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Sequential Design of Optimum Sized
and Geometric Tolerances

M. F. Huang and Y. R. Zhong

1. Introduction

Tolerancing has great impact on the cost and quality of a product. Dimensional
and geometric tolerancing are designed to ensure that products meet both de-
signed functionality and minimum cost. The task of dimensioning and toler-
ancing in process planning stage is to determine the working dimensions and
tolerances of the machined parts by given blueprint (B/P) specifications.
A lot of research work has been carried out in dimensioning and tolerancing.
In earlier studies, optimal solutions to tolerance charts have been developed to
meet B/P specifications. Most researches concentrated on dimensioning and
tolerancing with optimal objectives to maximize the total working tolerances
based on the constraints of tolerance accumulation and machining accuracy.
Linear or nonlinear programming models have been applied to obtain the op-
timal tolerances (Ngoi, 1992; Ngoi & Ong, 1993; Ji, 1993a; Ji, 1993b; Wei & Lee,
1995; Lee & Wei, 1998; Ngoi & Cheong, 1998a; Lee et al., 1999; Chang et al.,
2000; Huang et al., 2002; Chen et al., 2003; Gao & Huang, 2003; Huang et al.,
€ 2005). Optimal methods have also been presented to allocate B/P tolerances in
§ product design using tolerance chart in process planning (Ngoi & Cheong,
1998; Ngoi & Ong, 1999; Swift et al., 1999) but the generation of dimensional
and tolerance chains being one of the most important problems. In one-

w.i-techonli

dimensional (1D) cases, the apparent path tracing and tree approach were
§ commonly used to tolerance chart for manual treatment (Ngoi & Ong, 1993; Ji,
® 1993a; Ji, 1993b; Wang & Ozsoy, 1993; Ngoi & Cheong, 1998b). Automatic gen-
< . . . o

g eration of dimensional chains in assembly based on the data structure has been
A presented (Treacy et al., 1991; Wang & Ozsoy, 1993). Using an Expert System,
[] . . .

@ assembly tolerances analysis and allocation have been implemented by appro-
:(5 priate algorithm in CAD system (Ramani et al., 1998). An intelligent dimen-
§ sioning method for mechanical parts based on feature extraction was also in-
O troduced (Chen et al., 2001). This method could generate the dimensions of

Source: Manufacturing the Future, Concepts - Technologies - Visions , ISBN 3-86611-198-3, pp. 908, ARS/plV, Germany, July 2006, Edited by: Kordic, V.; Lazinica, A. & Merdan, M.
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mechanical parts for two-dimensional (2D) drawing from three-dimensional
(3D) models. Recently, more valuable and attractive approaches to deal with
dimensional and geometric tolerances have been developed (He & Gibson,
1992; Ngoi & Tan, 1995; Ngoi & Seow, 1996). He and Gibbon in 1992 made a
significant development in geometric tolerance charting and they presented
useful concepts to treat geometric dimensions and tolerances simultaneously.
A computerized trace method has been extended to determine the relation-
ships between geometrical tolerances and related manufacturing dimensions
and tolerances. A new method for treating geometrical tolerances in tolerance
chart has been presented (Ngoi & Tan, 1995; Ngoi & Seow, 1996; Tseng &
Kung, 1999). The method identified the geometrics that exhibited characteris-
tics similar to linear dimensions. These geometrics were first treated as equiva-
lent dimensions and tolerances and then applied to tolerance chart directly.
Tolerance zones have been utilized to analyze tolerance accumulation includ-
ing geometric tolerances. The formulae for bonus and shift tolerances due to
position callout have been presented (Ngoi, et al., 1999; Ngoi et al., 2000). In
complex 2D cases when both angular and geometric tolerances are concerned,
graphic method has been used to implement tolerances allocation (Huang et
al., 2002; Zhao, 1987). In conventional tolerancing, fixed working dimensions
and tolerances were designed in process planning phrase. Though this method
was suitable for mass production in automatic lines, it had limitations to pro-
duce low-volume and high-value-added parts such as those found in aircraft,
nuclear, or precision instrument manufacturing industry (Fraticelli et al., 1997).
To increase the acceptable rate of a machined part, a method named sequential
tolerance control (STC) for design and manufacturing has been presented
(Fraticelli et al., 1997; Fraticelli et al., 1999; Wheeler et al., 1999; Cavalier & Le-
htihet, 2000; Mcgarvey et al.,, 2001). This method essentially used real-time
measurement information of the complete operations to dynamically re-
calculate the working dimensions and feasible tolerances for remaining opera-
tions. Using acquired measurement information, tool-wear effect compensa-
tion under STC has been realized (Fraticelli et al., 1999). An implicit enumera-
tion approach to select an optimum subset of technological processes to
execute a process planning under STC strategy has been presented (Wheeler et
al., 1999). When measurements and working dimension adjustments would be
taken to facilitate machining process and reduce manufacturing cost has also
been investigated (Mcgarvey et al., 2001).

In spite of the achievement mentioned above, some issues still need further re-
search. The previous researches focused on 1D dimensioning and tolerancing.
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Though simple 2D drawings were concerned, they could be converted into 1D
dimensioning and tolerancing in two different directions, i.e. in axial and dia-
metrical directions or in axis OX and OY directions (He & Gibson, 1992; Ngoi
& Tan, 1995; Ngoi & Seow, 1996; Tseng & Kung, 1999). When incline features of
3D parts are machined, complicated dimensioning and tolerancing will occur
since angular tolerance will be included in tolerance chains. In addition, the re-
lationships between orientational and angular tolerances need further investi-
gation. Though STC strategy is able to enhance the working tolerances and ac-
ceptance rate of manufactured parts (Fraticelli et al., 1997; Cavalier & Lehtihet,
2000), how to extend this method to complex 3D manufacturing is still a new
problem when sized, angular, and orientational tolerances are included simul-
taneously.

