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Abstract

The general mathematical formulation of the equilibrium statistical mechanics based
on the generalized statistical entropy for the first and second thermodynamic
potentials was given. The Tsallis and Boltzmann-Gibbs statistical entropies in the
canonical and microcanonical ensembles were investigated as an example. It was
shown that the statistical mechanics based on the Tsallis statistical entropy satisfies
the requirements of equilibrium thermodynamics in the thermodynamic limit if the

entropic index z=1/(q-1) is an extensive variable of state of the system.

Keywords: Equilibrium statistical mechanics, Tsallis nonextensive statistics

1. Introduction

In modern physics, there exist alternative theories for the equilibrium statistical mechanics [1,
2] based on the generalized statistical entropy [3-12]. They are compatible with the second part
of the second law of thermodynamics, i.e., the maximum entropy principle [13-14], which leads
to uncertainty in the definition of the statistical entropy and consequently the equilibrium
probability density functions. This means that the equilibrium statistical mechanics is in a
crisis. Thus, the requirements of the equilibrium thermodynamics shall have an exclusive role
in selection of the right theory for the equilibrium statistical mechanics. The main difficulty in
foundation of the statistical mechanics based on the generalized statistical entropy, i.e., the
deformed Boltzmann-Gibbs entropy, is the problem of its connection with the equilibrium
thermodynamics. The proof of the zero law of thermodynamics and the principle of additivity

I NT E C H © 2017 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
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in general serves as a primarily problem. The equilibrium thermodynamics is a phenomeno-
logical theory defined on the class of homogeneous functions of the zero and first order [15].

The formalism of the statistical mechanics agrees with the requirements of the equilibrium
thermodynamics if the thermodynamic potential, which contains all information about the
physical system, in the thermodynamic limit is a homogeneous function of the first order with
respect to the extensive variables of state of the system [14, 6-7]. It was proved that for the
Tsallis and Boltzmann-Gibbs statistics [6, 7], the Renyi statistics [10], and the incomplete
nonextensive statistics [12], this property of thermodynamic potential provides the zeroth law
of thermodynamics, the principle of additivity, the Euler theorem, and the Gibbs-Duhem
relation if the entropic index z is an extensive variable of state. The scaling properties of the
entropic index z and its relation to the thermodynamic limit for the Tsallis statistics were first
discussed in the papers [16, 17].

The aims of this study are to establish the connection between the Tsallis statistics, i.e., the
statistical mechanics based on the Tsallis statistical entropy, and the equilibrium thermody-
namics and to prove the zero law of thermodynamics.

The structure of the chapter is as follows. In Section 2, we review the basic postulates of the
equilibrium thermodynamics. The equilibrium statistical mechanics based on generalized
entropy is formulated in a general form in Section 3. In Section 4, we describe the Tsallis
statistics and analyze its possible connection with the equilibrium thermodynamics. The main
conclusions are summarized in the final section.

2. Equilibrium thermodynamics

2.1. Thermodynamic potentials

In the equilibrium thermodynamics, the physical properties of the system are fully identified
by the fundamental thermodynamic potential f =f(x,, ..., x,) as a real-valued function of n

real variables, which are called the variables of state. The macroscopic state of the system is
tfixed by the set of independent variables of state x=(x;, ..., x,). Each variable of state x;, which

is related to the certain thermodynamic quantity, describes some individual property of the
system. The first and the second partial derivatives of the thermodynamic potential with
respect to the variables of state define the thermodynamic quantities (observables) of the
system, which describe other individual properties of this system. The first differential and
the first partial derivatives of the fundamental thermodynamic potential with respect to the
variables of state can be written as

ox.

1

n a
df=;uidxi, Y :_f’ 1)
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where the vector u=(u,, ..., u,). Equation (1) is the fundamental equation of thermodynamics

and expresses the first law of thermodynamics. The second differential of the fundamental
thermodynamic potential is written as a quadratic form

P =3 Yadeds, a,--J
e 2)

= 7
i1 j=1 8xi6x].

where g; is the element of the symmetric matrix A of the dimension (nxn). The symmetry

conditions for the matrix elements, 4;=a, lead to the equalities (Maxwell relations)

ou.,

]_aui

— = i,j=1,...,n).
ox, o, (i,] ) 3)
If the function f(x;, ..., x,) is convex (concave) on s<#n variables of state, then the quadratic

form (Eq. (2)) in s variables is positive definite (negative definite). The quadratic form (Eq. (2))
in s variables for which 4;=a; is positive definite (negative definite) if [18]

Ay, Gy, ... 4,
a, a Ay, y ... a
11 12| £2 21 22 2
a,,6>0, &>0,.., |7 7 . TE>0 4)
1 Oy S .o
a, a, ... a,

for every nonzero vector x, where £=1 for the positive definite quadratic form and £=-1 for
the negative definite quadratic form. Note that the fundamental thermodynamic potential f,
the set of variables of state x, and the vector u constitute the complete set of 21 + 1 variables,
which completely define the given thermodynamic system.

The first thermodynamic potential g=g(y) is a function of a new set of independent variables

of state y=(uy, ..., u,, x ..., x,), which is obtained by the Legendre transform from the

m’ m+l7

fundamental thermodynamic potential f(x;, ..., x,) changing m<n variables of state
(xy, ..., x,,) with their conjugate variables (u,, ..., u,). The set of unknown variables x,, ..., x,,

is a solution of a system of m differential equations [19]:

T _y

o=t (i=1..m) 5)

Solving this system of equations, we obtain m functions of the variables of state,



306 Recent Advances in Thermo and Fluid Dynamics

x, =x,(uy,...,u,,x ,x,)  (i=1,...,m). (6)

RIS TARE

Substituting Eq. (6) into the fundamental thermodynamic potential f and using the Legendre
transform, we obtain [19]

ng—ia—fxi :f_iuixi' (7)

This Legendre transform is always well defined when the fundamental thermodynamic
potential f(x;, ..., x,) is a convex function of the variables (x,, ..., x,,), i.e., the quadratic form

2 a;d x;d x; is positive definite [19]. To obtain this, it is necessary and sufficient to satisfy the
relations (4) for s=m [18].

