We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

6,900 185,000 200M

ailable International authors and editors Downloads

among the

154 TOP 1% 12.2%

Countries deliv most cited s Contributors from top 500 universities

Sa
S

BOOK
CITATION
INDEX

Selection of our books indexed in the Book Citation Index
in Web of Science™ Core Collection (BKCI)

Interested in publishing with us?
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected.
For more information visit www.intechopen.com

Y



Chapter 7

Stochastic Control for Jump Diffusions *

Jingtao Shi
Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/45719

1. Introduction

In this chapter, we will discuss the stochastic optimal control problem for jump diffusions.
That is, the controlled stochastic system is driven by both Brownian motion and Poisson
random measure and the controller wants to minimize /maximize some cost functional subject
to the above stated state equation (stochastic control system) over the admissible control set.
This kind of stochastic optimal control problems can be encountered naturally when some
sudden and rare breaks take place, such as in the practical stock price market. An admissible
control is called optimal if it achieves the infimum/supremum of the cost functional and the
corresponding state variable and the cost functional are called the optimal trajectory and the
value function, respectively.

It is well-known that Pontryagin’s maximum principle (MP for short) and Bellman’s dynamic
programming principle (DPP for short) are the two principal and most commonly used
approaches in solving stochastic optimal control problems. In the statement of maximum
principle, the necessary condition of optimality is given. This condition is called the maximum
condition which is always given by some Hamiltonian function. The Hamiltonian function is
defined with respect to the system state variable and some adjoint variables. The equation
that the adjoint variables satisfy is called adjoint equation, which is one or two backward
stochastic differential equations (BSDEs for short) of [13]’s type. The system which consists
of the adjoint equation, the original state equation, and the maximum condition is referred
to as a generalized Hamiltonian system. On the other hand, the basic idea of dynamic
programming principle is to consider a family of stochastic optimal control problems with
different initial time and states and establish relationships among these problems via the
so-called Hailton-Jacobi-Bellman (HJB for short) equation, which is a nonlinear second-order
partial differential equation (PDE for short). If the HJB equation is solvable, we can obtain an
optimal control by taking the maximizer/miminizer of the generalized Hamiltonian function
involved in the HJB equation. To a great extent these two approaches have been developed
separately and independently during the research in stochastic optimal control problems.

*The main content of this chapter is from the following published article paper: Shi, J.T., & Wu, Z. (2011). Relationship
between MP and DPP for the stochastic optimal control problem of jump diffusions. Applied mathematics and Optimization,
Vol. 63, 151-189.

©2012 Shi, licensee InTech. This is an open access chapter distributed under the terms of the Creative
I NTE H Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted
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120 Stochastic Modeling and Control

Hence, a natural question arises: Are there any relations between these two methods? In
fact, the relationship between MP and DPP is essentially the relationship between the adjoint
processes and the value function, or the Hamiltonian systems and the HJB equations or even
more generally, the relationship between stochastic differential equations (SDEs for short) and
PDEs. Such a topic was intuitively discussed by [5], [4] and [9]. However, an important issue
in studying the problem is that the derivatives of the value functions are unavoidably involved
in these results. In fact, the value functions are usually not necessarily smooth. [19] first
obtained the nonsmooth version of the relationship between MP and DPP using the viscosity
solution and the second-order adjoint equation. See also the book by [18].

The aim of this chapter is to establish the relationship between MP and DPP within the
framework of viscosity solutions in the jump diffusion setting. In this case, the state trajectory
is described by a stochastic differential equation with Poisson jumps (SDEP for short). That
is to say, the system noise (or the uncertainty of the problem) comes from a Brownian motion
and a Poisson random measure. See [15] for theory and applications of this kind of equations.
[16] proved the general MP where the control variable is allowed into both diffusion and
jump coefficients. HJB equation for optimal control of jump diffusions can be seen in [12],
which here is a second-order partial integral-differential equation (PIDE for short). [7] gave
a sufficient MP by employing Arrow’s generalization of the Mangasarian sufficient condition
to the jump diffusion setting. Moreover, on the assumption that the value function is smooth,
they showed the adjoint processes’ connections to the value function. Let us state some results
of [7] in detail with a slight modification to adapt to our setting.

A sufficient MP was proved to say that, for any admissible pair (2¥%(-),(-)), if there exists
an adapted solution (p(-),q(-), ¥(-,-)) of the following adjoint equtaion

—dp(t) = Hx(t, &7 (t),a(t), p(t),q(t), y(t,-))dt — q(t)dW(t)
- /E (1, e)N(dedt), t € [0,T], (1)
p(T) = —hx(247(T)),
which is a BSDE with Poisson jumps (BSDEP for short) such that

H(t, 244 (8), a(t), p(t), q(t), v (¢, -) = SEEHU' V(L) u,p(t),q(8), ()

forall t € [0, T] and that

A

H(x) == max H(t, x,u, p(t), q(t), v(t,-))

exists and is a concave function of x for all t € [0, T], then (%% (-),(+)) is an optimal pair. In
the above, the Hamiltonian function H : [0, T] x R" x U x R" x R**? x £2(E, B(E), m;R") —
R is defined as

H(t,x,u,p,q,7)) = f(t,x,u) + (p,b(t, x,u)) —i—tr{a(t,x,u)Tq} + /E<'y(e),c(t, x,u,e))m(de).

On the other hand, a DPP asserted that if the value function V (-, -) belongs to C1%([0, T] x R"),
then it satisfies the following HJB equation

sup F(t,x,u) = F(t,x,(t)) =0 ()
uel
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where
E(tx,u) == f(t,x,u) + Vi(t,x) + (Ve(t, ), b(t, %, 1)) + %tr{Vxx(t,x)a(t, % u)o(t, x,u)T}

—i—/E [V(t,x+c(t,x,ue)) —V(t,x)— (Ve(t,x),c(t,x,u,e))]m(de).

Moreover, Theorem 2.1 of [7] says that if V(-, -) belongs to C13([0, T] x R"), then the processes
defined by

o(t, 2V (t), a(t)), ®)
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solve the adjoint equation (1).

However, it seems that the above HJB equation (2) and the relationship (3) lack generality,
since they require the value function to be smooth, which is not true even in the simplest
case; see Example 3.2 of this chapter. This is an important gap in the literature [7]. The aim of
this chapter is to bridge this gap by employing the notion of semijets evoked in defining the
viscosity solutions.

The contribution of this chapter is as follows. Firstly, we give some basic properties of
the value function and prove that the DPP still holds in our jump diffusion setting. Then
we give the corresponding generalized HJB equation which now is a second-order PIDE.
Secondly, we investigate the relationship between MP and DPP without assuming the
continuous differentiablity of the value function. We obtain the relationship among the adjoint
processes, the generalized Hamiltonian and the value function by employing the notions of
the set-valued semijets evoked in defining the viscosity solutions, which is now interpreted as
a set inclusion form among subjet, superjet of the value function, set contain adjoint processes
and some “G-function” (see the definition in Section 2). It is worth to pointed out that the
controlled jump diffusions bring much technique difficulty to obtain the above results. In fact,
the solution of the control system is not continuous with jump diffusions. We overcome these
difficulty and get the desired results in this chapter which have wide applicable background.

The rest of this chapter is organized as follows. In Section 2, for stochastic optimal control
problem of jump diffusions, we give some basic properties of the value function and then set
out the corresponding DPP and MP, respectively. In Section 3, the relationship between MP
and DPP is proved using the notion of viscosity solutions of PIDEs. Some concluding remarks
are given in Section 4.

2. Problem statement and preliminaries

Throughout this chapter, we denote by R" the space of n-dimensional Euclidean space, by R"** the
space of matrices with order n x d, by S™ the space of symmetric matrices with order n x n. (-,-)
and | - | denote the scalar product and norm in the Euclidean space, respectively. T appearing in
the superscripts denotes the transpose of a matrix. a \/ b denotes max{a,b}. C always denotes some
positive constant.
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122 Stochastic Modeling and Control

Let E C R! be a nonempty Borel set equipped with its Borel field B(E). Let 7(-) be a
bounded positive measure on (E, B(E)). We denote by EZ(E B(E), 7'( R”) or £? the set of
square integrable functions k(-) : E — R" such that | |k(-) ,CZ = [g [k(e)[*rr(de) < oo.

