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1. Introduction

A proper study of the induction machine operation, especially when it comes to transients
and unbalanced duties, requires effective mathematical models above all. The mathematical
model of an electric machine represents all the equations that describe the relationships
between electromagnetic torque and the main electrical and mechanical quantities.

The theory of electrical machines, and particularly of induction machine, has mathematical
models with distributed parameters and with concentrated parameters respectively. The first
mentioned models start with the cognition of the magnetic field of the machine components.
Their most important advantages consist in the high generality degree and accuracy.
However, two major disadvantages have to be mentioned. On one hand, the computing
time is rather high, which somehow discountenance their use for the real-time control. On
the other hand, the distributed parameters models do not take into consideration the
influence of the temperature variation or mechanical processing upon the material
properties, which can vary up to 25% in comparison to the initial state. Moreover, particular
constructive details (for example slots or air-gap dimensions), which essentially affects the
parameters evaluation, cannot be always realized from technological point of view.

The mathematical models with concentrated parameters are the most popular and
consequently employed both in scientific literature and practice. The equations stand on
resistances and inductances, which can be used further for defining magnetic fluxes,
electromagnetic torque, and et.al. These models offer results, which are globally acceptable
but cannot detect important information concerning local effects (Ahmad, 2010; Chiasson,
2005; Krause et al., 2002; Ong, 1998; Sul, 2011).
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The family of mathematical models with concentrated parameters comprises different
approaches but two of them are more popular: the phase coordinate model and the orthogonal
(dg) model (Ahmad, 2010; Bose, 2006; Chiasson, 2005; De Doncker et al., 2011; Krause et al.,
2002; Marino et al., 2010; Ong, 1998; Sul, 2011; Wach, 2011).

The first category works with the real machine. The equations include, among other
parameters, the mutual stator-rotor inductances with variable values according to the rotor
position. As consequence, the model becomes non-linear and complicates the study of
dynamic processes (Bose, 2006; Marino et al., 2010; Wach, 2011).

The orthogonal (dq) model has begun with Park’s theory nine decades ago. These models
use parameters that are often independent to rotor position. The result is a significant
simplification of the calculus, which became more convenient with the defining of the space
phasor concept (Boldea & Tutelea, 2010; Marino et al., 2010; Sul, 2011).

Starting with the "classic” theory we deduce in this contribution a mathematical model that
exclude the presence of the currents and angular velocity in voltage equations and uses total
fluxes alone. Based on this approach, we take into discussion two control strategies of
induction motor by principle of constant total flux of the stator and rotor, respectively.

The most consistent part of this work is dedicated to the study of unbalanced duties
generated by supply asymmetries. It is presented a comparative analysis, which confronts a
balanced duty with two unbalanced duties of different unbalance degrees. The study uses as
working tool the Matlab-Simulink environment and provides variation characteristics of the
electric, magnetic and mechanical quantities under transient operation.

2. The equations of the three-phase induction machine in phase
coordinates

The structure of the analyzed induction machine contains: 3 identical phase windings placed
on the stator in an 120 electric degrees angle of phase difference configuration; 3 identical
phase windings placed on the rotor with a similar difference of phase; a constant air-gap
(close slots in an ideal approach); an unsaturated (linear) magnetic circuit that allow to each
winding to be characterized by a main and a leakage inductance. Each phase winding has
Ws turns on stator and Wr turns on rotor and a harmonic distribution. All inductances are
considered constant. The schematic view of the machine is presented in Fig. 1a.

The voltage equations that describe the 3+3 circuits are:

. dy . dy, . dy
Uy = Rslus +d_tasl Ups = Rslbs + dfs r U = Rszcs + dtcs (1)
; dy dy . dy
Ugr = Reipg + %r Upr = Rylpg + FBR' Ucg = Ryleg + de ()

In a matrix form, the equations become:



Mathematical Model of the Three-Phase Induction Machine
for the Study of Steady-State and Transient Duty Under Balanced and Unbalanced States

d
[uubcs:l = [RS][iﬂbCS] + % (3)

d
[uABCR:I = [RR][iABCR] + % 4)

(a) (b)

Figure 1. Schematic model of three-phase induction machine: a. real; b. reduced rotor

The quantities in brackets represent the matrices of voltages, currents, resistances and total
flux linkages for the stator and rotor. Obviously, the total fluxes include both main and
mutual components. Further, we define the self-phase inductances, which have a leakage
and a main component: Lj=LostLns for stator and Lp=L:r+Lur for rotor. The mutual
inductances of two phases placed on the same part (stator or rotor) have negative values,
which are equal to half of the maximum mutual inductances and with the main self-phase
component: Mj=Lji=Ln=Lnx. The expressions in matrix form are:

L,+L, —(1/2)L, —(1/2)L,
[LSS] =|-(1/2)L,, L, +L, -(1/2)L,, (5-1)
~(1/2)L,, —(1/2)L,, L, +L,

Lig+Lyx —(1/2)Lyx —(1/2)Lyg
[LRR] =|~(1/2)Lyr  Lyg+Lyg  —(1/2)Lye (5-2)
~(1/2)Lyg ~(1/2)Lyg  Log +Lig

costy cos(é’R + u) cos(é’R + 2u)
[LSR] = [LRS:L =Ly~ cos(@R + 2u) cos by cos(HR + u) (5-3)

cos(HR + u) COS(@R + Zu) costy
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where u denotes the angle of 120° (or 27t/3 rad).

The analysis of the induction machine usually reduces the rotor circuit to the stator one. This
operation requires the alteration of the rotor quantities with the coefficient k=Ws/Wr by
complying with the conservation rules. The new values are:

Upper =K Uppcrs Vaper =KV apers  laper = (1 / k)'ZABCR?

2
W) w2 w2
R =k*R,; L =k*1,,=|—| —R=—s=1

W) R, W W, ®, "

or

2
W) W2 W2 W \WW
LmszLZR:( sj R—— ~L ;L, _kLst(_st_Rz

where the reluctances of the flux paths have been used. The new matrices, with rotor
quantities denoted with lowercase letters are:

Lcrr + th _(1 / Z)th _(1 / Z)th
[LVV] = k2 [LRR:I = _(1 / Z)th Lm + th _(1 / Z)th (7'1)
~(1/2)L,, —(1/2)L,, L +L,

costy cos(@R +u) cos(@R + Zu)
[Lsy]:k[LsR]:[Lysl =L cos(QR +2u) cos by cos(HR +u) (7-2)
cos(HR + u) COS(@R + Zu) cos

By virtue of these transformations, the voltage equations become:

[tpes | =[ R J[ies |+ M ~[R [ ee ]+ I:Lss] dfi abcsj d{[Lsr;lt[iabcr]}

. (8)
[uabcr :l [R :H:Zabc;' ] S — [Wabcr :| [R :”:Zubcr J [er:l d[labcr ] {[LSV gltt[labcs :I}

By using the notations:

(ELH) L, (3th+L )+LGS(3Lh5+Lm)
=L, (Lp+Ly)+ L, (3L, +L,,) )
=L, (L +L, )+L6r(3th+LUs)

and after the separation of the currents derivatives, (8) can be written under operational
form as follows:
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- Rs(HLs) . __RLh r (- - ZRLh
[HLUS(ELH)}“s - LGS(EL;)(1“'+I“)*'(2LH;
Ly (3L, +2L,,)
(2Ln)
2

+2,60 (ZLLH)<1bS ECS) +%(;% + Ubs +;CS) +

|:1ng0819 +1brcos(¢9 +u)+zcrcos(9 +2u)}

+9R [lmsmﬁ +1b,sm(6’ +u)+1,;rsm(6’ +2u)}

3Lm-+2LU,; )
(ZLH)

2L, [;m cosfy + Upr cos( 6y +u)+ Uer cos (0 + 2u)},

(ZLy)

(; + lfs((lgi;))J;hs __ & L(;;i“r) (;Cs - ;as)‘i‘ ?;j{h)s |:lbr oS0 +icr cos (O +u)+ iar cos( 6y + Zu)}

hS(S(LEhZJF)ZL )[zbysmé’ +lcr511’1(9 +u)+1aysm(t9 +2u)]
m

2 - - —
L . Lo'ths (uus + Ups +Mcs)+%ubs

. —h R __
+2,69R (EL;)(lcs las)+ Las (ELH)
- é[;;) [;br cosfy + Uer cos(HR + u) + lar cos( 6y + 2u)},
[; +M]}CS - _%(iﬂs +;bs) + 2R Ly Ecr €080y + far cOS (G + 1) + ity cOS (6 + Zu)} +
o L, (3L, +2L,,)

B (zLy)
7 - - - -\ 3L, +2L, -

+2, 66’ (ZLLn)(luS zbs) %(u,zS + Ups +ucs)+wucS —

+0,

[zcrsmé +zarsm(¢9 +u)+zbrsm(9 +2u)}

éZ’i) [;m cosdy + ;ar COS(HR + u) + ;br Cos(HR + Zu)],

- R(NL))}. 2L,R B
[s+ LM(ZLH)]W = (ZLH)S |:1us €08 Gy + ibs COS (B +2) + ics cos +u)}+2,69R@(_lbr +,CV)_