The first differential and the first partial derivatives of the first thermodynamic potential ¢ can
be written as

v, =—2=—x, i=1,...,m),
o P ) 8)
vl:a—g—ul (i=m+1,...,n)

ox

The second differential and the second partial derivatives of the first thermodynamic potential
g are

n_n azg
g =YY bdydy, by =———, 9
g 21]21 AWy =5y 9)

The symmetry conditions for the matrix elements, b;=b ;, impose the following equalities

ji

ox. ,

% Gie1m),

ou, auj

ou. ox.

2 i=1,...mi=m+1,...,n),

ou, 8xj ( J : 1o
ou, ou

S s § (i,j=m+1,...,n).

ﬁ_xl._axj
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If the function g(uy, ..., u,, x , x,) is convex (concave) on s <n variables of state, then the

m/ Sm+ls e
quadratic form (Eq. (9)) in s variables is positive definite (negative definite). The quadratic

form (Eq. (9)) in s variables for which b;=b ; is positive definite (negative definite) if [18]

b, b, ... b,
b, b b, b, ... b
b >0, |1 PIESO, L, [T R T EIESD (11)
b1 P . H . .
b, b b

sl 52 Tt ss

for every nonzero vector y, where £=1 for the positive definite quadratic form and £=-1 for
the negative definite quadratic form.

The Legendre transform (Eq. (7)) is involutive [19], i.e., if under the Legendre transformation
f is taken to g, then the Legendre transform of ¢ will again be f. The fundamental thermo-
dynamic potential f(x;, ..., x,) can be obtained from the first thermodynamic potential

gy, ..., u,, x,.y, ..., x,) by the Legendre back-transformation

m a m
F=g-2 By =g+ xu, (12)
i=1

i=1 u,‘

where m functions u,=u,(x,, ..., x,), i=1, ..., m are the solutions of the system of m differential

equations
o, m). (13)

This Legendre transform is well defined when the function g(u, ..., u,, x,.;, ..., x,) is a

m’
convex function of the variables (u,, ..., u,,), i.e., the quadratic form ) 1", bydu;du; is positive

definite [19]. To obtain this, it is necessary and sufficient to satisfy the relations (Eq. (11)) for
s=m [18].

The second thermodynamic potential & =k (r) is obtained from the fundamental thermody-
namic potential f=f(x,, ..., x,) by expressing the variable x, through the set of independent

variables r=(xy, ..., .y, f, X0 o) X))

h:xk(xl""’xk—l’f’xk+1"“’xn)’ (14)

where, now, x, is the second thermodynamic potential and f is a variable of state. The

condition of independence of the variables of state r can be written as
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i_}rgﬁzo.

Ox; ©Oh ox, (15)

Then the first differential and the first partial derivatives of the second thermodynamic
potential 1 can be written as

ah=3 wdr, w=2", (16)
i=1 or,
wi:%:l (i=k),
o
ox u (17)
w=—L=——L (i=1,...,ni#k).
ox, u

k

The second differential and the second partial derivatives of the second thermodynamic
potential 1 can be written as

o o
d*h = c.drdr,, c. = ,
Lo, & =50 (18)
o*x 1 ou .
=—5=-——- (i=k) (19)

C.. =
T w

The symmetry conditions for the matrix elements, Ci=Ci impose the following equalities

o O 1 £ K),
w of wu, of  u o (t=0)

Wiow, 104 wouw 10

2 -2
u, Ox, u, Ox, u 8x], u, ax].

(20)
(1,7 #k).

2.2. Principle of additivity

In the equilibrium thermodynamics, all thermodynamic quantities belong to the class of
homogeneous functions of zero and first order, which imposes the additional constraints
on the thermodynamic system. The homogeneous function of k th order satisfies the relation
[14, 15, 20]
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f(ﬂxl,...,/lxm,xmﬂ,...,xn) = /ka(xl,...,xm,xmﬂ,...,xn) (21)

and the Euler theorem!

o
Z;a—ix,- =kf, 22)

where (x,, ..., x,,) are extensive variables and (x , x,,) are intensive variables. Note that

mAlr e

the function f is extensive if k=1, and it is intensive if k=0.
Let us divide the system into two subsystems: system(1+2) = system(1) + system(2).

Then m -extensive and n-m -intensive variables of state satisfy the additivity relations [6, 15]
(23)

The homogeneous function of the first degree (k =1), which is extensive, is an additive function
of the first order [15]

f“Z(x}”,...,x}:Z) = fl(xi,...,xi)+f2 (xlz,...,xi) (24)

and the homogeneous function of the zero degree (k=0), which is intensive, is an additive
function of zero order [15]

2 (x}*z,...,xfz) = fl(xi,...,xi) = fz(xf,...,xi). (25)

Note that the zero law of thermodynamics is expressed by Egs. (21) and (25) when the
temperature T is a function or the second equation of Eq. (23) when temperature T is a variable
of state.