Let T > 0 and let (Q), 7, P) be a complete probability space, equlpped with a d-dimensional
standard Brownian motion {W(t) }o<;<7 and a Poisson random measure N(-, -) independent
of W(-) with the intensity measure N(dedt) = 7t(de)dt. We write N(dedt) := N(dedt) —
rt(de)dt for the compensated Poisson martingale measure.

For a given s € [0, T), we suppose the filtration { F} } ;<;<T is generated as the following
P i=0{N(Ax (s,r]);s<r<tAeB(E)}\ c{W(r) s);s <r<t}\/WN,

where N contains all P-null sets in F and 07 \/ 05 denotes the o-field generated by o7 U 0. In
particular, if s = 0 we write F; = F}.

Let U be a nonempty Borel subset of R¥. For any initial time s € [0, T) and initial state y € R",
we consider the following stochastic control system which is called a controlled jump diffusion

pT’OCESS
AV (£) = b(t, x5V (£), u(t))dt + (£, x¥H(£), u(t))dW(¢)
+ /E c(t, XV (1), u(t),e)N(dedt), te (s, T), )
XV (5) = y.

Hereb: [0,T] x R" x U = R"%,0: [0,T] x R" x U = R"*4,¢:[0,T] x R" x U x E — R" are
given functions.

For a given s € [0, T), we denote by U|s, T| the set of U-valued F;-predictable processes. For
given u(-) € U[s, T] and y € R", a R"-valued process x*¥*(-) is called a solution of (4) if it is
an F;-adapted RCLL (i.e., right-continuous with left-hand limits) process such that (4) holds.
It is called the state trajectory corresponding to the control u(-) € U|[s, T] with initial state y.
We refer to such u(-) € U[s, T] as an admissible control and (x*Y*(-), u(-)) as an admissible pair.
For any s € [0, T), we introduce the following notations.

12 (Q, F7;R") = {R”-valued FF-measurable random variables ¢; E|¢ |2 < oo},

L3 ([s, T;R") := {R”—valued Fi-adapted processes ¢(t); E / ()2t < oo}

L%r/p([s, T;R") := {R”-Valued JF;-predictable processes ¢(t); E / (£)|2dt < oo}

Fr%( [s, T];R") := {R”-Valued JF;-predictable vector processes (¢, e) defined on
T
Qx[0,T] x E; E / / [(t,€) Pre(de)dt < oo}
s JE
We consider the following cost functional

Jowu()) = B[ [ F(e 29 0),u(e)a + hGes(r))], ©



Stochastic Control for Jump Diffusions

where f : [0, T] x R" x U — R, h : R" — R are given functions. For given (s,y) € [0,T) x R",
the stochastic optimal control problem is to minimize (5) subject to (4) over U|s, T]. An admissible
pair (%% (-),i(-)) is called optimal if ii(-) achieves the infimum of J (s, y; u(-)) over U[s, T]. We
define the value function V : [0, T] x R" — R as
V(s,y)= inf J(s,y;u(:)), V(s,y)€[0,T)xR",
4 u(-)eU[s,T)) 4 Y (6)
V(T,y) =h(y), YyeR"
In this section, we first give some basic properties of the value function. Then we prove
that the DPP still holds and introduce the generalized H]JB equation and the generalized
Hamiltonian function. The idea of proof is originated from [17], [18] while on some different

assumptions. Then we introduce the Hamiltonian function, the H-function and adjoint
processes, then give the MP which is a special case of [16].

We first discuss the DPP and make the following assumptions.

(H1) b, o, ¢ are uniformly continuous in (t, x, u). There exists a constant C > 0, such that

|b(t, x,u) —b(t, %, 0)| + |o(t,x,u) —o(t,%,10)]
+lle(t,x,u,-) —c(t,%,4,)||p2 < C(|x — R + |u— 1)),
|b(t,x,u)| + |o(t,x,u)| +||c(t,x,u,)|| 2 < C(A+|x]), Vte[0,T],x,2e€R",uiel.

(H2) f, h are uniformly continuous in (t, x, u). There exists a constant C > 0 and an increasing,
continuous function @ : [0,00) X [0,00) — [0, c0) which satisfies @y (r,0) = 0,Vr > 0, such

that
[f(Ex,u) = £t 2, u)| + [h(x) — h(2)] < @o([x] V[2], |x — £]),
|f(t,0,u)|,|h(0)] < C, Vtel0,T],x%ecR",uecl.

Obviously, under assumption (H1), for any u(-) € U|[s, T], SDEP (4) admits a unique solution
xSV () (see [10]).

Remark 2.1 We point out that assumption (H2) on f, / allows them to have polynomial (in
particular, quadratic) growth in x, provided that b, o, c have linear growth. A typical example
is the stochastic linear quadratic (LQ for short) problem. Note that (H2) is different from
assumptions (2.5), pp. 4 of [14] and assumption (S2)’, pp. 248 of [18], where global Lipschitz
condition is both imposed thus f, I are global linear growth in x.

We need the following lemma.

Lemma 2.1 Let (H1) hold. For k = 2,4, there exists C > 0 such that for any 0 < 5,5 < T,y,j €
R",u(-) € U[s, T,

Elxv ()] < c1+y[f), telsT), )
E[x¥(t) " <+ [y (T -5)%, telsT], ®
k k
E| sup [x*#(1) —y|| < CO+Iy/)T~5)3, ©)

s<t<T

E|cn (1) —x94 (0 < Cly -9, telsT), (10)

k
2

E|x¥H () — 44 (1) < C(1 4 [y])]s —

, te[sVSE T (11)
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124 Stochastic Modeling and Control

Estimates of the moments for SDEPs are proved in Lemma 3.1 of [14] for k € [0,2]. In
fact, under assumption (H1) we can easily extend his result to the case k = 2,4 by virtue of
Buckholder-Davis-Gundy’s inquality. We leave the detail of the proof to the interested reader.

We give some basic continuity properties of the value function V. The proof is similar to
Proposition 2.2, Chapter 2 of [17]. We omit the detail.

Proposition 2.1 Let (H1), (H2) hold. Then there exist increasing, continuous functions @y :
[0,00) — [0,00), @y : [0,00) X [0,00) — [0, 00) which satisfies w,(r,0) = 0,Vr > 0, such that

[V(s,y)l < @1(lyl), V(s,y) €[0,T) xR, (12)

A - N N N 1 L N
V(s,y) =V 9)| <@yl Vgl ly—9l+ 18 —s|2]), Vs,5€[0,T),y,9<cR" (13)

The following result is a version of Bellman’s principle of optimality for jump diffusions.
Theorem 2.1 Suppose that (H1), (H2) hold. Then for any (s,y) € [0,T) x R",

Visy) = inf /ftxsy” u(t))dt+ V(5,9 (s)], W<s<s<T. (19

The proof is similar to Theorem 3.3, Chapter 4 of [18] or Proposition 3.2 of [14]. We omit it
here.

The following result is to get the generalized H]B equation and its proof is similar to Proposition
3.4, Chapter 4 of [18].

Theorem 2.2  Suppose that (H1), (H2) hold and the value function V € C12([0, T] x R"). Then V
is a solution of the following generalized HJB equation which is a second-order PIDE:

—Vi(t,x) +sup G(t, x,u, =V (t,x), —Vi(t,x), —Vix(t,x)) =0, (t,x)€[0,T)xR",
uelU
(15)
V(T,x) = h(x), x € R",

where, associated with a ¥ € CY2([0, T] x R"), the generalized Hamiltonian function G : [0, T] x
R" x U x R x R" x §" — R s defined by

G(t,x,u, ¥(t,x), ¥x(t,x), Yax(t, x))
= (Fe(t,2), bt x,10) + Ste{ T (b, )t 3, 0)0 (1, 2,00} 16)

— f(t,x,u) — /E [Y(t,x+c(t,x,ue)) —F(t,x)+ (Tx(t,x),c(t x,u,e))]m(de).

In the following, we discuss the stochastic MP and need the following hypothesis.

