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1. Introduction

In the past decades, Recurrent Neural Network (RNN) has attracted extensive research
interests in various disciplines. One important motivation of these investigations is the
RNN's promising ability of modeling time-behavior of nonlinear dynamic systems. It has
been theoretically proved that RNN is able to map arbitrary input sequences to output
sequences with infinite accuracy regardless underline dynamics with sufficient training
samples [1]. Moreover, from biological point of view, RNN is more plausible to the real
neural models as compared to other adaptive methods such as Hidden Markov Models
(HMM), feed-forward networks and Support Vector Machines (SVM). From the practical
point of view, the dynamics approximation and adaptive learning capability make RNN a
highly competitive candidate for a wide range of applications. See [2] [3] [4] for examples.
Among the various applications, the realtime signal processing has constantly been one of
the active topics of RNN. In such kind of applications, the convergence speed is always an
important concern because of the tight timing requirement. For example, the conventional
training algorithms of RNN, such as the Backpropagation Through Time (BPTT) and the
Real Time Recurrent Learning (RTRL) always suffer from slow convergence speed. If a large
learning rate is selected to speed up the weight updating, the training process may become
unstable. Thus it is desirable to develop robust learning algorithms with variable or
adaptive learning coetcients to obtain a tradeoff between the stability and fast convergence
speed.

The issue has already been extensively studied for linear adaptive filters, e.g., the famous
Normalized Least Mean Square (N-LMS) algorithm. However, for online training
algorithms of RNN this is still an open topic. Due to the inherent feedback and distributive
parallel structure, the adjustments of RNN weights can affect the entire neural network state
variables during network training. Hence it is difficult to obtain the error derivative for
gradient type updating rules, and in turn difficulty in the analysis of the underlying
dynamics of the training. So far, a great number of works have been carried out to solve the
problem. To name a few, in [5], B. Pearlmutter presented a detail survey on gradient
calculation for RNN training algorithms. In [6] [7] , M. Rupp et al introduced a robustness

Source: Recurrent Neural Networks, Book edited by: Xiaolin Hu and P. Balasubramaniam, ISBN 978-953-7619-08-4, pp. 400, September
2008, I-Tech, Vienna, Austria
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170 Recurrent Neural Networks

analysis of RNN by the small gain theorem. The stability was explained from the energy
point of view that the ratio of output noise against input noise was guaranteed to be smaller
than unity. In [8], ]. Liang and M. Gupta studied the stability of dynamic back-propagation
training algorithm by the Lyapunov method. An auxiliary term was appended to augment
the learning error. The convergence speed was improved by introducing an extra increment
in the updating rule. Later, A. Atiya and A. Parlos used a generalized steepest descent
method to obtain a unified error gradient algorithm [9]. Recently, Q. Song et al proposed a
simultaneous perturbation stochastic approximation training method for neural networks
and robust stability is established by the conic sector theorem [10] [11].

The work presented in this chapter investigate the stability and robustness of the gradient-
type training algorithms of RNN in the discrete-time domain. A Robust Adaptive Gradient
Descent (RAGD) training algorithm is introduced to improve the RNN training speed as
compared to those conventional algorithms, such as the BPTT, the RTRL and the
Normalized RTRL (N-RTRL). The main feature of the RAGD is the novel hybrid training
concept, which switches the training patterns between the standard online Back Propagation
(BP) and the N-RTRL algorithm via three adaptive parameters, the hybrid adaptive learning
rates, the adaptive dead zone learning rates, and the normalization factors. These
parameters allow RAGD to locate relatively deeper local attractors of the training and hence
obtain a faster transient response. Different from the N-RTRL, the RAGD uses a specifically
designed error derivatives based on the extended recurrent gradient to approximate the true
gradient for realtime learning. Also the RAGD is different from the static BP in terms that
the former uses the extended recurrent gradient to extend the instantaneous squared
estimation error minimization into recurrent mode, while the latter is strictly based on the
instantaneous squared estimation error minimization without specifically considering the
recurrent signal.

Weight convergence and robust stability of the RAGD are proved respectively based on the
Lyapunov function and the Cluett's law, which is developed from the conic sector theorem
of input- output system theory. Sufficient boundary conditions of the three adaptive
parameters are derived to guarantee the L, stability of the training. Different from precedent
results [12], the present work employs the input-output systematic approach in analysis.
This is because the input-output theory on basis of functional analysis requires minimal
assumptions about the training statistics. Although the results are also derivable from
conventional analysis method, we emphasize that input-output systematic scheme can
provide an in-depth understanding of RNN training dynamics from different aspect.

In addition to the theoretical analysis, we carried out three case studies of the applications in
realtime signal processing via computer simulations, including time series prediction,
system identification, and attractor learning for pattern association. With these case studies,
we are able to qualify the effectiveness of the RAGD and hence justify that the algorithm
outperforms other counterparts.

The overall chapter is organized as follows: In Sections 2, we briefly introduce the structure
of the RNN and the RAGD training algorithm. In Section 3, the robustness analysis of the
RAGD is carried out for the Single-input Single-Output and Multi-input Multi-output RNN
respectively. In addition, the conic sector theorem is introduced as the theoretical
foundation of the analysis. Computer simulations are presented in Section 4 to show the
efficiency of our proposed RAGD. Section 5 draws the final conclusions.
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2. RAGD learning algorithm

Consider a RNN with / output nodes and m hidden neurons. In discrete-time domain, the
network output y at time instant k can be written as

i(k) = V(E)®(W (k)i(k)) (1)

where V (k) € R and 14 (k) € R™™ are output and hidden layer weights respectively (in

matrix form), ®(-) € R™%is a vector of nonlinear activation functions, and % (k) € R"is the
state vector that consists of external input u(k) and 7 - 1 delayed output feedback entries

i(k) = [u(k),§(k = 1), Gk —=n+1)]" )

in which T denotes transpose operation. To simplify the expression, we use notation @ (k)

instead of @ (W (k) X (k)) hereafter. When estimating a command signal d(k), the
instantaneous modeling error of RNN can be defined by

e(k) = d(k) — §(k) + (k) o)

Note a disturbance term ¢ (k) € R"is taken into account in (3). Without loss of generality,

there is no assumption on the prior knowledge of ¢ (k) and its statistics. The training
objective of RNN is to update the weight parameters step by step to minimize certain cost
function f(e(k)), with the most convenient form being the squared instantaneous error ¢*(k)/2.
Specifically, in an environment of time-varying signal statistics, a gradient based sequential
training algorithm can be used to recursively reduce the f(e(k)) by estimating the weights at
each time instant

1Yy — (R _ o OF(e(R)

ro. Gy S (ek))
W(k+1)=W;k)—a A

(4)

where « is the learning rate of RNN, and W i(k) is the ith row of hidden layer weight matrix,

withi=1, 2, ..., m. Note subscript i denotes ith row for matrices or ith entry for vectors. As
for the above algorithm, a widely recognized problem is the slow convergence speed
because of small learning rates for purpose of preserving weight convergence. So far the
commonly accepted solution of this problem is to employ normalization, e.g., the N-RTRL
algorithm [13] [1]. Indeed, the solution can be further improved if we can find effective
boundary conditions of learning rates and normalization factors as will be shown in later
sections. Moreover, hybrid learning rates can be employed to obtain the tradeoff between
the transient and steady state response. Now based on the RNN model (1) and the gradient-
based training equation (4), we propose the RAGD learning algorithm as follows

V(k+1) = V(k) + S{e(k)(@(k)T + B° (k) A(k))
Wk +1) = W(k) + 2t diag{®' (k)}V (k) e(k)(@(k)T + B (k) B(k))

'”?1

®)
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172 Recurrent Neural Networks

where @’(k) is the vector of activation function derivatives, a?(k), av(k) are adaptive dead
zone learning rates, B(k), p(k) are hybrid learning rates, p(k), p¢(k) are normalization

factors, and A k), B (k) are residual error gradients. These variables are defined in the
following.