NP u - LL. ~ - -
(ZL;)[T/MS €08 Oy + Uips cos(HR + Zu) + Ues COS(GR +u)} + LU,U(SEL;)(MM + Upr + ucr)+
2L _ +3L 2L _+3L,.r~ . !/ o

(ZL ) hs Uar + 9 Ly, (;LH) hs [1,15 sinfy +ips sm(@R + Zu) +ics sm(HR + u)} _

L, R -
%‘C”)(lbr _,_,'ﬂ),

(=L

L
L
(s+ RT(HL’) ]ib, _ 2L S[zbscose +zcscos(¢9 +2u)+1ascos(¢9 +u)}+2,66"R L (—;cr+;ar)_
Lcr (ZLH ) ( ) (ZLH )

2L - - L R

—(ZL’:)[ubs €08 Oy + ties €08 (B + 2 ) + 14as cOs (O + u)} +T "(5225 )(uur +Upr +1/lcr) +
2L +3L

)
L L R
ﬁ;i’)(lcr +1a‘r)

2L . +3L,,

(an)

hs ;lhr +9RLhS |:1bsSII'16 +lcssln(9 +2u)+zuésm(6' +u)}
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- R(NL)}.  2L,R B
[S+Lm(an)]zcr— (ELH)[ICSCOSH +zascos(9 +2u)+1bscos(¢9 +M)J+2’6HR—(2LH)( 1a,+1br)

2hs 1 u - L L ~ - -
(ZLl:)[ucs cos Oy + Ugs COS(QR + Zu) + Ups cos(&R + u):| +#2hs)(uw + Upr + Mcr) + (10)
+2L(rf;L;3)Lm;C,+9RLhSZL(Z+3’)[chsm6’ +zassm(6 +2u)+1b551n(9 +u)}
I1
L L R

s |

Tmn)(iay +;br)r

Besides (10), the equations concerning mechanical quantities must be added. To this end, the
electromagnetic torque has to be calculated. To this effect, we start from the coenergy
expression, W' , of the 6 circuits (3 are placed on stator and the other 3 on rotor) and we
take into consideration that the leakage fluxes, which are independent of rotation angle of
the rotor, do not generate electromagnetic torque, that is:

[lubcsj ([Lss} Las [1])[Zabcs] to [Zubcr] ([er} - Lcrr [ﬂ)[iabcr} + [iubcs :'t [Lsr (QR )][iﬂb”} (11)

The magnetic energy of the stator and the rotor does not depend on the rotation angle and
consequently, for the electromagnetic torque calculus nothing but the last term of (11) is
used. One obtains:

i) 0,y

do,

1 . . . . . . . . . ) 12
:—pthmnHR[zﬂs(—sz +1, +1ﬂ)+zbs(+zm -2, +zcr)+zcs(+zar +1, —21”)]+ (12)

prhSCOSQ[ (cr Ibr)+zbs(ur_icr)+ics(ibr_iar):'

The equation of torque equilibrium can now be written under operational form as:

_ k 1 . . . .. .
Wg [E; Z j N Epth {SIHGR 'I:las (_2lar Tl lcr)+ Ups (1117 N 21177 + ZC7)+
+i & ( + Zbr Zicr):| 3 COSQ I: ( cr lbr ) + lbs ( icr ) i ics (ibr - iar ):' } - Tst

Oy = oy = by (13)
where wr represents the rotational pulsatance (or rotational pulsation).

The simulation of the induction machine operation in Matlab-Simulink environment on the
basis of the above equations system is rather complicated. Moreover, since all equations
depend on the angular speed than the precision of the results could be questionable mainly
for the study of rapid transients. Consequently, the use of other variables is understandable.
Further, we shall use the fotal fluxes of the windings (3 motionless windings on stator and
other rotating 3 windings on rotor).
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It is well known that the total fluxes have a self-component and a mutual one. Taking into
consideration the rules of reducing the rotor circuit to the stator one, the matrix of
inductances can be written as follows:

1+1 —(1 / 2) —(1 / 2) cos cos(HR + u) COS(HR + Zu)_
—(1 / 2) 1+1 —(1 / 2) cos(HR + Zu) cos by cos(&R + u)
—(1/ 2) —(1/2) 1+1 cos(HR +u) cos(HR + Zu) cos Gy (14)
[Lubcabc] = th ’
cos by cos(HR +2u) cos(é’R +u) 1+1, —(1/2) —(1/2)
cos(HR +u) L, costy cos(QR +2u) —(1/2) 1+1, —(1/2)
_cos(HR + Zu) cos(ﬁR + u) cos —(1 / 2) —(1/2) 1+1, |

Now, the equation system (8) can be written shortly as:
. d[l//abcabc] . .
abcabe | — S, abcabe ’ . abcabe | — abcabe abcabe
1R i D+ 25, e [y ][t L] 19

By using the multiplication with the reciprocal matrix:

I:Labcabc ]_1 I:lr//ahcabc ] = I:Labcabc ]_1 I:Labcabc ] I:iubcubc ] , or [iabcahc } = I:Labcubc ]_1 I:Wabcabc] (16)

than (15) becomes:

_ dly,
I:uabcahc] = [Rs,r }I:Labcabc} ' I:V/abcabc:l + % (17)

This is an expression that connects the voltages to the total fluxes with no currents
involvement. Now, practically the reciprocal matrix must be found. To this effect, we
suppose that the reciprocal matrix has a similar form with the direct matrix. If we use the
condition: [Lub cabe ]_1 [Lab cab C] = [1], than through term by term identification is obtained:

[ ML, L. thLfﬂ I'cos b, FCOS(HR + u) Fcos(QR + Zu)_
L2, ML, L2, I"cos (6 +2u) I cosby Tcos(O +u) | (18)
LhSLzm thLir ML, FCOS(HR + u) Fcos(HR + Zu) I'cos b,
I'cosdy r cos(HR + Zu) r cos(HR + u) IL, thLis thLZO'S
r cos(@R + u) ["cos by r cos(é’R + 2u) thLfTs IL, thLzo,s
1T cos(@R + Zu) r cos(@R + u) I'cosby thLE;s thLfTS IL, |

where the following notations have been used:

(NLD) =(3L, L, +3L,L,, +2L L )L L

hs~os hs —or or~os

I'= _ZLhSLO'SLUT; (19)

ML, =(L,L,, +3L, L, +2L, L, JL,; TIL, =(L,L, +3L,L,, +2L, L )L

hs—or hs—os oros hs—os hs—or oros

os’
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Further, the matrix product is calcula’ced:[RSJ[LM’MC]_1 [z//abmbc] , which is used in (17).

After a convenient grouping, the system becomes:

2
dl//as HLSO'RS _ thLorRs (V/b +y )+ thLUsLm’Rs
s cs

it +(HLD) Vas = Has (riLD) (riLD)

X|:(21//ur Vo Vo )COS eR + \/E(V/cr “Yor )Sin 0R:|

dy, TIL_R LI R L, L L R
d_:s_'_ (HZO-D)S l//bs:ubs_ (hli[frD)S (Wcs+l//as)+ hs(l—TZDO-S =X

X|:(_l//ar + Zl/lbr - l//cr )COS QR + \/g(v/ar - l//cr )Sil’l 0R:|

2
dl//cs + 1_[Lso-Rs _ thLarRs (l//as + Wbs)+ LhSLO'SLO'TRS

at (o)’ """ (nLD) (riLD)

X|:(_l//ar Ve t zy/cr )COS HR + \/g(l//br Y )Sil’l 0Rj|

d IL. R L.I2R L.L L R
Z;r + (HZO-D)Y Yar :uur - (hli[El;)r (l//br +l//cr)+ hs(l—(;zl;’j e

X|:(2Was _‘f//bs —l//cs)COSQR + \/g(l//bs _l//CS)SineR:|

d ML R L I2 R L.L L R
P 11715) R 77 L O 77 e

X|:(_l//as + Zl/jbs Ve )COS HR + \/g(l//cs - l//as)Sin GRJ

dy, TL,R L I2R L,L L R
dtcr + (HTLD)r Ver = Ugy (ls_ILsD)r (‘:Var +l//br)+ S(HSLDS =X

X[(_l//us Vs t zvlcs )COS O + \/g(l//as - l//bs)Sin QR}

(20-1)

(20-2)

(20-3)

(20-4)

(20-5)

(20-6)

For the calculation of the electromagnetic torque we can use the principle of energy

conservation or the expression of stored magnetic energy. The expression of the

electromagnetic torque corresponding to a multipolar machine (p is the number of pole

pairs) can be written in a matrix form as follows:

1

dl L -
Te = _g' I:l//ubcabc]t ’ [ Zghc} '[‘//abcabc]
R

(21)

To demonstrate the validity of (21), one uses the expression of the matrix [Lab cabe ]71 , (18),

in order to calculate its derivative:
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é[Lubcabc}_l =As-
0 0 0 sinf,  sin(@g+u) sin(Gg +2u)]
0 0 0 sin(6’R + Zu) sin 6, sin(@R + u) (22)
0 0 0 sin(é’R + u) sin(é’R + 2u) sind,
sinf,  sin(6p +2u) sin(6 +u) 0 0 0
sin(&R + u) sin &, sin(&R + Zu) 0 0 0
sin(f +2u)  sin(6; +u) sin 0 0 0

where the following notation has been used:

N 1
T (3/2)(Ly +L, )+l L /L,

o1 —0S

(23)

This expression defines the permeance of a three-phase machine for the mathematical model
in total fluxes.

