f(x) is sufficiently smooth with £(0) =0,
Df(0) = 0. Then the origin is an equilibrium. For dynamical analysis of systems (1), it is very
important to discuss the asymptotic behavior and the existence of periodic orbits at the origin.
When the Jacobi matrix A has an eigenvalue with zero real part, the phase portraits in the
vicinity of the origin is not easy to be determined. In particular, a system (1) has the following
form
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X1 = A1xq + f1(x1.,%2) 2)
Xy = AxXp + f5(x1,X2)
where x; = (x1, x2, ..., xnC)T e R™ xa = (xy,41,---, xn)Te R"™ with n, +n; =n, A; and A, are

constant matrices, and f1(x1, X2), f2(x1, X2) are functions with

£1(0,0) = 0, £,(0,0) = 0, Df;(0,0) = 0, Df,(0,0) =0

Suppose that A; has n. critical eigenvalues (i.e., eigenvalues with Re A = 0) and all n; eigen-
values of A; satisfy Re A < 0. According to the Center Manifold Theorem (see, e.g., [1, 2]), there
exists a (local) center manifold x, = h(x;) with h(0) = 0, Dh(0) = 0, and system (2) is topolog-
ically equivalent near (0,0) to the system

©)

{ X1 = A1xq + f1(X1,h(X1))
Xy = Arxy.

The first equation in Eq. (3) is called the restriction of system (2) to its center manifold at the
origin. The local center manifold, which is tangent to the (x1, x2,..., x,, )-plane (hyperplane) at
the origin and which contains all the recurrent behavior of system (2) in a neighborhood of the
origin, since the second equation in (3) is linear and has exponentially decaying solutions (see,
e.g., [3]). Thus, the dynamics of Eq. (2) near a nonhyperbolic equilibrium are determined by
this restriction. Generally, the local center manifold is not necessarily unique, but if the origin is
a center restricted to a local center manifold for system (2), then the center manifold is unique
and analytic, which is presented by the Lyapunov Center Theorem proved in Ref. [4].

If A has a simple pair of purely imaginary eigenvalues +wi (w > 0), system (1) undergoes a
Hopf bifurcation or multiple Hopf bifurcation in a neighborhood of the origin on the local
center manifold under proper perturbations of parameters. The computation of focal values
(Lyapunov coefficients) plays an important role in the study of small-amplitude limit cycles
appearing in these bifurcations (see [5-14] and references therein). The projection method was
used for computing the first and the second focal values (see [2]), and a perturbation technique
based on multiple time scales was used for computing focal values (see [15]). For a class of
three-dimensional systems, the formal series method was presented with a recursive formula
for computing singular point quantities (see [16]), here the theory and methodology described
in Refs. [16, 17] can be applied to n-dimensional systems, where 1 > 4.

If A has some zero eigenvalues for system (1), the Hopf bifurcation problem at the origin on the
local center manifold becomes generally more difficult in comparison to the nondegenerate
case. Take the degenerate singular point with a zero linear part in planar system, for example,
the investigation of Hopf bifurcation from the equilibrium has to involve detecting the
monodromy and distinguishing between a center and a focus [18, 19]. For that matter, several
available approaches and corresponding results can be seen in [18-25], and one can easily find
that the results on the bifurcation of limit cycles are very less. Remarkably, the author of
reference [26] in 2001 gave the formal series method of calculating the singular point quantities
of the degenerate critical point, which made it possible to investigate multiple Hopf bifurcation
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of higher degree polynomial systems [27, 28]. Here we extend its application to the local center
manifold of more higher-dimensional system.

2. Case of the nondegenerate singular point

In this section, we consider Hopf bifurcation from the nondegenerate origin of system (1)
restricted to the center manifold, in which the Jacobian matrix A has a pair of pure imaginary
eigenvalues and its other eigenvalues are all negative. As the particular case, for planar
systems there exist some good computer algebra procedure to calculate the focal values (see
survey article [29], monograph [30], and references therein), here the formal series method of
computing singular point quantities on the local center manifold for high-dimensional system
originated from the work of [31-33] in planar systems.