Based on the basic principle of STC introduced by Fraticelli et al (Fraticelli et
al., 1997), the purpose of this paper is to extend the new methodology to deal
with 2D sized, angular, and orientational tolerances of 3D parts. The proposed
approach essentially utilizes STC strategies to dynamically recalculate the
working dimensions and tolerances for remaining operations. This approach
ensures that the working tolerances of a processed part are optimal while satis-
fying all the functional requirements and constraints of process capabilities. A
special relevant graphic (SRG) and vector equation are utilized to formulate
the dimensional chains. Tolerance zones are used to express the composite tol-
erance chains that include sized and angular tolerances to perform tolerances
design. With orientational tolerances converted into equivalent sized or angu-
lar tolerances, the composite tolerance chains are formulated. Sequential opti-
mal models are presented to obtain optimal working dimensions and toler-
ances for remaining operations. The working tolerances are amplified
gradually and manufacturing capabilities are enhanced.

This paper is structured as follows. A new method for presenting the dimen-
sional chains from given process planning is discussed in section 2. In section
3, a method for presenting the composite tolerance chains is discussed. In sec-
tion 4, the optimal mathematical models for sequential tolerances design of 3D
processed tolerances are discussed. Section 5 gives a practical example. Finally,
section 6 concludes this study.
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2. Automatic generation of process tolerance chains with SRG

When a n-operation part is processed by m machine tools in a particular direc-
tion, such as axial direction, the apparent path tracing or tree approach meth-
ods are usually used to generate the dimensional and tolerance chains for
manual treatment (Ngoi & Ong, 1993; Ji, 1993a; Ji, 1993b; Ngoi & Cheong,
1998). If geometric tolerances are involved, only four out of total fourteen
geometric tolerance specifications, which exhibit the characteristics similar to
linear dimensions, are treated as equivalent dimensions and tolerances and
then applied directly to tolerance chart. These four specifications are position,
symmetry, concentricity, and profile of a line (surface) (He & Gibson, 1992;
Ngoi & Tan, 1995; Ngoi & Seow, 1996; Tseng & Kung, 1999). In 1D case, the fol-
lowing dimensional and tolerance chains must be satisfied (Ji, 1993b):

[}x}={c)
[BYr, }< {1, M

Where A = [aij] is a mxn coefficient matrix, aj= 1 and -1 for an increasing and
decreasing constituent link of wuai, respectively. aij = 0 for otherwise. X = [u1,
uz,..., un]" is a nx1 vector of the mean working dimensions. C = [ua1, Ua,..., tin]"
is a mxlvector of mean values of B/P dimensions. B = [b;j] is a mxn coefficient
matrix. bij=1 for an increasing and decreasing constituent link of wai. bij= 0 for
otherwise. Tx = [Tu1, Tiz,..., Tun]" is a nx1 vector of the working tolerances. Tp =
[Ta, Taz,..., Tam]" is @ mx1vector of B/P tolerances.

When a complex part is machined, typically a number of operations are in-
volved. Each B/P tolerance is usually expressed as a number of pertinent proc-
ess tolerances. In previous researches, tremendous efforts have been contrib-
uted to 1D dimensional tolerances. Geometric tolerances as well as the
interactions between them have not been investigated extensively when com-
plex 3D parts are manufactured. When we machine a complex 3D part, two
dimensions components are included to determine the position of a processed
feature in 2D drawing in the given view plane. For example, for the part
shown in Figure 1 (Zhao, 1987), the position of pin-hole ©15.009£0.009 in the
plane XOY is determined by coordinate dimensions and tolerances —25+%2Tnx
and 28+%2Tny. Similarly the position of incline plane B is determined by Lyt
Y2 Tne and 60°+Y2T 1, where Lve and Tne be nominal distance and its tolerance
from the axis of pin-hole to incline plane, respectively. 0=60° and T, be nomi-
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nal angle and its tolerance formed by axis OX and the normal line of incline
plane, respectively.

The series of orderly processing operations of a part is generalized as the set Ay
={Op, Oy, ..., Op}, i=1, 2, ..., n is the number of machining operations includ-
ing turning, milling, boring, and grinding etc. The set of working dimensions
and tolerances in the view plane is denoted as ¥ = {ut!2T1, ut'eTy, ...,
u2tY2Ton}, where uit’2Ti, i =1, 2, ..., 2n are the working dimension and toler-
ance components assigned to the part. Since the working dimensions include
sized and angular dimensions, the corresponding tolerance can be sized or an-
gular ones. The constraint set of B/P dimensions and tolerances is denoted as
Dst = {untYeTm, uwteTaw, ..., uentVTen}, i =1, 2, ..., 2m denotes 2m B/P sized
and angular dimensions and tolerances of the part. The set of B/P orientational
tolerances is denoted as Tc = {Tc1, Te, ..., Tar}, i =1, 2, ..., k are B/P geometric
tolerances. In order to establish the required tolerance equations between B/P
and pertinent working tolerances, dimensional chains must be derived from
process planning to represent the relations between B/P and working dimen-
sions.

In order to discuss further this issue, we introduce a practical example shown
in Figure 1(Zhao, 1987). For simplicity, only the finishing operations are taken
into account. The inclined hole (©25.0105 * 0.0105) and inclined plane (B) of
the example have high positional precision requirements. Thus the finish op-
erations on incline hole and incline plane are executed with jig boring and
grinding machine, respectively. Point D denotes the intersection of the axis of
cylinder ©89.974+0.011 with horizontal plane W. Point C is the intersection of
the axis of incline hole with plane W. Let coordinates origin O lie at the inter-
section point of the axis of cylinder ®89.974+0.011 with plane A. Axis OX lies
in plane A and is parallel with plane S. Axis OY is perpendicular to plane A.
Axis OZ is perpendicular to plane S. The functional requirements of this part
are as such: The distance from point C to D is xcs = 8+0.07. The functional dis-
tance between plane A and W is ycs = 25.075£0.075. The functional distance be-
tween incline plane B and point C is Lcra = 54+0.12. The other requirements are
shown in Figure 1. Because functional dimension xcs and Lcrs cannot be meas-
ured directly, the finish machining processes involved are assigned as bellows:

1. Set plane A to vertical position to guarantee that plane S is parallel with
horizontal plane. Choose plane A and axial line of the shaft ©89.974+0.011
as references. Move the table of jig boring machine to due position and
process the pin hole ©15.009 + 0.009 and ensure that the coordinates and
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tolerances of axial line of the pin hole as xn + Tnx/2 = =25+ T nx/2, ynv *
Tny/2 = 28+ Tny/2.