(a) ¥’ (k) € R™*!
(k)= & Wi(K)iEk) &Walk)i(k) --- & (Wak)ik) 17 @

(b) A (k) e R""and B (k) € R*™

Ak) = V(k)- [diag{®'(k)}), - [W (k)] - D"(k) 7)
B(k) = W(k)D"(k) ®)
where [diag{®'(k)}], € RI*")*>m) and [II (k)L e RUxm)x(lxn) are block diagonal matrices

with sub-matrix diag{®” (k)} and W (k) on the diagonal respectively

[ diag{®'(k)} .
[diag{® (k)}], = diag{®’(k)}
_ diag{®'(k)} |
[V (k) 0 ]
W] = W)
| W(k) |

V(k) € R¥=m) and W (k) € R *(m=mare long vector versions of the weight matrices 1% (k)
and W (k) respectively

Vk) = [ak) Va(k) - Vi(k)

W(k) = [Wik) Walk) - Win(k)]
and the Jacobian DV (k) € RU>*™*m and ﬁ)“’(k] € Rimxn)xn

Do (k) = [DY(R)" D3(k)" --- Dp(k)T]"
D"(k):[D'i"(k)T Dy (k)" -+ DR (R)T]"
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Ay sy OdE(k] nxm w/ i. dr{ﬁ nxn
in which Di' (k) = k) < R, D (k) = oW, € """ are sub-matrices.
() B(k) and (k)
B° (k) = sgn{®(k)" (51 + ®(k)®(k)") " A(K)"} ©)
B (k) = sgn{a(k)" (61 + &(k)2(k)") "' B(k)"} (10)

where & is a small positive constant, [ is the identity matrix, and 4] is employed to ensure the
matrix 61 4 ®(k)® (k) and 61 + &(k)& (k)" positive definite.
(d) pe(k) and p(k)

p’ (k) = vp®(k — 1) + max{p", | @ (k)" + 5° (k) A(k)|*} (11)

{‘n ,u,,,MHdiag{fI)'(k }V“" | Pt ”ff(k)J +-"3u"{k)g{k} -

p" (k) = vp”(k — 1) + max o (F) )l }(12)

where v < 1, p” and p" < 1 are positive constants, i n. is the maximu value of the
(k) = min{tI)’1 (k),---,® (k)}. Note we are using an inner
product induced norm, the Frobenius norm, as the norm of weight matrices in this work.

(e) ar(k) and aw(k)

activation function, and f::r

|®(K)T + v (k)A(K)]||2
pv (k)

o U‘) - "J”{”E(k ” o Cmﬂr}f\/l o } (13)

pmaz||diag{®' (k) }V (k)T (|3 - [|E(k)T + B (k) B(k)||?
a' ("I‘- “'gn{”{ 'I‘}“ mru/\/l - cj;n-m (k; ut (JIL}

} (14)

where ¢} . = max{[|£"(k)| }. e, = max{|[g" (k)| }. and sgn(*) function is defined by

1 x>0
sgn(z) = (15)
0 x <0

Remark 1 The RAGD algorithm uses the specific designed derivative as shown in (5). The state
estimators are taken into account in the second terms of the partial derivatives on the right side of the

equation. Further, to make the proposed algorithm realtime adaptive and recurrent, the D v(k) and

the D w(k) in the partial derivatives are calculated on basis of the data from previous training steps,
which is similar to that of the N-RTRL algorithm [14]. It is noteworthy only when the convergence
and stability requirements (details will be given in Section 3) are met, they hybrid learning rate fwill
be turned on. In this case, since we have estimated the best available gradient at each step k, the
combination of weights and state estimates in (5) should provide a relatively deeper local attractor of
the nonlinear iteration, and hence to speed up the training.
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3. Robust stability analysis

In this section, we present detail analysis of robust stability of the RAGD algorithm. Proofs
of weight convergence and L, stability are derived on basis of Lyapunov function and input-
output systematic approach respectively. The boundary conditions on the three adaptive
parameters, the hybrid learning rate, the adaptive dead zone learning rates, and the
normalization factors, are obtained for the optimized transient response of the training. For
better understanding of the algorithm, a simple case of Single-input Single-output (SISO)
RNN is firstly given as an example. Then the results are extended to the more complicated
case of Multi-input Multi-output (MIMO) RNN. Before proceeding, we introduce the
Cluett's law and mathematical preliminaries.

3.1 Cluett's laws

The main concern of this work is discrete signals which are infinite sequences of real
numbers. Each signal may be considered an element of a set known as a linear vector space.
To provide a clear explanation, an immediate review is given on several mathematical

notations. Let the x(k) € R" ! denotes the series {x(1), x(2), ...}, then

i) The Lynorm of x(k) is defined as [|z(k)||2 =

ii) If the Lo norm of x(k) exists, the corresponding normed vector spaces are called L, spaces;

N
ZL (k)2

k=
iv) The extension of a space Ly, denoted by Ly, is the space consisting of those elements x(k)
whose truncations are all lie in Ly, i.e., ||z(k)|2, ;v < 00, for all N €Z. (the set of positive
integers).

iii) The truncation of x(k) is defined as [[z(k)|2,nv =

Note ||0|| denotes the Euclidean norm of a vector, and ||0|| 2 for the L, norm of a signal (could
be either a vector or a scalar). Let's consider the closed loop system shown in Figure 1

b 4~a® [ k)

1

W, | u

2

Figure 1. A general closed loop feedback system

eo(k) = (k) — o(k)
e(k) = Hyeg(k) (16)
d(k) = Hae(k)

where operators Hy;H>: Ly, —Lo., discrete time signals eg(k); e(k); ¢(k) € Lo.and e(k) € Lo.
Theorem 1 (Cluett's Law-1) If the following two conditions hold

www.intechopen.com
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N
i) Hy : eg(k) — e(k) satisfies > [e*(k) + aep(k)e(k) + Bei(k)] > —v, VN € Z+
k=0
N

i) Hy : e(k) — o(k) satisfies Y [862(k) — ad(k)e(k) + 2(K)] < —n{]|(6(k), e(k)) |3}, VN € Z*

for some «, f € R, which are independent of k and N, and y > 0, » > 0, which are

independent of N, then the closed loop feedback system of (16) is stable in the sense of e(k),
¢ (k) € Lz.
Proof: By the inequality i) and using eo(k) = (k) -¢ (k)

N N
Z[_5¢2(k) — ad(k)e(k) + e* (k)] + Z[aa(ﬁc}e(fv} — 23e(k)o(k) + B(k)] > —y (17)
k=0 k=0

Combining inequality ii) and equation (17)

N
—n{l[(6(k), e(k))3} v + Y _lac(k)e(k) — 28e(k)d(k) + Be* (k)] = =y (18)
k=0

Using the Schwartz inequality

n{ll(o(k), e(k)IZ} v — lal - {lle(k)ll2}n - {lle(E)ll2}n = 218] - {lle(k)[2}~ - {l|$(K)]|2} n
<7+ 181 {lle(®)B}x 1)

Assume {||(¢(k),e(k))||3} v — ocas N—ow, then from equation (19) we derive 7 <0. This is

a contradiction. Therefore {||(¢(k), e(k))||5} vis bounded for all N € Z, i.e., ¢(k), e(k) € Lo. m

Theorem 2 (Cluett's Law{2) For the feedback system (16), if
i) Hi: eo(k) - e(k) satisfies

Z (EU(}"?)E(E) + JE[}(E:)QfQ) >

k=1
ii) Ha: e(k) - ¢ (k) satisfies
N
Y (00(k)*/2 = d(k)e(k)) < —nll(¢(k), (k)3 x
k=1

for some y> 0, 7> 0, which are independent of N, and ¢ € (0, 1], which is independent of k
and N, then the closed loop signals e(k), ¢ (k) € L.

