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Abstract

In the present chapter, we study the propagation of photons through dispersive media,
starting from a description of the dynamics of free photons using a Dirac-like equation
with an analysis of the energy solutions arising from this equation. A comparison with
the case of a free electron is made. We present an analysis of the interaction between
photons with the medium considering both a classical and a quantum treatment of light,
and also we analyse the propagation of photons along a waveguide where they behave
as if they did have a finite mass. As a technological application of the theoretical frame
here presented, we consider the use of the properties of metamaterials to control the
propagation of waves through waveguides filled with this kind of materials.

Keywords: photon, Hamiltonian, wave function, antiparticle, dielectrics, coherence,
metamaterials

1. Introduction

Up to now, the photon is understood as the quantum of electromagnetic radiation. In 1905,

Einstein proposed that energy quantization was a property of electromagnetic radiation itself.

Accepting the validity of Maxwell's theory, he pointed out that several experiments with

results unpredictable by the classical electrodynamics theory could be explained if the energy

of a light wave was localized into point-like quanta moving independently of one another.

A very simple and intuitive interpretation at the level of undergraduate teaching of quantum

physics is that photons are the fundamental particles of light having the property that they

behave both as a particle and a wave (wave-particle duality). They also have characteristics,

which make them different from other particles. One of these characteristics is that, as theo-

rized up to now, when freely propagating, they behave as massless particles not interacting

between them and carrying linear and intrinsic angular momentum.

In modern terms, a photon is considered as an elementary excitation of the quantized electro-

magnetic field, and it can be treated as a (quasi-) particle, roughly analogous to an electron.

© 2017 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



It has unique properties, arising from its zero rest mass and its spin-one nature. In particular,

since the early days of quantum mechanics, it has been argued that there is no position

operator for a photon, leading someone to conclude that there can be no properly defined

wave function, in the Schrödinger sense, which allows to know the probability of finding the

particle in a given spatial region. Nevertheless, photon position operators have been postu-

lated whose eigenvectors form bases of localized states, as in Ref. [1].

The aim of this chapter is study the propagation of photons through dispersive media. This

chapter is organized as follows. In Section 2, a semiclassical description of the dynamics of free

photons is presented using a Dirac-like equation. In Section 3, the positive and negative energy

solutions arising from these equations are analysed. A comparison with the case of a free

electron is made. Section 4 presents an analysis of the interaction of photons with the medium

considering both a classical as a quantum treatment of light. Section 5 includes an analysis of

the propagation of photons along a waveguide where they behave as if they did have a finite

mass. In Section 6, some technological applications of the theoretical frame here presented are

shown, such as the use of the properties of metamaterials to control the propagation of waves

through waveguides filled with this kind of materials.

2. A Dirac-like equation for the photon

Maxwell's equations can be considered as a classical field theory for a single photon that can be

field (or “second”) quantized to obtain a quantum field theory of many photons.

In Ref. [2], it has been shown that in a region without sources Maxwell's equations can be

written in the form of a Schrödinger-like equation for a single photon adding a transversality

condition. Although in quantum mechanics Schrödinger's equation is valid for describing the

dynamics of a nonrelativistic particle, its application for the case of a photon must be consid-

ered only within the context of classical electrodynamics and taking into account that we are

dealing with an equation which has the form of Schrödinger's equation and that it is equivalent

to Maxwell's equations.

Considering that one important requirement of a quantum theory for describing the dynamics

of photons is Lorentz invariance, in this section, we study the application of a Dirac-like

equation. In Refs. [3, 4] it has been shown that Maxwell's equations without sources can be

written in a form analogous to that of Dirac's equation for a free electron. These last works also

show that optical spin and light orbital angular momentum can be obtained from this Dirac-

like equation. As an extension of these works we give arguments for obtaining this equation in

a similar form to those used for the deduction of Dirac's equation for an electron, starting from

the relativistic expression for the energy. For example, see Ref. [5]. We also study the positive

and negative energy states obtained from the corresponding Hamiltonian and the form that

this equation takes for the propagation of a photon in a magnetodielectric medium.

As in Ref. [6], we begin with a derivation of a Dirac-like equation for a photon starting from

Dirac equation for a massless particle in free motion, so that we postulate an equation of the

form:
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iℏ
∂

∂t
ψ ¼ Ĥψ (1)

Since Eq. (1) is linear in the time derivative, it seems natural to construct a Hamiltonian

operator also linear in the spatial derivatives. This is compatible with the energy-momentum

relation for the photon E ¼ cjp
!
j for the photon. Therefore, we postulate a Hamiltonian of

the form:

Ĥ ¼ cα
!
� p
!

(2)

where p
!
¼ −iℏ∇ is the momentum operator and Ĥ is the Hamiltonian operator.