2. When a measurement pin is plugged into the pin hole, it is desire that par-
allelism between axial line of the pin to plane A be not more than TNoy
and perpendicularity of axial line of the pin to plane S along OX axis be
not more than TN_Lx.

3. Take a measurement of the related complete sized dimensions xN’, yN’,
and yC.

4. Turn plane A to horizontal direction in the table of jig boring machine.
Then plane A is rotated an angle of 30°. Ensure that the distance between
axial line of the pin to that of incline hole is LNB+ TLNB/2. Where LNB is
nominal dimension of the distance form axial line of the pin to that of in-
cline hole. TNB is the tolerance of LNB. Bore incline hole ©25.0105 + 0.0105
and ensure that its axial line and that of ®89.974+0.011 is in the same
plane. The angle of axial line of incline hole is a1l = 60° and its tolerance
Tal is directly controlled.

5. Take a measurement of the related complete sized dimension LNB.

15.009+0.009

Y

25.075+£0.075 28+ Tny/2

25+TNx/2

8+0.070

89.974+0.011

1

& Z

Figure 1. The 2D mechanical drawing of a 3D machined part



Sequential Design of Optimum Sized and Geometric Tolerances 611

6. Grind incline plane B in grinding machine and guarantee that the distance
between axial line of the pin to incline plane B with following dimensions
and tolerances: Lne = Tne /2 and 30° + Toe/2. Where Lyt and Tne is nominal
dimension and tolerance of the distance from axial line of the pin to incline
plane B, respectively. o2 = 30° and T2 are nominal angle value and toler-
ance of inline plane B to OX axis, respectively.

In term of the above process processing, it is necessary that incline hole and in-
cline plane of the example work piece are thus be processed economically
within their dimension and tolerance ranges. The problem needs to be solved
is: Establish pertinent dimensional chains in terms of the above manufacturing
procedures, give the optimal model to the tolerance allocation problem, and
find the optimal solutions. The finish machining process plan is generalized in
table 1.

No | Operation | Reference(s) Processing Coordinates/ | tolerance
feature dimensions
05 | Boring Plane A and axis | Hole N’ N =-25 Tnx
of ®89.974+0.011 | ©15.009+0.009 yn' =28 TNy
10 | Pinning No Hole N’ xn=-25 TNix
yn =28 TNy

15 | Measure the complete sized dimensions xn, yn, and yc

20 Boring Plane A and axis | Incline hole | Lns TnB
of ®89.974+0.011 | ©25.0105+£0.0105 | an=60° Ta
25 | Measure the complete sized dimensions Lns

30 Grinding | Plane A and axis | Incline plane B | Lne TNE
of ©89.974+0.011 o= 60° Ty

Table 1. Finishing process plan of the part (Huang et al., 2002)

Unlike previous 1D case in conventional tolerance chart, the methods for gen-
erating dimensional chains are two-dimensional related. In other words, be-
cause every feature in the view plane has two dimension components, each
link of a dimensional chain should contain two dimension components. There-
fore we can use vector equation to present dimensional chains in the given 2D
view plane.
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In Figure 2, when incline hole is bored, the position of point C is indirectly ob-
tained by controlling the position of pin, the distance from pin axis to that of
incline hole, and angle o formed by axis OX and the axis of incline hole. Line
segment NE is perpendicular to incline plane and point E is the intersection.
Point F is the intersection of the axis of incline hole with incline plane. The line
segment NB is perpendicular to the axis of incline hole and point B is the inter-
section.

To generate process tolerance chains correctly, we make use of a special rele-
vant graph (SRG), which can be constructed directly from the process planning
of the component, to express the interconnection and interdependence of the
processed elements in their dimensions and tolerances in a more comprehen-
sive way. In SRG, there are two kinds of nodes, one for the relevant elements of
the component and another for their dimensions and tolerances. By searching
through the SRG and coupled with the unique algorithm, dimension and tol-
erance chains needed relevant to the sequences of the processing plans are
generated automatically.

Consider the pertinent point O, N, B, C, E, and F shown in Figure 2, the SRG
model is constructed directly form the processing plan as show in Figure 3,
where the dimension nodes and the element nodes are used. Dimension nodes
are used to describe the dimensions relative to two pertinent elements of the
work piece. Element nodes, however, are used to present the geometric ele-
ments of the work piece. The geometric elements refer to a point, a center line,
or a plane of the work piece. In the graphical representation of the work piece
under consideration, a block represents a dimensional node, while a circle cor-
responds to an element. The block drawn by slender lines is a component di-
mension node and the block drawn by dotted lines is a resultant one. Because
two pertinent dimensions and tolerances must be included to determine the
position and variation ranges of an element to origin O or the relative position
to its pertinent reference(s), it is reasonable to introduce two dimension nodes
to represent its two relative dimensions and tolerance components for an ele-
ment. The link lines between dimension and element node indicate the inter-
connection and interdependence among them.

The process tolerance chains can be automatic generated through searching of
the SRG coupled with the unique algorithm. The procedure is generalized as
follows.

1. For each two selected resultant dimensions, choose any one of the ele-
ments relevant to them as the starting element node. Find two correspon-
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ding pertinent component dimension nodes linked to it and get to another
element node(s). Verify if these two component dimension nodes are lin-
ked to the same element node. If this is true, the ending element node ob-
tained is used again as the starting element node and repeat the above
process. Otherwise get two different element nodes. The two different e-
lement nodes obtained are used respectively again as the starting element
node and repeat the above process until intersection element node is ac-
quired. The searching direction is chosen to go along the SRG in a loop
with the ending element node coming back to the starting element node,
while the searching routes without duplicating the same element and di-
mension node more than once.

2. Every dimension chain can only contain two resultant dimensions and the
minimum numbers of relative dimensions, otherwise, give up this loop
and go to step (1).

3. Every resultant dimension is placed on the left side of equation and the
other relative dimensions are placed on the right side. With these steps, it
is easily to find that the four points O, N, B, and C and the five points O,
N, E, F and C shown in Figure 1 and Figure 2 compose respectively a pla-
nar dimensional chain.