2.1. The formal series method of computing nondegenerate singular point quantities on
center manifold

Considering the Jacobian matrix A at the origin of system (1) has a pair of purely imaginary
eigenvalues and a negative one, then by certain nondegenerate transformation, the system (1)
can be changed into the following system:

4 d oo .
& v+ ) Akﬂxky]ul = X(x, y, u),
dt ktjti=2
%—x—i— }oi B-xkful—Y(x u) 4
dt = Ty Y T TR @
du S s kT
i —dou +k+§l deﬂx yu' =U(x,y,u)

\ JTi=

where X, Y, U, Ak]’l, Bkjb &kjl eR (k,j,lEN) and do > 0.

Here, we recall first the calculation method of the singular point quantities on center manifold
for the above real three-dimensional nonlinear dynamical systems. By means of transforma-
tion

z=x+yi, w=x-yi, u=u, T=if i=+v-1 (5)

system (4) is also transformed into the following complex system:

( dZ had k H l
—=z+4+ agiz'wu' = Z(z, w, u),
=2, £ <2
dw * <
= = - b Zut = -W(z, w, u), 6
aT ~ " fn (210, 4) ©)
du . = kil
—— =idou+ Y dyzwu = Uz, w, u)
| dT ktj+1=2

where z, w, T, a1, by, dii€C (k, j, | € N), the systems (4) and (6) are called concomitant.

5
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Theorem 1 (see [16]). For system (6), using the program of term by term calculations, we can
determine a formal power series:

Flz,w,u) =zw+ Y  Capyz*wbu? (7)
a+p+y=3

such that
dF B OF _ OF OF o

N\ _Z__ o ! m-+1
dT 9z Oy 7 ou il mzzlﬁlm (z2) ®)

where c110 = 1, c101 = co11 = €200 = co20 = 0,10 =0, k =2, 3, ---.

Definition 1. The u,, in the expression (8) is called the mth singular point quantity at the origin
on center manifold of system (6) or (4), m =1,2,---.

Theorem 2 (see [16, 34]). For the mth singular point quantity and the mth focal value at the origin on
center manifold of system (4), i.e., u,, and vy 1, m = 1,2,---, we have the following relation:

m-1
Va1 (270) = imp, +in Y, E®p, (9)
k=1

where é,(jj) (k=1,2,---,m = 1) are polynomial functions of coefficients of system (6). Usually, it is called
algebraic equivalence and written as vy, 1~iT,,.

Based on the previous work in Ref. [16], we have developed the calculation method of the focal
values on the center manifold for real four-dimensional nonlinear dynamical systems in Ref.
[35]. In fact, here Theorem 1 can be generalized in the n-dimensional real systems as follows

(Cil—J: = —y + h.o.t. = X(x7y7u)’
% =x+ h.o.t. = Y(x7y7u)’ (10)
% = _diui —+ hOt = [li(x;]/a“)’ 1= 1’2’.”’71_2

where u = (uj,us,---,u,-2), h.o.t denotes the terms in x,y,uq,us, :-,u,—» with orders greater than
or equal to 2, and all 4; > 0.

By means of transformation of Eq. (5), system (10) can be transformed into the following
complex system

dz - ;

ﬁ =zt Zk+j+l:2akﬂ Zku}]ul - Z(z,w,u),

dw - ;

dT ~ _w_zk+j+l:zbkj1 w'zu' = -W(z,w,u), (11)
du: .

d_”; —idju+ Y7 4,20 = Uzwow), i=1,2,n-2

-2
where the subscript “kj1” denotes “kjl;---1,2”, u = ul;u’;---uf;;g, and [ = ) [;, all u; eR,
i=1

z,w, T, a1, b1, dij1 € C (k, j, I; € N), we call that system (10) and system (11) are concomitant.
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Theorem 3. For system (11), using the program of term by term calculations, we can determine a
formal power series:

F(z,w,u) = zw + i Cap t z2wPut (12)
a+p+{=3
such that
dF OoF _ OF n=2 oF o 1
= Z— WY —U = - 13
dT 0z 6]/ * i§1 aui H mzzlym (Zw) ( )
n-2

4 V1,7

where the subscript “apl” denotes “afy, -y, ", u' = u) ub?--u"3, and € = ¥y, and more setting
i=1

Cape = 0 with 0<a + B + <2 except for cr10 = 1, and cio = 0 with k=2.