3. Equilibrium statistical mechanics

In comparison with the equilibrium thermodynamics, the system in the equilibrium statistical
mechanics is described by two additional elements: the microstates of the system and the

1 In this subsection, the symbol f denotes any function not only the fundamental thermodynamic potential.



310 Recent Advances in Thermo and Fluid Dynamics

probabilities of these microstates. As in the equilibrium thermodynamics, the macrostates of
the system are fixed by the set of independent variables of state. The thermodynamic potential
is a universal function that depends not only on the macroscopic state variables of the system
but also on the microstates of the system and their probabilities. The extensive thermodynamic
quantities are calculated as averages over the ensemble of microstates. However, the intensive
thermodynamic quantities are defined in terms of the first derivatives of the thermodynamic
potential with respect to the extensive variables of state.

Let us formulate the main statements of the equilibrium statistical mechanics. Let the thermo-
dynamic potential be a function Y=Y (p,, ..., py; X L, X" of W -independent variables

(py ---, pw) and n variables of state (X L, XM Al arguments of the function Y are inde-

pendent.?

The first thermodynamic potential Y =g(p;, ..., py;u Loou™ ™ x ") is a function of m

intensive variables of state X /=u/ (j=1, ..., m) conjugated to the variables (x*, ..., x™) and
n—m extensive variables of state X /=x/ (j=m+1, ..., n). The first thermodynamic potential Y
is related to the fundamental thermodynamic potential f=f(p,, ..., py;x', ..., x") by the
Legendre transform (7) [19]

moo - of
Y=Ff->ux, u=—7—
f ]Z;, pwr (26)

Here and in the following, the first thermodynamic potential will be considered only for the
statistical ensembles for which x'=S, X '=u'=T, and f=E, where S is the entropy, T is the

temperature, and E is the energy.
The second thermodynamic potential Y =k =x*(p,, ..., py;x’, ..., x*¥7, £, x5, ., x") is a

function of n-1 variables of state X /=x/(j=1, ..., n, j#k) and one variable X*=f for
1<k <n.In the following, the second thermodynamic potential will be associated only with the

microcanonical ensemble (k=1) for which Y =x'=S and X '=f =E.

Let Yi and xil, ..., x{" be the values of the dynamical extensive variables Y and xl .., x"

respectively, in the i th microscopic state of the system. Moreover, let us impose an additional
constraint on the variables (p,, ..., py) [18],

o(pr- o pys X' X ) = 8 gt -G P =120, 27)

where 6, .. is the Kronecker delta for the integer x, x' and the Dirac delta function for the real

x, x".In Eq. (27), the variables X/=x/ (j=m +1, ..., n) are for the first thermodynamic potential,

2 In this section, the thermodynamic quantities are numbered by the index at the top. The index at the bottom of the
variable denotes the microstate of the system.
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and m=0, X '=f=E, X!=f.=E,, and X/=x/ (j=2, ..., n) are for the second thermodynamic
potential.

The ensemble averages for the extensive dynamical variables A can be written as
.yl n\ —
A(PI,---,PW,X oo X ) = 2.0y Oy P, (28)

where A, is the value of the variable A in the i th microscopic state of the system.

The first and the second thermodynamic potentials, which are the extensive functions of the
variables of state, can also be written as (28)

Y(pl,...,pW;Xl,...,Xn) = Z‘é‘xmﬁ/xlmﬂ “‘§Xu,X;1pi‘Yi/ (29)
Y =f, —Zufxf forY=g, (30)

=1
Y, =x =S  forY=x'=§, (31)

where S; and f; are the values of the entropy S and the fundamental thermodynamic potential

f, respectively, in the i th microstate of the system, which are both determined by Eq. (28).

In the equilibrium statistical mechanics, the unknown probabilities of microstates {p;} are

found from the second part of the second law of thermodynamics, i.e., from the constrained
extremum of the thermodynamic potential (Eq. (29)) as a function of the variables (p,, ..., py)

under the condition that the variables (p,, ..., p,,) satisfy Eq. (27). Moreover, it is supposed
that the value of the entropy in the i th microstate of the system is a function of the probability
p; of this microstate, i.e., x;'=5;=S,(p;). Then to determine the unknown probabilities {p,} at

which the function Y attains the constrained local extrema, the method of Lagrange multipliers
[18] can be used

CD(pl,...,pW;X) = Y(pl,...,pW;X)—/1go(p1,...,pW;X), (32)

oD(py,..., Py X) _
p;

0 (i=1...,W), (33)

where A is an arbitrary constant and the vector X =(X !, ..., X "). Substituting Egs. (27) and (29)
into Eq. (32), we obtain
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oY.
Y+pioa=0 (i=1..,W). 34
s ( ) (34)

i

Substituting Eq. (30) into Eq. (34) and using Eq. (27), we obtain the probabilities related to the
first thermodynamic potential

P =vx[%[A—fi +iu]’x{D, (35)

Zaxm,x?,ﬂ...a,, n.,/[ [A f+Zux]B (36)

i

where A=p(A)=A(u’, ..., u™ x™7, ..., x") is the solution of Eq. (36) and ¥ (x) is a function
related to the given function x,'=S,(p,).

Substituting Eq. (31) into Eq. (34) and using Eq. (27), we obtain the probabilities related to the

second thermodynamic potential

3 1
pi_W(f,xz,...,x”)’ (37)

W)= Z 1,100 20 s (38)

where p;=1/(A) is a constant the same for all microstates of the system. Note that in these
derivations, the conditions d f;/dp;=0, du /[dp;=0 (j=1, ..., m), and dx/[dp;=0(j=2, m)
were used.