As in Ref. [7], a possible election for α
!
is a vector operator of the form

α
!
¼ 0 τ

!

τ
!

0

� �

(3)

where τ
!
is a vector matrix whose components are the spin-1 matrices

τx ¼
0 0 0
0 0 −i
0 i 0

0

@

1

A; τy ¼
0 0 i
0 0 0
−i 0 0

0

@

1

A; τz ¼
0 −i 0
i 0 0
0 0 0

0

@

1

A (4)

In Section 3, it is shown that the above equations lead to the relation E ¼ cj p
!
j for a free photon

propagating in an unbounded medium, so that the Dirac-like equation given by Eq. (1) gives a

solution analogous to the energy of a free fermion obtained from Dirac's equation in the limit

of zero mass. Nevertheless, this must be considered only as a formal analogy since photons

have spin 1 and Dirac's equation is applicable for particles of spin ½.

There exist a variety of Dirac-like formulations of Maxwell's equations and alternative ways for

choosing the wave function ψ. Considering that photons have only energy and no other scalar

quantities such as mass or charge, it is convenient to choose ψ so that its modulus squared

correspond to energy density not of probability density for localization as is the case of a

particle with mass like the electron. Therefore, we choose as wave function the following

column vector of dimension 6x1

ψ ¼ k1 E
!

ik2 B
!

 !

(5)

In this last equation, the components of E
!
and B

!
are written as column vectors 3x1 and taking

k1 ¼
ffiffiffiffiffiffiffiffiffi

ϵ0=2
p

and k2 ¼ 1=
ffiffiffiffiffiffiffiffi

2μ0

p

we obtain

ψþψ ¼
1

2
ϵ0E

!
2 þ

B
!
2

2μ0

¼ wem (6)
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This last expression corresponds to the density of energy in the electromagnetic field.

For an electromagnetic wave propagating in a linear magnetodielectric and nonconducting

medium, there is an induced polarization and magnetization classically represented by the

polarization and magnetization vectors P
!

and M
!
, respectively. These vectors are related with

the electric and magnetic fields as D
!
¼ ϵ0 E

!
þ P

!
and B

!
¼ μ0ðH

!
þ M

!
Þ. Using these relations,

Maxwell's equation corresponding to Ampere's law may be rewritten as

∇· H
!
¼

∂ D
!

∂t
þ J

!

ind (7)

where J
!

ind ¼ ∂P
!

∂t þ ∇· M
!

is an equivalent current density associated to the polarization and

magnetization of the medium. In this case, the Dirac-like equation becomes

iℏ
∂

∂t
ψ ¼ cα

!
� p
!
ψ −

iℏ

2k1
~J (8)

where ~J ¼ J
!

ind

0

 !

is a column matrix of dimension 6x1.

From Eq. (8), a continuity equation for the wave function ψ may be derived taking the scalar

product with ψþon both sides, obtaining

1

2

∂

∂t
jψ2j ¼ −cψþ α

!
�∇ψ −

iℏ

2k1
ψþ �~J (9)

Using Eqs. (6)–(9) and the definition of the column matrix ~J given previously, one obtains the

classical equation for conservation of electromagnetic energy

∂

∂t

n

ϵ0E
!

2 þ μ0H
!

2
o

þ E
!
� J
!

ind ¼ −∇ � ðE
!

· H
!
Þ (10)

3. Positive and negative energy states for a photon

The energy eigenvalues are obtained by looking for stationary state solutions of the Dirac-like

equation. A plane wave solution of this equation has the form

ψkð r
!
, tÞ ¼ Akexp

i

ℏ
ðp
!
� r
!
− ℏωtÞ

� �

(11)

for k ¼ 1 to 6, where p
!
is the momentum vector and ω is the angular frequency. Considering a

momentum vector with components along two directions, for example, parallel to x and y
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axes, from Eqs. (2) and (3), it can be shown that the values of the energy for a photon can be

obtained from the eigenvalues of the 3x3 matrix ðcτ
!
� p
!
Þ2 for this case given by:

ðc τ
!
� p
!
Þ2 ¼ c2

p2y −pxpy 0

−pxpy p2x 0

0 0 p2x þ p2y

2

6

4

3

7

5
(12)

The corresponding solutions for the energy are E ¼ þcp, E ¼ −cp and E ¼ 0 where p ¼ jp
!
j.