(H3) b,0,c, f,h are twice continuously differentiable in x, and by, bxx, 0x, Oxx, fxx, hxx,
llex ()] 22, [|exx (+)]] 22 are bounded. There exists a constant C > 0 and a modulus of continuity
@ : [0,00) — [0, 00) such that
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( by (t,x,u) — by (t,%,0)| + |ox(t,x,u) — 0x(t,%,0)| < Clx — 2| + @(|u—1l),
[lex(t, 2,1, ) — cx( ,9? » Mz < C!X—XHw(!M al),
|bxx (t,x,u) — byx (£, %, 10

|lexx (£, 2,1, ) — cxx(t, £,
|[fa(t 2, u)| + e (x)| < C(1+ [x]),

UIf(t x,u)| + |h(x)| < C(A+|x?), Vte[0,T],x %€ R",uicU.

For simplicity, we introduce the following notations.

and similar notations used for all their derivatives, forall t € [0, T],u € U.
We define the Hamiltonian function H : [0, T] x R" x U x R" x R"™*¥ x £2(E, B(E), m;R") — R:
fﬂt%mnmvw>f%nwtxw>+ﬂMTdtnw}—f@%u) (
17
-1—/ c(t,x,u,e))m(de). )

Associated with an optimal pair (¥>%%(-),ii(-)), we introduce the following first-order and
second-order adjoint equations, respectively:

—dp(t) = Hx(t, 2" (t), a(t), p(t),q(t), v (t,-))dt — q(t)dW(t)
_ /E y(t,e)N(dedt), t € [5,T), (18)
p(T) = —hx(V(T)),
[ —ap(t) = {B()TP(1) + P()Bx (1) + (1) P(H)7x (1) +72(8) T Q1) + Q1) (1)
+/E [ex(t,e) TP(t)ex(t, ) + ex(t,e) ' R(t,e)ex(t,e) + ex(te) ' R(te)
+ R(t,€)x(t,€)|(de) + Hue(t, 97 (), (8), p(1), (1), (8, ) fat - (19)
—Q(HAW(t) — /E R(t,e)N(dedt),  te[sT),

[ P(T) = —hax(24"(T)),
Under (H1)~(H3), by Lemma 2.4 of [16], we know that BSDEPs (18) and (19) admit unique
adapted solutions (p(-),q(-),v(-,-)) and (P(-), Q(-),R(-,-)) satisfying

{ (P(-),a(),7( ) € L5([s, THR") x L ,([s, TER™?) x Fy([s, T, R"),
(P(-),Q(-),R(-,)) € L3([s, T1; 8") x (L% ,([s, T); 8™))" x F2([s, T); S™).

(20)

125



126 Stochastic Modeling and Control

Note that p(-) and P(-) are RCLL processes. Associated with an optimal pair (5% (-),i(-))
and its corresponding adjoint processes (p(-),q(-),v(:,-)) and (P(:),Q(-), R(-,-)) satisfying
(20), we define an H-function H : [0, T] x R” x U — R as

At 1) = H(t 3,0, p(0),(0,7(8,) = 56d PO o000 + [ ett o)t Tme(ao)] |
4 %tr{P(t) [ac(tu)ao ()T +AAc(t,e;u)Ac(t,e;u)Tn(de)]}
~5trd [ RG[ette)elt,e)T = dctt et | e(de) |
= (p(t),b(t, x,u)) +tr{11(t)/(7(f/xzu)}+/<’Y(t/€)zc(f/x,“/€)>”(d€)
—f(t,x,u)—%tr{P( oo +/ e(t ) (deﬂ}
4 %tr{P(t) [Ac(t;w)ac ()T +/EAc(t,e;u)Ac(t,e;u)Trc(de)]}

- %tr{ / R(,e) [c-(t,e)c-(t,e)T — Ac(t,e;u)Ac(t, e;uﬂ n(de)}
E
(21)
The following result is the general stochastic MP for jump diffusions.

Theorem 2.3  Suppose that (H1)~(H3) hold. Let (s,y) € [0, T) x R" be fixed and (xY"(-),u(-))
be an optimal pair of our stochastic optimal control problem. Then there exist triples of processes
(p(),q9(),v(-,-)) and (P(-),Q(+), R(-,-)) satisfying (20) and they are solutions of first-order and
second-order adjoint equations (18) and (19), respectively, such that the following maximum condition
holds:

H(t, 290 (t), a(t), p(t), q(t), (¢, ) — H(t, 297 (t), u, p(t),q(t), v ()

— %tr{P(t) [Aa(t‘;u)Aa(t;u)T + /E Ac(t, e;u)Ac(t,e;u)Tn(de)} } (22)

- %tr{ / R(t,e) [Ac(t, e; u)Ac(t, e,'u)T] n(de)} >0, VueUaete€lsT]Pas,
E

or equivalently,

H(t, x(t),a(t)) = meal}’}-[(t,f(t),u), aet € [s,T], P-as. (23)

Proof It is an immediate consequence of Theorem 2.1 of [16]. The equivalence of (22) and
(23) is obvious. [

Remark 2.2 Note that the integrand with respect to the compensated martingale measure
N in the second-order adjoint equation enters into the above maximum condition, while
the counterpart in the diffusion case does not! This marks one essential difference of the
maximum principle between an optimally controlled diffusion (continuous) process and an
optimally controlled jump (discontinuous) process.



Stochastic Control for Jump Diffusions

3. Relationship between Stochastic MP and DPP

In this section, we will establish the relationship between stochastic MP and DPP in the
language of viscosity solutions. That is to say, we will consider the viscosity solutions of
the generalized HJB equation (15). In our jump diffusion setting, we need use the viscosity
solution theory for second-order PIDEs. For convenience, we refer to [1], [2], [14], [3], [11], [6]
for a deep investigation of PIDEs in the framework of viscosity solutions. In Subsection 3.1,
we first present some preliminary results concerning viscosity solutions and semijets. Then
we give the relationship between stochastic MP and DPP in Subsection 3.2. Special cases on
the assumption that the value function is smooth are given as corollaries. Some examples are
also given to illustrate our results.

3.1. Preliminary results: viscosity solutions and semijets

To make the chapter self-contained, we present the definition of viscosity solutions and
semijets, which is frequently seen in the literature and we state it adapting to the generalized
HJB equation (15) in our jump diffusion setting.

Definition 3.1 (i) A function v € C([0,T] x R") is called a viscosity subsolution of (15) if
o(T,x) < h(x),Vx € R", and for any test function ¢ € C?(]0, T] x R"), whenever v — ) attains a
global maximum at (t,x) € [0, T) x R", then

— et x) +sup G(t, x,u, —(t, x), —Px (£, x), —Pxx (£, x)) <O. (24)
uel

(ii) A function v € C([0, T| x R™) is called a viscosity supersolution of (15) if v(T,x) > h(x),Vx €
R", and for any test function € CY2([0,T] x R"), whenever v —  attains a global minimum at
(t,x) € [0, T] x R", then

—p(t,x) +sup G(t, x, u, —p(t,x), —px(t, x), —thxx (£, x)) > 0. (25)

uel

(iii) If v € C([0, T] x R™) is both a viscosity subsolution and viscosity supersolution of (15), then it is
called a viscosity solution of (15).

In order to give the existence and uniqueness result for viscosity solution of the generalized
HJB equation (15), it is convenient to give an intrinsic characterization of viscosity solutions.
Let us recall the right parabolic super-subjets of a continuous function on [0, T] x R” (see [18]
or [3]). Forv € C([0,T] x R") and (£,%) € [0, T) x R", the right parabolic superjet of v at (, %)
is the set triple

P20t %) = {(a,p,P) € Rx R" x S"[o(t,x) < o(E, %) +q(t — 1) + (p,x - 2)

1 A A (26)
+ (=2 P(x = 2) +o(t—F + [x—£2), ast L f,x = x}
and the right parabolic subjet of v at (£, £) is the set
Ptlf’x_v(f,ﬁ) = {(q, p,P) e RxR" x8"v(t,x) > v(f, %) +q(t—F) + (p,x — %)
(27)

+-(x—8)"P(x—%)+o(|t—F| +|x—%?), ast | £,x — 32}

N =

127



128 Stochastic Modeling and Control

From the above definitions, we see immediately that

{ PY2Fo(E, £) 4 [0,00) x {0} x St = Pl f, %),

P}ﬁ;v@,f) — [0,00) x {0} x 8" = P}fgv(f,;e),

where 8 := {S € §"|S > 0},and A+ B := {a+bla € A, b € B} for any subsets A and B in
a same Euclidean space.