Let us consider the first thermodynamic potential. Substituting Eq. (35) into Eq. (26) and using
Eq. (36), we obtain the expression for the first thermodynamic potential as

Y(ul,...,um,xm”,...,x”) = f(ul,...,u'”,xm”,...,x”)

m
i 1 1
—Zu]x’(u B T i ,...,x”).
j=1

(39)

Then the partial derivatives of the first thermodynamic potential (Eq. (39)) with respect to the
variables of state can be written as
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X Z—_:Zaxm“,x'."” ...5xn’x,_lpfxf (kzl,...,m), (40)

oY of.
uk = y = Z5XW1,X,W1 .. 'é‘xrz/x;x P,- 8__’)];
06, . (41)
#2000 O | DY (K=ot n).

Here we used the conditions d f;/du*=0,9x/ [0u*=0(j=2, ..., n) and Egs. (34) and (36).

The fundamental thermodynamic potential can be written as

n Y
fY=2 0 —==D 801 B P (42)

oo 5

Let us consider the second thermodynamic potential. Substituting Egs. (37), (38), and (31) into
Eq. (29), we obtain the expression for the second thermodynamic potential

Y(f2%,x") =S (p)), (43)

where p, is determined from Eq. (37) and Y =S. The partial derivatives (Eq. (17)) of the second

thermodynamic potential (Eq. (43)) with respect to the variables of state can be written as

oS (p.
R - y=p,5n), (44)
iy o,
w__ oY _ oW 05 (j=2,....n)
W e o). #)

where W is determined from Eq. (38).

Finally, it should be mentioned that the equilibrium statistical mechanics is thermodynami-
cally self-consistent if the statistical variables (xl, ..., x"), the potentials (f, g, ...), and the

variables (1!, ..., u") are homogeneous variables of the first- or zero-order satisfying Egs.
(21)-(25).
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4, Tsallis statistical mechanics

The Tsallis statistical mechanics is based on the generalized entropy which is a function of the
entropic parameter g and probing probabilities p; [3, 4]:

S=2pS, S =kz(1-p"), (46)

where z=1/(q-1), k; is the Boltzmann constant, and g € R is a real parameter, 0<g<ee. In the
limit g —1 (z — +), the entropy (Eq. (46)) recovers the usual Boltzmann-Gibbs entropy
S=)i 1;S;, where S,=—kgInp, [3]. Note that throughout the work, we use the system of natural
units i=c=kz=1.

4.1. Canonical ensemble

The thermodynamic potential of the canonical ensemble, the Helmholtz free energy, is the first
thermodynamic potential g=F, which is a function of the variables of state u'=T, x?=V,
x?=N, and x*=z. It is obtained from the fundamental thermodynamic potential f=E (the
energy) by the Legendre transform (Eq. (7)), exchanging the variable of state x'=S of the
fundamental thermodynamic potential with its conjugate variable u'=T. In the canonical
ensemble, the first partial derivatives (Eq. (1)) of the fundamental thermodynamic potential
are defined as u?=-p, u®=p, and u*=-=. The entropy (Eq. (46)) for the Tsallis and Boltzmann-
Gibbs statistics in the canonical ensemble can be rewritten as

5= z 5V,V,. 5N,N,- §z,zi pisi ’ (47)
=z(-p)  for < @9
S.=-Inp, for |z| =0, (49)

The first thermodynamic potential (Egs. (26) and (29)), Y =F, for the Tsallis and Boltzmann-
Gibbs statistics can be rewritten as

F:E_TS=Z5V,V-§N O Y F,=E -T5, (50)

,N; 72,2

F=E -Tz (1 —pa ) for |z| <o, (51)

1
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F =E +Tlnp, for |z| = o0, (52)
Here the constraint (Eq. (27)) in the canonical ensemb]e is in the form

Z V.V, NN zz p;—1=0. (53)

Applying the method of Lagrange multipliers (Egs. (32)-(34)) with the Lagrange function
®=F - Agp to Egs. (50)-(53), we can write down Egs. (34) and (35) for the Tsallis and Boltzmann-
Gibbs statistics immediately as

oF,
F+p——-4=0 (54)
p;
and [7]
1 A-E]
p, ={1+Z‘+1T} for |z| <o, (55)
AE;
p,=e’ for |z| =00, (56)

where A=A-T and 0E; /9 p,=0. Then the constraint (Eq. (53)) for the probabilities (Egs. (55) and
(56)) of the Tsallis and Boltzmann-Gibbs statistics can be written as [7]

25 5NN5”[1 11%} =1 for |z| <, (57)
Z.
A-E;
5 5 5 e T =1 for |z| =, (58)
N,N;"z,z

where A=A(T, V, N, z)is the solution of Eq. (57) for the Tsallis statistics and A=-TInZ_ is the

-E,|T

solution of Eq. (58) for the Boltzmann-Gibbs statistics, where Z;=); 6, ,, 0y 0, . ¢ is the

partition function. Substitution of the probabilities given in Egs. (55) and (56) into Egs. (50)-(53)
gives the Helmholtz free energy [7]
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F = ﬁ(A + gj for |z| <o, (59)
F=A=-TInZ_ for |Z| =00, (60)

where E is the energy (Eq. (42)), which can be written in terms of the canonical ensemble as

E=F- T_ Z NN zzszi' (61)

Making use of Egs. (40), (50), and (54), we can write the entropy of the system as

R Z NN zzplz (62)

i

Here we have used the conditions that the derivative of the constraint (Eq. (53)) with respect
to T is zero, OE; /0T =0, 0E;/0p;=0, and 0T /9 p;=0. Substituting Egs. (48), (49), (55), and (56)
into Eq. (62) and using Egs. (57) and (58), we obtain [7]

s=— 2 A7E for [ <o, (63)
z+1 T

S=——— for |z| =0, (64)

Using Egs. (41), (50), and (54), we obtain the pressure, u?=-p, and the chemical potential,

ud=p:

OF 0o,
_pZW:Z5VV5NN Z,%; 1 +Z N,N; zz[ a jpz i’ (65)

00,
Z NN zzpz_+z VV zz[ aN ]szI (66)

i

Here we have used the conditions that the derivatives of the constraint (Eq. (53)) with respect
to the variables of state N and V are zero, 0E; /0p;=0 and 0T /9 p,;=0
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Substituting Egs. (50) and(54) into Eq. (41), we obtain the variable = :

. OF z, z
== oz - _TZ5V,V,.5N,N,.52,zZpi [1 - pil/ ‘ (1 _lnpil/ ‘ )}

i

05 67)
+ Z5V,‘45N,N,- (ﬁ} p,F for |z| <o,

oF _
0z

—
—_ =
—_—

0 for |z| =00, (68)

where we have used the conditions that the derivative of the constraint (53) with respect to z
is zero, 0E;/0z=0, 0E;/0p;=0,and 0T /9 p;=0.

Thus, from the results given in Egs. (62) and (65)-(67), we see that the differential of the
thermodynamic potential (Eq. (50)) satisfies [7, 15]

dF =-=5dT — pdV + pudN —=dz. (69)
Using Egs. (50) and (69), we obtain the fundamental equation of thermodynamics [7, 14, 15]

TdS =dE + pdV — pudN + ZEdz. (70)

To prove the homogeneity properties of the thermodynamic quantities and the Euler theorem
for the Tsallis statistics in the canonical ensemble, we will consider, as an example, the exact
analytical results for the nonrelativistic ideal gas.

4.1.1. Nonrelativistic ideal gas: canonical ensemble

Let us investigate the nonrelativistic ideal gas of identical particles governed by the classical
Maxwell-Boltzmann statistics in the framework of the Tsallis and Boltzmann-Gibbs statistical
mechanics.

It is convenient to obtain the exact results for the ideal gas in the Tsallis statistics by means of
the integral representation for the Gamma function (see [9] and reference therein):

1 o0
x VY =——|dtle™, Rex>0, Rey >0, (71)
I'(y) !
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Thus, solving Egs. (57) and (58) for the ideal gas in the canonical ensemble, the norm function
Ais[7]

1
e T243N/2
1+Z-1|-1%: Zg ( T( Z)_sif:l/(Z) ) forz < -1, (73)
-z-1 I'(—=z

1

3N/2 T2+3N/2
1+LA—{ G(Z+1) F(Z+1)] forz >0, (74)
z+1T r(z+1+3N/2)
N EN

and A=-TInZ; for |zl =c. Here m is the particle mass, and Eq. (73) is restricted by the
condition -z—-3N /2>0.

The energy (Eq. (61)) and the thermodynamic potentials (Egs. (59) and (60)) for the ideal gas
in the canonical ensemble for the Tsallis and Boltzmann-Gibbs statistics can be written as [7]

-1
E=§TN77, n= 1A L3y for |z| <o, (76)
2 z+1T z+12
3
F :—T{z—(erEN]n} for |z| < (77)

and E=3TN /2 and F=A=-TInZ_ for |z | =co.

The entropies (Egs. (63) and (64)) and the pressure (Eq. (65)) for the ideal gas in the canonical
ensemble for the Tsallis and Boltzmann-Gibbs statistics can be written as [7]

szz(1—77) for |z|<00, (78)

Tnz—v for |z|<oo (79)

and S=InZ.+3N /2, p=NT /V for |z | =co.
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The chemical potential (Eq. (66)) and the variable (Egs. (67) and (68)) for the ideal gas in the
canonical ensemble for the Tsallis and Boltzmann-Gibbs statistics become [7]

1 A 301
- —Tn|In| gV N p— CR
pe n[g (2 Nz )[ +1TD J 22+1+3N/2

+Tn 1//(N+1)+%1//(a1+71%Nﬂ for |z|<oo,

B -1
—T1-p[ 1+ —2 N1+ L 32N
(z+1)° 2 z+12

1 A 3
+Tn{ln(1+m?j+l//(al)—y/[al+;/1§NH for |z|<oo

(80)

[1]

(81)

and p=-T[n(gV (mT /2r)*?)~ (N +1)], 2=0for | z | =eo, where y(y) is the psi-function, a,= - z,

y,=-1forz<-1anda=z+1, y,=1 for z>0.

4.1.2. Nonrelativistic ideal gas in the thermodynamic limit: canonical ensemble

Let us try to express the thermodynamic quantities of the nonrelativistic ideal gas directly in
terms of the thermodynamic limit when the entropic parameter z is considered as an extensive
variable of state

V—>wo, N> owx,

z| —> 0, U= v =const, z = Z — const. (82)
N N

Note first that the canonical partition function (Eq. (75)) for the nonrelativistic ideal gas for the
Boltzmann-Gibbs statistics can be rewritten as

. . mT 3/2
Z.=72Z.", Z.=gve|— | . (83)

The norm functions (Egs. (73) and (74)) for the ideal gas in the thermodynamic limit in the
Tsallis and Boltzmann-Gibbs statistics can be rewritten as [7]

L
A=—TN{Z—(E+§](ZG63/2) 5+;} for |Z| <, (84)
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A=-TNInZ, for |z| =, (85)

where Eq. (84) is restricted by the conditions z<-3/2 and z>0.