Observation: One can use the general expression of the electromagnetic torque where the
direct and reciprocal matrices of the inductances (which link the currents with the fluxes)
should be replaced, that is:

1 . d Lu cabc . ‘abcabe
Te :Epl:lubcabcl I:d; : :I[Zabcabc:l p [‘//abcabc] |: j| [ b :I |:L] I:l//gbcabc]
R Ok

(24)

1
Te = _E p I:l//ahcabc :| I: Zgbc ] I:l//ubcubc :|
R

A more convenient expression that depends on sinOr and cosOr, leads to the electromagnetic
torque equation in fluxes alone:

Te = _(1 / 2)PA3 {[l//us (2l/jur Vi l//cr) T ¥s (2l/jbr L l//ur) Ve (zwcr VYo Vi )]SinHR + (25)
+\/§|:l//as (l/lbr Ve ) T Whs (l//cr Ve ) LA (War Vb ):| cos eR}

Ultimately, by getting together the equations of the 6 electric circuits and the movement
equations we obtain an 8 equation system, which can be written under operational form:

— {— HLSGRSJ:—S_L,ISLWRS —\ L.L,L,R
as

—fis or s 4 —hs"osTor™s o
+(HLD) TILD ("”bsw“) (ILD) (26-1)

X|:(2V_/ar _;hr _;cr)COSQR + \/g(v_/cr _;br)SineRj'
— (- ML_R| - LR —\ L,L L R
A I A T 202
X[(—l/_/m, + ZV_/br _V_/CV)COS eR + \/g(;ar _;cr)SineR}

11
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2

— (- mLR) - LR~ — \ L., L R
Wcs{s'i‘ (HzUD;J—Mcs _(IS_IEE))S (l//us +l//bs)+—s(1—(}-ZD63 5 x (26-3)

x[(—;m - ijr + Zy_/cr )cos O + \/g(l/_/br - ;W)sin HR}

— (- OL,R | - LJ R~ — \ LU L R
W”[SJF(HrLD;]_uW (ﬁLi))r('/’b’W")+ s(HSLDS > (26-4)

x[(zy_/% - ;bs - ;Cs)cos O + \/g(abs - ;Cs )sin HR}

— (- L, R | - L I2R,—~ —\ LLLR
S+ reTr | =y — hs —os”r + + hs—os " or LY
l//br[ J br _(HLD) (l//cr ‘//ar) (HLD) (26-5)

x[(—;as + Zy_/bs - ;Cs )cos O + \/3(;65 - ;us )sin Ok J

| e M _ _thLzrs r - thLJsLarRr
B T I T -

x[(—;us - V_/bs + Zacs)cos O + x/g(;as - ;bs )sin HRJ

Ou(s+ K. 11)=(p/1)(=(112)pAs {sin e [ W (20 =¥~ )+
(20 VeV ) V(W Vi~ )} +Bcosl,  (267)

A R R A R (| RS

a6, .

— == (26-8)
This equation system, (26-1)-(26-8) allows the study of any operation duty of the three-phase
induction machine: steady state or transients under balanced or unbalanced condition, with
simple or double feeding.

3. Mathematical models used for the study of steady-state under
balanced and unbalanced conditions

Generally, the symmetrical three-phase squirrel cage induction machine has the stator
windings connected to a supply system, which provides variable voltages according to
certain laws but have the same pulsation. Practically, this is the case with 4 wires
connection, 3 phases and the neutral. The sum of the phase currents gives the current
along neutral and the homopolar component can be immediately defined. The analysis of
such a machine can use the symmetric components theory. This is the case of the
machine with two unbalances as concerns the supply. The study can be done either using
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the equation system (26-1...8) or on the basis of symmetric components theory with three
distinct mathematical models for each component (positive sequence, negative sequence
and homopolar).

The vast majority of electric drives uses however the 3 wires connection (no neutral).
Consequently, there is no homopolar current component, the homopolar fluxes are zero
as well and the sum of the 3 phase total fluxes is null. This is an asymmetric condition
with single unbalance, which can be studied by using the direct and inverse sequence
components when the transformation from 3 to 2 axes is mandatory. This approach
practically replaces the three-phase machine with unbalanced supply with two
symmetric three-phase machines. One of them produces the positive torque and the
other provides the negative torque. The resultant torque comes out through
superposition of the effects.

3.1. The abc-af0 model in total fluxes

The operation of the machine with 2 unbalances can be analyzed by considering certain
expressions for the instantaneous values of the stator and rotor quantities (voltages, total
fluxes and currents eventually, which can be transformed from (a, b, c) to («a, 3, 0) reference
frames in accordance with the following procedure :

w 1 -1/2 -1/2 | [y
as 2 as
Wo, V272 272 V272 | |V

We define the following notations:

ML R, (LyLy, +3L L, +2L,,L,,) [ R, ]: 2( R, ]_V .
) -  Ust’

(TILD) (3thLm+3thL65+2Lngs L.) 3\L,

2
thLO'rRs — thLarRs El Rs =y - (28-1)
(T1LD) (3thLUs+3thLm+2Lngs L. 6L,

3+2(L,, /L)

R 1

V=V, = = =v

! i 3(Lar/Las)+3+2(Lar/th)(Las] 2 O'SJ ’
HLro-Ry _ (thLas + 3thLar + ZLUT’LO'S) Rr ~ z Ry -y .-

(TILD) (3thLm +3L, L+ ZLWLGS) L) 3L, r’

2
thLUer — thLO'er :l( Rr J: Vo (28 2)
~ » i
(nLD)  (3L,L, +3L,L, +2L, L )L, ~6(L, ) "

3+2(Ly, / Ly,) R, ) _1( R
Vrt_Vrs: == :Vr
3(Lys /Loy )+3+2(Ly, /L )\ Ly, ) 2( L

13
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3thL0'sLarRs — 3Lo-s Rs ~ l Rs =v__ (28-3)
(TILD) (3L, +3L,, +2L, L /L) L, L.)

3thL0'sLarRr — 3Lo-r Rr ~ l Rr =v_; (28-4)
Loy (3L, +3L,, +2L L /L )\ L, ) 2\(L,) °

By using these notations in (17) and after convenient groupings we obtain:

dy 1
=+ Vstl//as = uas - l/sr (l//bs + l//cs) + EVO'S X

dt (29-1)
X[(Zwar Ve Ve )COS 9R + \/g(l//cr Y )SinHR:|

1
dt + Vstl//bs = ubs - Vsr (l//cs + l//as ) + gvas x
(29-2)

x|:(_l//m’ + 2l//br - Wcr )COS eR + \/g(war - Wcr)Sin HR:|

dy 1
dtcs TVl s = U — Vg, (l//as T Vs ) + gvas X (29 3)
x[(_war VY T 2l//cr )COS 0R + \/g(l//br Yo )Sin 0Rj|
dy 1
d_tar + Vrtl//ar = uar - Vrs (Whr + Wcr ) + gvar X (29 4)
X[(zwas - l//bs - l//CS)COS GR + \/g(l//bs - l//cs )Sil’l 9R:|
dy,, 1
dtr TVitWr = Uy = Vs (l//cr TV ) + gvar X (29-5)
X |:(_l//us + 2l//bs - l//cs )COS QR + \/5 (Wcs - l//us )Sil’l HR:|
dy 1
d_tcr + Vrtl//cr = ucr - Vrs (l//ar + l//br) + Evar X

(29-6)
x[(_wbs + 2l//cs Vs ) cos QR + \/g(l//as ~Yis ) sin QR}

Typical for the cage machine or even for the wound rotor after the starting rheostat is short-
circuited is the fact that the rotor voltages become zero. The equations of the six circuits get
different as a result of certain convenient math operations. (29-2) and (29-3) are multiplied
by (-1/2) and afterwards added to (29-1); (29-3) is subtracted from (29-2); (29-1), (29-2) and
(29-3) are added together. We obtain three equations that describe the stator. Similarly, (29-
4), (29-5) and (29-6) are used for the rotor equations. The new equation system is:
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dy .
d:s TVWas TUgs T Vo (l//ar cos eR - Wﬁf Sin eR)
dy .
dtﬂs VW g = g Vg (1//[” sindy +y 4, cos HR) (30-1, 2, 3)
dy
d_Os + (Vst + 2Vsr )V/Os = Ups
t
dy .
70” VW ar = Ugr T Vo (WOKS NG eR + Wﬁs sin eR)
dy .
Vg =t + Vo (Vs SN +y 5, 050y ) (30-4, 5, 6)
dy
— 2y (Vrt + 2Vrs )WOr = Uy,