Proof. 1t is very similar to the proving course of Theorem 1.3.1 in [16], by computing carefully
and comparing the above power series with the two sides of (13), we can obtain the expression

of u,.

Definition 2. The u, in the expression (13) is called the mth singular point quantity at the
origin on center manifold of system (11) or (10), m = 1,2,---.

Remark 1. Similar to Theorem 2, there exists a equivalence between p, and vy,,,1, namely, if
Py =ty = =+ =, = 0,u,#0, then v3 =v5 = -+ = vyy-1 = 0,041 = imp,,, m =1,2,---, and
vice versa.

Corollary 1. The origin of system (10) or (11) is a center restricted to the center manifold if and only if
u,,, = 0 for all m.

Remark 2. From the relation given by Remark 1 and Corollary 1, the center-focus problem and
Hopf bifurcation of equilibrium point restricted to the center manifold can be figured out by
the calculation of singular point quantities for system (10).

2.2. An example of four-dimensional system

Recently, the study of chaos has become a hot research topic, and the attention of many
researchers is turning to 4D systems from 3D dynamical systems, for example, the authors of
Ref. [36] investigated Hopf bifurcation of a 4D-hyoerchaotic system by applying the normal
form theory in 2012, but its multiple Hopf bifurcation on the center manifold have not been
considered. Here, we will investigate the system further by computing the singular point
quantities of its equilibrium point, which takes the following form

3&1 = a(xz—xl)

Xo = CX1—X2 + X4—X1X3 (14)
X3 = x1X2-bx3 + ex?
X4 = _sz

where a,b,c,e, KER. Obviously, system (14) has only one isolated equilibrium: O(0,0,0,0)
when K#0. Therefore, we only need to consider O. The Jacobian matrix of system (14) at O is
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-a a
c -1 0
A —
0O 0 -b
0 -K 0

with the characteristic equation:

(A +b)(A* + (a + 1)A? + (a—ac + K)A +aK = 0.

S O = O

(15)

To guarantee that A has a pair of purely imaginary eigenvalues +i w(w > 0) and two negative
real eigenvalues A;,A,, we let its characteristic equation take the form

(A% 4+ @?)(A=A1)(A=Az) = 0.

Thus, we obtain the critical condition of Hopf bifurcation at O:

a*(c-1) = o?, K=a(a+1)(c-1), Ay =-b, Ay =-a-1

(16)

N (‘”;)“’2. Under the conditions (16), one can

where a > -1,b >0, ¢ > 1, namely, ¢ = *5

find a nondegenerate matrix

_ ia? ia? a7
(a+1D)(a+iv)w (a+1)(@—iv)w w?
p_ _da a
B (a+1w aw + @ w?
0 1 0
1 0 1
such that
wi 0 0 0
_ 0 -wi O 0
PIAP=| 0 o4 o o 17)
0 0 0 -a-1

Namely, we can use the nondegenerate transformation and the time rescaling: T = itw to make
the system (14) become the following same form as the complex system (11) with n = 4:

= Z(Z7w7u7v)’

(18)

= U(Z’w7u7v)?

% =z Zf+j+l+n:2akjlnzka)jul "

j—;‘“) - _w_zzimﬂzz bk/’ln wulo" = -W(z,w,u,v),

% - % “+ Zf+j+1+n:2 dkﬂn Fwu'v"