Remark 3.1 Suppose that p € C12([0, T] x R"). If v — ¢ attains a global maximum at (£, £) €
[0,T) x R", then

(r(F,2), wx (£, %), pax (£, 2)) € P2 0(E, 2).
If v — 1 attains a global minimum at (£, %) € [0, T) x R", then

(e(F,2), x(F,2), pax (£, ) € Pl 0(E 2).

The following result is useful and whose proof for diffusion case can be found, for instance,
in Lemma 5.4, Chapter 4 of [18].
Proposition 3.1 Let v € C([0, T] x R") and (ty, x9) € [0, T) x R" be given. Then

(i) (q,p,P) € P}ﬁjv(to, xo) if and only if there exist a function € CY2([0, T] x R"), such that

{ (¢ (to, x0), Yt (to, x0), Yx (fo, X0), Pxx(to, x0)) = (v(to, x0),4, P, P), 28)

P(t,x) >o(t,x), V(ty,x0) # (tx) € [to, T] x R".
(ii) (q,p,P) € Ptlfl’;v(to, xo) if and only if there exist a function ¢ € C2(]0, T] x R"), such that

{ (¢ (to, x0), Pt (to, x0), ¥x (to, X0), xx(to, x0)) = (v(to, x0), 4, p, P), 29)

P(t,x) <o(tx), V(tg,x0) # (£ x) € [to, T] x R™.

We will also make use of the partial super-subjets with respect to one of the variables t and x.
Therefore, we need the following definitions.

P2rou(f £) = {(p,p) € xR" x 8"[o(t,x) < o(i, 2) + (p, x — %)

o= 2)TPx—£) +ollx — 1), asx = £}, .
P27 o(, %) = {(p,P) € xR" x 8"v(t,x) > v(f, %) + (p,x — %) 0
\ +%(x—ae)TP(x—ae)+o(yx—ae\2), asx—>32},

and

Plot %) = {q ER|v(t, %) <ov(f,2)+q(t—F) +o(jt—1F]), ast] f},
31)
Plo(t %) = {q e R|o(t,2) > v(f,2)+q(t—F) +o(|t—1F]), ast | f}.
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Using the above definitions, we can give the following intrinsic formulation of viscosity
solution of the generalized HJB equation (15).

Definition 3.2 (i) A functionv € C([0, T| x R") satisfying v(T,x) < h(x),Vx € R" is a viscosity
subsolution of (15) if, for any test function p € C2([0, T] x R"), if v —  attains a global maximum at
(t,x) € [0,T) x R"and if (q,p, P) € Ptljrzjv(t,x) with g = Pe(t,x), p = Px(t,x), P < Prx(t, x),
then

—q+sup {G(t,x,u,—y(t,x),—p,—P)} <0. (32)
uelu

(ii) A function v € C([0, T] x R") satisfying v(T,x) > h(x),Vx € R" is a viscosity supersolution
of (15) if, for any test function ¥ € C2([0, T] x R"), if v — 4 attains a global minimum at (t,x) €

[0,T) x R"and if (q,p,P) € Ptlfl'x*v(t,x) with q = Pe(t,x), p = Px(t,x), P > rx(t, x), then

—q—I—sup{G(t,x,u,—tp(t,x),—p,—P)} > 0. (33)
uel

(iii) If v € C([0, T] x R™) is both a viscosity subsolution and viscosity supersolution of (15), then it is
called a viscosity solution of (15).

Proposition 3.2 Definitions 3.1 and 3.2 are equivalent.

Proof The result is immediate in view of Proposition 3.1. In fact it is a special case of
Proposition 1 of [3]. [

The following result is the existence and uniqueness of viscosity solution of the generalized
HJB equation (15).

Theorem 3.1 Suppose (H1)~(H2) hold. Then we have the following equivalent results.

(i) The value function V- € C([0, T] x R") defined by (6) is a unique viscosity solution of (15) in the
class of functions satisfying (12), (13).

(it) The value function V. € C([0,T] x R") is the only function that satisfies (12), (13) and the
following: Forall (t,x) € [0,T) x R",

—q+sup {G(t,x,u,—y1(t,x),—p,—P)} <0, V(q,p,P) € P}ij(t,x),

uel

1 € CY2([0, T] x R™) such that p1 (¢, x') > v(t',x"), V(¢',x") # (t,x) € [t, T] x R",

—q+sup {G(t,x,u,—o(t,x), —p,—P)} > 0, ¥(q,p,P) € P V(L,x),
uel

Py € CY2([0, T] x R™) such that i, (¥, x') < v(t',x"), V(t',x") # (t,x) € [t, T] x R",

( V(T,x) = h(x).

Proof Result (i) is a special case of Theorems 3.1 and 4.1 of [14]. Result (ii) is obvious by
virtue of Propositions 3.1 and 3.2. The equivalence between (i) and (i) is obvious. [J
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3.2. Main results: Relationship between Stochastic MP and DPP

Proposition 2.1 tell us that the value function has nice continuity properties. But in general we
cannot obtain the differentiablity of it. Therefore we should not suppose the generalized HJB
equation (15) always admits an enough smooth (classic) solution. In fact it is not true even in
the simplest case; see Example 3.2 in this subsection. This is an important gap in the literature
(see Section 2, [7], for example). Fortunately, this gap can be bridged by the theory of viscosity
solutions. This is one of the main contributions of this paper.

The following result shows that the adjoint process p, P and the value function V relate to
each other within the framework of the superjet and the subjet in the state variable x along an
optimal trajectory.

Theorem 3.2 Suppose (H1)~(H3) hold and let (s,y) € [0, T) x R" be fixed. Let (z3¥%(-),u(-))
be an optimal pair of our stochastic optimal control problem.  Let (p(-),q(-),v(-,-)) and
(P(+),Q(:), R(-,-)) are first-order and second-order adjoint processes, respectively. Then
{—=p(t)} x [-P(t),0) C P>TV(t,#¥(t)), Vte[s,T], P-as., (34)
PV, 20 (1) C {=p(t)} x (—oo, P(1)], Vte[s,T], P-as. (35)
We also have
PLoV (Y1) C {—p(t)} C PYTV (L, 2597 (t)), Vte s T], P-as. (36)

Proof Fixat € [s, T]. For any z € R", denote by x"#%(-) the solution of the following SDEP:

X5 _Z+/ xb / XV (r), 4 (r))dW (r)
(37)

+/ / W5 (=), a(r), )N (dedr), 1€ [t T].
It is clear that (37) can be regarded as an SDEP on (Q, F, {F{ },>s, P(-|F})(w)) for P-a.s.w,
where P(-|F})(w) is the regular conditional probability given F; defined on (0}, F) (see pp.

12-16 of [10]). In probability space (), F,P(-|F})(w)), random varlable YU (t,w) is almost
surely a constant vector in R" (we still denote it by Y% (t, w)).