Proof: See corollary 2.1 in [15]. m

Remark 2 As a matter of fact, the operator Hj represents the nonlinear mapping and H; is a dynamic
linear transfer function. When condition (i) and (ii) are satisfied, H, is guaranteed to be passive and

H' is strictly interior conic (c1, r1), where c1 = 1 and r1 = (1- 6)1/2, or equivalently H is strictly

interior the conic (c, 12) where c;=c " and r1=c " (1 - 6)/2as long as ¢ < 1 holds. Hence the
feedback loop is Lo-stable by the conic sector theorem. This conic relation is illustrated in Figure 2

www.intechopen.com
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cone condition of conic sector theorem

20
e R |
fr.‘rrHI co=1, r=(1 GLS]
15F
- 1 12
for H,. r=0 . r=0, (10, 4)
10+

y=(crrx -7

- The inner side of the cone(C, R)

=20 1 1 1 1 1 1 I 1
-5 4 -3 -2 -1 0 1 2 3 E 5

Figure 2. Illustration of interior and exterior conic relations of H;

3.2 Output layer analysis of SISO RNN

In this and next section, we consider the RNN model of (1) with only one output node, i.e.,
I = 1. Such simplification is favorable for us to put more concentration on the basic ideas of
the proof rather than the pure mathematics. Moreover, the results for SISO RNN will also be
extended to the more general case of MIMO RNN in later sections. On the other hand, in a
multi-layered RNN, it may not be able to update all the estimated weights within a single
gradient approximation function. Hence we shall partition the training into different layers.
Now with the assumption of SISO RNN, the training for output layer can be re-written as

V(k+1)=V(k)+ f;((:‘)) e(k) (cD(k.)T +,f;r*'(A—:}rJf(g:)d?:ag{q:-’(;;)}ti-f(k);iw(;;)) (20)

In order to analyze the dynamics of this training equation via input-output approach, the
first step is to restructure (20) into an error feedback loop, which should be the same as that
in Figure 1. Further, the weight estimation error must be referred as the output signal. For
this purpose, define the estimation error

e’ (k) = V(k)®(k) — V*®(k) = V(k)D(k) (21)

where V* € RV and V (k) = V (k) - V* are the ideal weight vector and estimation error
vector of output layer respectively, and ®*(k) is defined in analogous to @ (k) as

(k) = [p(Wia* (k) o(Wsa*(k)) -+ o(Wya™(k)]" (22)

m

where x*(k) € R" ' is the ideal input state, W* € R" " is the ideal weight matrix of hidden
layer of the RNN. Then the training error of RNN can be expanded as

www.intechopen.com
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e(k) = d(k) —g(k) +e(k)

= V*®* (k) — V(k)®(k) + (k)
= [V*®*(k) — V*®(k)] — [V(k)®(k) — V*®(k)] + (k) (23)

Because the term V* ®*(k) - V* @ (k) is temporarily constant in case of output layer training,
we can define & “(k) = & (k) + V* ®*(k) - V* @ (k). Then (23) can be transformed as

&(k) — ' (k) = e(k) (24)

Equation (24) has a similar form as the feedback path of the system (16), with e’(k) and e(k)
corresponding to e(k) and ey(k) in Figure 1 respectively, and here the feedback gain is unity,
ie, Hy=1.

There is an important implication in the relation of (24). The ¢°(k), e(k) and & °(k) correspond
to the weight estimation error, the RNN modeling error and the disturbance, respectively.
Hence the training error is directly linked to the disturbance, and in turn, the parameter
estimating error of the RNN output layer. If we further establish a nonlinear mapping from
the original disturbance & °(k) to the parameter estimation error e’(k), the relationship
between L,-stability of training algorithm and learning parameters can subsequently be
studied by imposing the conditions of Theorem 2.

Theorem 3 If the output layer of the RNN is trained by the adaptive normalized gradient algorithm

(20), the weight V (k) is guaranteed to be stable in the sense of Lyapunov

IV(E+ D)2 = |V(k)|* <0, Vk (25)

with V (k) = V (k) - V*. Also the training will be L-stable in the sense of ¢’(k) e Ly if a’(k) #0

forallk € Z+.
Proof: Subtracting V*and then squaring both sides of (20)

IV (E+ DI = [V ()

- % V(R)(@(R)" + B°(k)A(K))" + <%FII@(H" + BY (k) A(R)|?
= 20°WR) @) + B0 () AR)T) + (MFH@W"' +B°(R)AR)*  (26)
ﬂ“) e (ﬂ:]

Regarding the first term on the right side of (26), we find that it may be easily associated
with the term e?(k) due to the explicit appearance of V' (k) and ®(k). Following this idea, we

need to apply certain transformation to S3°(k) A (k)T, such that ®(k) can be extracted from the
summation. When it comes to this point, our first thought is to left multiply
BY(k)A(K)T by ®(k)®(k)T (®(k)®(k)T)~'. However, the transformation is not valid
because ®(k) ®(k)Tis not an invertible matrix (®(k) is a column vector). Fortunately, inspired
by the approximation method of classical Gauss-Newton iteration algorithm [2] (pp.126-

127), we can add the term ®(k) @ (k)T by a small positive constant § to expand it into
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81 + ®(k)® (k)" : positive definite for all k (27)

Such that the singular matrix problem can be avoided. On this basis, we have the following
derivations

IV (k+ 1) = [V (k)|
- % TV (k)®(k) (1 + B°(k) (k)T (51 + ®(k) (k) T) " A()T)
av(k)e(k)
m
p¥ (k)
a'(k)e(k)
p (k)
207 (k) (€Y (k)e(k) — e?(k))
P (k)

a’(k)e(k) o T | auiy A 2
(k) Y N®(k)" + B (k)AK)|| (29)

where (29) is obtained by substituting (24) into (28). Then based on the triangular inequality
28 (k)e(k) < (6Y(k))? + €*(k), (29) can be further deducted as

2| @(k)" + 8 (k) Ak)|)?
e’ (k)(1+ BY(k)® (k)" (51 + ®(k)®(k)") T A(k)T)
+( YI@(k)T + o (k)A(K)|? (28)

(1+8°(k)@ (k)" (51 + (k) ®(k)") " A(K)")

+(

IV (k + 1) = |V (k)|
o’ (k)((€°(k))* — e*(k))

IA

(14 8°(k)®(k)" (61 + @ (k)@ (k)") " A(K)")

p* (k)
a'b'(k.) ' v (1.
+(W)Eez(k)ll@(k}T + B (k) A(k)||*
= ‘;Eg (1 + BY(k)® (k)T (51 + ®(k)@(k)T) T A(K)T) ((8°(k))?
oV T v A 2
(- (k)[[@(k)" + 5°(k) Ak ) (k)

PP (k)(1 + Bv(k)D(k)T (81 + ®(k)®(k)T)-1A(k)T)

By the definition of 4(k), we may derive that 3Y(k)® (k)" (61 + ®(k)®(k)T) ' A(k)T > 0.
Furthermore, because that p*(k) > || ®(k)” + 3Y(k)A(k)||? as defined in (11) which lead

i T LAy Al ~
to1- L2) ';:3 ( S}A(an > 0, and by the definition of a’(k), the convergence of V (k) can

be derived
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IV (k+1D)* = IV (k)|

< SR FRBEOT + RBE)) AW ()
aV T v\ A 2
- O SAG,
)
< SR B 51 + D)D) AR (S
Q" (WK + FRABI2,
—(1— R ) e°(k))
< 0 (30)

Next considering the case that the assumption a”(k) #0 holds for all k € Z+, we can divide
both sides of (28) by 2a’(k)(1 + 5°(k)® (k)T (01 4+ ®(k)®(k)T)'A(k)") and then sum
up to N steps
N (] v aqu A 2
_av =3 (e " WIR) +FWARIE
pU(k)  2(p(k))2(1+ BY(k)®(k)T (61 + ®(k)®(k)T)~LA(K)T)

k=1
N

< (ke (k) + 30" (k) vk € (k] a® (k) # 0} 61)
k=1

where the normalized error signals are defined as

and the cone satisfies

|2(k)" + B (k) A(K)|”
. } <1
p (k)
which prevents the vanishing radius problem, i.e., & ° is strictly smaller than one [15].

Because for each k the Lyapunov function (30) is guaranteed smaller or equal to zero, we
have

" = sup{
k

) < Z IV (k+ D2 = [V ()2
N 201+ B (K)B(k)T (51 + R(k)@(k)T) L A(k)7)

l.‘\.