N Y
B X
0 60°
E A Y
C
' R HV N \ F
X
’ 60°

Figure 2. The vector relations between pertinent features
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When incline hole is machined, the vector equation of the position of point C
is:

OC = ON + NB + BC 2)

OC=0ON+ NB+BC

Where OC is position vector of point C, ON is position vector of point N,

NB and BC are relative vector from point N to point B and from point B to
point C, respectively. When Equation (2) is expressed as algebraic equations,
we have

Xy + Ly, c0s30" =L, sin30" = x, 3)

Yy —Lypsin30"—L,.cos30° = y.,

Where xy and y~ are coordinate component of the axis of the pin. Lys and Lsc
are nominal length between point N and B, point B and C, respectively. xca and
yca are the B/P coordinates of point C.

Similarly, when incline plane is machined, the distance from point F to point C
is indirectly obtained by controlling the position of pin, the distance from pin
axis to incline plane, and the angle o formed by axis OX and the normal line of
incline plane. The vector equation is:

CF =ON + NE + EF - OC 4)

Where CF is relative vector from point C to point F, NE and EF are relative vec-
tor from point N to point E, and from point E to point F, respectively. It is easy
to find in Figure 2 that the length of line segment Lt is equal to the length of
line segment Lns, i.e. Ler = Las. Also, when we represent Equation (4) into alge-
braic equations, we get

Yy + Ly c0830" =L, sin30" -y, )

= L.y, ©0830°, where L, =L,,

Where Lt is nominal length between point N and E. xc and yc are the coordi-
nates of point C. Lcra is the B/p length between point C and point F.
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30°£0.5T a2 /@{ LEr0.5TEF >®<Ec_’5_5_“£0_-0_9§:
30°+0.5T a2 | 60°£0.5Tax |

r LNE£0.5TNE

N’x£0.5TNx 0+£0.5TN X LnB+0.5TNB
ﬁ{ N Lic+0.5LecT o
N’y=0.5Tny 0+0.5TN/Y 30°+£0.5T a1

| |
J
|

Xc=Lpc=8+0.075 !

yc=Lop=25.065+0.065 i

i
e L e T

Figure 3. The SRG model of the work piece relevant to the processing plan

4. With resultant dimension chains established, the relative tolerance chain is
generated in the graphic way that the resultant tolerance zone should en-
velope all of the pertinent component tolerance zones and it is also envel-
oped by design tolerance zone.

The algebraic dimensional chains related to Equation 2 and 4 are:

Xy
o . o Y
1 0 cos30° —sin30° O 0 7 Xcy
0 1 —sin30° —cos30° 0 0 Y=l ye
1 1 || Lge (6)
0 —1g30° 0 1 Ly,
cos30° cos30° | Ly,
BZe
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3. Tolerance zones and tolerances accumulation

The shapes of tolerance zones in the view plane vary with the dimensions and
tolerances specified to the feature. Several cases are given in Figure 4 to illus-
trate this issue in the view plane XOY. The different shape of parallelogram
shown in Figure 4(a)-(c) corresponds to a particular tolerance zone of point A
which is controlled by two different dimensions and tolerances. The tolerance
zone is center at point A and its position is controlled by Loat¥2Tos and Y£2Ty,
X% Tx and Y*%Ty, and Loat%2Toa and 60°t%2T,, respectively. Figure 4 (d)-(e)
corresponds to two different cases of tolerance accumulations.

Figure 4(d) shows the tolerance accumulation case when one-base-point is re-
lated. This case is defined when the two dimension and tolerance components
of a feature are related to only one reference feature (base point). Assume that
parallelogram 1 is tolerance zone of base point A and parallelogram 2 is toler-
ance zone of point B relative to base point A. Resultant tolerance zone of point
B is obtained by adding up the above two tolerance zones geometrically. So we
can move parallelogram 2 parallelly along the outline of parallelogram 1 and
the zone enveloped by outmost contour of parallelogram 2 forms the resultant
tolerance zone of point B. If B/P dimensions and tolerances of point B are
specified as Xs+Y2Tsx and Ys+Y2Tsy, for acceptable point B, B/P tolerance zone
(drawn by dotted lines and measured by Tx and Ty) must envelop resultant
tolerance (see right hand side in Figure 4 (d)).

Figure 4(e) shows another case of tolerance accumulation when two-base-point
is related. This case is defined when two dimension and tolerance components
of a feature are related respectively to two different reference features (two
base points). If the smaller parallelogram centers at point C is tolerance zone of
point C relative to its two base points i.e. point A and B. The parallelogram
center at point A and B are tolerance zone of base point A and B, respectively.
Resultant tolerance zone of point C is obtained as such. First, extract tolerance
zone of point C which is resultant tolerance zone of point A and B (denote as 1-
2-3-4). So draw two parallel lines perpendicular to line segment AC and let the
distance between them be the tolerance magnitude of base point A in the direc-
tion of line segment AC. Similarly, draw another two parallel lines perpendicu-
lar to line segment BC and let the distance between them be the tolerance
magnitude of base point B in the direction of ling segment BC. The zone
formed by these four lines will construct a bigger parallelogram 1-2-3-4 which
centers at point C. It is the resultant tolerance zone of point C resulting from its
two-base-point tolerance zones. Then, move the smaller parallelogram center
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at point C parallelly along the outline of parallelogram 1-2-3-4. The zone en-
veloped by outmost contour of the smaller parallelogram forms resultant tol-
erance zone of point C. If B/P tolerance zone of point C is a rectangle (drawn
by dotted lines), the rectangle must envelop resultant tolerance zone when
point C is acceptable.

Tolerance accumulation and the relationships between different sorts of toler-
ance specifications must be solved in presenting composite tolerance chains.
For given orientational tolerances shown in Figure 1, tolerance accumulation
process is dependent upon the characteristic attributes they exhibit.