Further, the movement equation has to be attached. It is necessary to establish the detailed
expression of the electromagnetic torque in fluxes alone starting with (25) and using
convenient transformations:

Te = _(3 / 2) pAS [(l//asl//ar t l//ﬂswﬁr ) sin eR * (l//asl//ﬂr h lr//ﬂsl//ar )COS 0R:| (31)

Ultimately, the 8 equation system under operational form is:

;as (;Jrvs) = U +Vo_s(l,;m cos —;ﬂ, sinHR) (32-1)
;ﬁs (; +v, ) = ;/;s +V (;m sindy, + ;ﬂr Cos HR) (32-2)
Wos(s+ vy +2v,, ) =0 (32-3)
;m (; + vy) = gy + v, (;as costy + 1/_/ s SIN HR) (32-4)
;ﬁr (; + vr) = ;ﬁr +v,, (—1,/_/0(S sin®, + y_/ﬂs cos HR) (32-5)
JOr (; +Vv, +2v, ) = lior (32-6)

éR (;+kz /]) = (P/I)'{—(3/2)PA3 [(y_/asl/_/ar +'/_/psV_/ﬂr)Sin9R +(l/_/asy_/ﬁ’r _l/_/ﬂs;ar)cong}_T;t} (32_7)

do,

— Op = g (32-8)
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These equations allow the study of three-phase induction machine for any duty. It has to be
mentioned that the electromagnetic torque expression has no homopolar components of the
total fluxes.

3.2. The abc-dq model in total fluxes

For the study of the single unbalance condition is necessary to consider expressions of the
instantaneous values of the stator and rotor quantities (voltages, total fluxes and eventually
currents in a,b,c reference frame) whose sum is null. The real quantities can be transformed
to (d,q) reference frame (Simion et al., 2011). By using the notations (28-1), (28-2), (28-3) and
(28-4) then after convenient grouping we obtain (Simion, 2010):

% FVW s Uy TV (l//ar costy, — W g sinHR)
, (33-1, 2)
Zfs VW g =g +V (1//0” sindg +y cosHR)
Wy +vy, =V, (1//as COS Oy +y 5, sin Oy )
(33-3, 4)
dl/;fr SV, =V, (_‘//as SNy + 4, cOs GR)

Further, the movement equation (31) must be attached. The operational form of the equation
system (4 electric circuits and 2 movement equations) is:

Vo (5) =T o (7 050 500 Ga)
(547, ) 200+ (S0 7, 050 (342)
Ver (54, ) =V (W 0 O8O + 7,506 ) (34-3)
Vo (54, ) =V (W 50 O + 7, c056 ) (34-4)

O (s+k. /1) =(p/1)- {—(3/2);7/\3 [(./_/ajm W W g )50 + (v o —y_/ﬂsg;m)cosHR} —Tst}

(34-5)

a6,
d—tR =0y = wy (34-6)
The equation sets (33-1..4) and (34-1...6) prove that a three-phase induction machine

connected to the supply system by 3 wires can be studied similarly to a two-phase machine
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(two-phase mathematical model). Its parameters can be deduced by linear transformations of
the original parameters including the supply voltages (Fig. 2a).

C.

Figure 2. Induction machine schematic view: a.Two-phase model; b. Simplified view of the total fluxes
in stator reference frame; c. Idem, but in rotor reference frame

The windings of two-phase model are denoted with (as, fs) and (ar, fr) in order to trace a
correspondence with the real two-phase machine, whose subscripts are (as, bs) and (ar, br)
respectively. We shall use the subscripts xs and ys for the quantities that corresponds to the
three-phase machine but transformed in its two-phase model. This is a rightful assumption
since (as, fs) axes are collinear with (x, y) axes, which are commonly used in analytic
geometry. Further, new notations (35) for the flux linkages of the right member of the
equations (33-1...4) will be defined by following the next rules:

- projection sums corresponding to rotor flux linkages from (ar, fr) axes along the two
stator axes (denoted with x and y that is ¥, ) when they refer to the flux linkages
from the right member of the first two equations, Fig. 2b.

- projection sums corresponding to stator flux linkages from (as, fs) axes along the two
rotor axes (denoted with X and Y that is yxs, 1vs) when they refer to the flux linkages
from the last two equations, Fig. 2c.

{l//xr =, COSO —y, sinby, v, =y, sind +y, cosdy @)

Wy =W, COSO, + W g SIN Oy Wys =W, SN0, + W ps COS Ok

Some aspects have to be pointed out. When the machine operates under motoring duty, the
pulsation of the stator flux linkages from (as, fs) axes is equal to ws. Since the rotational
pulsation is wr then the pulsation of the rotor quantities from (ar, pr) axes is equal to
wr=sws=ws —wr. The pulsation of the rotor quantities projected along the stator axes with the
subscripts xr and yr is equal to ws. The pulsation of the stator quantities projected along the
rotor axes with the subscripts XS and YS is equal to w-. The equations (33-1...4) become:

17



18 Induction Motors — Modelling and Control

;as (; + Vs) = ;0‘5 TVos l';xr (36_1)
W5 V) =tips +V, 0, (36-2)
V/ar(s + Vr) =Ver¥xs (36'3)
Wﬂr(s + Vr) =Ver¥ys (36_4)

The first two equations join the quantities with the pulsation ws and the other two, the
quantities with the pulsation wr = sws. The expression of the magnetic torque, in total fluxes
and rotor position angle becomes:

T, =~(3/2)pAs (Vs —V 5t ) (37)
or a second equivalent expression:
T, =(3/2)pA, (‘//ar Yys— '//ﬁr‘//xs) (38)

which shows the "total symmetry” of the two-phase model of the three-phase machine
regarding both stator and rotor. The equations of the four circuits together with the
movement equation (37) under operational form give:

v, (E + vs) S Uas VW, (39-1)

W g (5 v, ) =g Vo, (39-2)

Vo (54, ) = v xs (39-3)

A e (39-4)
G5+ K. 11)= (1) (120 i~ )T @99
D= (39-6)

This last equation system allows the study of transients under single unbalance condition. It
is similar with the frequently used equations (Park) but contains as variables only total fluxes
and the rotation angle. There are no currents or angular speed in the voltage equations.

4. Expressions of electromagnetic torque

For the steady state analysis of the symmetric three-phase induction machine, one can
define the simplified space phasor of the stator flux, which is collinear to the total flux of the
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(as) axis and has a J3 times higher modulus. In a similar way can be obtained the space
phasors of the stator voltages and rotor fluxes and the system equation (39-1...6) that
describe the steady state becomes:

usR3 = (Vs + jws )ESR:% - VO'S grR’a’ = (ws - jvs )\PSRE’)e]aS + ]'VO'S\PrR?)e]ar (40)
O = Var isR?) - (Vr + jsa)s )21’123 — _]‘VarlPser]oc5 + (er - Sws )\PrRSwe]ar

=(3/2)pA;¥ g3 ¥ gssin(e - O‘r)

When the speed regulation of the cage induction machine is employed by means of voltage
and/or frequency variation then the simultaneous control of the two total flux space vectors
is difficult. As consequence, new strategies more convenient can be chosen. To this effect, we
shall deduce expressions of the electromagnetic torque that include only one of the total flux
space vectors either from stator or rotor.

4.1. Variation of the torque with the stator total flux space vector

One of the methods used for the control of induction machine consists in the operation with
constant stator total flux space vector. From (40), the rotor total flux space vector is:

‘PR?)_ _ O'risR?)

2

Vy +]sa) \/a)s +v \/a)s +v \/a)s +v 41)
v_ Y
ar—sRS_ o719 =a, ar);sinﬁz—s ;Cos0 =

_ r
— _Jor—sR3 ; %
J@ls® +v2 Jols® +v2 Jols® +v?

where 0 is the angle between stator and rotor total flux space vectors. This angle has the
meaning of an internal angle of the machine.

The expression of the magnetic torque that depends with the stator total flux space vector
becomes:

3 * 3 V *
I, = _(—]PAs Re(]islzsi rRB) 7 _(—ji’/\s Re{]gsm#‘i sr3 (€080 + jsine)} 3
22, .2
2 2 Vols® +v; (42)
3 v, soyv, 3V,
= 2 " Lp R3 2 > +v2 =2 " L pA ‘Psm sin26.