32 (7G4 DI = 7P

IA

(VI [V(N +1)]%)

b | =
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Due to the specific selection of the normalization factor in (11), the normalized error signals
guarantee that the original signals e(k) and e“(k) are bounded according to the original
operators H, and H> [15]. Now the operator H, represented by (31) satisfies the condition
(i) of Theorem 2, and condition (ii) is guaranteed to hold due to H, = 1. Thus we conclude
thate’(k) € Lo. m

Remark 3 According to the theoretical analysis, the three adaptive parameters o”(k), (k) and p°(k)

play important roles in the design of the RAGD. The adaptive learning rate o (k) is based on the
standard adaptive control system to solve the weight drift problem [10]. The normalization factor

p " (k) prevents the so-called vanishing cone problem of the conic sector theorem [15], which also has a
similar role to the local stability condition as in [8] to bound the gradient in (20). The specific

designed hybrid adaptive learning rate B °(k) can be further interpreted as activating the recurrent
learning fashion in case ®(k)T {61+ ®(k)®(k)T} YA(k)T > 0. It implies that the recurrent
training of the RAGD will be active only if the second term of the derivative in (20) gives the negative
gradient direction, i.e., a relatively deeper local attractor, otherwise the RAGD training procedure
will be the same as a static BP algorithm and likely escape this undesired local attractor since it is
unfavorable in the recurrent training. This design is especially effective for accelerating the training
of the RNN when the iteration is near the bottom of basin of a local attractor, where the derivatives

are changed slowly. With p °(k) = 1, the approximation of D (k) is more accurate to meet the
convergence and stability requirements.
Remark 4 The idea of the RAGD is similar to the existing works [16] [17] [14]. If we calculate the

derivative in (20) exactly by unfolding the recurrent structure and force f°(k) = 0, i.e, pursuing all N
steps back in the past, then the algorithm will recover the static BP [17] [18]. Moreover, based on the
assumption that the model parameters do not change apparently between each iteration [16], then we
can derive a similar approach as the N-RTRL [14]. However, the key difference between the RAGD

and the N-RTRL is that we use the hybrid learning rate 5 °(k) to guarantee the weight convergence
and system stability.

3.3 Hidden layer analysis of SISO RNN

This section presents the stability analysis for the hidden layer training of the RAGD.
Apparently the analysis for the hidden layer is more ditcult than the one of the output
layer, because the dynamics between the weight and modeling error is nonlinear. The
derivation of error gradient must be carried out through one layer backward, which
involves the derivative of activation function. In the following analysis, we show that the
nonlinearity can actually be avoided by using the mean value theorem. On the other hand,
as mentioned in section 2, the Frobenius norm is employed as weight matrix norm in the

proof, e.g.,

W(k)” . A direct benefit of this expression is that the proof and the training
F

equation can be presented in matrix forms, while not in a manner of row by row. However
question arises, it is difficult to derive the Jacobian in this framework. We find that it is
feasible to extend the Jacobian into a long vector form on the row basis. Next, similar to the
output layer analysis, the hidden layer training of the RAGD of SISO RNN can be simplified
as follows

a® (k)
p* (k)

W(k+1)=W(k)+ - [f(ﬁi.')diﬂ.g{([; (k)}V (k)T (:F:(ij + B (k)W (k) I:?”'(k.'))(?)Z)
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Expanding the modeling error around the hidden layer weight

e(k) = d(k)— (k) +e(k)

Vi* (k) = V(k)®(k) +=(k)
= VI (k) = V()W i (k) + V(k)R(Wi(k)) = V(R)S(W (k)3(k) + (k)
= V(KW i(k)) - V(K)D(W(k)2(K)) + & (k)
= ~Va(k)us ()W (R)(k) — Va(k)ua (k) Wa(K)a(R) - = Vi (k)i (k) Wi (K)2 () + €7 ()
= - Z Vi (k)i (k)W (k)& (k) + £ (k)
=

= —V(k)diag{¥(k)}W (k)&(k) + (k) (33)
where 2% (k) = V*®* (k) — V(k)®(W*3(k)) + e(k), W;(k) € R1*"is the vector difference
between the ith row of \ hat W(k) and the ideal weight W*, 1;(k) is the mean value of the ith
nonlinear activation function, and ¥ (k) is

U(k) = [p1(k), pa(k), - pm(k:)]T
Defining

e’ (k) = V(k)diag{ W (k)}W (k)& (k) (34)
then equation (33) can be simplified as

e(k) = —e“(k) +£“(k) (35)

Because the output layer weight is always updated before the hidden layer weight, and
1% (k) of the RAGD is bounded as already proved in Section 3.2, then definitely the error

signal & “(k) is also bounded for every step k. Furthermore, since H, = 1 is inside any cone,
thus we only need to study the operator H; to analyze the stability of the training.
Theorem 4 If the output layer of the RNN is trained by the adaptive normalized gradient algorithm

(32), the weight matrix W (k) is guaranteed to be stable in the sense of Lyapunov

W (k+D)|F— W(E)|F<0, Vi

with W (k) = W (k) - W*. Also the hidden layer training of the RAGD will be L,-stable in the sense
of e “(k) € Lyif a “(k) # 0 for all k € Z..
Proof: Subtracting W* from both sides of (32)

Q'In {‘IL)

Wk+1) = W(k)+ o - ek)

dij(k)

dW (k) 36)

Squaring both sides of (36)
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Wk +1D)TW(k+1)

_ o (k) dij(k) \p o' (k) dyj(k)
= (W(k)+ () e{k)dﬁ,(k)) (W(ka«(;g (r’f) (k)}
YT o @ (k)e(k) r dy(k) o (k)efk) dy(k) =
= WE)TW(k) + R — W (k) T o)) ()T W (k)
(a™(k))*e*(k) dy(k)  dj(k) 7)
(pv(k))?  dW (k)T dW (k)
By the definition of Frobenius norm
[ Trace{W(k+1)TW(k+1)} = |W(k+1)|%
Trace{W (k)TW(k)} = |W (k)%
Trace{ kL 80y || 600" — Yiag (' (k)}V ()T (2(K)T + B (k) B(R)) [
\ Trace{W (k)" - fﬁ“‘ } = Trace{ ii”(:“;,r W(k)}

where Trace {*} function is defined as the sum of the entries on the main diagonal of the
associated matrix. The following equation can be derived then

20 (k)e(k) dj(k)

W(k+1)||% - [|W(k)|% = race{ ————W(k
Wk + Dl = W (k)] 0 (k) {dw(k),, (k)}
a'(k k T
O diagl@' W W 607 + 5 WBIE @9
Using the trace properties, the first term on the right side of (38) can be transformed as
)T race dj(k) :
e(R)Trace{ - W)

= e(k)Trace{ (a(k) + B*(K)BU)T) V (k)diag{®' (k)}W (k)

= e(k)Trace{ (&(k)V (k)diag{® (k)} + 8" (k) B(K)V (k)diag{® (k)} ) W (k)}

= e(k)Trace{d(k)V (k)diag{® (k)}W (k)} + e(k)" (k)Trace{ B(k)"V (k)diag{® (k)}W (k)}

= e(k)Trace{V(k)diag{® (k)}W (k)i(k)} + e(k)3" (k)Trace{V (k)diag{® (k)}W (k)B(k)"}

= e(k)V(k)diag{® (k)}W (k)& (k) + e(k)3” (k)V (k)diag{® (k)W (k)&(k)& (k)T (61 + 2(k)E(k)") ' B(k)
= e(k)V(k)diag{® (k)}W (k)i(k)(1 + " (k)& (k)" (6] + &(k)a(k)") ' B(k)")

m

e(k) ZV ), (k)W (k)& (k) (1 + B (k)a (k)T (8 + & (k)a(k)") " B(k)T) (39)

where the third equality to the last is derived by the similar perturbation method as the one
in the output layer training (adding a small constant diagonal matrix I to &(k)Z(k)"to
make it invertible, see the proof in Section 3.2).
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Before proceeding, let's consider a RNN with scalar weight W (k). The relation of the local
attractor basin of the instantaneous square error against the w (k) can be presented by

f"ﬁp{:}n W (k), as illustrated in Figure 3 [10]. Extend this result to the RNN with a matrix

weight W (k), we have a similar presentation by the local attractor basin concept

df(é( })i
Vi(k)T

By the local attractor basin properties in (40)