The negative energy solution may be interpreted using Feynman concept of antiparticles

associating to photon states going backward in time and postulating that the photon is its

own antiparticle. For example, see Refs. [8, 9]. The solution E ¼ 0 has no physical meaning

since it would imply that a photon in vacuum could be at rest (zero momentum) and from

the point of view of classical electrodynamics, it would result in an electromagnetic wave

propagating in an unbounded medium with a field component parallel to the direction of

propagation, what is not compatible with Maxwell's equations. That can be seen if one

considers, for example, motion along the z direction with momentum pz ¼ p. In that case,

the calculation of the eigenvalues and eigenvectors of the Hamiltonian given by Eq. (2)

shows that the positive and negative energy solutions are valid because they are compatible

with an electromagnetic wave propagating in vacuum and satisfying the condition that the

electric and magnetic field vectors must have only transversal components (that is perpen-

dicular to the z axis in this case). On the other hand, the solutions with zero energy are not

valid since they imply that the electric or magnetic field have longitudinal components

(parallel to the direction of propagation).

It is important to consider that Dirac's equation for a particle like an electron only gives

positive and negative energy solutions.

4. Interaction between photons and the medium

4.1. Introduction

When light passes through a material, there is an electromagnetic interaction with the particles

of the medium. This interaction is macroscopically manifested by two main effects: absorption

of energy from the incident beam and scattering.

Considering that every particle has electric charge that acquires a motion due to the electric

field associated to the incident electromagnetic wave, the absorption of energy may be under-

stood using a phenomenological model of electric dipoles with negative charges whose posi-

tions oscillate with respect to the centre of positive charges, with a frequency corresponding to

that of the incident light. This oscillatory motion has a damping associated to the dielectric

losses.

The scattering of light may be thought of as the redirection that takes place when an electro-

magnetic wave encounters an obstacle or non-homogeneity. The accelerated motion of the
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charges gives rise to radiation of electromagnetic energy in all directions producing secondary

waves, process known as scattering.

4.2. Classical model for the interaction between light and matter

A classical model for representing the optical response of a polarizable medium through which

travels a monochromatic electromagnetic wave of frequency ω is the Drude model where it is

imagined that due to the electric field vector associated to this wave, each electron bound to

the nucleus of an atom performs harmonic oscillations. Therefore, oscillating electric dipoles

are formed, and considering that the electric dipolar moment is related to the electric field

through the atomic polarizability αðωÞ, we get

αðωÞ ¼
e2=m

ω2
oe−ω

2
−iΓd

(13)

In this last equation, ωoe ¼
ffiffiffiffiffiffiffiffiffi

k=m
p

is the natural frequency of oscillation, Γd ¼ γ=m is the

absorption parameter and m is the mass of the electron.

At a macroscopic scale, the formation of electric dipoles in a dielectric material subjected to

an applied electric field is described by means of the polarization vector P
!

defined as the

electric dipolar moment per unit of volume and related with the electric field and displace-

ment vectors as

D
!

¼ ϵ0E
!
þ P

!
¼ ϵ0E

!
þχϵ0E

!
¼ ϵϵ0 E

!
(14)

In this last equation, χ is the dielectric susceptibility and ϵ ¼ 1þ χ is the dielectric function

which in general depends on the frequency ω.

If n is the volumetric density of molecules dipoles each one with Ze electrons, the polarization

vector is rewritten as

P
!
¼

nZ
2
e=m

ω2
oe−ω

2
−iΓd

E
!

(15)

Therefore, we obtain the Drude model for the dielectric function:

ϵðωÞ ¼ 1þ
ω2

pe

ω2
oe−ω

2
−iΓd

(16)

where ωpe is the plasma frequency given by ω2
pe ¼ nZ

2
e=mϵ0.

From Eq. (16), it can be seen that a lossy dielectric medium has a complex refraction index

nr ¼
ffiffiffiffiffiffiffiffiffiffi

ϵðωÞ
p

whose imaginary part is associated to the attenuation of the intensity of an

electromagnetic wave propagating in this medium due to absorption of energy.

For the magnetic permeability, as in Ref. [10], a Drude-Lorentz model similar to that given by

Eq. (16) can be used:
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μðωÞ ¼ 1þ
ω2

pm

ω2
Te−ω

2
−iΓdm

(17)

where ωpm is the magnetic coupling strength, ωTe is the transverse resonance frequency, and

Γdm is the absorption parameter. The real part of ϵðωÞ and μðωÞ are negative for the following

frequency ranges:

ω2
oe < ω2

< ω2
oe þ ω2

pe for Re½ϵðωÞ� < 0

ω2
Tm < ω2

< ω2
Tm þ ω2

pm for Re½μðωÞ� < 0

When both ϵðωÞ and μðωÞ have negative real parts, the real part of the index of refraction is

also negative and the medium has the behaviour of a left-handed material (also known as a

double-negative material) with the Poynting vector and the wave vector having opposite

directions. For example, see Ref. [11].