'y
% A A Y Iﬁ Y 4‘0170
7y » |—>'¢ |_¢ A N
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+| o + + Ov. B
> P > XET62 ~/ /604 Ta 12
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(@) (b) ()
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Tx ° 4
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A4
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(d) e)

Figure 4. Tolerance zone and its stack-up in view plane XOY

In Figure 1, the tolerance zone of angularity of incline hole relative to plane A
(datum A) is represented by rectangle area with shadow lines shown in Figure
5(a). Assume that the axis of incline hole has ideal geometric shape and angu-
larity tolerance can be assured by controlling the tolerance of angle o formed
by axis OX and the axis of incline hole. The expression is:
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X2 (7)

Where T. is equivalent design angular tolerance determined by tolerance T,
which is angularity tolerance of the axis of incline hole relative to plane A. Lru
is nominal length of incline hole.

Similarly, in Figure 1 the tolerance zone of perpendicularity of incline plane
relative to the axis of incline hole (datum C) is represent by rectangle area with
shadow lines shown in Figure 5(b). Assume that incline plane has ideal geo-
metric shape, angularity tolerance can be assured by controlling the tolerance
of angle o formed by axis OX and normal line of incline plane. The expression
is:

T, =1t xo (8)

Where T is equivalent design angular tolerance determined by T, which is
perpendicularity tolerance of the incline plane relative to the axis of incline
hole. Lcr is nominal length of incline plane.

Furthermore, according to the functional role of pin, when it is plugged into
pin-hole, the following equations should be satisfied:

TNx :TN'x +TNJ_x (7)
TNy =TN,y—+-TN

Iy

Where Tnx and Twy is composite tolerance component of pin axis, respectively.
Tnx and Ty is tolerance component of the axis of pin-hole, respectively. Tn,«
and T,y is perpendicularity of pin axis to plane S in the direction of axis OX
and parallelism between pin axis and plane A, respectively.

With above discussion, for Equation 2, the tolerance zone of each vector and
their accumulation is shown in Figure 6. Where zone 1-2-3-4 is the tolerance
zone of pin axis. Zone 5-6-7-8 is the tolerance zone of point B relative to pin
axis. Zone 9-10-11-12 is the tolerance zone of point C relative to its two base
points i.e. origin O and point B. Where LscTx is the tolerance component per-
pendicular to line segment BC and Tc¢y is another tolerance component in the
direction of axis OY.



Sequential Design of Optimum Sized and Geometric Tolerances 619

(a) (b)

Figure 5. Relationships between angular tolerance and orientational tolerances

Using the above tolerance accumulation principle discussed in Figure 4(e), the
final resultant tolerance zone of point C is obtained through following steps.
First, find tolerance zone of point C resulting from its two-base-point tolerance
zones and denote as £, which is acquired by adding up its two base point tol-
erance zones in two due directions. For base point B, its tolerance zone is ob-
tained by adding up the zone 1-2-3-4 and 5-6-7-8 geometrically. Because the di-
rection of tolerance component of point C relative to point B is perpendicular
to line segment BC (also along line segment NB) and its magnitude is LacTx,
the tolerance magnitude of point B in this direction is expressed as:

Ty =Ty, +Ty (10)

Where T3, is tolerance component of point B in the direction perpendicular to
line segment BC. T, is the tolerance of pin axis in the direction perpendicular
to line segment BC. Tns is the tolerance of Lns, which is mean dimension of the
distance form pin axis to that of incline hole.

On the other hand, another component of £ is in the direction of axial OY. Be-
cause the origin is fixed, the distance of £ in the direction of axial OY is nil. So £
is finally obtained as a horizontal line segment mn shown in the right down
side in Figure 6. The length of line segment mn is:

T
=Ty, +7T,,1g30" + —2— (11)

Lm
cos 30

n

Zone 13-14-15-16 is resultant tolerance of point C and finally acquired by mov-
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ing parallelly zone 9-10-11-12 along line segment mn. B/P tolerance zone /- //-
[II-1V (drawn by dotted lines) should envelop zone 13-14-15-16 (right up side
in Figure 6). The algebraic equations are:

T..+L,.T
Ty +T,,1g30° + 22—l 4 T 130" < T, (12)
cos30

I, =T,

Where Tcxi=0.140mm and Tcy = 0.150mm are two components of B/P tolerance
of point C. For Equation 4, tolerance zone of each vector and their tolerance ac-
cumulation is shown in Figure 7. Zone 1-2-3-4 and 13-14-15-16 have been dis-
cussed above. Zone 17-18-19-20 is tolerance zone of point E relative to pin axis,
zone 21-22-23-24 is tolerance zone of point F relative to point E, and zone V- I/-
VIF VIl (drawn by dotted lines) is B/P tolerance zone of point F relative to point
C. Resultant tolerance zone is the one of point F relative to point C. It includes
four components: zone 1-2-3-4, 17-18-19-20, 21-22-23-24, and 13-14-15-16. It is
necessary that B/P tolerance zone contain its resultant tolerance zone for an ac-
ceptable part.

7 G ————
Yy ‘ | ﬂ|
1/ 5 . ! I
f“ ) : |
—y 1 = I 13 114
! I
- I
Texd 18
794
1 2
LecTa+1 7 S
12 11 4"/ )
m n 7

Figure 6. Original tolerance accumulation between point O, N, B, and C
When we change graphic representation into algebraic form, we can only con-
siderer the tolerance component in the direction of line segment FC. For the
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acceptable parts, the resultant tolerance component should be less than or
equal to its B/P tolerance component. The algebraic equation is:

2 e I ’
2T, sin30" + —=—+T,1g30° +

o

COS (13)

T
Ly T,tg30" + T\, + Ly T, +io < Tera
cos30

Where Tcri = 0.240mm is B/P tolerance of Lcra.

4. 3 D sequential tolerance design

In process planning, each machining operation is specified with an appropri-
ate tolerance based on the constraints of B/P specification and process capabil-
ity. In conventional dimensioning and tolerancing, all working dimensions and
process tolerances are fixed. This method, however, is suitable for mass, batch,
and automated production. A new method termed STC for production of
complex, low-volume, and high-value-added parts was introduced (Fraticelli
et al., 1997; Fraticelli et al., 1999; Wheeler et al., 1999; Cavalier & Lehtihet, 2000;
Mcgarvey et al., 2001; Huang & Zhong, (in press)). The method essentially
used real-time measurement information at any completion stage of opera-
tions to exploit available space inside the dynamic feasible zone and recalcu-
late the working dimensions and tolerances for remaining operations. It has
been proved that this method can enhance the process tolerances for remain-
ing operations and increase the acceptable rate of manufacturing.