Assuming the ideal hypothesis of maintaining constant the stator flux, for example equal to
the no-load value, then the pull-out torque, Temax, corresponds to sin20 =1 that is:

2sinfcosf=1<«>s o, =v, ,and T :Z —T=pA, ‘Psm,

emax
3 Uy, )
Or Temax =5 2 o‘rpA ( ] 2
A vs(vr/a)) +2v

o (43)

VV

2 2
os O'r /a)s +Vtt +2VV
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Now an observation can be formulated. Let us suppose an ideal static converter that
operates with a U/f=constant=k: strategy. For low supply frequencies, the pull-out torque
decreases in value since the denominator increases with the pulsatance decrease, ws (Fig. 3).
Within certain limits at low frequencies, an increase of the supply voltage is necessary in

order to maintain the pull-out torque value. In other words, U/f = k2, and k2>k:.
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Figure 3. Mechanical characteristics, M=f((Qr) at Wsrs=const.
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A proper control of the induction machine requires a strategy based on U/f = variable. More
precisely, for low frequency values it is necessary to increase the supply voltage with respect
to the values that result from U/f = const. strategy. At a pinch, when the frequency becomes
zero, the supply voltage must have a value capable to compensate the voltage drops upon
the equivalent resistance of the windings. Lately, the modern static converters can be
parameterized on the basis of the catalog parameters of the induction machine or on the
basis of some laboratory tests results.

From (40) we can deduce:

'QSR?) (Sa)s - er) ‘P§R3wsz (ASZ +2Bs+ C)

_ 44
Lers ]a) (sa)s—vtt)—j(vr+svs) #)

2
<—>USR3—

2
r

1 vszs2 +2v, Vv, S+ Vtzt v - U s F(s)
2 sR3 + 22 2 <« SR3 45
@; ;s +v; w; \ F(s) +5G(s) (45)

where: F(s)= a)fs2 + vrz; G(s) = vszs +2v

2.2
s ;s +v

and further:

O'SVO'Y

if the term v+ was neglected. By inspecting the square root term, which is variable with the
slip (and load as well), we can point out the following observations.

- Constant maintaining of the stator flux for low pulsations (that is low angular velocity
values including start-up) can be obtained with a significant increase of the supply
voltage. The "additional” increasing of the voltage depends proportionally on the load
value. Analytically, this fact is caused by the predominance of the term G against F,
(45). From the viewpoint of physical phenomena, a higher voltage in case of severe
start-up or low frequency operation is necessary for the compensation of the leakage
fluxes after which the stator flux must keep its prescribed value.

- Constant maintaining of the stator flux for high pulsations (that is angular speeds close
or even over the rated value) requires an insignificant rise of the supply voltage. The U/f
ratio is close to its rated value (rated values of U and f) especially for low load torque
values. However, a certain increase of the voltage is required proportionally with the
load degree. Analytically, this fact is now caused by the predominance of the term F
against G, (45).

- In conclusion, the resultant stator flux remain constant for U/f =constant=k: strategy if
the load torque is small. For high loads (especially if the operation is close to the pull-
out point), the maintaining of the stator flux requires an increase of the U/f ratio, which
means a significant rise of the voltage and current.

If the machine parameters are established, then a variation rule of the supply voltage can be
settled in order to have a constant stator flux (equal, for example, to its no-load value) both
for frequency and load variation.

Fig. 4 presents (for a machine with predetermined parameters: supply voltage with the
amplitude of 490 V (Uas=346.5V); Rs=Ri=2; Lns=0,09; Los= Lx=0,01; ]J=0,05; p=2; k:=0,02;

21



22

Induction Motors — Modelling and Control

w1=314,1 (SI units)) the variation of the resultant stator voltage with the pulsatance (in per
unit description) for three constant slip values. The variation is a straight line for reduced
loads and has a certain inflection for low frequency values (a few Hz). For under-load
operation, a significant increase of the voltage with the frequency is necessary. This fact is
more visible at high slip values, close to pull-out value (in our example the pull-out slip is of
0,33).

The variation rule based on Usr=f(ws) strategy (applied to the upper curve from Fig. 4)
provide an operation of the motor within a large range of angular speeds (from start-up to
rated point) under a developed torque, whose value is close to the pull-out one. Obviously,
the input current is rather high (4-5 Iiv) and has to be reduced. Practically, the operation
points must be placed within the upper and the lower curves, Fig. 4. It is also easy to notice
that the operation with higher frequency values than the rated one does not generally
require an increase of the supply voltage but the developed torque is lower and lower. In
this case, the output power keeps the rated value.

4.2. Variation of the torque with the rotor total flux space vector

Usually, the electric drives that demand high value starting torque use constant rotor total
flux space vector strategy. The stator total flux space vector can be written from (41) as:

Vv, + s, \/a)szsz + Vr2 \/a)szsz + vr2 io
Vs =Y s & VY p3 =¥ z3 —— Wgs =¥, rse’
Vo-r Var Var (46)

1%
;0080 = ——~L——

5,
[ 2.2 2 [ 2.2 2
;s +Vr s +Vr

and the expression of the electromagnetic torque on the basis of rotor flux alone becomes:

(@=a,-a,);sind =

I, = _(Ej PA; Re(]gsmg rR3) = EV_S\PSR?)SQ)S (47)

or

Assuming the ideal hypothesis of maintaining constant the rotor flux, for example equal to
the no-load value, then the electromagnetic torque expression is:

S S 2 2
or 2 Vor V, W 2 v, @,

2
A A u A LI
T :%P 3 \meos“) NEP 3 (Vgr sRaJ Sw :E&Lﬁ](% _pQR) (48)
Vv

where the voltage and pulsation is supposed to have rated values. Taking into discussion a
machine with predetermined parameters (supply voltage with the amplitude of 490 V
(Uas=346.5V); R=Rr=2; L1s=0,09; Los= Lor=0,01; J=0,05; p=2; k-=0,02; w1=314,1 (SI units)) then the
expression of the mechanical characteristic is:

. : u?
T 232 32,14 926,43( 51§3N](a)5_2QR):3,17(a)s_QQR) (49)
103,57 DN
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which is a straight line, Al in Fig. 5. The two intersection points with the axes correspond to
synchronism (Te=0, Qr=ws/2=157) and start-up (Te=995 Nm, Qr=0) respectively.

The pull-out torque is extremely high and acts at start-up. This behavior is caused by the
hypothesis of maintaing constant the rotor flux at a value that corresponds to no-load
operation (when the rotor reaction is null) no matter the load is. The compensation of the
magnetic reaction of the rotor under load is hypothetical possible through an unreasonable
increase of the supply voltage. Practically, the pull-out torque is much lower.

Another unreasonable possibility is the maintaining of the rotor flux to a value that
corresponds to start-up (s = 1) and the supply voltage has its rated value. In this case the
expression of the mechanical characteristic is (50) and the intersection points with the axes
(line A2, Fig. 5) correspond to synchronism (Te=0, Qr=ws/2=157) and start-up (Te=78 Nm,
QOr=0) respectively.

323214

=5 06 13 e (0, —2Q5) =0,25(w, —2Q;) (50)

The supply of the stator winding with constant voltage and rated pulsation determines a
variation of the resultant rotor flux within the short-circuit value (W:=0,5Wb) and the
synchronism value (W:ko=1,78WDb). The operation points lie between the two lines, A1l and
A2, on a position that depends on the load torque. When the supply pulsation is two times
smaller (and the voltage itself is two times smaller as well) and the resultant rotor flux is
maintained constant to the value W:ro=1,78 Wb, then the mechanical characteristic is
described by the straight line B1, which is parallel to the line Al. Similarly, for W:ri=0,5Wb,
the mechanical characteristic become the line B2, which is parallel to A2.
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Figure 5. Mechanical characteristics Te=f((Qr), Wrr=const.
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Figure 6. Resultant stator voltage vs. pulsatance, Usk=f(ws) at Wrr=const. (1.3Wb)

When the applied voltage and pulsation are two times smaller regarding the rated values
then the operation points lie between Bl and B2 since the rotor flux varies within
Wiri=0,5Wb (short-circuit) and Wrro=1,78Wb (synchronism).

The control based on constant rotor flux strategy ensures parallel mechanical characteristics.
This is an important advantage since the induction machine behaves like shunt D.C. motor.
A second aspect is also favorable in the behavior under this strategy. The mechanical
characteristic has no sector of unstable operation as the usual induction machine has.

The modification of the flux value (generally with decrease) leads to a different slope of the
characteristics, which means a significant decrease of the torque for a certain angular speed.

The question is "what variation rule of Usr/ws must be used in order to have constant rotor
flux"? The expression of the modulus of the resultant rotor flux can be written as:

2 2
Hig gz AS #2Bs4C Mg Pows 424 o5 (51)
@ Vor @s Vor

2., .2..2 _ 2, 2
C=vi+vivy =y, —v. v, ) o .