4.3. Quantum treatment

When an incident pulse enters into a dielectric medium, it undergoes modifications due to

dispersion and absorption and in the case of a dielectric slab due to reflections from its

surfaces. These modifications give rise to a distortion of the transmitted pulse in comparison

with the incident pulse. Furthermore, the transmission of the pulse may be affected by thermal

emission from the slab at elevated temperatures.

In classical electrodynamics, the interaction of light with matter is performed in two stages.

First, an explicit model of the medium is assumed and its response to an electromagnetic field

is calculated. The interaction is represented by the dielectric function, which embodies the

optical properties of the material. In the second stage, this dielectric function is used for

studying the propagation of the electromagnetic wave through the medium, determining

effects as energy absorption and velocity of propagation. Nevertheless, for a finite number of

photons, there are effects that cannot be described by a classical approach such as zero average

electric field between two conducting plates and electric force between the plates even if the

number of photons is zero (the so-called vacuum fluctuation and Casimir forces, respectively).

In addition, for a nonclassical pulse propagating in an absorbing and dispersive medium, there

are modifications in the correlation properties that can only be described by a quantum theory

of the photon.

As in Refs. [12, 13], the formalism for electromagnetic field quantization in a dispersive and

absorbing dielectric, in general, includes the following steps:

1. Express Maxwell’s equations in terms of transverse electric and magnetic vector operators

obtained from a vector potential operator.

2. Express the above vector potential operator as a function of the complex refraction index

and of a current operator associated with noise sources coupled with the electromagnetic

field in presence of lossy dielectrics.
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3. Incorporate boson-type operators and commutation relations between the electromag-

netic field operators.

In what follows, we illustrate the application of this procedure for the case of light propagating in

the x direction in a dielectric homogeneous medium with index of refraction nr ¼ ηðωÞ þ iKðωÞ,

focusing our analysis in the determination of the first-order correlation of the electromagnetic field

in two separate points at the same instant.

As shown in Ref. [12] for a state with N photons, the quantum field-field correlations between

two points placed over the x axis at positions x1 and x2 are

hEðx1,ωÞEðx2,ωÞi ¼

N2
ℏωexp½−Kωjx2−x1j=c�

ϵ0cSðη2 þ K2Þ
ηcos

ηωjx2−x1j

c

� �

þ Ksin
ηωjx2−x1j

c

� �� �

:
(18)

hEðx1,ωÞEðx1,ωÞi ¼
N2

ℏω

ϵ0cSðη2 þ K2Þ
η (19)

We consider the following definition of the spatial first-order coherence function for two points

placed over the x axis and separated by a distance s (e.g., see Refs. [14, 15])

gð1Þ ¼
hEðx,ωÞEðxþ s,ωÞi

Eðx,ωÞEðx,ωÞ

	

	

	

	

	

	

	

	

	

	

(20)

Therefore, from Eqs. (18–20), we obtain

gð1Þ ¼
exp½−Kωjx2−x1j=c�

η
ηcos

ηωjx2−x1j

c

� �

þ Ksin
ηωjx2−x1j

c

� �� �

(21)

As an example, we make a comparison of this last result with that obtained calculating the

classical coherence function. For that purpose, we consider a beam of light produced by

excitation of two linearly polarized waves with frequencies ω1 and ω2 propagating in the x

direction in a medium with refraction index nrðωÞ so that the resulting electric field is

E
!
ðx, tÞ ¼ ŷE1exp i

ω1

c




nrðω1Þx−ct
�h i

þ ŷE2exp i
ω2

c




nrðω2Þx−ct
�h i

(22)

The Fourier transform of this field is

E
!
ðx,ωÞ ¼ ŷE1exp i

nrðω1Þω1

c
x

� �

δðω−ω1Þ þ ŷE2exp i
nrðω2Þω2

c
x

� �

δðω−ω2Þ (23)

From the definition of the classical spatial coherence function:

hEðx,ωÞEðxþ s,ωÞi ¼
1

L
∫
L

0

dx½Eðx,ωÞ�� ½Eðxþ s,ωÞ� (24)
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we obtain that the classical spatial first order coherence function calculated for this case is

g
ð1Þ
cl ðωÞ ¼ exp

−KðωÞωs

c

� �

(25)

Due to the exponential factor of this last equation, the classical coherence function for the

considered case has a value lower than 1 meaning that measurements of the electric field at

two separated points are partially correlated in a medium with absorption and for s ! ∞ the

correlation goes to zero.

Comparing Eqs. (21) and (25), it can be seen that if absorption is neglected the classical model

predicts total coherence, while the quantum treatment in this case gives an oscillatory behav-

iour of the spatial coherence function with respect to the distance between the points consid-

ered, with null partial coherence for some values of this distance. It is worth to note that this

result is also valid for a left-handed medium if absorption may be neglected.