Set &4 (1) := xt48 (r) — g T (i (1)t < r < T. Thus by Lemma 2.1 we have

E[ sup &7 (r)[¥|Ff](w) < Clz — 2% (t,w)[¥, P-asw. fork=24. (38)
t<r<T

Now we rewrite the equation for %% (-) in two different ways based on different orders of
expansion, which called the first-order and second-order variational equations, respectively:

(257 () = (1) (1)dr + 0 ()G (AW (1) + [ (1) (r—) N (dedr)

+ e (r)dr + e (r)dW(r) + /E£Z3(r, e)N(dedr), re |t T, (39)

[ S(t) =z — x(h),
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where
)= [ [alr, 95(0) 4 08, 1(0)) ~ ()] )0
exar) = [ ox(r, 90(0) + 06558 1), 5(r)) — 24| 7 ()0
) i= [ [exlr, P90 ) 4 08 (), 1(r), ) — xlr, )] (e,
and

(dct1(r) = (B (&7 () + 58() Tban ()G (1)}
+ {‘735 (r)gt,z;ﬁ (7‘) + %ét,z;ﬂ (r)Tﬁ'xx (r)gt,z;ﬁ (7‘) }dW(r)
+ /E {5x<7’/ e)ét,z;ﬂ (r—) + %gt,z;ﬁ (V_)fox (, e)é:t,z;ﬁ (r—) }N(dedr) (40)

+ ey (r)dr + ey5(r)dW(r) + /Eszé(r,e)ﬂl(dedr), reltT,

§(E) = 2 — 2VT(H),

where
1 . i
exalr) i= [ (U= 0)Z (1) [bax(r, 27 (7) + 087 (1), 1(1)) — bua (1) 657 ()0
€5(r) 1= /01( 0)& %" (r) T (o (r, TV (r) + 02757 (1), (1)) — O (r) | E757 (r)dO
eas(r,) 1= [ (1= 8 (1) T exalr, BHR(r) 4 085 (), (1), ) — B, )] ()0

We are going to show that, there exists a deterministic continuous and increasing function
0 :[0,00) — [0,00), independent of z € R", with @ — 0asr — 0, such that

(E / lez1 (7 zdr‘]-"s} ) < 6(|z — &V (t,w)[?), P-as.w,
E| / exa(r) 2dr| FF| () < 6(]2 = 297 (t,w)2),  P-asw, (41)
E / |23 (r, ||£2dr}.7-"s] ) < O(|z — ¥ (tw)|?), P-as.w,

and .

( r —

E / |lea(r ]dr‘]—"s} ) < 6(|z — 2V (t,w)[Y), P-as.w,
LJt

Bl e () Par| 77 @) < 8(12 — #1@)), Pasi, (42)

- T
E / ez (r, )| [Zadr| 77| (@) < 8(J2 = 297 (t,w)*), Pasw.
LJt
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We start to prove (41). To this end, let us fixed an w € () such that (38) holds. Then, by setting
by(r,0) := by (r, XY™ (r) + 025" (r),ii(r)) and in virtue of (H3), we have

B[ [ lear)dr| 7] ()
< B [ 10u00,0) = Bu(r) 0+ 255 0) P17 (o)

/ (1257 () 4] 77| (@)dr < Clz — #5971, w) .

Thus, the first inequality in (41) follows if we choose 6(r) = Cr?,r > 0. The second inequality
in (41) can be proved similarly. Setting cy(r,0,) := cy(r, #¥%(r—) + 6¢"#%(r—),u(r),-) and
using (H3), we have

B[ [ lles(r, )| adr| 7] ()

g/fuz{/ol||cx<r,e,~>—ax<r,->||izde-|¢f'z;ﬁ<r—>|2\ff}<w>dr

T
< C/ (:tzu ‘fs} d
t

(43)

= [ B[Je ) 77 r < Clz - 41 w)

The equality in (43) holds because the discontinuous points of ¢#%(-) are at most countable.
Thus, the third inequality in (41) follows for an obvious 4(-) as above.

We continue to prove (42). Let byx(r,0) := by (r, %% (r) + 04%%(r),i1(r)). Using (H3), we
can show that

B[ [ leatr)Par| 7] (@)

< [VB] [ oer,0) ~ bea(r) Pt 855 4| 77] co)a

< [ {Etate=om o) {ele0pmw) o

<c/ { @ (1§ ( )|4)\}"f](w)}2dr-|z—x5f3/;ﬁ(t,w)|4.

(44)

This yields the first inequality in (42) if we choose 6(r) = Cry/@(r),r > 0. Noting that the
modulus of continuity @(-) is defined in (H3). The second inequality in (42) can be proved
similarly. Setting cyx(r,0,-) 1= cyx(r, ¥V (r—) + 024%%(r—),1(r),-) and by virtue of (H3),
noting the remark following (43), we show that
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B[ [ lews(r, )| adr| 7] ()

< /tTlE[/olHCxx(r/G/ — Cax(1, )H£2d9 &= (r= }]:S] w)dr

s/tT{ [@ (&= (r=)*)|F ] (w }1{ E[|&7#" (r—) | F§] (w }%dr

<c | {mlate= >|4>|fﬂ<w>};dr-|z—fsfwﬂ<f,w>|4.

This yields the third inequality in (42) for an obvious 4(-) as above. Finally, we can select the
largest 6(-) obtained in the above six calculations. For example, we can choose an enough

large constant C > 0 and define §(r) = Cr(r V \/@(r)),r > 0. Then (41), (42) follows with a
0(+) independent of z € R".

Applying Itd’s formula to (¢4#%(-), p(+)), noting (18) and (40), we have

]E{/tT<fx(r),§t’Z"”( ))dr + (b (Y(T )),Ct’z"ﬁ(T)Hfts}

= (p0, 80 ~E{ 5 [ [p00), 850 BuaE ) -

+(q(r), 87 (r) " o ()57 (1)) + /EW(M)/Ct’z;ﬂ(T)TC'xx(r,e)ﬁt’z"ﬂ(r»ﬂ(de)}dr
- /tT {(P(V)z€z4(f)> + (q(r), ex5(r -I-/ (r,e),e56(r, e)>7r(de)}dr‘]—"f}, P-a.s.
On the other hand, apply Ito’s formula to ®%#(r) := &4%#(r) %% (r) T, noting (39), we get
AoV (1) = {Z_Jx(r)cbt’z'ﬂ () + D ()b (1) T + G (1) DY (1) oo (1) T
+ [ x(r, )@ (r)ex(r,e) Te(de) + e () e
+{ox (N (1) + 0% (1) (r) T +eas(r) bW (r)
(46)

+ /E {C_x(he)q’t’z;ﬂ(r—)fx(n e) |+ Cx(r,e) @ (r—)

+ O (=) (r,0) T + exo(re)  N(dedr), € [1T],
O (1) = §A (1) (1),




134 Stochastic Modeling and Control

where

([ ex(r) = e (NS (r) T+ 8 (r)ea (r) T+ 0x ()& (e (r) !

+ ex3(r, e)gt,z;ﬂ (r)TC_x (r, e)T + e3(r, €)ezs(r, e>T } 7t(de),

ex8(r) == e (r)S" (1) | + 8" (r)exn(r) T,

ex9(r, ) = Cx(r, ')gt,z;ﬁ (r—)ezs(r, ')T + e23(r, ,>§t,z;ﬂ(r_)"l'5x<r, ')T

( + 8 (r=)exs(r,) | Fex(r, )5 (r—) T +ens(r, Jes(r, )
Once more applying It&’s formula to ®*%#(-) T P(-), noting (19) and (46), we get
T 7 — ¥y 7 ¥y oi7
E{ [ 85 (0) Bl ()2 ) 4+ 2859 (1) e (847 (1))2857 (1) | 7 )
t

SRR OB A0 “7)

—IE{ /tT tr{ P(r)e,y(r) + Q(r)ess(r) +/ER(r,e)szg(r,e)n(de)}dr|]-“ts}, P-a.s.

Letus call az € R" rational if all its coordinate are rational. Since the set of all rational z € R" is
countable, we may find a common subset )y C Q) with P(Qy) = 1 such that for any wy € Q,

_ T _ o
V0B () = E[ [ Firydr 4 m(@95 (1) | 77] (wo),
(38), (41), (42), (45), (47) are satisfied for any rational z, and ()| 1) € U[t, T].