1. _ 2 2.p_
with: A=w] +v;;B=v_ v v,

os’ or’
Fig. 6 presents the variation of the stator voltage with pulsatance at constant resultant rotor
flux (1,3 Wb), which are called the control characteristics of the static converter connected to
the induction machine. The presented characteristics correspond to three constant slip
values, s=0,001 (no-load)-curve 1, s=0,1 (rated duty)-curve 2 and s=0,3 (close to pull-out
point)-curve 3. It can be seen that the operation with high slip values (high loads) require an
increased stator voltage for a certain pulsation. As a matter of fact, the ratio Usrs/ws must be
increased with the load when the pulsatance (pulsation) and the angular speed rise as well.
Such a strategy is indicated for fans, pumps or load machines with speed-dependent torque.
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When the pulsation of the stator voltage is low (small angular velocities) then the torque
that has to be overcame is small too, but it will rise with the speed and the frequency along a
parabolic variation. Since the upper limit of the torque is given by the limited power of the
machine (thermal considerations) then this strategy requires additional precautions as
concern the safety devices that protect both the static converter and the supply source itself.

The analysis of the square root term from (51) generates similar remarks as in the above
discussed control strategy.

Finally is important to say that a control characteristic must be prescribed for the static
converter. This characteristic should be simplified and generally reduced to a straight line
placed between the curves 1 and 2 from Fig. 6.

5. Study of the unbalanced duties

The unbalanced duties (generated by supply asymmetries) are generally analyzed by using
the theory of symmetric components, according to which any asymmetric three-phase
system with single unbalance (the sum of the applied instantaneous voltages is always zero)
can be equated with two symmetric systems of opposite sequences: positive (+) (or direct)
and negative (-) (or inverse) respectively. There are two possible ways for the analysis of this
problem.

a. When the amplitudes of the phase voltages are different and/or the angles of phase
difference are not equal to 27/3 then the unbalanced three-phase system can be replaced
with an equivalent unbalanced two-phase system, which further is taken apart in two
systems, one of direct sequence with higher two-phase amplitude voltages and the other
of inverse sequence with lower two-phase amplitude voltages. Usually, this equivalence
process is obtained by using an orthogonal transformation. Not only voltages but also
the total fluxes and eventually the currents must be established for the two resulted
systems. The quantities of the unbalanced two-phase system can be written as follows:

U] o 1 -1/2 -1/2 u, \f \fubs "
Qﬂs = \/; 0 \/3/2 —\/3/2 —0‘5 ﬂS’ ﬁs (52)
QOS 1/\/5 1/\/5 1/\/5 gcs 05_0 u +ubs+u =0

Further, the unbalanced quantities are transformed to balanced quantities and we obtain:

gaﬂ_ 1{1 ]Mum
Q(Zs(_) 2. 1 —j Qﬂs 7

The quantities of the three-phase system with single unbalance can be written as follows:

Uoogy = (U™ + U, ) 142
or: :(gusefjn/s _]-gbs)/\/a

3
u (53)

as(-)

u =U2cosot < U, =Ue;U,, =kUe ;U =-U(1+ke P (54)
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and further:

ga5(+) — u(e]ﬁ/6 +k€] (72— ﬁ))/\/_ uas( = u(e—jﬂ/é _kef(ﬂ/2—ﬂ))/\/§ (55)

Modulus of these components can be determined at once with:

Uy, = U1+ K +2ksin(B +7/6) /N2;U,  =Uy1+k* ~2ksin(B-7/6) /N2 (56)

as(+)

For the transformation of the unbalanced two-phase quantities in balanced two-phase
components (53) must be used:

Qas Z“Ias(+ + uas( -) (57)
u = ]uas(+) + ]uas( )
The matrix equation of the two-phase model is written in a convenient way hereinafter:

U, | [v.+jo, 0 0 V. Fos
gﬂs — 0 Vs T ja)s Vos 0 iﬂs

= . X (58)
0 0 Vor _(Vr + ]a)s) @r gyr
0 Vo, 0 —y (v, + jo,) Y.,

Using elementary math (multiplications with constants, addition and subtraction of
different equations) we can obtain the equations of the two-phase direct (M2D) and inverse

(M2I) models:
u,. Vv, + jo, V. ¥,
e SR EI I (59)
0 Vor _(Vr + ]des) ixr(+)

Vs + ja)s “Vos 2055(—)
= X
Vor _(Vr + jsiws ) ixr(—) (60)

We have defined the slip values for the direct (+) and respectively inverse (-) machines:

(M2D)

as(—)
0

{g
(M2I)

s g OO Oty
4757 75 =
a)S a)S

with the interrelation expression:s;, =2 —s.

The two machine-models create self-contained torques, which act simultaneously upon
rotor. The resultant torque emerges from superposition effects procedure (Simion et al.,
2009; Simion & Livadaru, 2010). The equation set (59), for M2D, gives two equations:

gas(ﬂ = (Vs + ja)s)gas(-#) Vo lPxr(-%—)’ 0= Ve lIIozs(+) (Vr + jsa)s)gxr(ﬂ (61)

which give further
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(Vr + jsa)s )gas(Jr) Vo-rgas(Jr) .
gas(+) = A ;_xr(+) = A A(+) - (V + ]a) )(Vr + ]S(()S ) “VosVor (62)

=(+) =(+)

Similarly, for M2I we obtain:

Uy =W +jo)¥ s Vo Yoy 0=v, Wiy - |:Vr +j(2- s)a)sjgxr(—) (63)
+7(2- u . u ..
o = Al AS)COS]_M( L) = %?éw =(votjo,) v, +j(2-5) @, |~ Voy (64)

=(=) ==

To determine the electromagnetic torque developed under unbalanced supply condition we
use the symmetric components and the superposition effect. The mean electromagnetic torque
M2D results from (25) but transformed in simplified complex quantities:

2
3p , 3pv_ A 22Uy 45
T, =-2PA -2Re(‘P o ) s
) 7T B R ) ) [T T A s+ C (65)
Similarly, the expression of the mean electromagnetic torque M2D is:
3pv_ A 2U% (2-5
Te(_) = pA ZRG(]\PQS( ) \er( )) PVgria . as( )( ) (66)

20, A(2-s)' +2B(2-5)+C

The mean resultant torque, as a difference of the torques produced by M2D and M2, can be
written by using (65) and (66):

2 2
Terez — 3pVo-rA3 s 2u0!5(+ _ (2 ) Zu(Jts( ) (67)
20, | As*+2Bs+C A(2-s)*+2B(2-5s)+C

S

where we have defined the notations: a)s2 + VSZ =A;, v.v_=B8B; vf + vtzt =C; and

oS or
Jau

Finally, the expression of the mean resultant torque with the slip is:

wstoy = UN1+ K2+ 2ksin(B + 7 / 6);:4/2U,,,, =Uy1+ k> ~2ksin(f—7 /6)  (68)

as(-)

_3pv, AU° 1+k2+2ksm(ﬂ+7z/6) 14K = 2ksin(f - 71'/6)( ) (69)
ez 20, As* +2Bs+C A(2-5)?+2B2-5)+C

The influence of the supply unbalances upon Te=f(s) characteristic are presented in Fig. 7. To
this effect, let us take again into discussion the machine with the following parameters:
supply voltages with the amplitude of 490 V (Uas=346.5V) and 27t/3 rad. shifted in phase;
Rs=Rr=2; Lns=0,09; Los= L=0,01; J=0,05; p=2; k-=0,02; w:=314,1 (SI units). The characteristic
corresponding to the three-phase symmetric machine is the curve A (the motoring pull-out
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torque is equal to 124 Nm and obviously Ut = 0). If the voltage on phase b keeps the same
amplitude as the voltage in phase a, for example, but the angle of phase difference changes
with 71/24=7,5 degrees (from 2m/3=16m/24 to 17m/24 rad.) then the new characteristic is the B
curve. The pull-out torque value decreases with approx. 12% but the pull-out slip keeps its
value. Other two unbalance degrees are presented in Fig. 7 as well.