Zi(k) <0, Vk,i (40)

e (k) (Vi (K) @, (K) Wi (k) (k)) (1 + 37 (k)& (k)T (OT + (k) (k)T) ™' B(k)T)

dyj(k) __df(e(k)) =,
UW(A)T Vi(k) = Wik Wi(k) <0 (41)
The right side of (39) can be enlarged as
c{kj(iiéi}) Vi(k) i (R)Wi(k)&(R) (1 4 B2 (k)a(k)T (61 + #(k)&(k)T) ' B(k)T)
i=1 *
< e(k)( y, ZV Vi ()W (R)E(R)) (1 + B2 (K)2(K)T (81 + 2(k)E(k)T) " B(k)T)
= ;“"”‘) e(k)e” (k)(1+ A" (k)&(k)" (61 + &(k)&(k)") ' B(k)") (42)

fle(k))

NG @)
dW (k)

Local minimum point

W(k)
Figure 3. [llustration of a local attractor basin of the RNN against a scalar estimated weight W (k)

Substituting (42) into (39)
Wk + D)3 — [W (k)3

2(’].‘“”{1%3}(;&1:“1-7:(k:]t’ﬂ(k‘}(ﬂw[:k;] aw #(k T V(b Tyv—1 1T
(k) o (1+ B (k)a(k)" (o1 + 2(k)2(k)" )~ B(k)")
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(o (k))%e* (k)
(p(k))?

Substituting (35) into (43)

+

diag{® (k)}V (k)" (&(k)" + 5" (k) B(R)|I7 (43)

179k 1)1 — [ (k)
20" (k)(bmzn {k)( i Uﬁ)f’(k) - 82 (k))
P (k:).uma:r
2 2 . .

- ldiag (& ()Y (0 G0 + 5" (BB
0 (k) S (R) (£ (R)? — €3(1)
pr {k)p*ma:c
w2 L2 . . 7 .
S - [diagl® (D} ()T G + () BOR I

= e 1 g a0k BT + (R)2(R)TY BT ()
@ (k)tmas [ diagi® (K)}V ()T @(R)T + B (R)BEDIE 245
0 (B) i () (1 + % (R)E(R)T (81 + 2(R)2()T)  BK)T)

e ® (14 g (a0 0T + (00T B ()

—a- (k) imaz || diag{®' (k)}V (k) (& (k)" + 'BHJ(MB(H)”%)EE(k)) &)
.f}w(k)qbinin (k)

IA

(L+ B (k)2(k)T (81 + &(k)&(k)") "' B(k)")

IA

(1+ B (k)E(k)" (81 + 2(k)2(k)") "' B(K)T)

—(1-

IA

By the definition of p“(k) and « “(k) in (12) and (14) respectively, we can draw that

IW (k+ DIE = IWHR)IF <0 (45)

Again, consider the extreme case with the assumption of nonzero « “(k). Dividing both sides
of (43) by

20" (k) Prin (k)

mar

(L+ 37 (k)&(k)" (61 + &(k)2(k)") " B(k)")

and then summing up to N steps

N 4 - " o . -
AW F(h)f* (k) a” (k) ptmaz |diag{® (k)}V (k)" (&(k)"+8" (K)B(K)|IF 2
AW < g ( " T 2(9"’%))%:,“—”(H(H,ﬁ"‘“(k}i{k)T(EHi(k)i(k)T}"B(k}T}e (k)

< 3 {e(R)e" () + bo e k) 49

where the normalized error signals are €(k) = e(k)/\/p*(k), e”(k) = e (k)/\/p“(k),

and the cone is
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pimaz | diag{® (k)}V (k)" (&(k)" + B (k)B(K))|3
:Ow (k)@:nin (’I‘}

and AW is greater than zero because for each k the Lyapunov function (45) is guaranteed
smaller than or equal to zero, i.e.

— 10

" = sup{
ki

} <1 (47)

N I 2 Ir >
Z mae(IIW (K + 1)|% — [|W (k)%
[] S &];1" P ﬂmrr.;.(” I ( + }H! ||II { )”;)

=1 200, (k) (1 + B2 (k)&(K)T (51 + 2(k)2(k)T) ' B(k)T)

T

N
bnax = 2 . 9
o a7 2= W EIE — Wk -+ DIE)
! 4 k=1

Hmaz . 2 - 3
= — W()||% = [|W(N +1)||%

2min{¢! ;. (k)} (W@ = W( )I7) (48)
Due to the specific selection of the normalization factor in (12), the original signals e(k) and

e“(k) are guaranteed to be bounded according to the original operators H," and H» [11] [15].
Now the operator H® represented by (46) satisfies the condition (i) of Theorem 2. Thus we
conclude that e”(k) € Lyin case of a “(k) #0, Vk € Z+. m

3.4 Robustness analysis of MIMO RNN

In this section, we discuss the RAGD training for the RNN of Multi-Input Multi-Output
(MIMO) types. As mentioned in the introduction, the RNN with multiple output neurons
can be regarded as consisting of several single output RNNs. Thus the training of MIMO
RNN can be studied by decomposition. In detail, for the output layer training, we may
calculate the gradient of each output neuron with respect to weight parameters, and then
obtain the total weight updating by summing these individual gradient. As for the hidden
layer, we also use this method to take into account the influence of multi-output neurons on
total weight updating. Following this idea, the extension of the stability analysis from SISO
to MIMO is straight forward.

Theorem 5 If the RNN is trained by the adaptive normalized gradient algorithm (5)-(15), then the

weight V (k) and W (k) are quaranteed to be stable in the sense of Lyapunov.
Proof: (i) Output layer analysis: To study the stability of the RAGD, we need to establish the
error dynamics of the training algorithm. First of all, define the estimation error

e’ (k) = V(E)®(k) — V*®(k) = V(k)®(k) (49)
where V*eR ' "is the ideal output layer weight, and

V(k)=V(k)-V*
O (k)y=[ -+ h(Wrk)x* (k) - ]T

Then we expand e(k) R with respect to the output layer weight as

www.intechopen.com



186 Recurrent Neural Networks

e(k) = d(k)—g(k) + (k)
= [V*®* (k) — V*®(k)] — [V(k)®(k) — V*B(k)] + ¢
= &"(k)—e€"(k) (50)

with & “(k) = V*®*(k) - V*®(k) + & (k). In (50), we restructure the output layer training of the
RAGD algorithm into a closed loop form same as that of (16) , by which the weight
estimation error ¢°(k) is referred as the output signal. Subtracting V* and squaring both sides
of the output layer training equation in (5)

VG DI = IV + 5 Trace{ @07 + 8 (AW ek 7 (1)}
a’(k) o AT 4 (K3 (k) A 2
IR + (k)5 () AR &)

By the matrix trace properties
Trace{(®(k)" + B (k)A(k))e(k) TV (k)}
= Trace{®(k)e(k)"V(k)} + 8°(k)Trace{A(k)Te(k)"V (k)}
= Trace{e(k)TV(k)®(k)} + 3% (k)Trace{e(k)TV (k)A(k)T}
= e(k)"V(k)®(k) + B°(k)e(k)"V (k) A(k)"

Again, we employ the customary practice by using a small positive perturbation constant &
to make 81 + @ (k)P (k)T full rank and then apply the approximation as

Trace{(®(k)T + B°(k)Ak) T e(k)TV (k)}
= e(k)TV(k)®(k) + 8°(k)e(k)"V (k)@(k) (k)" (81 + D(k)®(k)") " A(k)"

= e(k) e’ (k) + B°(k)e(k) " (k)@ (k)" (5T + ®(k)®(k)") T A(k)"
= e(k) e’ (k)1 + B (k)(k)T (6T + ®(k)®(k)T) T A(k)T) (52)

Substituting (50) and (52) into (51)