% - Sk T Zf+j+l+n:26kjlnzka}julvn = V(z,w,u,v)

where u€R, z, w, T€C, and all ayj, = byji, = dijin = exjin = 0 except the following coefficients
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a® 4+ a*(1 + iw) + iaw a(w—-ia)
5 : » dotio =
20*(a +iw +1) 2w (az +a+ a)(a)—i))

apo11 =

bl

biin = i (ikjl = 0011,0110),

doocs — ia®(1-a)e dotor — _a*(2e+1)-a*(1 + iw)
w7 (a+1Dw*(a-iw)
Pw+iat(e+1) a*(2e + 1) + a°(iw-1)
dooo = 3 —.  dion = vl : ;
(a+ 1) w(a-iw) (a+1w*(a +iw)
dch L 2iat(e + 1) dlogh AN aw-iat(e + 1)
(a+1) w3 (a2 + @?)’ (a+1)2w3(a + iw)*’
€oo11 = ~ faa +1) €0110 = ~ .
w(@+2a+w?*+1)’ (a-iw)(a? +2a 4+ w? + 1)’
a
co10 = (a+iw)(a® +2a + w? +1)

where a5, denotes the conjugate complex number of ay;,.

According to Theorem 3, we obtain the recursive formulas of cap, and p,,.

Theorem 5. For system (18), setting capyr = 0 with 0<a + B+ y + A<2 except for c1100 = 1, and
cxoo = 0 with k=2, we can derive successively and uniquely the terms of the following formal series (12)
with n = 4, such that (13) with n = 4 holds and if a#p or a = B, A* + y?#0, Capya 1s determined by
following recursive formula:
)
o = wlap) +ilby + (a+ 1) A)

{—d2000(1 + )/)C[O(—z,ﬁ,]/ + 1,/\]—611100()/ + 1)C[0(—1,ﬁ—1,)/ + 1,/\]—

eoto(A + 1)cla=1,8,y-1,A + 1]~do01 (y + 1)cla-1.8,y + 1,A-1]+

bOllO (ﬁ +1 C[a_17ﬁ + 17)/_17A]_d0200 (7/ + 1)C[aaﬁ_27y + 17/\]_ (19)

60110(/\ + 1)C[0(,ﬁ—1,)/—1,)\ + 1]—d0101 ()/ + l)c[a,ﬁ—l,y + 1,)\—1]—

eoollﬂc[a,ﬂ,y—l,/\]—doooz()/ + 1)C[Ot,ﬁ,]/ + 1,/\—2]‘1—

bOOll (ﬁ + 1)C[6¥,‘3 + 1,7‘1,/\‘1]‘&0110 (oz + 1)C[6¥ + 1,ﬁ—1,y—1,A]—

ago11 (a + 1)cla + 1,8,y-1,A-1}}

~— —

and for any positive integer m, u, is determined by following recursive formula:

iy = dZOOOC[_2 + m,m, 17 O] (20)

+ dy100¢[-1 + m,~1 + m, 1,0] + dopooc[m,~2 + m, 1,0]
and when a« < 0or p<0ory <0orA<Oora=p,y=A7A=0 wehave let c,gy) =0, and where
each cla,B,y,A] denotes c

apyA *

By applying the above formulas in the Mathematica symbolic computation system, we figure
out easily the first two singular point quantities of the origin of system (18):

uy = iafy [la] be (a+1)*d]

21
i, = 108ia’b*f, f2 f, [la| Pdodi?dy*ds]™ 1

where
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f, = 8a’ce + 8a’c-8aPe-8a*-2abce + 2a*be + 8a*ce + 8a*c
~8a2e~8a2 + ab’c + 3ab*e + 2ab® + 2abc-2ab + 3b%e + 3b,
fo=(2a+b+2)(2ae +2a-b) (e + 1),
f5 = 4a’e + 4a’-3abe-2ab + 4ae + 4a + b,
£, = 8a°c-16a°c + 8a°-2a*bc? + 2a*bc + 8a*c*—16a*c + 8a* + 2a°b*c
~2a°b*-4a®bc + 4a°b-5a2b>c + 4a’b® + 2a%b%c
—2a2h*-2abc + 2a*b-2ab>-1,
do = (aPc + 2a + 1)(4a’c-4a? + b%)(c-1)*,
di = 8a°c-8a®~2a%bc + 2a%b + 8a*c-8a% + 3ab® + 3b7,
d, = 8a%e + 8a*>~2abe + 8ae + 8a + b* + 2b,
dz = 9a%c-8a% + 2a + 1,

and the above expression of (1, is obtained under the condition of u; = 0.