The above researches, however, did not include geometric tolerances and were
confined to 1D problem. This paper aims to extend STC method to 3D space
when angular and orientational tolerances are also involved. The method es-
sentially utilizes the measurement data of sized dimensions at appropriate
completion stage of operations to evaluate the working dimensions and toler-
ances for remaining operations based on the process capabilities. Let actual
working dimension and deviation be set M = {ui", Aui, j=1, ..., 2n }, where ui" is
acquired measurement value of working dimension ui, Aui = ui" — uiis actual de-
viation of working dimension ui". The original dimensional and process toler-
ance chains are respectively expressed in the following matrix form.
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[4x}={c}
[BKT, <{7,}

(14)

Where A = [aj] is a 2mx2n coefficient matrix, X = [u1, uz,..., u24]" is a 2nx1 vector
of mean working dimensions, C = [ua1, uUa,..., uaen]’ is a 2mxlvector of mean
values of B/P dimensions, B = [bi] is a 2mx2n coefficient matrix, Tx = [Tu1, Tuw,...,
Tu2n]" is a 2nx1 vector of working tolerances, and Tp = [Ta, Ta,..., Te2n]" is a
2mx1vector of B/P tolerances.

When incline features are included, ajj is the function of a number of pertinent
working dimensions. While b; =du,/du;is determined by the way tolerance

accumulates. For generalized description, assume that each operation associ-
ates with two components of different dimensions and tolerances in given
view plane.

The generalized algorithm of 3D sequential tolerance design is expressed as
following steps.

Step 1:

The original optimal tolerance design is implemented at this step. Sized, angu-
lar, and orientational tolerances are included in composite tolerance chains.
Orientational tolerances are first converted into equivalent sized or angular
tolerance in terms of their characteristic attributes. The composite tolerance
chains are established using the methods discussed in section 3. The original
optimal model is:

! (15)
maxZﬂmkam.
i=l1
Subject to:
S

Y b o B N, Ty

b b bl |70 | | T 1

bimi banz o Bl | T30, ] [Taom

7w

ui min

<tV <7V i=12,...2n (17)

uimax ?
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Where
) ) o 0
arp a, ayy, |t Uy a8)
1) ) 1) Q)
a a, yon U2 | _ Uy
1) 1) () 1
| Dot Aoy " a2m2n__u§n)_ Ugom

T®u:  Original working tolerance component of dimension u;

kui: Weight factor of tolerance Tui, which is dependent upon the capacity of
machining and the manufacturing cost of operation. kui is determined
by the experience of a process planner.

Auic Path selected coefficient of dimension ui. When u: is selected, Aui = 1,
otherwise Aui=0

TOwimin,

T®uimex: Lower and upper bound of original tolerance Tui, respectively.

When above original optimal model is solved, original working dimensions
and optimal working tolerances are obtained. The operations of first stage are
performed based on above original working dimensions and tolerances. Then
pertinent sized dimensions are measured. Assume that u1, u2, ..., and u« are k
measured sized dimensions. u1’, u2', ..., and ux" are corresponding actual meas-
ured values. The actual deviations are obtained as 4w’ = ux" —ux, =1, 2, ..., k. If
actual dimensions u1’, u2’, ..., and ux'are within their permissible ranges, they
are substituted into Equation 18. The working dimensions and tolerances for
next operation step can be determined.

For dimensions u1, uz, ..., and ux, with their actual values measured, their toler-
ances Tu, Tuw, ..., and Tu do not include in the tolerance chains for remaining
operations. Thus the numbers of constituent tolerance links are reduced by k
components, the working tolerances reassigned to remaining operations in-
crease. The bounds of working tolerance of remaining operations can be re-
adjusted for the purpose of ease machining.

The working dimensions and tolerances for operations of the next stage are de-
termined by following sequential optimal model.



624 Manufacturing the Future: Concepts, Technologies & Visions

Step 2:
n (19)
max Zﬂ’uikui];i
i=k+1
Subject to:
b2 p@ . p@ TP ] [T
1 k+l 1 k+2 12n uk+l dl (20)
(2) 2) (2) (2)
2 k+l b2k+2 b22n Tuk+2 < sz
(2) (2) (2) 2
b2m k+1 b2m k2 7T b2m2n__Tu(2,), | Td2m
(2) (2) (2) . __
TR <TP <T? Ji=k+1,k+2,...2n 21)
Where
@) @) @ [®
A i Qa0 Aoy | Mien
2) 2) (2) (2)
as i1 Ay 00 ooy || Uk
2) 2) (2) 2 (22)
Dyir1 Qom0 Aoy 2“__u;n) i
) M Ol
Uy ap a, @y ||
(1) (1 (1) *
_|Yaz | | G2y Gyt Gy | Uy
(1 Q)] (1 *
Ujom G Goma 7 oy || Uy |

T®@.i:  Second step working tolerance component of dimension u;

T@vyimin,

T®uimex: Lower and upper bound of tolerance Tui for second step operations, re
spectively.

When above optimal model is solved, the working dimensions and tolerances
for operations of the second stage are obtained. Similarly, after operations of
the second stage have been performed, their actual pertinent sized dimensions
are measured and substituted into mean dimension chains to determine the
working dimensions and tolerances for operations of the third stage.
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Step 3:

Assume that g operations have been successfully performed. The actual perti-
nent sized dimensions have been measured and substituted into their mean
dimensional chains. The third order optimal model is expressed as follows:

4 (23)
max Zﬂ’uikm]wui
i=q+1
Subject to:
[ 13 3) @ Tr® |
b1 g+ b1 g+2 blZn T“ g+l le
3) e @)
bZ q+l1 b2q+2 b22n T;¢q+2 < Td2 (24)
3) 3) 3)
_b2m g+l by, g2 by, 2n | Tu(gl T
3) 3) 3) s __
T, <T.”<T.> ,i=q+l,qg+2,...2n (25)
Where
e 3) @ Tu® | o M) W Iy
a4y g Qa0 Ay, | Y Uy ap ay, coay ||H
3) 3) 3) (3) (1) (1) Q)] *
as 44 a2 Aaon || Ugez | _|Ua2 | | 92 Ay, ot Gy || Uy
3) 3) B ) ) ) x
| Dom g+t Dom ge2 Aymon | ugi) Uiom ] | %m Goma "7 Gomy || Uy |
e ) o Ty ]
A Ay 0 Ay | Hen
) 2) 2) *
| G Yoz T oy | Ui (26)
2) 2) 2) *
| Domit Gamesz 7 Gomg | U,

T®u:  Third step working tolerance component of dimension u;

T(3)uimin,

T®uimx: Lower and upper bound of tolerance T for third step operations, re
spectively.
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The above procedure is repeated until the last operation has been performed.
Because constituent tolerance component of obtained actual sized dimensions
are excluded from remaining tolerance chains while B/P tolerances remains
unchanged, the proposed approach gradually enhances working tolerances of
remaining operations. The final solutions of sequential tolerances are given as:

T:[T“) 7o VAU A I I ) ]T (27)

ul uk+1

5. A case study

A practical example (Zhao, 1987) but with modifications shown in Figure 1 is
introduced to illustrate the proposed method. The process plan of the finish
operations is given in Table 1.

LT
N

Figure 7. Original tolerance accumulation between point O, N, E, F, and C

5.1. Establishment of dimensional and tolerance chains

With the procedures discussed in section 2 and 3, dimensional and tolerance
chains of this example part are given by formulation (6), (12), and (13), respec-
tively.
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5.2. Additional angular tolerance chains

According to the given process planning, the finish operations are executed
with different machine tools. The accuracy of rotation working tables of ma-
chine tools provides the assurance of orientational tolerance express by per-
pendicularity and angularity tolerance. For jig boring machine, it is required
that:

X2 = 0é—g“xz =0.0025 (rad) (28)

Where T, is angular tolerance of rotation working tables of jig boring ma-
chine. T, is equivalent design angular tolerance determined by T.. Lrv = 32 is
nominal length of incline hole. T, = 0.04 is angularity tolerance of the axis of
incline hole relative to plane A.

We can control the rotation error of rotation working table of grinding ma-
chine to ensure the perpendicularity tolerance. It is expressed as:

_ &fx 2-0.0007(rad)  (29)

X2

Where Tx is resultant angular tolerance of T and T2. T2 is angular tolerance
of rotation working tables of grinding machine. Lct = 71.9 is nominal length of
incline plane. T, = 0.025 is perpendicularity tolerance of incline plane B relative
to the axis of incline hole. Ty is the equivalent design angular tolerance de-
termined by T.. It is obvious that if formulation (29) is satisfied, formulation
(28) is also satisfied.

5.3. Additional process capability constraints

Assume that jig boring and grinding machine have the same accuracy for their
rotation working tables. The accuracy in axis OX and OY is the same. Tn;x and
Tn,y have the same functional role. Thus we have
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Tal :Ta2
TNx:TNy (30)
TNJ_x :TNH y

To ensure that the machined parts meet its designed functionality and mini-
mum manufacturing cost, the original constraints of finishing processes are
formulated in Table 2.

Operation | Tolerance | lower bound upper bound Weight
Boring TN 10 25 ki=1
Boring TNy 10 25 k=1
Pinning TN« 7 10 ks=1
Pinning TNy 7 10 ki=1
Boring Tns 30 75 ks=1.4
Boring T 70" 90” ke=14
Grinding | Te 30 75 kz=1.4
Grinding | T 70” 90” ks=1.4
Turning Tcy 15 40 ko=1

Table 2. Original working tolerance bounds (um) and weights

5.4. Optimized sequential tolerance design procedure

In terms of the process planning developed for finish operations, related toler-
ances must be specified before any machining operation was executed. The op-
timization model is:

) ) ) ) o) ) ) o)) )
max (k, T, + kZTN,y +k Ty, + /’cé‘TN|| ,F kT, + kI +k,T1, +kT,, + kQTCy

S.t.

Ty
Ty
1 o Ty,

1 230 1 tg30° tg30° 0 O )
& & cos30°  cos30° & TNhy Cxd

0 0 0 0 0 0 1 0 0 || 7O
! 1 ! 1230° LV 1g30° LY Tlﬁ)
co0s 30° cos 30° & sc'8 B e
i TC()I;)
2
T(|2)

IN
ISHS!

yd

~

cos 30° Crd
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T + 79 £0.0007
0.010<T{) <0.025,  0.010<7 <0.025, 0.007<7T}},<0.010, ~0.007<7T}! <0.010,
0.030< T <0.075, 0.00034<7."<0.0044, 0.030<7T."<0.075, 0.00034<T . <0.00044,

a2 —
0.015< TC(;) <0.040.

Where
_xﬁ?_
i
1 0 cos30° —sin30° 0 0 M Xea
L
0 1 —sin30° —cos30° 0 0 L(llvf = Yea |7
0 —_ _ig30° 0 p—— . I
cos30° cos30° ]| 7™
NE
ye'

L) =10, k=k=ks=ki=ko=1,ks =ke = k7 = ks =1.4, xn = 25, yn = 28, xca = 8,
yca=—=25, Lera = 54, Texa = 0.140, Teya = 0.150, and Tcra = 0.240.