IV +DIE = IVR)IE

= 2 e )1+ BB BT + BB AK)T)
+= (( )} + (k)3 (R)A(R)|[%

= 2;1(%) e(k)Te’ (k)(1+ BY(k)®(k)T (51 + ®(k)®(k)T) T A(K)T)
O e)I? - 80T + 5 () AGh) | &
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Zai,{’l‘} T v H -1 4 T
= S ()T ) — (R + B (R)B(R) (51 + @(k)2(k) )~ AlK)T)
( 2 AT AV AT N2
HC ) le®I? - 128 + B (R AR)|
< SRS = [P0+ 500 (O + RS0 A(H)T)
at.k)2 RIE RYE ALY A2
) eI - |80 + 4" (R)AGK)] 54
= SR (L B RBE)TET + o) AR B
_a- mﬁﬂ@&ﬁ+ﬁ%mmmw )le(k)[12)
TR+ B R (O + D()(R)T) T AR)T)
< S0 S RBET 6T+ RBE) T ABT (I
o @ WIE)T + B kAR
a = )le(k) 1)
< S MO+ (0)R0)T) AW (e
= @ WIET + B RARIE) ey (55)

p (k)
where (54) is because of the triangular inequality £(k)”e(k) < (||EV(k)||* + [le(k)[|?)/2,
and (55) is due to

BY(k)®(k)" (81 + D(k)@(k)) " A(k)T >0
Combining the inequality (55) with the definition of p “(k) and « °(k) in (11) and (13)
respectively, the Lyapunov equation of output layer estimation error can be derived
[V(k+DIE = IVEIE <0 (56)

(i) Hidden layer analysis: Expanding e(k) with respect to the estimation error of hidden layer
weight

e“(k) = V(k)@(ﬁf’(k)i(k))—f’(k)@(W*i(k))

= > ei(k)Vij (k) ()W (k)& (k) (57)
i=1

=1

where W¥(k) € R™ " is the ideal hidden layer weight matrices, x*(k) € R" ' is the ideal state
vector, ui(k) is the mean value of the ith nonlinear activation function at instant k, and

w i(k) = W i(k)- WJ . Using the local attractor basin concept that similar to (40)
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Tmce{( (k)T + v (k}B(.fc}) e(k)TV (k)diag{® (k)}W (k)}
= Trace{i(k)e(k)"V(k)diag{® (k)}W (k)} + B (k)Trace{B(k)T e(k)TV (k)diag{® (k)}W (k)}
= Trace{e(k)TV(k)diag{® (k)}W (k)2 (k)} + 3° (k)Trace{e(k)”V (k)diag{® (k)}W (k)B(k)"}
= e(k)TV(k)diag{® (k)}W (k)& (k) + 87 (k)e(k)TV (k)diag{® (k)}W (k) B(k)"
= e(k)TV(k)diag{® (k)}W (k)& (k)

+6° (k)e(k)TV (k)diag{® (k) }W (k)&(k)2 (k)T (61 + #(k)2(k)T) "' B(k)"
= e(k)"V (k)diag{® (k)}WV (k)a(k) (1 +.a“-(fc)-f:(kf(af+ﬁe(f’c)ﬂfe}?>-‘é(kf)

i1

- ZZET Vi (k)@ (k)W (k)i (k)) (1+ﬁ“‘(k)i-(k)T(6I+;E(k};£-(k}T)‘li§(k)T)

i=1 j=1
= ZZ (ﬁ, dk Vi (k) (k)W ()& (k) (1+ﬁ“"(k)i(k)”’(ﬁf+£—.(k)i(k)"‘)—‘_é(k)’")
im1 j=1 M
’ Iom
< min k) OO0 ealk)Vij (k) (kYW (k)& (k) (1 + 8 (k)2(k)" (6T + &(k)a(k)") " B(k)T)
r i=1 j=1
- —q’;j-*'-"-(_“e“-'(#c)"‘etk} (14 8 (R)E(R)T (51 + (k)2 (K)) " B(k)T) 58)

Substituting W*and squaring both sides of hidden layer training equation of the RAGD in
(5), we can derive the Lyapunov function of the hidden layer weight of MIMO RNN based
upon (58) as

W (k + D)5 — W (k)7

_ QQUI(k)T?‘ace{( (k)T + B (k)B(k))T e(k) TV (k) diag{®' (k)}W (k)}

0
o (( }}) I diag{® (k)}V (k)T e(k) (@ (R)T + B* (k) B(E)) |3
< (i‘;g);m( e (BT e(k) (1 + 8% (k)i (k)T (T + (k)2 (k) ") B(R)T)
+5 (( )2\ diag (@ )}V (R)T |13 - eI - [3K)T + B (WBRIE  (59)
_ 2a" ) mzn(k) w 7 7 T T ¢ =w TB —e T
= p“(k)p:mum (14 B (k)a(k)T (6T + &(k)2(k)T) ' B(k)T)(EW (k) Te(k) — e(k)Te(k))
+(pu““’)2||dmg{<1>’ VRT3 - le(k)? - [£(K)T + 6 (k) B(k) |1
< O0mialb) 1 o a0 (61 + 293007 B B ~ eI
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(k""[:lia. ! ¥ T2 2 NIAYA w ]2
p (U) |diag{®"(k)}V (k)" |7 - lle(R)I* - [[2(k)" + B (k) B(K)]|

a' (ﬁc)ﬂﬂlmm(ﬂ,) w Sk T T )
R = (L B ()T (T + (k)@ (k) ) T BT (1 (k)]

(- " (k) fmas | diag{®' (k)}V (k)" |} - [|2(k)" + B“ (k) B(K)||?
P (k)i (K )(1+3”(ff)£(k} (61 +&(k)&(k)T) 1 B(K)T)

\._.-'

+(

le(®)|1%)

E?‘El}“( ) (14 8 (k)2 (k)T (61 + & (k)2 (k)7) " Bk)T)((€%,,,)?

0" (k) ttmaz || diag{®' (k)YV (B)T||2 - |2(k)T + 8% (k)B(k)|? 5. (60)
2 ()6, () )[le(k)|1%)

—(1—
< 0

Summarizing (56) and (60), we can conclude the proof. m
Theorem 6 If a MIMO RNN is trained by the adaptive normalized gradient algorithm (5)-(15), and

a “(k), a “(k) are nonzero for all k € Zs, then the training will be Lj-stable in the sense of

e “(k), e “(k) € Lo.
Proof: Respectively, dividing both sides of (53) and (59) by the following two factors (since

a °(k); o (k) #0)

20" (k)(1+ B° (k)@ (k)" (61 + (k)D(k)") " Ak)T)

61)
20" (k) ), i (k) w A 2 -17
= (14 B (k)@ (k)" (01 + 2(k)z(k)") "' B(k)")
Summing both inequalities up to N steps, then for the output layer
_ e {-‘-JJPH) a’ (k)| (k)T +8" (k) A(K)|)
AVy = E{ pU (k) 2(,‘_:- (B))2(1487 (k)®(k)T (61+2(k)®(k)T)—1A(k)T) H‘D( )7}
< El{é"’(ff)%-u(k) + 50" ]leu (K)|1%} (62)
and for the hidden layer
_ : H e(k) pmaz ™ (K)||diag{®" ()} V (k)T || %-ll&(k) T +8" (k) B(k) || 2
AWy < Z{ HON 2(9‘”(“) 2@ i (R)(14BY (k)& (K }TE;H“({HI(H ‘B(HT}” (I}
S 1 2
Z {E‘ '?u (’ll) +3 a? |‘?v'(k)H } (63)
k=1

where
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0<AVN < (V)% = V(N + 1))

r Hmazx - 9 TR 9
0 < AWy < W(L)||% — [|[W(N + 1)||7
< AWy < 5o BB s (W)~ W (N + 1))

and the normalized signals are defined by

b =

AV vy A(LY]12

5 (k) = sup {— ||<P(ﬂ-)_‘ T+{i (HA('HII R
koo pt(R)(1+ Be(k)® (k)T (61 + ®(k)D(k)T) L A(k)T)

o (k) = sup pimaz | diag{®' (k)}V (k)| - [|#(k)T + B (k) B(k)|? }

koope(k)el (k)1 + B (k)&(k)T (01 + &(k)&(k)T)-1B(k)T)

f nu'n.( v

Due to the specific selection of the normalization factor p”(k) and p“(k) as in (11) and (12), the
normalized error signals e ,(k), e “(k), e »(k), and e “(k) are guaranteed to be bounded.