Let wy € Qg be fixed, then for any rational z € R”, noting (41) and (42), we have

V(tz) — V(t,2Y"(t,wp))
= B{ [ L2 0), 0(0) — F())dr £ RS (T)) — B (T))| 77 )
B t " ), T r)jar ¢ ¢ (wo
] [0 I O 5 o
N %]E{ /tT Ct’z;ﬂ(V)Tf:xx(r)ét’Z;ﬁ(l’)dr + gt’z;ﬁ(T)Thxx(fs’y;ﬁ(T))Ct’Z;ﬁ(T) }fts}(wO)

+o(|z — 2V (t, w)) ).
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By virtue of (45) and (47), we have

V(t,z) — V(t, ¥ (t,wy))
< — {p(two), & (1 wo)) ~ TEL [ @) T Rea (1 ()i

+ G T) T (B9 (T))H (T) | 73 } (o) + 02 = #9471, o) )
(49)

= —(p(t,wo), & (t,wo)) — %Cbza(hcvo) P(t, wo)G" " (t, wp) + o(|z — 2 (t,wo)[?)
= — (p(t,wo),z — T¥"(t,wp)) — ;(z‘-xsy”(tfvo))rp(hakﬂ(z-xsy”(fCdo))
+of|z — B9 (1, wp) )
Note that the term o(|z — %% (t,wy)|?) depends only on the size of |z — X% (t,wy)|?, and

it is independent of z. Therefore, by the continuity of V(t,-), we see that (49) holds for all
z € R", which by definition (30) proves

(—p(t),—P(t)) € PZTV(t, 2% (t)), Vte[s,T], P-as.
Then (34) holds. Let us now show (35). Fix an w € () such that (49) holds for any z € R". For
any (p,P) € P2 V(t, % (t)), by definition (30) and (49) we have
0. < V(t,2) = V{5t @)) — {p,z = P97 (t,w) — 5 (2~ P97 (,0)) TPz — 47 (1,w))

= (@) + pz— (1, w)) — 2 (2~ BV (1, w))T (Pt w) + P)(z — B9 (1))
To(|z — F¥(t,w) ).

Then, it is necessary that
p=—p(t), P<—-P(t), P-as.
Thus, (35) holds. (36) is immediate. The proof is complete. [I

Remark 3.2 It is interesting to note that if V € C12([0, T] x R"), then (34)~(35) reduce to

{WUPyQD p(t),

(50)
Via(t, Y0 (1)) < —P(t), Vte[s,T], P-as.

We point out that in our jump diffusion setting the strict inequality Vi (t, Y7 (t)) < —P(t)
may happen in some cases, as shown in the following example.

Example 3.1 Consider the following linear stochastic control system with Poisson jumps

(n=1):

XH(s) = y,
for some 6 # 0. Here N is a Poisson process with the intensity Adt and N(dt) := N(dt) —
Adt(A > 0) is the compensated martingale measure. The quadratic cost functional is taken as

{dxs'y’”(t) — u(t)dt + ou()N(dt), te[s T,

T(s,y:u(-)) = —lE / 1.1 _Ae%zT) (1)t
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Define 1
¢p(t) =0*(1—e2), Vtel[o,T).

2

For any u(-) € U|[s, T], applying It6’s formula to ¢(t)x*¥*(t)=, we have

()XY ()2 = p(t) (294 (B u(t) + A6%u(£)?)dt + xs'wu<t)2<@ - 1>dt
+ () (20x%Y M (t—)u(t) + 6%u(t)?)N(dt).
Integrating from s to T, taking expectation on both sides, we have

0= E[p(T)x'#"(T)?

=GP [ I (Ou(t) + AR + 21 (55(0) ~ 1))

Thus T S (£) 12
' ' B 1 5 > X Y t
J(s,y;u()) = 5¢(s)y +]E/S A p(e) [u(r) + =5 |t
This implies that
I a0
i(t) =~~~ Vte[sT],

is a state feedback optimal control and the value function is

s=T
52

V(s,y) = 1(52(1 —e2 )y?, V(s,y) €[0,T] xR

On the other hand, the second-order adjoint equation is

dP(t) = (% — Aetgz dt—l—/ (t,e)N(dedt), te s T],
P(T) =0,
which implies

p(ty= 124 ;A(sz(l — e

)+ %(t— T), Vtels,T).

Then the decreasing property of function p(t) = Vyx(t, %% (t)) + P(t) (noting p(T) = 0)
results in
1-A =) 1

) < —T(sz( e ) — F(t=T)==P(t), Vte[0T).

=T
52

Vi (£, B0 (1)) = 02 (1 —es

We proceed to study the super-subjets of the value function in the time variable ¢t along an
optimal trajectory. Different from its deterministic counterpart (see [18]) and similar to but
more complicated than its diffusion (without jumps) counterpart (see [18] or [19]), we observe
that it is not the generalized Hamiltonian G that is to be maximized in the stochastic MP unless
V is sufficiently smooth. Instead, it is the following G-function which contains an additional
term than the H-function in the stochastic MP (Theorem 2.3). Associated with an optimal pair
(x¥1(-),1(+)), its corresponding adjoint processes (p(-),4(-),v(-,-)) and (P(-),Q(-),R(-,-))
satisfying (20), we define a G-function G : [0, T| x R" x U — R as
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Gt x,u)
— (1) + %tr{R(t,e)E(t,e)E(t,e)T}rc(de)

t),b(t,x,u)) +te{q(t) To(t,x,u)} + / (v(t,e),c(t,x,u,e))m(de) — f(t, x,u)

E

I1l
—~
=
—~

(51)

_|_
o

P(t)o(t,x,w)o(t,x,u)T —2P(Ha(tx,u)o() }
[P(t)c(t, x,u,e)c(t, x,u,e) | —2P(t)c(t, x,u,e)c(t,e) '] rt(de) }

[R(t,e)c(t,x,u,e)c(t, x,ue) T —2R(t,e)c(t, x,u,e)e(t,e) '] n(de)}.

_|_
Nl —= N|= N =
- -
=2 =2
—

T

Remark 3.3 Recall definitions of the Hamiltonian function H (17) and the generalized
Hamiltonian function G (16), we can easily verify that they have the following relations to
the above G-function. Fora ¥ € C([0, T| x R")), we have
G(t,x,u) = G(t,x,u,¥(t,x),p(t), P(t)) + tr{o(t,x,u) " [q(t) — P(t)a(t)]}
— %tr{P(t}/ [e(t,e)e(t,e) " + Ac(t,e;u)Ac(t, e;u) '] n(de)}
E
+ %tr{ / R(t,e)Ac(t,e; u)Ac(t, e;u)Tn(de)}
E

+/ (t,x+c(t,x,u,e)) —¥(tx)+ (p(t) +v(t,e), c(t x,u,e))] m(de)

= H(t,x,u,p(t),q(t),v(t-)) — %tr{P( Y|o(t)o(t +/ c(t,e)c (de)}}
+ %tr{P(t} [Aa(t;u)Aa(t;u)T + /E Ac(t,e;u)Ac(t, e;u)Tn(de)] }
+%tr{/ER(t,e)Ac(t,e;u)Ac(t,e;u)Tn(de)}.

Note that, unlike the definition of generalized Hamiltonian function G, the G-function can be
defined associated with only ¥ € C([0, T] x R")).

We first recall a few results on right Lesbesgue points for functions with values in abstract spaces
(see also in pp. 2013-2014 of [8]).

Definition 3.3 Let Z be a Banach space and let z : [a,b] — Z be a measurable function that is
Bochner integrable. We say that t is a right Lesbesgue point of z if

t+h
h—>0+ h / (B)]zdr = 0.

Lemma 3.1 Lefz: [a,b] — Z be as in Definition 3.3. Then the set of right Lesbesgue points of z is
of full measure in |a, b).
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The second main result in this subsection is the following.

Theorem 3.3 Suppose that (H1)~(H3) hold and let (s,y) € [0,T) x R" be fixed. Let
(x5Y%(.),i1(-)) be an optimal pair of our stochastic control problem. Let (p(-),q(:),v(-,-)) and
(P(+),Q(:), R(-,-)) are first-order and second-order adjoint processes, respectively. Then we have

Gt 24 (1),a(t)) € PHEV(EEYA(E), aet € [s,T], P-as., (52)

where the G-function is defined by (51).
Proof Foranyt € (s, T), take T € (¢, T|. Denote by x(-) the solution of the following SDEP

%o (r) = TVI(E) 4 /T b6, x:(8),7())d6 + /T "0 (6, %2 (6), 1(6))dW(6)
(53)

_|_/E/TrC(Q,xT(G—),a(e),e)N(dedG), relr,T).