5. Propagation of photons through a waveguide

When the propagation of an electromagnetic wave of a given frequency ω is restricted to a

region bounded by conducting walls, as is the case of a waveguide, the photon appears to

acquire an effective mass. For example, see Ref. [16]. For flow along the waveguide axis,

the action of confinement may be viewed as yielding longitudinal photons propagating

with a mass proportional to the cut-off frequency of the corresponding electromagnetic

mode.

This is illustrated considering the propagation of a transverse electric (TE) mode in a rectan-

gular waveguide with transversal section having dimensions a and b in the plane xy. We

consider propagation along the z direction taken parallel to the axis of the waveguide. As

known, the magnetic field in the TE mode of order nl in a rectangular waveguide has a

component parallel to the direction of propagation of the guided light (axial component),

while the electric field has only transverse components. As shown in Ref. [17], each component

of the electromagnetic field satisfies a Klein-Gordon-like equation:

1

c2
∂

∂t2
−
∂
2

∂z2
þ
m2

γc
2

ℏ
2

" #

ψj ¼ 0 (26)

where mγ ¼ ℏkc=c ¼ ℏπ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn=aÞ2 þ ðl=aÞ2
q

=c is the effective mass acquired by the photon.

For a relativistic fermion of mass m, Klein-Gordon's equation can be obtained from Dirac's

equation. For example, see Ref. [18]. This makes natural to wonder what is the form that the

Dirac-like equation takes for a photon moving along a waveguide. This can be determined

writing the Dirac-like equation in the following form:
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iℏαμ
∂μψ ¼ 0 (27)

with αμ ¼ ðα0, − α
!
Þ, ∂μ ¼ ∂=∂xμ, xμ ¼ ðt, − r

!
Þ, ∂0 ¼ ∂=∂ðctÞ and

α0 ¼
I3 · 3 0
0 −I3 · 3

� �

(28)

For a photon moving along the waveguide, let us write the wave functions as

ψðt, r
!
Þ ¼ ϕðt, zÞexp½−iðkxxþ kyyÞ� (29)

From Eqs. (27) and (29), we get

iℏ

c
αo ∂ϕ

∂t
þ iℏαz

∂ϕ

∂z
þ ðℏkxαx þ ℏkyαyÞϕ ¼ 0 (30)

This last equation may be recast as

iℏαμ
∂Lμ−i

pTμ

ℏ

� �

ϕ ¼ 0 (31)

For propagation along the z direction, as it is considered in this case:

∂Lμ ¼
∂

c∂t
,
∂

∂z
, 0, 0

� �

; pTμ ¼ ð0, px, py, 0Þ

Equation (31) is the Dirac-like equation for photons moving along the waveguide and it can be

shown that leads to the Klein-Gordon equation applying the operator ∂
μ
L by the left and

considering that pTμp
Tμ ¼ −ðmγcÞ

2.

6. Some technological applications

On the last years, several articles about the properties of a special kind of materials, known as

metamaterials, have been published. These materials can exhibit negative values on their

permittivity or permeability. They are also named “left handed materials” and can have

negative refraction index, which leads to interesting phenomena for the wave propagation.

The effect of negative refraction was predicted in 1968 by Veselago in Ref. [19], principle that

has led to many technological applications. For example, see Ref. [20]. Nowadays is possible to

build artificial metamaterials with different geometries. These arrays can achieve negative

values of permittivity or permeability, achieving either single negative material (SNG), where

ϵ or μ are negative, or double negative material (DNG), where both ϵ and μ are negative. On

the other hand, natural medias, such as plasmas, can behave as an SNG media, depending on

its physical characteristics.
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Metamaterials constructed by circuit arrays are based on a group of elements organized

periodically, and designed in order to respond to an impinging electromagnetic field. The size

and spacing of each element of the array must be much lower than the wavelength of the wave

interacting with the array. This will allows that the impinging wave interacts with the artificial

material as a homogeneous material with certain ϵ and μ characteristics.

There are different type of structures to obtain negative permittivity and permeability. To

obtain a negative permittivity, periodic structures based on wire arrays that are based on the

Drude-Lorentz model for dielectric constant are used. For example, see Refs. [21–23]. On the

other hand, to obtain negative permeability values, split ring resonators (SRR) and the induced

current on wire structures are used, as can be seen in Refs. [21, 24, 25]. Currently, we can find

two kind of artificial metamaterials that can exhibit negative refraction: photonic crystals, as

shown in Refs. [26, 27], and composite materials as shown in Ref. [28]. Composite materials

exhibit simultaneously negative permittivity and permeability within a certain frequency

range. This immediately leads to a negative index of refraction. Dielectric photonic crystals

are composed of materials with positive ϵ’ and μ’ but exhibit negative refraction because of

peculiarities of dispersion characteristics at some frequencies, as shown in Ref. [29].