Now, for each V (k) and W (k), applying the Cluett's law, we found that the operator H

and H/" represented by (62) and (63) satisfy the condition (i). Further, H, = 1 ensures
condition (ii) holds, thus e’(k)and (k) are L, stable with a”(k), (k) #0, Vk € Z+. m

3.5 Summary

In Section 3, we introduce a novel RAGD training algorithm of RNN. Because conventional
gradient type algorithms most likely suffer from slow convergence when dealing with
statistically non-stationary inputs, the RAGD aims at overcoming such shortcomings via a
series of new training parameters. Moreover, the robust local stability of the RAGD has been
addressed for three layer RNN based upon the Cluett's law. Theoretical analysis shows that
the proposed adaptive parameters improve the training performance in terms of a deeper
gradient descent direction updating, which leads to a better transient response. Further,
compared to BPTT, the RAGD algorithm requires limited backward unfolding, which
reduces the computational complexity. The flow chart of the overall training procedure of
the RAGD is summarized in Figure 4.

4. Applications in realtime signal processing

This section presents quantitative studies of the RAGD algorithm via computer simulations.
We choose three of the most representative applications of RNN to verify the effectiveness
of the RAGD. By default, the RNN is constructed with 50 hidden neurons and 5 input
nodes. The 5- dimensional input vector consists of current and last sample of time sequence
u(k) and RNN output feedback with 1 to 3 steps delay respectively. Both hidden and output
layer weights are initialized as uniformly distributed in the interval of (-1, 1). Sigmoid
function is chosen as activation function, which is monotonic increasing, and both first and
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second order differentiable. The function and its first order derivative are given in equation
(64), including the boundaries

0<d(x) = 7= <1 o~
} ﬁ—.a\.r
0< ()= Pz < 3

For the purpose of comparison, in most of the simulations we also provide the results of
other training algorithms, such as the Truncated BPTT (T-BPTT) and the N-RTRL etc.

Stop criterion

N
i ;

Form new input that x(k)

!

Forward path calculation for \hat y(k) and e(k)

'

Calculation of a’ (k), B (k), p' (k) using (9),(11),(13)

!

Update \hat V(k) according to (20)

'

Calculation of " (k), " (k), p" (k) using (10),(12),(14)

!

Update \hat W(k) according to (32)

Stop criterion satisfied?

No

stop

Figure 4. Flow chart of the RAGD training algorithm for SISO RNN

4.1 Time series prediction

In the first simulation, the performance of the RAGD is evaluated via time series prediction
problems. The RNN is employed to predict the next sample (one step) of a real sequence
{y(k)}, which is generated by the following process
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' _ y(R)y(k — Dy(k — 2)u(k — 1)(y(k —2) — 1) + u(k)
ylk+1)= L+y2(k—1) +y(k—2)

where u(k) is white Gaussian input sequence. The model of (65) is chosen from the
benchmark problem in [1] (pp.159). Two data groups are generated in simulations. One is
the training data set, and the other is for evaluation purpose. The traces of the time series for
training and evaluation are displayed in Figure 5.

(65)

5

Training Data

Q 2000 4000 6000 8000 10000

Evaluation Data

-5 L L . L
0 2000 4000 6000 8000 10000
Time Series

Figure 5. Sequences of the time series for training and evaluation

To provide a comparative idea, we have also implemented the N-RTRL in simulations with
constant C = 0 and C = 0.2 respectively. All the simulations run for 10000 steps. In order to
present a clear illustration on both transient and steady state performance of each training
algorithm, the training errors are displayed by the first 100 steps and the full 10000 steps
separately as shown in Figure 6 and 7. Moreover, the squared training errors of the first 100

0.3

—— RAGD
— = N-RTRL (C=0)
N-RTRL (C=0.2) |

0.25¢

0.2

Squared training error
o
-
h

! M

L . . o+
- ~ e _
1 F.\ -.* .'I
M1 e H
10 10

Training steps (in log scale)

0.05

2

Figure 6. Squared training errors of the first 100 steps with the same set of random
initializations for different algorithms
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steps are plot in logarithmic format to provide a further better comparison. The steady state
training errors are expressed in dB (20 times the logarithm of the amplitude ratio between
error and signal) such that performance difference between the RAGD and the N-RTRL can
be more explicit. The traces of the normalization factors are shown in Figure 8. The
trajectories of the Frobenius norms of RNN weights with the RAGD training are displayed
in Figure 9.

0-15 T T T T T T T T T
mean=5.79e-3, std=9.Te-3

o 01F -
5]
§ 0.05F+ .

0

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
= T . - -
Ll mean=8.28e-3, std=1.4e-2
2 o1
-
=
o 0.05
=
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

T mean=6.67e-3, std=1.3e-2
Qo 01
- |
& 0.05
T
=

1000 2000 3000 4000 5000 6000 7YO0OO 8000 9000 10000
Training steps

Figure 7. Squared training errors of full 3000 steps for different algorithms
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© 40k 4
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w
&
= 20 :

D 1 1 1 1
0 2000 4000 6000 8000 10000
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Figure 8. Traces of normalization factors pv(k) and pw(k)
The results show that the RAGD algorithm is successfully stabilized in the sense that the
Frobenius norms of the weights converge. The convergence of the RAGD is faster than the
N- RTRL with both parameter values. Moreover, the RAGD can achieve better steady state

error (mean squared training error 5.79¢-3) than the N-RTRL (mean squared training errors
6.67¢-3 and 8.28e - 3 respectively).

www.intechopen.com



194 Recurrent Neural Networks

1.73

172} 1
1.71} 1

1_?NWM~WWH*“WM«WMHWW

169 1

Norms of output weight

1.68
0

273

272 1
271 .

2.7 1
2.69 1

Norms of hidden weight

2.68

0 2000 4000 6000 8000 10000
Training steps

Figure 9. Traces of the Frobenius norms of RNN weights with the RAGD training

In addition to the proposed adaptive training parameters, we also investigate how the
training is affected by the number of hidden layer neurons and the exponential factor of
activation functions. The statistics with respect to various values of this two parameters are
given in Table 1 and 2 respectively. The data are obtained by averaging the results of 50 runs
(each have 10000 steps).

All simulations start with same initial weights, which can make a same starting point of the
training error such that we can make a convincing comparison. The results indicate that the
steady state performance is slightly improved as the 1 increases. A possible reason is that
transition slope of linear region of activation function becomes higher (faster) with larger A.
A similar phenomena is also observed in [7] (pp.617). In contrast, there is no obvious
influence of the neuron number on the training performance.

exponential RAGD N-RTRL (C=0.2) | N-RTRL(C = 0)
factor A Mean Std Mean Std Mean Std

1 5.72¢-3 1.0e-2 | 6.61le-3  1.2e-2 | 8.24e-3 1.4e-2

4 5.79e-3  1.0e-2 | 6.G7e-3 1.3e-2 8.28e-3  1.de-2

8 5.82¢-3 1.0e-2 | 6.73e-3  1.2e-2 | 8.29e-3 1.5e-2

12 5.82¢-3 1.1e-2 | 6.75e-3  1.3e-2 | 83le-3 1.2e-2

Table 1. Statistics of squared training errors of the RAGD with different A

number RAGD N-RTRL (C=0.2) | N-RTRL(C = 0)

of nodes | Mean Std Mean Std Mean Std
10 5.78e-3 1.0e-2 | 6.69e-3  1.3e-2 8.30e-3  1.3e-2
20 5.77e-3  1.0e-2 | 6.64e-3 1.3e-2 8.28e-3 1l.de-2
50 5.7%-3 1.0e-2 | 6.6Te-3  1.3e-2 | 8.28e-3 1.4e-2
30 H.8le-3  1.0e-2 | 6.68e-3 1.3e-2 8.20e-3 1.3e-2

Table 2. Statistics of squared training errors of the RAGD with di®erent neurons
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4.2 Output tracking of Hammerstein-Wiener model

In the second example, the RAGD is evaluated using a system identification problem. In this
simulation, the “unknown” plant consists of a dynamic linear block followed by a static
nonlinearity, which is a so-called Hammerstein-Wiener model. Furthermore, the model
dynamics is supposed to vary with time in terms of the time-varying coefficients of linear
part, which can be expressed in a polynomial form as [19]

i

x(k) = 0.3tanh(0.5u(k)) + 0.5tanh(0.8u(k))
d(k) = 0.7680z (k) + 0.2872¢ 0006k 3 (k — 1) — 0.1147e 0% 2 (k — 2) 4 0.21402(k — 3) 66)
—0.64355in(0.008k)u(k — 4) + 0.3548x(k — 5) + 0.0197z(k — 6)

~0.0201z(k = 7) 4 0.0954z(k - 8)

.