Set ¢ (r) = x(r) — ¥ (r),Tr < r < T. Working under the new probability measure
P(-|F%)(w), we have the following estimate by (10):

E[ sup |&(r)*|FE](w) < Cl&¥H (T, w) — 2 (t,w) >, P-as.w.
<r<T

Taking E(-|F})(w) on both sides and noting that 7} C F%, by (11), we obtain

E[ sup |CT(1’)|2|}ﬂ (w) <C|lt—t|, P-asw. (54)

T<r<T
The process ¢ (-) satisfies the following variational equations:

(420(r) = Be (NG (dr + 2 (NE(NAW () + [ ex(r, )2 (r—)N(dedr)

+ e (r)dr + e (r)dW(r) + /E er3(r,e)N(dedr), r e[t T], (55)

&e(t) = — /tTE(r)dr — /tT o(r)dW(r) — /E /tT ¢(r,e)N(dedr),

and

(d2(r) = {Bx(nEr(r) + 36) TBa(r)c(r) Jar
{0 0) + 38 o)) JaW()
+ [ {estr ozt + 58 0-) T e)6 =) }Ndedr) 59

4 eqa()dr + £05()AW(r) + /E ecs(r )N (dedr), re[t,T),

Eolt) = — /t " B(r)dr — /t "o (r)dW(r) — /E /t " &(r, €)N(dedr),

\
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where
1 -
er1(r) = [ [bx(r, P97() £ 02 (r), 0(r) — Ba(r)] 2 ()0
cxa(r) = [ [, B0 () 4 08 (1), 7(r)) — ()] )6
cxalr) = [ [exlr B0 =) + 08, 8(7), ) — Elr, )| )6,
()= [ (=050 [y, #Y7(7) +082(0),7(1)) — (1)) ()0
5T5(7’> = /01(1 _G)CT(V) [Uxx(r xsyu( )+9(;‘T(1’),17[(1’)) _5—xx<r)}gf<r)d9
crelr ) = [ (1= 0E(r=) T [ewr, #H9 =) 406, 80), ) = Eualr, )] (-0

Similar to the proof of (41) and (42), there exists a deterministic continuous and increasing
function 6 : [0,00) — [0, 00), with (s(r—r) — 0asr — 0, such that

( r T

]E/ e (1) ar| | (@) < (T~ 1), Pase,
LJT

]E/ lera (7 ]dr\]-"s} ) <dé(|t—t]|), P-asw,
LJT

- T

113/ lexs(r, )| Badr| 77| (@) < 81T —1), Pasco,

ot (57)

- T
IE/ exa(r)Pr| 5] (@) < 8(I7 — 1), Pasw,
LJT

- T
E /T lecs(r |2dr‘]-"s} ) <6(|t—t?), P-asw,

- T
E / |[eze(r, - H[;zd7’|.7‘—s] ) <O(|t—t), P-asw.
LJT

\

Note that 7(-)|(r 7] € U[t, T], P-a.s. Thus by the definition of the value function V, we have
T
V(T, 4 (f)) < E [/ f(r (), @(r))dr + h(xe (T)| 73], ¥r € (1,T], Pas.
T
Taking [E(-|F}) on both sides and noting that 7} C F3, we conclude that
_ T
V(r, ¥ (1) <E| / £ (r), @()dr +h(xe(T)| 5], VT € (,T],Pas.  (58)
T
Choose a common subset (g C Q) with P(Q)y) = 1 such that for any wg € Q,

V(t, B9 (t, wp)) /f r)dr -+ (=57 (T)) | F5 ] (wp),

(54), (57) are satisfied for any rational T > t, and i(-) ] € U|T, T].
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Let wy € O be fixed, then for any rational T > t, we have (noting (58))
V(T V(L o)) — V(E TV (L wp))
[ [ vt [ xe(r),a8(0) = F)dr -+ B (T)) — BEH#(T) |7 } (o)
{- [ foyar+ / () Eo(n)dr + (s (297 (T)), ()
2 [ 6T ) ) e (1) T (B97(T)) 5 (T)| 7} (o) + o[ — 1)

As in (48) (using the duality technique), we have
V(t, xsy"(t w)) = V(t, 2 (t,wp))
{= [ 70dr| 7 } o) = E{p(0), &:(0) + 580 P0)8c(0)| 7 () 59)
+o(|t—t]).

Now let us estimate the terms on the right-hand side of (59). To this end, we first note that for
any ¢(-), ¢(-) € L3([0, T];R"), 9(-) € L%T/p([o, T);R"™),®(-,-)) € FZ([0, T]; R"), we have the
following three estimates:

E{{ [ “o(ndr, [ p(r)ar) |7 }(wo)

Ce[| [ oar ] twn ) {E]| [ ptrrarf
< (e =0{ [ Ellp()PIF] @odr [ E[190)2 7] (wo)dr
= o(jt—t]), astli VielsT),

E{{ [ p)ar, [ pr)aw())|.7 } (o)
< (]| [ otnarf| 7] wo) ) {E]| [ pnawn|7] )}
< (=0} [ Ellot) |7 woyr [ B[] (wo)dr

= o(|lt—t|), astlt, aetelsT),

/tTgo dr,//T (r,e)N dedr ‘}"ts} wp)
{]E[‘/tTQD dr‘ ]-"5 wo }// (r,e)N(dedr)| }( )};
]{/ [lo(r) | ‘}"S wo dr// [|®(r e \ ‘]—"S (wp) (de)dr};

asTlt, aetelsT).

1

7 (wo)}’

N[—=

N—

VAN /\

VAN
“
|
L
I\)

I
S
—
¢_]
|
-
=



Stochastic Control for Jump Diffusions 141

All the last equalities in the above three inequalities is due to the fact that the sets of right
Lebesgue points have full Lebesgue measures for integrable functions by Lemma 3.1 and ¢
JF} is right continuous in ¢. Thus applying Itd’s formula to (p(-),{<(+)), by (55), (18) we have

E{(p(1),&(1))| 7 }(wo)

Il
=
—
S

RS
—~
—
:—/
|
—

ﬁ‘
fayll
VS
~
N—
U
=
|
—
p{
Q
Yy
~
N—
QL
=
=~
N
|
lea]
F\
r\‘
S
N—r
20
—~
2
)
QU
=~
N—r
\/

[ ot [ [ e o

=B{ ~ (p(1), / TEW) - / t{q(r) o (r)}dr
/ / e))mt(de) dr\]—"s} (wo)+o(|t—t]), astlt aetelsT).
Similarly, applying Itd’s formula to & (-) T P(-)&(-)), by (56) and (19), we have
]E{@T(T)TP(T (T yf;} wo)
:IE{/tTtr{('T(r) P(t)7 }dr+// tr{c(r,e) T P(1)e(r,e)yu(de)dr| F }(wo) (6D
+o(lt—t]), astlt, aetelsT).
It follows from (59), (60) and (61) that for any rational T € (¢, T],
V(T V(L wp)) — V(2 (¢, wp))
/ Frydr + (p /t B(r)dr) + / Ttr{q(r)T(T(r)}dr
—5 “telo(r) TP dr+// ¢))7e(de)dr
/ / tr{c(r,e) ' P(t)e(r, )} 7 (de) dr\}"s} (wp) +o(]T —t])
<(t-— t){’H(t YU (t, wp),a(t)) + Etr{R(t,e)E(t,e)E(t, e)T}n(de)}
(t—t)G(t, Y (t,wp),a(t)) +o(|lt—t]), asTtlt, aetc]sT).

(62)

By the same argument as in the paragraph following (49), we conclude that (62) holds for any
T > t. By definition (30), then (52) holds. The proof is complete. [J

Remark 3.4 As aforementioned, it is worth to point out that by comparing the result of
Theorem 3.3 with those analogue in the diffusion case (see Theorem 4.7 on pp. 263 of [18]), we
observe that an additional term — Ytr{R(t,e)c(t,e)é(t,e) T }(de) — containing the integrand
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with respect to the compensated martingale measure N in the second-order adjoint equation
appears in the G-function of (52). This is different from the continuous diffusion case where
this G-function coincides with the H-function appearing in the maximum principle.

Now, let us combine Theorem 3.2 and 3.3 to get the following result.