The possibility of having SNG or DNG metamaterials opens a huge number of new applica-

tions that these physical characteristics can offer. Some examples of these applications are

invisible materials or cloaking, as shown in Refs. [30, 31], phase control of propagating modes

on waveguides, as shown in Refs. [32, 33], antenna miniaturization as shown in Refs. [34, 35],

and superlens, as shown in Refs. [36, 37].

For each application, the design parameters of the metamaterials are an important issue. If the

parameters that determine the permittivity and permeability of the material are known before-

hand, it is possible to predict the behaviour of the electromagnetic wave that propagates on the

media. The following study is intended to analyse the possible variations of the wavenumber

of metamaterials, depending on their design parameters.

6.1. Wavenumber on SNG media depending on metamaterial parameters

The first analysis to be developed is the variation of the wavenumber in terms of the material

properties. The complex relative permittivity and permeability of the metamaterials (either real

or artificial) can be modelled by adopting a simplified Drude's model, which uses the follow-

ing expressions based in Ref. [38]:

ϵrðωÞ ¼ 1−
ωpe

2

ωðω−iΓeÞ
(32)

μrðωÞ ¼ 1−
ωpm

2

ωðω−iΓmÞ
(33)

where ωpe and ωpm correspond to the plasma frequency, Γe and Γm correspond to the damping

frequencies, and ω is the angular frequency of the impinging wave on the metamaterial. On the

design of metamaterials, it is important to know the behaviour of these parameters in order to
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characterize the impinging wave on the media. In the analysis of artificial metamaterials, the

damping frequencies are not considered or neglected, which implies that are considered as

lossless metamaterials. In other materials, such as cold plasmas, we cannot ignore this param-

eter because implies that we are ignoring the plasma collision frequency, which is fundamental

for the plasma generation, and depends on the gas parameters of the plasma. Nevertheless, it

is important to consider the losses in the design of any metamaterial in order to have a better

estimation of the behaviour of the impinging wave on the metamaterial, and knowing before-

hand for which frequencies the metamaterial will behave as a SNG or DNG material.

One way to describe the behaviour of the wave is to describe the permittivity o the permeability as

function of a parameter ratio, and use this relation on the wavenumber k. Let us take for example

the permittivity described in Eq. (48) and express it on terms of ωpe/ω and Γe=ω in the form:

ϵr ¼ 1−

ωpe

ω

� 2

1þ Γe

ω

� 2
− i

ωpe

ω

� 2 Γe

ω

� 

1þ Γe

ω

� 2
(34)

Figure 1 shows the real and imaginary part of the relative permittivity as function of ωpe=ω

and Γe=ω.

From Figure 1(a) and (b), we can notice the necessary ratios of ωpe=ω and Γ=ω for achieving a

negative permittivity on a lossy media. Considering those ratios also, we can estimate the

losses due to the increment of the imaginary part of the relative permittivity of the SNGmedia.

For example, if we want a negative permittivity of εr ¼ −10, is possible to obtain it only within

the ratios ωpe=ω > 3 and Γ=ω < 3. By knowing these ratios, it is possible to see where the

imaginary part of the permittivity will be lower, and so, the losses. Therefore, it is possible to

extend this analysis on a media with negative permeability instead of negative permittivity.

After the analysis of the permittivity or permeability on a media than can achieve SNG

characteristics, we can express the complex wavenumber k of a wave propagating on an

infinite media where its permittivity can have negative values, normalized by the

wavenumber on free space k0 (Figure 2). By knowing the complex wavenumber of the wave

Figure 1. Complex relative permittivity of a media depending on the ωpe=ω and Γ=ω ratios. (a) Real part of the relative

permittivity. (b) Imaginary part of the relative permittivity.
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propagating on a media, we can determine for example the cut-off frequency of a waveguide

filled with the material.

If we consider the wavenumber k ¼ ω
ffiffiffiffiffi

ϵμ
p

, where only ϵ or μ can be negative and the other

parameter remains positive (SNG media), there are two interesting cases. If we consider a

lossless media ðΓe ¼ 0Þ, the wavenumber expression becomes:

k ¼ k0

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1−
ω2

pe

ω2

s

(35)

When ω ≪ ωpe, and considering a lossless media, the wavenumber becomes purely imaginary

and there is no propagation on the media (k ≈ ik0 ωpe=ω). On the other hand, when ω ≫ ωpe,

the waves propagates on the media with a wavenumber with a value near k0. When the media

presents losses, there is always propagation on the media, even if ω ≪ ωpe. The propagation in

this case will occur with an attenuation, that depending of the values of Γe, can be important.