From Remark 1 and the singular point quantities (21), we have

Theorem 6. For the flow on center manifold of the system (14), the first 2 focal values of the origin are
as follow

v3 = impy, U5 = imp, (22)

where the expression of vs is obtained under the condition of vz = 0.

Remark 3. In contrast to the result and process in [36], one can easily see that our first quantity
is basically consistent with its characteristic exponent of bifurcating periodic solutions, and our
algorithm is easy to realize with computer algebra system due to the linear recursion formulas,
and more convenient to investigate the multiple Hopf bifurcation on center manifold.

Considering its Hopf bifurcation form of Theorem 6, we have the following:

Theorem 7. At least two small limit cycles can be bifurcated from the origin of the 4D-hyoerchaotic
system (14), which lie in the neighborhood of the origin restricted to the center manifold.

The rigorous proof of the above theorem is very similar to the previous ones in [14, 16], namely,
by calculating the Jacobian determinant with respect to the functions v3, vs and its variables,
which will not be given here.

3. Case of the degenerate singular point

Up till now, study on bifurcation of limit cycles from the degenerate singularity of higher
dimensional nonlinear systems (1) is hardly seen in published references. Here, we will inves-
tigate the Hopf bifurcation problem from the high-order critical point on the center manifold.

3.1. The formal series method of computing degenerate singular point quantities on center
manifold

Let us consider the real n-dimensional systems with two zero eigenvalues and zero linear part
as follows
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dx o 4
G- Gxy)(P+y)"+ Y Agxyul = X(xyu),
k+j+1=2q+2
d o ‘
d—y = (x-0y)(*+y)+ ¥ Bpxyu' =Y(xyuw), (23)
t ktj+1=2g+2
dui _ dui+ Y dgz'wia! = Ui(xyu), i=1,2,n-2
| dt kj+1=2

n-2
where the subscript “kj1” denotes “kjly---1,5", u! :ulllulzz---ufszz, and [ = )1, all d; >0,
i=1

X, Y, Ui, t, 0, Akjt, Biji, dki€R, g, k, j, LEN. Obviously, the origin of system (23) is a high-order
degenerate singular point with two zero eigenvalues and n—2 negative ones.

In order to discuss the calculation method of the focal values on center manifold of the system
(23), from the center manifold theorem [1], we take an approximation to the center manifold:

u=u(xy) =u(x,y) +ho.t (24)
where u = (x1 ,xz,---,xn_z)T, u, is a quadratic homogeneous polynomial vector in x and y, and h.

o.t. denotes the terms with orders greater than or equal to 3. Substituting u = u(x,y) into the
equations of system (23), we obtain a real planar polynomial differential system as follows

dx o ~
a Gxy) (o +2) "+ ¥ Xe(xy) = X(xy),
& k:2°:7+2 ) (25)
ar (x-0y)(P+ )T+ ¥ Yilxy) =Y(xry)
k=2g+2

where Xi(x,y), Yi(x,y) are homogeneous polynomials of degree k, and the origin is degenerate
with a zero linear part.

For system (25), some significant works have been done in Refs. [26] and [27]. Let us recall the
related notions and results.

By means of transformation (5)

z=x+yi, w=xvyi, u=u, T=1it, i=+v-1,

system (25) is transformed into following system:

dz _ (1-i0)z7 ! + > wiZw = Z(zw),

dT k+j=29+2 (26)
d oo .

o= (140w Y by = -W(zw)

dr k+j=2q+2

where z, w, T are complex variables and for any positive integer k, j, we have ay; = by, then
systems (25) and (26) are called concomitant.

For any positive integer k, we denote
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filzw)= ) caﬁz“wﬁ
a+p=k

a homogeneous polynomial of degree k with coo =1, cie =0, k =1, 2,---.

Theorem 8 ([26, 27]). For system (26) with 6 =0, we can derive successively the terms of the
following formal series:

s fm(2q+3) (Z,ZU)
Fizow) =zw|1 + mél W (27)
such that
dF OoF , OF ol
- -7 — q m+1
T3 Z S W = (zw) mélym(zw) . (28)

Definition 3. If 6 = 0 holds, u,, in expression (28) is called the mth singular point quantity at
the degenerate singular point for system (26) or (1.3.26) is also called the mth singular point
quantity of the origin on the center manifold of system (23), where m = 1,2,---.