Theorem 3.4 Suppose that (H1)~(H3) hold and let (s,y) € [0,T) x R" be fixed. Let
(x5¥1(-),1(-)) be the optimal pair of our stochastic control problem. Let (p(-),q(-),v(-,-)) and
(P(-),Q(:), R(-,-)) are first-order and second-order adjoint processes, respectively. Then we have

[G(t, V" (t),a(t)),00) x {—p(t)} x [-P(t),00) C P}f;V( V(1)) aet € [s,T], P-as.,

(63)
Pt V(e 2 (1)) © (=00, G (1, ¥ (t), a(t))] x {=p(D)} x (—o0, P(b)], a.et € [s, T]/P-bz-;i)

Proof The first conclusion (63) can be proved by combining the proofs of (34) and (52) and
making use of (3.1). We now show (64). For any g € Ptl  V(t,#Y"(t)), by definition (31) and
(62) we have
0 <V(r, fs'y”(t)) — V(t SYI(4)) —g(T —t)
= (G(t, 2" ( —q)(t—t)+o(|t—t]), aetelsT]P-as.

Then it is necessary that
g < G(t,xY"(t),a(t)), aetc]s T],P-as.

From this and (35), we have (64). The proof is complete. [

Theorem 3.4 is a generalization of the classical result on the relationship between stochastic
MP and DPP (see Theorem 2.1 of [7]). On the other hand, we do have a simple example
showing that both the set inclusions in (63) and (64) may be strict.

Example 3.2 Consider the following linear stochastic control system with Poisson jumps
(n=d=1):
dxSVH (1) = xSV (Hu(t)dt + XY (HdW () + Y (t=)u(t)N(dt), te€ s, T),
YU (s) = y.

Here N is a Poisson process with the intensity Adt and N(dt) := N(dt) — Adt(A > 0) is the
compensated martingale measure. The control domain is U = [0, 1] and the cost functional is

J(s,y;u()) = —Ex*¥(T).

The corresponding HJB equation (15) now reads

—oi(t,x) — Ao(t, x) — %xzvxx(t,x)

+ sup [(1—Mox(t,x)xu+Av(t,x+xu)] =0, telsT),
0<u<i

o(T,x) = —x.
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It is not difficulty to verify that the following function is a viscosity solution of (3.2):

— X, if x <0,
V(t,x) = -

—xe ", ifx>0,

which clearly satisfy (12) and (13). Thus, by the uniqueness of the viscosity solution, V
coincides with the value function of the optimal control problem. However, it is not in
C'2([0, T] x R), since Vi(t, x) has a jump at (t,0) for all 0 < t < T. On the other hand,
we have (noting (18))

{ —dp(t) = [a(t)p(t) +q(t) + Ay(B)a(t)]dt — q()dW(t) —y()N(dt), t€[s,T],
p(T) =1.

We can solve that

(p(),4(£), () = (el 1),0,0).
Then with

H(t,xsyu( ) ) —eft s)ds syu( )u—)\u( ) syu( >2u_|_ %)U?S’y"ﬁ(t)zuz,

by Theorem 2.3, we have for t € [s, T],

Now consider s = 0,y = 0. Clearly, (x%%%(-),(-)) = (0,0) is an optimal control. Theorem
2.1 of [7] does not apply, because Vi (t, x) does not exist along the whole trajectory %% (t),t €
[0, T]. However, one can show that

PRIV (200 () = PIATV(E0) = [0,00) x [—eT !, =1] x [0,00), t€[0,T],
PrE V(L0 (1) = PL2CV(E0) = [~o0,0l x @ x @, tE[0,T], )
p(t)y=1, tel0,T], P(t)=0, te[0,T],

G(t, xOO”() a(t)) = G(t,0,0) =0, tel0,T].

Thus, it is clear that both the set inclusions in (63) and (64) of Theorem 3.4 are strict for t €
[0,T).

The following result is the special case when we assume the value function is enough smooth.

Corollary 3.1 Suppose that (H1)~(H3) hold and let (s,y) € [0,T) x R" be fixed. Let
(28¥1(-),1(-)) be an optimal pair of our stochastic optimal control problem and (p(-),q(-),v(-,-))
be the first-order adjoint processes. Suppose the value function V€ C2([0, T] x R"). Then

Vi(t, 597 (8)) = G (£, 7595 (£), 8(1), V(£ B9 (1)), — Vit B9 (1)), — Vi (£, 97(8))
—SLEIEG( V() u, =V (1, TV(L)), = Vi (b, TV (1)), = Vax (8, 290 (1))),
aet € [s, T],P-as.,
(66)
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where G is defined by (16). Moreover, if V € C'3([0, T] x R") and Viy is also continuous, then

Vi (t, 295 (1) = —p(t), vVt € [s,T|, P-as.,

Ve, Y0 (0)a (1) = —q(t),  aet € [s,T], P-a.s., (67)

N
—~
Ny
=i
A
N
&
—~
A
L
+
Y]

(t,-)) — Va(t, ¥ (t—)) = —(t,), aet e [s,T],P-as.

By martingale representation theorem (see Lemma 2.3, [16]) and Itd’s formula (see [10]), the
proof technique is quite similar to Theorem 4.1, Chapter 4 of [18]. So we omit the detail. In
fact, the relationship in (67) also can be seen in Theorem 2.1 of [7]. See also (3) in Introduction
of this chapter.

Remark 3.5 (i) On the assumption that the value function V is smooth, the first equality in
(66) show us the relationship between the derivative of V with respective to the time variable
and the generalized Hamiltonian function G defined by (16) along an optimal state trajectory.

(i) It is interesting to note that the second equality in (66) may be regard as a “maximum
principle" in terms of the value function and its derivatives. It is different from the stochastic
MP aforementioned (Theorem 2.3), where no value function or its derivatives is involved.

(iii) The three equalities in (67) show us the relationship between the derivative of V with
respective to the state variable and the adjoint processes p,q, y(-). More precisely, the three
adjoint processes p, g, () can be expressed in terms of the derivatives of V with respective to
the state variable along an optimal state trajectory. It is also interesting to note that from the
third equality in (67), we observe that the jump amplitude of Vi (t, ¥%(t)) equal to —y(t,-)
which is just that Vi (t, ¥%7(t)) = —p(t) tell us by the first-order adjoint equation (18).

Remark 3.6 By Remark 3.2 and Example 3.1, it can be seen that though the first classical
relation in (67) of Corollary 3.1 is recovered from Theorem 3.2 when the value function V is
smooth enough, the nonsmooth version of the second classical relation in (67), i.e., q(t) =
P(t)7(t), does not hold in general. We are also interested to the question that to what extent
the third classical relation in (67) can be generalized when V is not smooth. However, it seems
that Theorem 3.2 tells us nothing in this context while the following result gives the general
relationship among p, g, y(-), P, and ¢(+).

Proposition 3.3 Under the assumption of Theorem 3.4, we have
0 < tr{z(t)T[q(t) — P()a(t)]} — %tr{P(t) / a(t, e)c-(t,e)Tn(de)}
E

+/E [p1(t,x+E(t ) —pr(t,x) + (p(t) +v(te),E(t,e))| (de), aete s T]Pas.,
(68)

or, equivalently,

G(t, BY(),a(t)) > G(t, YV (t), a(t), —1 (t, BYE()), p(t),P(t)), aet€ s, T],P—a.s&,69)

where Y1 € CY2([0, T] x R™), such that p1 (¢, x") > V(¥',x"),Y(t',x") # (t,x) € [s, T] x R".
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Proof By (63) and the fact that V is a viscosity solution of (15), we have

0> —G(t, (1), a(t)) +sup G(t, TV (t), u, =1 (, T4 (1)), p(t), P(t))
uel

> = G(t, V5 (t),a(t), =y (£, T (1)), p(t), P(t))

+sup G(, #YV7(t), u, — 1 (£, 27 (1)), p(t), P(1))
uel

— t{a(t)T[q(t) — P(HF (D)} + %tr{P(t) /E c‘(t,e)c‘(t,e)Trf(de)}
— [ e ete) = gt x) + p(o) + (), 2t e)) | m(de).

Then, (68) or (69) follows. The proof is complete. [

4. Conclusion

In this chapter, we have derived the relationship between the maximum principle and
dynamic programming principle for the stochastic optimal control problem of jump
diffusions. Without involving any derivatives of the value function, relations among the
adjoint processes, the generalized Hamiltonian and the value function are derived in the
language of viscosity solutions and the associated super-subjets. The conditions under which
the above results are valid are very mild and reasonable. The results in this chapter bridge an
important gap in the literature.
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