125
i o . -A
100k =1, B=16m24; ur=0% //g§ B
75 -4, [ =107 ; Un=VU /% ’ .. -\\::-;\..
k=1, p=17n/24; u,=8% /"' e Ce
T 5 / N
> k=1, $=18n/24; u,=16%4 D
—_ 5 ?
= k=071, p=2n/3; =27
o O )
: {
g -25 ;
.-§ -5 ;|
T 7 P
5D he M !j
g '10 ':.:\. ..‘.\ "
8 _125\.':.".. s ! y
-5 \..‘.. S 'y
=15 N .
LT-] * '- s
175 \. ..‘n. ‘.']
\e
-20 AN
N
-ZZJ—l -075 -05 025 0 025 05 075 1

Slip s [-]
Figure 7. Te=f(s) characteristic for different unbalance degrees

Usually, the unbalance degree of the supply voltage is defined as the ratio of inverse and
direct components:

Uy _ 14K ~2ksin(f -7/ 6)
Upsty 1+ k2 + 2ksin(B+ 1/ 6)

u,=

-100[%] (70)

The curves A, B, C, and D from Fig. 7 correspond to the following values of the unbalance
degree: ur= 0; 8%; 16% and 27%. The highest unbalance degree (27% - curve D) causes a
decrease of the pull-out torque by 40%.

b. The second approach takes into consideration the following reasoning. When the
amplitudes of the three-phase supply system and/or the angles of the phase difference
are not equal to 27t/3 then the unbalanced system can be replaced by two balanced three-
phase systems that act in opposition. One of them is the direct sequence system and has
higher voltages and the other is the inverse sequence system and has lower voltages. A
transformation of the unbalanced voltages and total fluxes into two symmetric systems
is again necessary. In other words, there is an unbalanced voltage system (U, Uss, Ucs),
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which is replaced by the direct and inverse symmetric systems. The mean resultant
torque is the difference between the torques developed by the two symmetric machine-
models. Taking into consideration their slip values (si=s and si = 2-s) we can deduce the
torque expression:

Terez = _(3 / 2)pA3 ’ [3Re(jia51£:rl) - 3Re(]‘gu52£:r2 )] (71)
_3pv,A, 3sUZ, 3(2-s)Uz, 7
T 20, | As® +2Bs+C  A(2—-5)?+2B(2-5)+C

and this is the same with (69) as we expected.

6. Simulation study upon some transient duties of the three-phase
induction machine

6.1. Symmetric supply system

The mathematical model described by the equation system (26-1...8) allows a complete
simulation study of the operation of the three-phase induction machine, which include start-
up, any sudden change of the load and braking to stop eventually. To this end, the machine
parameters (resistances, main and leakage phase inductances, moments of inertia
corresponding to the rotor and the load, coefficients that characterize the variable speed and
torque, etc.) have to be calculated or experimentally deduced. At the same time, the values
of the load torque and the expressions of the instantaneous voltages applied to each stator
phase winding are known, as well. The rotor winding is considered short-circuited. Using
the above mentioned equation system, the structural diagram in the Matlab-Simulink
environment can be carried out. Additionally, for a complete evaluation, virtual
oscillographs for the visualization of the main physical parameters such as voltage, current,
magnetic flux, torque, speed, rotation angle and current or specific characteristics
(mechanical characteristic, angular characteristic or flux hodographs) fill out the structural
diagram.

The study of the symmetric three-phase condition in the Matlab-Simulink environment takes
into consideration the following parameter values: three identical supply voltages with the
amplitude of 490 V (Uas=346.5V) and 27/3 rad. shifted in phase; ua=un=u«=0 since the rotor
winding is short-circuited; Rs=Ri=2; Lns=0,09; Los= Lo=0,01; J=0,05; p=2; k-=0,02; w1=314,1 (SI
units). The equation system becomes:

(5 +135, 71);213 = U — 32,14(% + JCS) + 32,14(2% —— )cos O +55,67(y ., — W}, )sin O,

(5+135,71)y, =ss ~32,14(w s+, | +32,14(20,, ~ v, v, |c0S O, +55,67(y, ~ v, )sin b
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(s+135,71)w, =tues = 32,14(w o + 3, )+ 32,14(20, ~ 0, ~ Wy, |cOS6 +55,67(, ~ ., )sin 6
(s+ 135,71)y7m =0-32,14(yy, + ¥, )+ 32,14(20 4~ ~ ¥/, )OSy +55,67(w — v )sin by
(s+135,71)w,, =0-32,14(p, +v,, |+ 32,14(20,, ~ .~ O8O, +55,67(  ~ . )sin
(s135,71)w, =0-32,14(w, + 4, )+ 32,14( 20, W s ~ ¥y, | O8Oy +55,67(1 1, ~ /1) sin by

O (5+0,4)= (40)(—(32,14){ Sin O [ oo (200 Vi Ve )+ Vs (20~ Ve w0 )+ (73-1-7)

SN T | VTSR 7 it R (7N R (7 | R

0y = g+ (73-8)
S

- 490 RETRD NN 490 QJG11-2,008) 7 490 pi(314,11-4,188).

Ups <> —— 7 S s Ucs 7
e N N (73-9)

u =U u =490

asmax bsmax ~ ~"csmax

It has to be mentioned again that the above equation system allows the analysis of the three-
phase induction machine under any condition, that is transients, steady state, symmetric or
unbalanced, with one or both windings (from stator and rotor) connected to a supply
system. Generally, a supplementary requirement upon the stator supply voltages is not
mandatory. The case of short-circuited rotor winding, when the rotor supply voltages are
zero, include the wound rotor machine under rated operation since the starting rheostat is
short-circuited as well.

The presented simulation takes into discussion a varying duty, which consists in a no-load
start-up (the load torque derives of frictions and ventilation and is proportional to the
angular speed and have a steady state rated value of approx. 3 Nm) followed after 0,25
seconds by a sudden loading with a constant torque of 50 Nm. The simulation results are
presented in Fig. 8, 10, 12, 14 and 15 and denoted by the symbol RS-50. A second simulation
iterates the presented varying duty but with a load torque of 120 Nm, symbol RS-120, Fig. 9,
11 and 13. Finally, a third simulation takes into consideration a load torque of 125 Nm,
which is a value over the pull-out torque. Consequently, the falling out and the stop of the
motor in t=0,8 seconds mark the varying duty (symbol RS-125, Fig. 16, 17, 18 and 19).

The RS-50 simulation shows an upward variation of the angular speed to the no-load value (in
t = 0,1 seconds), which has a weak overshoot at the end, Fig. 8. The 50 Nm torque enforcement
determines a decrease of the speed corresponding to a slip value of s = 6,5%. In the case of the
RS-120 simulation, the start-up is obviously similar but the loading torque determines a much
more significant decrease of the angular speed and the slip value gets to s = 25%, Fig. 9.
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Figure 9. Time variation of rotational pulsatance — RS-120

In the first moments of the start-up, the electromagnetic torque oscillates around 100 Nm
and after the load torque enforcement, it gets to approx. 53 Nm for RS-50, Fig. 10 and to
approx. 122 Nm for RS-120, Fig. 11. The operation of the motor remains stable for the both

duties.

The behavior of the machine is very interesting described by the hodograph of the resultant
rotor flux (the locus of the head of the resultant rotor flux phasor), Fig. 12 and 13. With the
connecting moment, the rotor fluxes start from 0 (O points on the hodograph) and track a
corkscrew to the maximum value that corresponds to synchronism (ideal no-load

operation), S points on the hodographs.
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Figure 13. Hodograph of resultant rotor flux — RS-120

The enforcement of the load torque determines a decrease of the resultant rotor flux, which is
proportional to the load degree, and is due to the rotor reaction. The locus of the head of the
phasor becomes a circle whose radius is proportional to the amplitude of the resultant rotor
flux. The speed on this circle is given by the rotor frequency that is by the slip value. It is
interesting to notice that the load torque of 50 Nm causes a unique rotation of the rotor flux
whose amplitude becomes equal to the segment ON (Fig. 12) whereas the 120 Nm torque causes
approx. 4 rotations of the rotor flux and the amplitude OF is significantly smaller (Fig. 13).

If the expressions (1) and (2) are also used in the structural diagram then both stator and
rotor phase currents can be plotted. The stator current corresponding to as phase has the
frequency fi=50 Hz and gets a start-up amplitude of approx. 70 A. This value decreases to
approx. 6 A (no-load current) and after the torque enforcement (50 Nm) it rises to a stable
value of approx. 14 A, Fig. 14. The rotor current on phase ar, which has a frequency value of
f2» = s f1, gets a similar (approx. 70 A) start-up variation but in opposition to the stator
current, iss. Then, its value decrease and the frequency go close to zero. The loading of the
machine has as result an increase of the rotor current up to 13 A and a frequency value of
f=3Hz, Fig. 15. The fact that the current variations are sinusoidal and keep a constant
frequency is an argument for a stable operation under symmetric supply conditions.
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Figure 14. Time variation of stator phase current — RS-50
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Figure 17. Time variation of electromagnetic torque — RS-125

The third simulation, RS-125, has a similar start-up but the enforcement of the load torque
determines a fast deceleration of the rotor. The pull-out slip (s=33%) happens in t=0,5
seconds after which the machine falls out. The angular speed reaches the zero value in t=0,8
seconds, Fig. 16, and the electromagnetic torque get a value of approx. 78 Nm. This value
can be considered the locked-rotor (starting) torque of the machine, Fig. 17.
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The described critical duty that involves no-load start-up and operation, overloading, falling
out and stop is plotted in terms of resultant rotor flux and angular speed versus
electromagnetic torque. The hodograph (Fig. 18) put in view a cuasi corkscrew section,
corresponding to the start-up, characterized by its maximum value represented by the
segment OS. The falling out tracks the corkscrew SP with a decrease of the amplitude, which
is proportional to the deceleration of the rotor. The point P corresponds to the locked-rotor
position (s=1). Fig. 19 presents the dynamic mechanical characteristic, which shows the
variation of the electromagnetic torque under variable operation condition. During the no-
load start-up, the operation point tracks successively the points O, M, L and S, that is from
locked-rotor to synchronism with an oscillation of the electromagnetic torque inside certain
limits (=+200Nm to =-25Nm). The enforcement of the overload torque leads the operation
point along the downward curve SK characterized by an oscillation section followed by the
unstable falling out section, KP. The PKS curve, together with the marked points (Fig. 19)
can be considered the natural mechanical characteristic under motoring duty.
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Figure 19. Rotational pulsatance vs. torque — RS-125 (start-up to locked-rotor)