In the thermodynamic limit (Eq. (82)), the energy of the system (Eq. (76)) and the thermody-
namic potential (Eq. (77)) for the ideal gas in the canonical ensemble for the Tsallis and
Boltzmann-Gibbs statistics become [7]

1

E= %TN(ZGE/2 ) =2 for [2] < o», (86)
3 -
EZETN for |z|=oo (87)
and [7]
3), - b
F =A=_TN[‘%_{Z+EJ(ZG€3/2) §+;i| for |Z| <o, (88)
F=A=-TNInZ, for |z| =, (89)

respectively. The entropy (78) and the pressure (79) for the ideal gas in the Tsallis and
Boltzmann-Gibbs statistics in the thermodynamic limit can be written as [7]

S= N2|:1 (2" )13} for || < oo, (90)
S=N(InZ;+3/2) for |2/ = oo (91)
and [7]
p=D(Z) 2325 for [ <on ©2)
p=L_2% for [ =cc, 93)
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where e=E /N is the specific energy given in Egs. (86) and (87).

In the thermodynamic limit (82), the chemical potential (80) and the variable (81) for the ideal
gas in the canonical ensemble for the Tsallis and Boltzmann-Gibbs statistics are [7]

1
1 :T(Zcem)fg {—+Zln(ZGe3/2)ziz} for |2| <o, (94)
p=T(1-InZ;) for |2 =0 (95)
and [7]
1 N 1
== T{l - (ZGBS/Z) 2% Ll - ln( Ge3/2) 24% J] for |2| < o0, (96)
E=0 for |z| = . (97)

Thus, from the results for the Tsallis statistics given in Egs. (86), (90), (92), (94), and (96), we
see that the Euler theorem (Eq. (22)) is satisfied [7]

TS=E+pV —uN +Z=z. (98)

Moreover, the thermodynamic quantities (86), (88), (90), (92), (94) and (96) satisfy the relation
for the thermodynamic potential

F=E-TS=-pV + uN -Ez. (99)

Next we shall verify that, when the entropic parameter z is an extensive variable of state in the
thermodynamic limit, the ideal gas is in accordance with the principle of additivity. Suppose
that the system is divided into two subsystems (1 and 2). Then the extensive variables of state
of the canonical ensemble are additive

V1+2 — Vl + VZI N1+2 — Nl + NZ, Zl+2 — Zl +Z2‘ (100)

However, the temperature and the specific variables of state (Eq. (82)) are the same in each
subsystem
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T1+2 — Tl — TZI vl+2 _ _01 — 02, £1+2 _ Zl _ 22. (101)

Considering Egs. (83), (100), and (101), we can verify that the Tsallis thermodynamic potential
(Eq. (88)) and the entropy (Eq. (90)) of the canonical ensemble are homogeneous functions of
the first order, i.e,, F(T, V, N, z)/[N=F(T, v, z)and S(T, V, N, z)/ N =S(T, v, z), respectively,
and they are additive (extensive)

F1+2 (T1+2,V1+2,N1+2,Zl+2) _ Fl (TllvllNllzl) n Fz (T2,V2,N2,22), (102)

Sl+2 (T1+2,V1+2,N1+2,21+2) _ Sl (Tl,Vl,Nl,zl) " Sz (T2,V2,N2,Zz ) (103)

The Tsallis pressure (Eq. (92)), the chemical potential (Eq. (94)), and the variable (Eq. (96)) are
the homogeneous functions of the zero order, ie., p(T,V, N, z)=p(T, v, 2),
w(T,V, N, z)=u(T, v, z),and Z(T, V, N, z)=E(T, v, z), respectively, and they are the same in
each subsystem (intensive)

p1+2 (T1+2’V1+2,N1+2,Z1+2) _ pl (Tl,Vl,Nl,zl) _ P2 (TZ,VZ,NZ,Zz), (104)
,U1+2 (T1+2,V1+2,N1+2,Zl+2) _ /ul (TllvllNllzl) _ ,u2 (TZ,VZ,NZ,ZZ )/ (105)
=142 (T1+2,V1+2,N1+2’21+2) _=! (TllvllNllzl) _g2 (TZ,VZ,NZ,Z2). (106)

Thus, the principle of additivity (Egs. (21), (24), and (25)) is totally satisfied by the Tsallis
statistics. Equations (101) and (103) prove the zero law of thermodynamics for the canonical
ensemble.

4.2. Microcanonical ensemble

The thermodynamic potential of the microcanonical ensemble, the entropy, is the second
thermodynamic potential 1 =x'=S defined in Eq. (14), which is a function of the variables of
state f=E, x?=<V, x>=N and x*=z. It is obtained from the fundamental thermodynamic

potential f by exchanging the variable of state x' with variable f. In the microcanonical
ensemble, the first partial derivatives of the fundamental thermodynamic potential (1) are

defined as u'=T, u*=-p, u>=y, and u*=-%.

The entropy S for the Tsallis and Boltzmann-Gibbs statistics in the microcanonical ensemble
can be written as
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5= Z5E,Ei5V,Vi5N,Nié‘z,zipiSi’ (107)
where S, is defined in Eqs. (48) and (49). The set of probabilities {p,} is constrained by Eq. (27):

¢ = ZaE,Ei 5v,vl. 5N,Nl 5z,z,. p;—1=0. (108)

Applying the method of Lagrange multipliers (Egs. (32)-(34)) with the Lagrange function
®=S-A¢ to Egs. (107), (108), (48), and (49), we can write down Egs. (34), (37), and (38) for the
Tsallis and Boltzmann-Gibbs statistics immediately as [6]

0S.
S.+p,—-1=0, (109)
ap;
1
=—, 110
Pi=w (110)
W= Zé‘E,Ei5V,\45N,Ni5z,zI’ (111)

where W=W (E, V, N) is the statistical weight for the Tsallis and Boltzmann-Gibbs statistics
and z;=z for all microstates. Substituting Eqgs. (110) and (111) into Egs. (107), (48), and (49) and

using Eq. (108), we can express the second thermodynamic potential (Eq. (43)) as [6]