The objective of the simulation is to model the plant's input-output behavior by the RNN.
The command signal was given by u(k), and the RNN attempts to emulate the plant output
d(k) as close as possible. The estimation error between actual plant output and reference
signal e(k) = d(k)-y(k) is fed back to RNN to adjust the weight parameters. One of the most
crucial tasks in system identification is the design of appropriate excitation signals. It is
important that the training data cover the entire range of plant operation due to non
accurate extrapolation of RNN. In this simulation, Amplitude Modulated Pseudo Random
Permutation (AMPRP) sequence are generated as training set, with the data uniformly
distributed in the range of (0, 1), see Figure 10. We have also implemented the T-BPTT
algorithm in simulations. The learning rate o = 0.05 (tuned by trial-and-error) was used for
T-BPTT.We present the squared training error of first 1000 (transient) and 1000-5000 (steady
state) steps separately in Figure 11 and 12. Results show that the RAGD converges within
200 steps while T-BPTT takes around 1000 steps. In addition, the steady state error of the
RAGD is smaller than T-BPTT. Hence we say the RAGD is capable of providing a faster

response to the changes of system dynamics. The traces of the normalization factors of the
RAGD are provided in Figure 13.
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Figure 10. Trace of AMPRP input for model identification
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Figure 11. Squared training errors of the first 1000 steps
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Figure 12. Squared training errors of steady state: 1000-5000 steps

4.3 Pattern association of binary image

In the last simulation, we study the problem of stable equilibrium point learning associated
with a discrete-time RNN using the RAGD algorithm. In the applications of visual
processing and pattern recognition, RNN plays an important role due to the feature of
associative memory. The work presented in this section is inspired by an earlier paper of
Liang and Gupta [8]. In [8], the authors considered absolute stability of BPTT for a general
class of discrete time RNN by the Lyapunov first method. In this work the RAGD will be
incorporated in place of BPTT to develop a stable learning process. To present comparison
with the precedent works [20], we implement a similar simulation case of binary pattern
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Figure 13. Traces of the normalization factors pv(k) and p(k)

association as well as BPTT algorithm, where the target pattern is a 10x10 binary image as
shown in the first picture of Figure 14. The training of RNN is to store the target pattern
directly as a local attractor, i.e., an equilibrium point of RNN. Since the state vector is 100
dimensional (number of pixels in target pattern) and there are no external inputs, RNN is
configured with 100 inputs and outputs. As a matter of fact, this structure is analogous to
the conventional Hopfield type network. RNN is utilized as an auto-associator and we aim
at studying self-organizing behavior with the RAGD training algorithm. In order to
demonstrate the changing of the binary image corresponding to the state of RNN during
learning process, a filter layer based on sign function is added to observe the RNN output
pattern, which represents the binary image at the iterative instant. The training process of
the RAGD is shown in Figure 14. As mentioned, we also implement the BPTT algorithm to

k=280 k=300 k=400 k=500 k=600
Figure 14. The binary patterns correspond to the state evolution of RNN during the training
process using the RAGD algorithm.
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provide comparison. The learning rate for the BPTT is 0.028. Similar to previous sections,
this value is obtained by trial-and-error tuning method without violating stability constraint.
The changing process of the binary image corresponding to the state vector of RNN is
shown in Figure 15.

r

Target pattern

k=1500

Figure 15. The binary patterns correspond to the state evolution of RNN during the training
process using the BPTT algorithm.

From Figure 14 and 15, we see that using the RAGD training method, the dynamic learning
process is completed within 300 steps, which is superior to the 500 steps of the BPTT
algorithm. Further, we provide the squared error during the dynamic learning process of
the RAGD and BPTT in Figure 16. The results indicate that the convergent process of the
BPTT (about 450 iterations) is longer than the RAGD (about 280 iterations).

2r .
- 7 —BPTT

1.8+ —a— RAGD

1.6

1.4F

—
]

squared error

0.8

0.6

0.4

0.2

0 i ittt LU LU LT Pt
0 100 200 300 400 500

iteration steps
Figure 16. Comparison of the squared error curves between the RAGD and BPTT training
procedures.
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With these training results, we evaluate the association performance upon a distorted test
pattern. The target image pattern is assumed to be disturbed by a white Gaussian noise with
the noise level about 40% pixels, as shown in the first picture of Figure 17. This image is
utilized as initial state of RNN to test the capability of recalling the associative memory. The
recovered binary images at each time instant during recalling procedure of the two RNN
trained by the RAGD and BPTT are given in Figure 17 and 18 respectively. The results show

Initialization
(e [ ]

g

ool
k=5

Figure 17. The binary patterns correspond to the state evolution of association process of
RNN trained b the BPTT algorithm.

k=15 k=20 k=30 k=40 k=50
Figure 18. The binary patterns correspond to the state evolution of association process of
RNN trained b the RAGD algorithm.
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that the 10x10 binary pattern is successfully stored as a stable equilibrium point of the RNN
by both algorithms. And there is no obvious difference of recall duration between two
schemes (both within 10 iterations).

4.4 Summary

We have presented quantitative studies of the proposed RAGD algorithm in this section.
Computer simulations are synthesized to justify the effectiveness of the RAGD. We give
three examples which are the most frequent application areas of RNN: i) One-step
prediction of non-statistical time series, which is generated by benchmark process model;
ii) Identification of a nonlinear dynamic plant and the training data set is generated by a
time-varying Hammerstein-Wiener model; iii) Pattern association of binary images.
Further, we provide comprehensive comparisons between the RAGD and various other
algorithms such as the N-RTRL, the T-BPTT, and the BPTT. In most results of these
simulations, RNN trained by the RAGD demonstrates explicit advantages in the transient
response speed, e.g., see Figure 6, 11 and 16. Some of the results also indicates that the
RAGD can achieve better steady state responses, such as those in Figure 7 and 12. Hence
by these experiment results, we conclude that the performance of the RAGD training
algorithm of RNN is improved.

5. Conclusion

In this chapter, a Robust Adaptive Gradient Descent training algorithm of RNN with
improved convergence speed is investigated. The major feature of the RAGD is the three
adaptive parameters that switch the training patterns in a hybrid learning mode. Weight
convergence and robust stability of the algorithm are analyzed via Lyapunov and input-
output systematic approach respectively. We show how the training algorithm can be
decomposed into a nonlinear feedforward operator H; and a linear feedback operator H,
and thus form a closed loop (Hi, H»z). Then, by restricting the cone conditions of each
operator, sufficient boundary conditions of L, stability of the training are obtained. In
addition, we obtain the knowledge in which way we can adaptively change the learning
rates of gradient training algorithms, or equivalently re-scale the corresponding error
derivatives under stability preservation, such that the learning is ensured to be within the
stable range. Such techniques are specially important for deriving a fast transient
response. Another important contribution of this work lies in that we obtain a unified
framework for the analysis of training algorithms of RNN by taking this systematic
approach. Such an approach avoids the direct analysis of nonlinear functions in the
feedforward path by applying the sector conditions. Computer simulations are also
synthesized to justify the effectiveness of the RAGD. We give three examples which are
most frequent application areas of RNN. The evaluation results indicate that with the
proposed adaptive training parameters, the RAGD can obtain better transient and steady
state responses than that of the conventional algorithms such as the BPTT, the RTRL, and
the N-RTRL etc.
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