6.2. Asymmetric supply system

A simulation study of the three-phase induction machine under unbalanced supply
condition and varying duty (start-up, sudden torque enforcement and braking to stop
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eventually) is possible by using the same mathematical model described by the equation
system (26-1...8). The values of the resistant torques and the expressions of the
instantaneous phase voltages have to be stated. Since the rotor winding is short-circuited,
the supply rotor voltages are ua=ubr=u«=0. On this basis, the structural diagram has been put
into effect in the Matlab-Simulink environment. As regards the unbalanced three-phase
supply system, it has to be mentioned that the phase voltages are no more equal in
amplitude and the angles of phase difference may have other values than 27/3 rad. In any
event, the sum of the instantaneous values of the applied voltages must be zero, that is
Uastubstucs=0. As an argument for this seemingly constraint stands the fact that the vast
majority of the three-phase induction machines are connected to the industrial system via
three supply leads (no neutral).

The simulation presented here takes into discussion an induction machine with the same
parameters as above that is: Rs=Rr=2; Lns=0,09; Los= Lar=0,01; J=0,05; p=2; k-=0,02; w1=314,1 (SI
units). Consequently, the equations (73-1) - (73-8) keep unchanged. The expressions (73-9)
have to be modified in accordance with the asymmetry degree.

Two varying duties under unbalanced condition have been simulated. The first (denoted
RNS-1) is characterized by an asymmetry degree, un = 16,5% and the following supply
voltages:

- 490 - 375 _ - 490 _
las <> 22 /G110, 970 141196, BT (31418 3,927);un ~16,5% (74)

2 J2 2
The simulation results are presented in Fig. 20, 22, 24, 25 and 28. The second study

simulation (denoted RNS-2) has an asymmetry degree of un = 27% given by the following
stator voltages:

o o390 jeaan. . 346,43 a2y, 346,43 je1411-3295). _ oo, (75)
’n

}_b yUes <

The simulation results are presented in Fig. 21, 23, 26, 27 and 29. The varying duties are
similar to those discussed above and consist in a no-load start-up (the load torque derives of
frictions and ventilation and is proportional to the angular speed and have a steady state
rated value of approx. 3 Nm) followed after 0,25 seconds by a sudden loading with a
constant torque of 50 Nm.

In comparison to symmetric supply, the unbalanced voltage system causes a longer start-up
time with approx. 20% for RNS-1 (Fig. 20) and with 50% for RNS-2 (Fig. 21). Moreover, the
higher asymmetry degree of RNS-2 leads to the cancelation of the overshoot at the end of
the start-up process. At the same time, significant speed oscillations are noticeable during
the operation (no matter the load degree), which are higher with the increase of the
asymmetry degree. These oscillations have a constant frequency, which is twice of the
supply voltage frequency. They represent the main cause that determines the specific noise
of the machines with unbalanced supply system.
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Figure 20. Time variation of rotational pulsatance — RNS-1 (start-up + sudden load)
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Figure 21. Time variation of rotational pulsatance — RNS-2 (start-up + sudden load)

The inspection of the electromagnetic torque variation (Fig. 22 and 23) shows the presence of a
variable oscillating torque, whose frequency is twice the supply voltage frequency (in our case
100 Hz) and overlaps the average torque. This oscillating component is demonstrated by the
analytic expression of the instantaneous torque, which is written using nothing but total flux linkages
(25). The symmetric components theory, for example, is not capable to provide information
about these oscillating torques. At the most, this theory evaluates the average torque, probably
with inherent errors. Coming back to the torque variations, one can see that the amplitude
oscillations increase with the asymmetry degree, but their frequency keeps unchanged.
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Figure 23. Time variation of electromagnetic torque - RNS-2

% 60'“
[
£ A

Time t [s] .

Figure 24. Time variation of stator phase current — RNS-1
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Figure 25. Time variation of rotor phase current — RNS-1
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Figure 27. Time variation of rotor phase current — RNS-2

The stator currents variation, Fig. 24 and 26, have a sinusoidal shape and an unmodified
frequency of 50 Hz. Their amplitude increases however with the asymmetry degree (approx.
18 A for RNS-1 and approx. 32 A for RNS-2). As a consequence of this fact, both power
factor and efficiency decrease. The rotor currents (Fig. 25 and 27) include besides the main
component of f>=s- fi frequency a second oscillating component of high frequency, f>=(2-s)f;,
which is responsible for parasitic torques and vibrations of the rotor. The amplitude of these
oscillating currents increases with the asymmetry degree.
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The hodographs of the resultant rotor flux show a very interesting behavior of the
unbalanced machines, Fig. 28 and 29. In comparison to the symmetric supply cases where
the hodograph is a circle under steady state, the asymmetric system distort the curve into a
,gear wheel” with a lot of teeth placed on a mean diameter whose magnitude depends
inverse proportionally with the asymmetry degree. Generally, these curves do not overlap
and prove that during the operation the interaction between stator and rotor fluxes is not
constant in time since the rotor speed is not constant. Consequently, the rotor vibrations are
usually propagated to the mechanical components and working machine.

In order to point out the superiority of the proposed mathematical model, Fig. 30 shows the
structural diagram used in Simulink environment. The diagram is capable to simulate any
steady-state and transient duty under balanced or unbalanced state of the induction
machine including doubly-fed operation as generator or motor by simple modification of
the input data. To prove this statement, a simulation of an unbalanced doubly-fed operation
has been performed. The operation cycle involves: I. A no-load start-up (the wound rotor
winding is short-circuited); II. Application of a supplementary output torque of (-70) Nm (at
the moment t=0.4 sec.) which leads the induction machine to the generating duty (over
synchronous speed); IIl. Supply of two series connected rotor phases with d.c. current
(Uar=+40V, U= —40V, Ua=0V), at the moment time t=0.6 sec., which change the operation of
the induction generator into a synchronized induction generator (SIG).

Fig. 31 and 32 show the dynamic mechanical characteristic, Te=f(QQr) and the hodograph of
the resultant rotor flux respectively. The start-up corresponds to A-S1 curve, the over
synchronous acceleration is modeled by S1-S curve and the operation under SIG duty
corresponds to S-S2 curve. A few observations regarding Fig. 32 are necessary as well. The
rotor flux hodograph is rotating in a counterclockwise direction corresponding to motoring
duty, in a clockwise direction for generating duty and stands still at synchronism. The “in
time” modification and the position of the hodograph corresponding to SIG duty depend on

the moment of d.c. supply and the load angle of the machine.

100

Rotational pulsatance o r [rad/s]

-100: A 100,

Electromagnetic torque Te [Nm]

Figure 31. Dynamic mechanical characteristic
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Figure 32. Hodograph of resultant rotor flux

7. Conclusion

The mathematical model presented in this contribution is characterized by the total lack of
the winding currents and angular speed in the voltage equations. Since these parameters are
differential quantities of other electric parameters, they usually bring supplementary
calculus errors mainly for the dynamic duty analysis. Their removal assures a high accuracy
of the results. If their variation is however necessary to be known then simple subsequent
calculations can be performed.

The use of the mathematical model in total fluxes is appropriate for the study of the electric
machines with permanent magnets where the definitive parameter is the magnetic flux and
not the electric current.

The coefficients defined by (28.1-4), which depend on resistances and inductances, take into
consideration the saturation. Consequently, the study of the induction machine covers more
than the linear behavior of the magnetization phenomenon.

The most important advantage of the proposed mathematical model is its generality degree.
Any operation duty, such as steady-state or transients, balanced or unbalanced, can be
analyzed. In particular, the double feeding duty and the synchronized induction machine
operation (feeding with D.C. current of a rotor phase while the other two are short-circuited)
can be simulated as well.

The results obtained by simulation are based on the transformation of the equations in
structural diagrams under Matlab-Simulink environment. They present the variation of
electrical quantities (voltages and currents corresponding to stator and rotor windings), of
mechanical quantities (expressed through rotational pulsatance) and of magnetic
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parameters (electromagnetic torque, resultant rotor and stator fluxes). They put in view the
behavior of the induction machine for different transient duties. In particular, they prove
that any unbalance of the supply system generates important variations of the
electromagnetic torque and rotor speed. This fact causes vibrations and noise.
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