Equation (35) may be related with the description in terms of massive photons propagating in

a plasma: As shown in Ref. [16], the presence of the plasma decreases the rate of electromag-

netic energy flow, reaching a zero speed when ℏω ¼ ℏωp ¼ mγc
2, a photon energy below

which the propagation is not possible.

6.2. Wavenumber on DNG media depending on metamaterial parameters

It is possible to do a further analysis considering now a variation of the permittivity and

permeability where both takes negatives values (DNG media). In this case, we will consider a

material with its permittivity an permeability following the Drude's model expressed in

Eqs. (20) and (21), and its parameters changes equally in terms of the ratios ωp=ω and Γ=ω

ratios (ωpe=ω ¼ ωpm=ω and Γe=ω ¼ Γm=ω). Figure 3 shows the real and complex values of the

wavenumber k of the described material. Using this last figure we can relate the values of the

wavenumber and the ratios ωp=ω, Γ=ω when both permittivity an permeability are negative.

For these calculations, some values of k'’ can result on negative values (remember that here

Figure 2. Variation of the wavenumber k in a lossy media with complex permittivity depending on the ωpe=ω and Γ=ω

ratios. (a) Real part of k normalized by k0 (rad/m). (b) Imaginary part k normalized by k0 (Np/m).
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both permittivity and permeability can be negative). As this is not possible, because the

imaginary part must be positive due to the conservation of energy, as shown in Ref. [39], there

is a change of sign for those values. For these calculations, some values of k'’ can result on

negative values (remember that here both permittivity and permeability can be negative).

In a more practical way, both ratios are not necessarily modified in the same way. Normally,

the periodical structures can present with different parameters of design its negative permit-

tivity or permeability. This means that ωpe=ω ratio does not change in the same way that

ωpm=ω and Γe=ω do not change in the same way that Γm=ω. For solving this problem, we can

rewrite Eqs. (32) and (33) in terms of other parameters as follows, so we can relate the different

changes of permittivity and permeability.

ϵr ¼ 1−

ωpe

Γe


 �2

1þ ω
Γe


 �2
− i

ωpe

Γe


 �2

1þ ω
Γe


 �2
� �

ω
Γe


 �

(36)

μr ¼ 1−

ωpm

Γm


 �2

1þ ω
Γm


 �2
− i

ωpm

Γm


 �2

1þ ω
Γm


 �2
� �

ω
Γm


 �

(37)

Expressing the complex permittivity and complex permeability in terms of ωpe=Γe, ωpm=Γm,

ω=Γe and ω=Γe allows to describe in a more independent way the effects of the material

parameters on the design of the metamaterial and the resultant permittivity or permeability.

Other important thing to consider is that in practice, the angular frequency of the impinging

wave on the media is higher that the damping frequencies (ω ≫ Γ) due to the applications

involved on the use of metamaterials. If we fix a ratio of ω=Γe and ω=Γm, we can analyse the

variation of the permittivity and permeability, and so the wavenumber, depending on the

ωpe=Γe and ωpm=Γm ratios. Figure 4 shows the real and imaginary part of the relative permit-

tivity as function of ωpe=Γe with a ω=Γe ratio equals to 5 and ω=Γe ratio equals to 10.

Figure 3. Variation of the wavenumber k in a lossy media where ϵ and μ can be negative (DNG) depending on the

ωpe=ω ¼ ωpm=ω and Γe=ω ¼ Γm=ω ratios. (a) Real part of k normalized by k0 (rad/m). (b) Imaginary part k normalized by

k0 (Np/m).
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From Figure 4, we can observe when the material have negative or positive values of ϵ.

Extending this analysis to μr, we can determine the ratios of ωp=Γ , where the material will

exhibit a DNG behaviour. Having this information, as shown in Figure 5, we can trace the

wavenumber in function of the different variations of ωpe=Γe and ωpm=Γm having a fixed ω=Γ

ratio (ω=Γe ¼ ω=Γm= 5 and ω=Γe ¼ ω=Γm= 10).

Figure 5. Variation of thewavenumber k in a lossymediawhere ϵ andμ can be negative (DNG) depending on theωpe=Γe and

ωpm=Γm ratios, having a fixedω=Γ ratio (ω=Γe ¼ ω=Γm= 5 andω=Γe ¼ ω=Γm= 10). (a) Real part of k normalized by k0 (rad/m)

whenω=Γe ¼ ω=Γm ¼ 5. (b) Imaginary part k normalized by k0 (Np/m)whenω=Γe ¼ ω=Γm ¼ 5. (c) Real part of k normalized

by k0 (rad/m)whenω=Γe ¼ ω=Γm ¼ 10. (d) Imaginary part k normalized by k0 (Np/m), whenω=Γe ¼ ω=Γm ¼ 10.