S=z(1-W™*)  for |z <e, (112)

S=InW for |z| = . (113)

Then the first derivative (Eq. (44)) of the thermodynamic potential S with respect to the variable
of state E, i.e., the temperature T, can be rewritten as [6]

l:§:W‘1/ZM for |z|<oo, (114)
T OE OE

1% _olnw for |2| = . (115)
T OE OE
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The first derivative (Eq. (45)) of the thermodynamic potential S with respect to the variable of
state V, i.e., the pressure p, becomes [6]

oS L. 0lnW

p=T— =TW"— for |z < oo, (116)
_p. 2 pOlnW for || = co. (117)
ov oV

The first derivative (Eq. (45)) of the thermodynamic potential S with respect to the variable of
state N, i.e., the chemical potential y, is [6]

U=— ﬁz_TW*“ZaILW for |z| <o, (118)
ON ON

y=-18 _ _poW for |2] = o=. (119)
ON ON

The first derivative (Eq. (45)) of the thermodynamic potential S with respect to the variable of
state z, i.e., the variable Z, can be rewritten as [6]

TS T[1-W (1w )| for ] <on (120)

[1]

[1]

=0 for |z| =, (121)

where 0W /0z=0. Then the differential of the thermodynamic potential (107) satisfies the
fundamental equation of thermodynamics (70).

4.2.1. Nonrelativistic ideal gas: microcanonical ensemble

Let us consider the nonrelativistic ideal gas of N identical particles governed by the classical
Maxwell-Boltzmann statistics in the framework of the Tsallis and Boltzmann-Gibbs statistics
in the microcanonical ensemble. For this special model, the statistical weight (111) can be
written as (see [6] and reference therein)

_(gV>N(m]2 g2
= N1 |5 ’ 122
N! |\ 27 FGNJ (122)
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where m is the particle mass. Then the entropies of the ideal gas for the Tsallis and Boltzmann-
Gibbs statistics are calculated by Egs. (112), (113), and (122).

The temperatures (Egs. (114) and (115)) for the ideal gas for the Tsallis and Boltzmann-Gibbs
statistics in the microcanonical ensemble correspond to [6]

1/z
__EW for |z| <o, (123)
3N/2-1
E
T=— - for |z| = oo. 124
3N/2-1 g (124)

The pressures (Egs. (116) and (117)) and the chemical potentials (Egs. (118) and (119)) for the
ideal gas for the Tsallis and Boltzmann-Gibbs statistics in the microcanonical ensemble can be
written as [6]

p _N_E for |Z| <o and |Z| =00, (125)
V3N/2-1
3/2
E mE 3 (3
5 v TE Sy N+ =2y| 2N
H 3N/21[n£g (2;;} ] y(N+1) 2‘”[2 j] (126)

for |z| <o and |z| =,

The variable (Eq. (120)) for the ideal gas for the Tsallis statistics in the microcanonical ensemble
is [6]

B E
3N/2-1

[1]

[1-W"+InW"* | for |z| <. (127)

However, the variable (Eq. (121)) for the Boltzmann-Gibbs statistics vanishes, ==0.

4.2.2. Nonrelativistic ideal gas in the thermodynamic limit: microcanonical ensemble

Let us rewrite the thermodynamic quantities of the nonrelativistic ideal gas in the microca-
nonical ensemble in the terms of the thermodynamic limit when the entropic parameter z is
considered to be an extensive variable of state

E—>x, V—>wn, N—>owx,

2| >0,

E 1% .z (128)
& =—=const, v =— =const, z=— = const.
N N N
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Then in the thermodynamic limit (Eq. (128)), the statistical weight (Eq. (122)) for the nonrela-

tivistic ideal gas can be rewritten as [6]

(129)
Substituting Eq. (129) into Egs. (112) and (113) and using Eq. (128), we obtain the entropy as [6]
$=Nz(1-w ") for || <o, (130)

S=NInw for |z| = . (131)

The temperatures (Egs. (123) and (124)) for the nonrelativistic ideal gas in the thermodynamic
limit (128) can be rewritten as [6]

T= %gw” : for |2| <, (132)

T= %e for |Z| = . (133)

The pressure (125) and the chemical potential (126) for the nonrelativistic ideal gas in the

thermodynamic limit (128) become [6]

_2¢

p== for |Z| <o and |z| =0, (134)
3v
y=§e(g—lnwj for |Z| <o and |Z| = o0, (135)

The variable (Eq. (127)) for the Tsallis statistics in the thermodynamic limit (Eq. (128)) corre-
sponds to [6]

Ez—%g[l—wl/i +1nw”ﬂ for |2| < oe. (136)
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For the Boltzmann-Gibbs statistics, we have Z=0. Using the results so far obtained for the
Tsallis statistics given in Egs. (130), (132), and (134)-(136), we can verify that the Euler theorem
defined in Egs. (22) and (98) is satisfied [6], i.e., TS=E + pV —uN + Ez.

