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1. Introduction

The chapter deals with the effects of weak fields at multiple frequencies on the scattering and
generation of waves by an isotropic, nonmagnetic, linearly polarised (E-polarisation), layered,
cubically polarisable, dielectric structure. In the domain of resonance frequencies we consider
wave packets consisting of both strong electromagnetic fields at the excitation frequency
of the nonlinear structure, leading to the generation of waves, and of weak fields at the
multiple frequencies, which do not lead to the generation of harmonics but influence on the
process of scattering and generation of waves by the nonlinear structure. The electromagnetic
waves for a nonlinear layer with a cubic polarisability of the medium can be described by
an infinite system of nonlinear boundary-value problems in the frequency domain. As has
been shown in previous articles of the authors ([3], [4]), in the study of particular nonlinear
effects it is possible to restrict this system to a finite number of equations. If the classical
formulation of the problem is supplemented by the condition of phase synchronism, we
arrive at a self-consistent formulation of a system of boundary-value problems with respect
to the components of the scattered and generated fields. It is known that this system is
equivalent to a system of nonlinear boundary-value problems of Sturm-Liouville type and
also to a system of one-dimensional nonlinear Fredholm integral equations of the second
kind.

The solution of the system of integral equations is approximated by the help of numerical
algorithms. Those include the application of suitable quadrature rules and iterative
procedures to solve the resulting nonlinear algebraic problems. Since in each iteration step
the solution of linear algebraic systems is required, the approximate solution of the nonlinear
problems is described by means of solutions of linear problems with an induced nonlinear
permittivity.

In continuation of our results from previous works ([3], [4]), where we only considered
one excitation field at the basic frequency, here results of calculations of characteristics of the
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scattered and generated fields of plane waves are presented, taking into account the influence
of weak fields at multiple frequencies on the cubically polarisable layer. We restrict ourselves
to the investigation of the third harmonic generated by layers with a positive value of the
cubic susceptibility of the medium.

Within the framework of the self-consistent system which is given by a system of nonlinear
integral equations, we show the following. The variation of the imaginary parts of the
permittivities of the layer at the multiple frequencies can take both positive and negative
values along the height of the nonlinear layer. It is induced by the nonlinear part of the
permittivities and is caused by the loss of energy in the nonlinear medium which is spent
for the generation of the electromagnetic fields. The magnitudes of these variations are
determined by the amplitude and phase characteristics of the fields which are scattered and
generated by the nonlinear layer.

Layers with negative and positive values of the coefficient of cubic susceptibility of the
nonlinear medium have fundamentally different scattering and generation properties. In
the case of negative values of the susceptibility, a decanalisation of the electromagnetic field
can be detected. The maximal portion of the total energy generated in the third harmonic
is observed in the direction normal to the structure and nearly amounts to 4% of the total
dissipated energy. For a layer with a positive value of the susceptibility an effect of energy
canalisation is observed (see [4]). Increasing intensities of the incidents fields lead to an
increase of the angle of transparancy which increasingly deviates from the direction normal
to the layer. In this case, the maximal portion of energy generated in the third harmonic is
observed near the angle of transparency of the nonlinear layer. In the numerical experiments
there have been reached intensities of the excitation field of the layer such that the relative
portion of the total energy generated in the third harmonic is about 35% (see [4]).

In the chapter the effect of weak fields at multiple frequencies on the scattering and
generation of waves is investigated numerically. The results indicate a possibility of
designing a frequency multiplier and nonlinear dielectrics with controllable permittivity.

2. The mathematical model

We consider a layered nonlinear medium which is located in an infinite plate of thickness
4715, where 6 > 0 is a given parameter: {r = (x,y,z)" € R3: |z| < 27d}.

It is assumed that the vector of the polarisation moment P can be expanded in terms of the
electric field intensity E as follows:

P=xDE+ (xPBE+ (xPE)E)E+..., (1)

where X(l), X(Z), X(3) are the media susceptibility tensors of rank two, three and four, with
3

ij=1’
isotropic media, the quadratic term disappears.

1 2 3 .
components { Xl(].) { Xlg],k) ;’)] r—q and { Xz(jk)l}?, k=17 respectively (see [5]). In the case of

It is convenient to split P into its linear and nonlinear parts as P = P(L) + P(NL) .— 5 (DE 4
p(NL) Similarly, with € := I+ 47‘[X(1) and D) .= €E, where I denotes the identity in C3,
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Figure 1. The nonlinear dielectric layered structure
the displacement field D can be decomposed as

D = DU 4 47P(NL), )

e is the linear term of the permittivity tensor. Furthermore, if the media under consideration
are nonmagnetic, isotropic and transversely inhomogeneous w.rt. z, i.e. € = e with a

scalar, possibly complex-valued function ell) = ¢(L)(z), if the wave is linearly E-polarised,
ie.