The solution of the model is:

Lo 10 1] =[55.078 29.400 24.600]"
re, 18 T, Ty, e Ty 1Y 1Y T =

al a2 Cy

[0.021 0.021 0.01 0.01 0.050 0.075 0.00034 0.00034 0.04]"

According to the specified process planning, the pin-hole is bored in terms of
dimensions and tolerances xn = —25+0.021 and y~ = 28+0.021. After the first op-
eration is executed, the pin is plugged into the pin-hole. Provided that its ac-
tual geometric deviation be within their tolerance range, that is Tn.x= 0.010,
and Twn,y= 0.010. When coordinates of the pin and actual distance yc are meas-
ured, assume that the acquired values are xn" = -25.020, yn" = 28.020, and yc" = -
25.140. Thus the actual deviation is Anx= xn*— xn = — 25.020 — 25 = — 0.020, Any=
yn'— yn' = 28.020 — 28 = - 0.020, and Acy = yc'— yc = — 25.140 — 25.075 = — 0.650. It
is obvious that Avx, Avy, and Acy are within their tolerance ranges so the opera-
tions of next stage can be carried out. Because xn, yn, and Tcy are measured, Tnx,
Tny, and Tey will not be included in the tolerance chains for remaining opera-
tions. Since Tn,~and Tn,y are included in values x~v" and y~’, they will not be in-
cluded in the tolerance chains for remaining operations either. The optimal tol-
erances for next operation will be determined by following optimization
model.
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max (kT +k T3 + kTS + kTS
s.t.
o ]
_ NB
L I

o o | TV _[0.140
cos30”  cos30’ o |5
130" Lo 1 10 | T | L0240

o2 |

T + T <0.0007

0.030<T. ]5? <0.160, 0.00034<T Oﬁf) <0.00044, 0.030<T ;,,25) <0.160, 0.00034<T ,ﬁ) <0.00044,
Where

c0s30°  —sin30° O LG | [x, ] [1 O 0 | xy
—sin30° —co0s30° O LY |=| v, |-|0 % 01 vy |
—1g30° 0 L2 | | Lo | |0 v

cos30° cos30°

ks=ke=kr=ks=1.4, x,, =-25.020, y, =28.020, y. =-25.140, L}). =29.400, and
LY = L), =55.078.

The optimal solution of this problem is:

L2 2 2] =[55.106 29.407 24.432]"
r@ 1@ 7@ 7] =[0.111 0.151 0.00034 0.00034]"

Y [ [
N 3 4
m n
7
77
o/ v I
X
0 H LnsTa 1
W
| % y 7&{
3
= D 1C 2 LecTa 1 h /
v 1l
m nlg
Texd Lmn

Figure 8. Tolerance accumulation for machining the inclined hole
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The incline hole will be processed according to the dimensions and tolerances
55.106 * 0.056 and 60° + 0.00017. The tolerance accumulation for machining the
inclined hole is shown in Figure 8. After incline hole has been processed, Lns is
measured. Let acquired value be L'ns = 55.150. The corresponding actual devia-
tion Ans = L'ns — Las = 0.044 is within its tolerance range and next operations
can be performed. The next step is establishment of the following optimal
model:
max (k,7C) + kT + kT
s.t.
)

Li:r,;f) <0.14
cos30°

LR1g30° T + Ty + LTS <0.24

T +T <0.0007

a2 —

0.030< T}, <0.220, 0.00034< T}’ <0.00044, 0.00034< T <0.00044. Where

a2 —

IO =L, +L, +%, ke=kr=ks=1.4,[% =29.407, I =) =55.106,

L, =55.150, y,. =-25.140, y) =28.020.

The solution of the above optimal model is:

10 _oaasy T8 T TR =[0215 0.00034 0.00034]
NE — : 4

This solution is for final operation i.e. machining the inclined plane. The toler-
ance accumulation for machining the inclined plane is shown in Figure 9.

o) X
3 = ¢ 4
S,
00-5‘300

Figure 9. Tolerance accumulation for machining the inclined plane
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It is not difficult to find that the working tolerances have been gradually am-
plified. Table 3 shows the comparison results between conventional tolerance
control (CTC) and proposed sequential tolerance control (STC). Table 4 shows

the variations in their pertinent process working dimensions.

T | Tvy | Tl | Tw)y | e | T | Tw (rad) | 7)) (rad) | T¢)
ST [21 |21 [10 |10 [111 [215  [0.00034 | 0.00034 |40
CctD |20 [200 [100 |100 |46 72 000035 | 0.00035 |40
Ratio | 1.05 | 1.05 | 1.00 | 1.00 | 241  |299 |097 0.97 1.00
In- | +5% | +5% |0 |0 | +141% |+199% | -3% 3% 0
crease

Table 3. Tolerance of the CTC and the proposed STC (um). Note: The values with the
sign“*”were directly given by experience in terms of the process capacities (Zhao,

1987).

Method | N'x Ny Lns Lne o lo3 yc
STC -25 +28 55.106 24.457 | 60° | 60° -25.075
CTC -25 +28 55.078 24.600 | 60° | 60° -25.075

Table 4. Working dimension of the CTC and the proposed STC (mm)

5.5. Comparative analysis of the proposed method

In order to analyze the effects of proposed method, comparative study is also
given. The impact the weight factors have on optimal working tolerance is
identified with the same model. Let ki=ko=ks=kas=ko=1, ks =ke = k7 = ks = w.
The solutions of original model when w=1, 1.4, 1.5, 2, 4 are shown in table 5. It

can be seen from table 5 that when weight @ increases, T}.,,

)
T

)
TNLx’

T(l)

Ny~

and 7)) decrease, Ty, and Ty, increase, while 7\’ and 7}’ remain unchanged.

Case [ 10 [ 10 |70, |79, [0 |19 [ 10 ad) | 10 rad) | 70
w=1 21 21 10 10 50 75 0.00034 0.00034 40
w=14 121 21 10 10 50 75 0.00034 0.00034 40
w=151|10 10 7 7 68 75 0.00034 0.00034 40
=2 10 10 7 7 70 75 0.00034 0.00034 35
w=4 10 10 7 7 75 75 0.00034 0.00034 26

Table 5. Tolerance of the original model with different weights (um)
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6. Closing remarks and Conclusions

This paper presents a new graphic representation methodology for generating
dimensional and tolerance chains in complex 2D drawing from 3D parts used
in sequential optimal tolerance design when sized, angular, and geometric
specifications are included simultaneously. This was overlooked and did not
give due attention in previous literatures due to its complexity. Since geomet-
ric tolerances are also of vital importance to the functional requirements and
manufacturing cost, they are necessary to be included in tolerance chains. The
proposed approach copes with 3D sequential dimensioning and tolerancing by
dynamic design of the working dimensions and tolerances at any completion
stage of operations. The practical example shows that the proposed method
can gradually amplify the working tolerances for remaining operations and
raise the acceptance rate of the processed parts.
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