Let us verify the principle of additivity for the nonrelativistic ideal gas in the microcanonical
ensemble in the thermodynamic limit when the entropic parameter z is an extensive variable
of state. Suppose that the system is divided into two subsystems (1 and 2). Then the extensive
variables of state of the microcanonical ensemble are additive [6]

E"=E'+E, V"=V'+V? N =N'+N?, z'"”=z"+7" (137)
However, the specific variables of state (Eq. (128)) are the same in each subsystem (intensive)
=z (138)

Considering Egs. (129), (137), and (138), we can verify that the Tsallis thermodynamic potential
(Eq. (130)) of the microcanonical ensemble is a homogeneous function of the first order, i.e.,
S(E, V, N, z)/N=S(¢, v, z), and it is additive (extensive) [6]

gl+2 (E1+2,V1+2,N1+2,Zl+2) —g! (El,Vl,Nl,Zl) + g2 (EZ,VZ,NZ,ZZ). (139)

Now, considering Egs. (129), (137), and (138), we find that the Tsallis temperature (Eq. (132)),
the pressure (Eq. (134)), the chemical potential (Eq. (135)), and the variable (Eq. (136)) are the
homogeneous  functions of the zero order, 1ie, T(E,V,N,z)=T(¢v,2),
p(E,V, N, z)=p(e, v, 2), u(E, V, N, z)=u(e, v, z), and E(E, V, N, z)=E(¢, v, z), respectively,
and they are the same in each subsystem (intensive) [6]

T1+2 (E1+2,V1+2,N1+2,Z1+2) —_T! (EI,Vl,Nl,Zl) _ TZ(Ez,V2,N2,ZZ), (140)
p1+2(E1+2’V1+2,N1+2,21+2) _ pl(EllvllNllzl) _ pz(Ez,VZ,N2,Z2), (141)
Iu1+2 (EHZ,VHZ,NHZ,ZHZ) _ /11 (El,Vl,Nl,Zl) _ ,LJZ(EZ,VZ,NZ,ZZ), (142)

gl+2 (EHZ,VHZ,N“Z,ZHZ) _g! (El,Vl,Nl,Zl) — EZ(EZIVZINZ,Z2). (143)



328 Recent Advances in Thermo and Fluid Dynamics

Thus, the principle of additivity (Egs. (21), (24), and (25)) is totally satisfied by the Tsallis
statistics in the microcanonical ensemble. Equation (140) proves the zero law of thermody-
namics for the microcanonical ensemble [6].

4.3. Equivalence of canonical and microcanonical ensembles

We can now easily prove the equivalence of the canonical and microcanonical ensembles for
the Tsallis statistics in the thermodynamic limits (Egs. (82) and (128)). Using Egs. (83) and (129),
it is easy to verify that Eq. (132) for the temperature of the microcanonical ensemble and Eq.
(86) for the energy of canonical ensemble are identical. Comparing Egs. (83) and (129) and
using Eq. (86), we have

z

w =(Z 63/2)2. (144)

G

Substituting Eq. (144) into Eq. (130) for the entropy of the microcanonical ensemble, we obtain
the entropy of the canonical ensemble (Eq. (90)). Equation (134) for the pressure of the
microcanonical ensemble is identical to Eq. (92) for the pressure of the canonical ensemble.
Substituting Eqs. (144) and (86) into Eq. (135) for the chemical potential of the microcanonical
ensemble, we obtain Eq. (94) for the chemical potential of the canonical ensemble. Moreover,
substituting Eqgs. (144) and (86) into Eq. (136) for the variable = of the microcanonical ensemble,
we obtain Eq. (96) for the variable = of the canonical ensemble. Thus, for the Tsallis statistics,
the canonical and microcanonical ensembles are equivalent in the thermodynamic limit when
the entropic parameter z is considered to be an extensive variable of state.

5. Conclusions

In conclusion, let us summarize the main principles of the equilibrium statistical mechanics
based on the generalized statistical entropy. The basic idea is that in the thermodynamic
equilibrium, there exists a universal function called thermodynamic potential that completely
describes the properties and states of the thermodynamic system. The fundamental thermo-
dynamic potential, its arguments (variables of state), and its first partial derivatives with
respect to the variables of state determine the complete set of physical quantities characterizing
the properties of the thermodynamic system. The physical system can be prepared in many
ways given by the different sets of the variables of state and their appropriate thermodynamic
potentials. The first thermodynamic potential is obtained from the fundamental thermody-
namic potential by the Legendre transform. The second thermodynamic potential is obtained
by the substitution of one variable of state with the fundamental thermodynamic potential.
Then the complete set of physical quantities and the appropriate thermodynamic potential
determine the physical properties of the given system and their dependences. In the equili-
brium thermodynamics, the thermodynamic potential of the physical system is given a priori,
and it is a multivariate function of several variables of state. However, in the equilibrium
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statistical mechanics, the thermodynamic potential is a composed function that can depend
on the set of independent variables of state explicitly and implicitly through the probabilities
of microstates. The probabilities of microstates are determined from the second part of the
second law of thermodynamics, i.e.,, the maximum entropy principle. The equilibrium
probability distributions are found from the constrained extremum of the thermodynamic
potential as a function of a multidimensional set of probabilities considering that the statistical
entropy is defined. The equilibrium thermodynamics and statistical mechanics are defined
only on the class of homogeneous functions, i.e., all thermodynamic quantities describing the
thermodynamic system should belong to the class of homogeneous functions of the first or
zero orders.

In the present work, the general mathematical scheme of construction of the equilibrium
statistical mechanics on the basis of an arbitrary definition of statistical entropy for two types
of thermodynamic potential, the first and the second thermodynamic potentials, was pro-
posed. As an example, we investigated the Tsallis and Boltzmann-Gibbs statistical entropies
in the canonical and microcanonical ensembles. On the example of a nonrelativistic ideal gas,
it was proven that the statistical mechanics based on the Tsallis entropy satisfies the require-
ments of the equilibrium thermodynamics only in the thermodynamic limit when the entropic
index z is an extensive variable of state of the system. In this case the thermodynamic quantities
of the Tsallis statistics belong to one of the classes of homogeneous functions of the first or zero
orders.
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