Similar to Theorem 2, there also exists a equivalence between the mth singular point quantity
and the mth focal value vy,,+1(27) at the origin on center manifold of system (23).

Theorem 9. For system (23) with 6 =0, and any positive integer m, the following assertion holds:

Vo1 (271)271 u,,, namely

m-1
V2m+1 (271) =in (Hm + kzlé,(ff)uk) > (29)

where E,(fj) (k=1,2,---,m=1) are polynomial functions of coefficients of system (26). Then, the relation
between vy,,41(21) and 1, is called the algebraic equivalence.

Remark 4. In fact, from Theorem 2, for any positive integer m = 2,3, if y; = g, = -- =p, , =0
and v1(2m) = v3(2m)++ = v2,-1(2m) =0 hold, and vice versa. And more the stability and
bifurcation of the origin of system (23) can be figured out by calculating the singular point
quantities.

Corollary 2. The origin of system (23) is a center restricted to the center manifold if and only if u, =0
for all m.

3.2. An example of three-dimensional system

Now we consider an example for system (23) with n = 3, it can be put in its concomitant form
as follows
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% = (1—i(§)zzw + uz (a2022 + aj1zw + ﬂozwz) =7,
% = —(1 + i0)zw*~uw (byow? + byjwz + bpz*) = -W, (30)
% =iu +idizw = U,
where d;#0 and
a; = A; +iB;, bj = Ai-iB;, A;,B€R, i,j = 0,1,2, (31)

namely, a; = Eij. Then for the center manifold of system (30), from the transformation (5), we
can determine the formal expression (24): u = u(x,y) = u(z,w), thus obtain
dz Lo\ 2 ~ 2 2 >
7= (1-10)z"w + uz (axz* + ap1zw + apw?) = Z,
: 32)
q i N (
% =—(1+ ié)zwz—uw (bzng + bpywz + bozzz) =-W
Remark 5. For system (32), the corresponding n = 1 in (27) and (28) of Theorem 8, we figure out
that each p,, is related to only the coefficients of the first 2m + 3 order terms of system (32),
m =1,2,.... Here, we determine the above u just to the sixth-order term as follows
~ 6 ~
u(z,w) =) uk(z,w) (33)

k=2

where 1 is a homogeneous polynomial in z,w of degree k and

i’lZ — _dlsz 1’14 = 26d122w2, il3 == ﬁ4 - il5 = 07
ite = —idiwz((ap=bao)d1w’z + (ar1d1=b11d1-8i6%)w’z>
+(a20—b02)d1wz3). (34)

Hence, Z and W in system (32) are two polynomials with degree 9.

Theorem 10. For system (32) with 6 = 0, we can derive successively the terms of the formal series (27),
such that (28) holds (cag, u,, in Appendix A).

Applying the powerful symbolic computation function of the Mathematica system and the
recursive formulas in Theorem 10, and from Remark 5, we obtain the first three singular point
quantities as follows

py = —di(ayi—=bu),
1, = di (baobox~ax0an), (35)
1y = —2id] (agaa20 + boobao—ag2boo—a20b20)

In the above expression of each y,, k = 2,3, we have already let y;, = --- =y, ; = 0.

Thus, from Theorem 9 and Egs. (35) and (31), we have

13
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Theorem 11. For the flow on center manifold of system (30),s—o, the first three focal values
v2i+1(27) (i = 1,2, 3) of the origin are as follows

U3 = 27’(d1B],
vs = 2mds (AyBy + AoBy), (36)
Oy = 2nd§ [(Ao—Az)z + (BQ + 32)2]

Theorem 12. For the flow on center manifold of (30)s5—o, the origin is a three-order weak focus, i.e.,
v3 =vs5 =0, vy # 0 if and only if

By =0, AyBy + AgB, = 0 and (Ag—-Az)> + (By + B2)* #0 (37)

Remark 6. For the coefficients of system (30)s—o, there exists necessarily a group of critical
values: A; = A7, B = B} (i =0, 1,2) such that the conditions (37) hold, for example:

Al =B;=0,A,=B;=1,B,=-A, =13 (38)

Now we consider Hopf bifurcation of limit cycles from the origin for perturbed system (30).