Figure 4. Complex relative permittivity of a media depending on the ωpe=Γe. (a) Real part of the relative permittivity.

(b) Imaginary part of the relative permittivity.
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From this analysis, we can notice that the values of the attenuation and of the phase constant

will vary depending of the design parameters of ωpe=Γe and ωpm=Γm. However, it is important

to consider the ratio between ω=Γm, in terms that depending of this value, we can achieve or

not the DNG behaviour of the material.

In conclusion, for the design of metamaterials, it is important to know how the parameters that

are described on the Drude's model vary, in order to predict the behaviour of the wave that

propagates on the media.

7. Discussion

From the point of view of unification of electromagnetic fields and relativistic quantum theory,

it is useful to study the dynamics of a photon in a form comparable with the case of a particle

like an electron. As a first stage towards this unification, an important result is that the Dirac-

like equation allows to write Maxwell's equations in a compact form and that for light propa-

gating in an homogeneous medium this equation has energy solutions similar to those

obtained by Dirac’s equation for fermions in the limit of zero mass, except that in this case

there is no a solution with zero energy. Nevertheless, this must be considered only as a formal

analogy since photons have spin 1 and Dirac's equation is applicable for particles of spin ½.

Among other issues related with the behaviour of photons that have been a matter of discus-

sion in several publications, it is worth to mention those concerned with localizability,

Zitterbewegung and its relation with spin.

The localizability of massless photons was first examined in Ref. [40] by Newton and Wigner

and later by Wightman in Ref. [41], showing that there is no position operator for a massless

particle with spin higher than ½ leading many authors to conclude that it is not possible to

define a wave function for a photon, which has zero mass and spin (or helicity) 1. Wightman

has proved that the only localizable massless elementary system has spin zero and that a free

photon is not localizable.

However, Bialynicki-Birula in Refs. [42, 43] and, independently, Sipe in Ref. [44] introduced a

function of the position and time coordinates that completely describes the quantum state of a

photon. Such function may be referred to as the photon wave function. The wave equation for

this function can be derived from the Einstein kinematics for a particle with spin 1 and zero

mass in the same way that the Dirac equation is obtained for a massive particle with spin ½.

For example, see Refs. [45, 46]. A strong argument in favour of this photon wave function

formulation is that the corresponding wave equation is completely equivalent to the Maxwell

equations in vacuum. In addition in Ref. [1], a position operator has been postulated whose

eigenvectors form bases of localized states.

The concept of spin of a photon and its relation with Zitterbewegung is still a matter of

discussion and deserves further research. In Ref. [47], it has been postulated that the spin of

the photon can be considered as a consequence of the orbital angular momentum due to the

photon's Zitterbewegung. This postulate is based on a Schrödinger-like equation, having a
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velocity operator that undergoes oscillations in a direction orthogonal to its momentum, effect

known as Zitterbewegung, with a spatial amplitude equal to the classical wavelength. The

spin of the photon would be the orbital angular momentum due to the Zitterbewegung.

Nevertheless, up to now, this is a theoretical postulate which results from an equation of the

form of Schrödinger's equation which is known, was formulated for a nonrelativistic particle.

In this context it seems formally more suitable to use a Dirac-like equation.

8. Conclusion

We have presented a conceptual frame for understanding the propagation of light through a

dispersive and absorptive medium, considering both the classical description based on elec-

tromagnetic waves and a quantum description considering photons as elementary excitations

of the quantized electromagnetic field.

A semiclassical description of the dynamics of a photon propagating freely in an unbounded

medium has been presented using a Dirac-like equation, discussing the solutions for the

energy and comparing with those corresponding to a free electron as given by the Dirac's

equation.

The interaction of light with the medium of propagation has been analysed using both a

classical and a quantum treatment. In particular and as a specific example, the first-order

field-field spatial correlation for a beam of light produced by the excitation of two linearly

polarized waves has been calculated, comparing results between the classical and quantum

model. For this specific case, it is concluded that in absence of absorption, the classical model

predicts total coherence at all points, while the quantum treatment predicts that for some

distances between the considered points there is null coherence.

The propagation of light along a rectangular waveguide has been studied showing how the

Dirac-like equation previously studied is modified due to the bounding conditions in the

propagation imposed by the conducting walls verifying the result obtained in several publica-

tions that in this condition photons appear to acquire an effective mass.

As an application to communication engineering, we have analysed conditions for which the

dielectric permittivity and magnetic permeability of a medium filled with plasma behaves as a

metamaterial.
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