Theorem 13. At least three limit cycles can be bifurcated from the origin of system (30) restricted to the
center manifold, which lie in the neighborhood of the origin.

Proof. From Theorem 11, one can easily calculate the Jacobian determinant with respect to the
functions v3,vs5,07 and variables B1,By,A,

0(v3,v5,07)

) 3 4P(8(AgAy—AS—ByB,—B2
3(B1,Bo,Ao) 7 d}[8(AgAr~A3—BoBa—B;)] (39)

J=

Considering the conditions (37) of Theorem 12 and substituting the group of critical values of

Eq. (38) into Eq. (39), we obtain ] = 6497°d] # 0. Thus, we take some appropriate perturbations
for the coefficients of system (32) to make the following two conditions:

(1(21)-1)v3 < 0, v305 < 0, V507 < 0 (40)
and
701 |<|v3|<|vs| <[ v7 | (41)

hold, one must obtain that the succession function on the center manifold has three small real
positive roots, just the system (30) has at least three limit cycles in the neighborhood of the
origin. We can refer to references [16, 26, 27] for more details about the construction of limit
cycles.

Remark 7. In general, in order to find more limit cycles in the neighborhood of the origin of
system (30), we should add more higher order terms of u(z,w) determined in Eq. (33). Here we
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propose a conjecture that system (30) has at most three limit cycles through Hopf bifurcation
restricted to a center manifold from the origin. However, the center conditions or integrability
at the degenerate singularity will need further study.

4. Conclusion and discussion

The two classes of methods for computing the nondegenerate and degenerate singular point
quantities on center manifold of the three-, four-, and more higher dimensional polynomial
systems are discussed here, and more as the applications of them, the multiple limit cycles or
Hopf cyclicity of two typical nonlinear dynamic systems restricted to the corresponding center
manifolds are investigated.

Appendix A

C[avﬁ] =
1

5(a=p)
x dicla=17,6-13] + ((a11bo2 + axb11)(20-p—a)—2bx2b11(5-3p + 2a)—
2a11a20 (15 + 2p-3a))d1c[a-16,-14] + ((a02boz + a11b11 + a20b20) (20~
B-at)—(a3, + 2a02a20) (10 + 2B-3a)—(b3; + 2boabao ) (10-36 + 2a))d; cla—
15,8-15] + ((agab11 + a11b20) (20—~ )—2b11b20(15-3B + 2a¢)-2apa11 (5+
26-3a))d1cla—14,6-16] + (apabag (20—B—a)—b3y(20-3p + 2a)—

a2, (2p-3a))d1c[a—13,8-17]-bpa (5 + 3B-2a) + ax (5 + 2p-3a))ic[a-
6,8-4]-(b11(3-2a) + a11(2p-3a))i c[a=5,5-5]

+(b20(5-3B + 2a) + ap(5-2B + 3a))ic[a—4,-6]

d1{b5, (3-2a) + azobo (20-B—ar)—a5,(20 + 2p-3a))

ola] = —%{(ago(a—ZO) + 2a0b02 (10-a0) + b3, @) d; c[a-17,a-13]
+(2a11a20(=15)-2(a11boz + axob11)(a=10) + 2bgpb11 (a=5))d1c[a—
16,0-14] + ((a3; + 2402820202002 ~2a11b11 + b3 ~2a20b20 + 2bo2bao) (-
10))d;c[a—15,a-15] + 2((ageb11 + a11b20) (10~a)=b11b20 (15-a)~apra11 (5—
a))dicla—14,a-16] + (b3, (a—20)-2(agby)(a-10) + aZ,a)d;cla-13,a-
17] + (a20(@=5)-bo2 (5 + @) )i c[a—6,a—4] + (a11-b11 )i c|a=5,a—
5]=(bao(a=5)-a02 (5 + @))i cla—4,a-6]},

H,, = i[5ml,

where clk,j] = c;.

15
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