E=(E,0,0)", H=(0,Hy,H3)', 3)

and if the electric field E is homogeneous w.r.t. the coordinate x, ie. E(rt) =
(E1(t;y,2),0, 0) ", then the Maxwell’s equations together with (2) are simplified to

=0, (4)

where V2 reduces to the Laplacian w.r.t. y and z, i.e. V2 := 92/9y? + 9% /922,

A stationary electromagnetic wave (with the oscillation frequency w > 0) propagating in
a nonlinear dielectric structure gives rise to a field containing all frequency harmonics (see

[20], [22], and other authors). Therefore, representing E, P(NL) via Fourier series

—r 1 —iswt (NL) _ 1 (NL) —iswt
E(r, t) = 25E%E(r,sw)e , PWH(r,t) = ngP (1, 5w)e 51, (5)

we obtain from (4) an infinite system of coupled equations w.r.t. the Fourier amplitudes. In
the case of a three-component E-polarised electromagnetic field (3), this system reduces to a
system of scalar equations w.r.t. Ey:

el (sw)?
2

471 (sw)?

NL)
c? (

AEq(r,sw) + Ei(r,sw) + Pl( r,sw) =0, se&N. (6)

In writing equation (6), the property E;(r;jw) = E1(r; —jw) of the Fourier coefficients and
the lack of influence of the static electric field Eq(r,sw)|s—p = 0 on the nonlinear structure
were taken into consideration.
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We assume that the main contribution to the nonlinearity is introduced by the term
P(NL) (r,5w) (cf. [25], [14], [8], [1], [24], [10], [19], [11]), and we take only the
lowest-order terms in the Taylor series expansion of the nonlinear part PNL) (r,sw) =

-
<P1(NL) (r,5w),0, O> of the polarisation vector in the vicinity of the zero value of the electric
field intensity, cf. (1). In this case, the only nontrivial component of the polarisation vector

is determined by susceptibility tensor of the third order x(%). In the time domain, this
component can be represented in the form (cf. (1) and (5)):

Pl(NL) (r,t) = % ) Xﬁ)ll (sw; nw, mw, pw)Eq (r, nw) Eq (v, mw)Eq (x, pw)e™ @, (7)

n,m,p,s€Z\{0}
n+m-+p=s

where the symbol = means that higher-order terms are neglected. Applying to (7) the Fourier
transform w.r.t. time, we obtain an expansion in the frequency domain:

NL 1 3 , . ,
Pl( )(r,sa)) =1 .%3)(51)11(sw;]w, —jw, sw)|Eq (x, jw)|?Eq (x, sw)
je
1 3
+ ) )(51)11 (sw; nw, mw, pw)Eq (r, nw)Eq (r, mw)Eq (r, pw). "

n,m,peZ\{0} (8)
n#E—m, p=s
m#—p, n=s
n#—p, m=s
n+m+p=s

We see that, under the above assumptions, the electromagnetic waves in a nonlinear medium
with a cubic polarisability are described by an infinite system (6) and (8) of coupled nonlinear
equations ([25], [14], [8], [2]).

Here we study nonlinear effects involving the waves at the first three frequency components
of E; only. That is, we further neglect the influence of harmonics of order higher than 3.
Then it is possible to restrict the examination of the system (6) and (8) to three equations,
and also to leave particular terms in the representation of the polarisation coefficients. Taking
into account only the nontrivial terms in the expansion of the polarisation coefficients and
using the so-called Kleinman’s rule (i.e. the equality of all the coefficients Xﬁ)ll at the multiple
frequencies, [7], [9]), we arrive at the following system:

AE; (r, nx) 4 (nx)?enx(z,2(2), E1(x, %), E1 (r,2x), E1 (1, 3k))
= — 8K (z)E2 (r,2x)Eq (1, 3x) )

— 5,3(3x)%a(z) {%E%(r,;{) + E%(r,ZK)El(l‘,K)} , n=1,23,
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1, |z| > 279, 1)
withx: =¥ =20 ¢ .= and ¢l) :=1+47 (
¢ A TR {S(L) + sSX”, |z| <279, A1

4

NL
e = a(z)[|E1 (r,6)[2 + |E1 (v, 26) > + | Ex (1, 3%)
E i E 10)
[E1(x,%)] E, (r, 2) (
O — "1 F 5. E1lr,2K) .
+ O K 1(r,3%) + 0u2 Ey(r,20) 1(5,%)Eq (x,3x)]
where a(z) := 37T)cﬁ’)11(z) is the so-called function of cubic susceptibility and 6,; denotes

Kronecker’s symbol. For transversely inhomogeneous media (a layer or a layered structure),
the linear part (L) of the permittivity is described by a piecewise smooth or even a piecewise
constant function. Similarly, the function of the cubic susceptibility & = a(z) is also a
piecewise smooth or even a piecewise constant function. This assumption allows us to
investigate the scattering and generation characteristics of a nonlinear layer and of a layered
structure (consisting of a finite number of linear and nonlinear dielectric layers) within one
and the same mathematical model.

Here and in what follows we use the following notation: (r,t) are dimensionless
spatial-temporal coordinates such that the thickness of the layer is equal to 47d. The
time-dependence is determined by the factors exp(—inwt), where w = xc is the
dimensionless circular frequency and x is a dimensionless frequency parameter. This
parameter characterises the ratio of the true thickness / of the layer to the free-space
wavelength A, i.e. h/A = 2ké. ¢ = (egpg)~'/? denotes a dimensionless parameter, equal
to the absolute value of the speed of light in the medium containing the layer (Jmc = 0). g
and y are the material parameters of the medium. The absolute values of the true variables
v/, t',w' are given by the formulas t' = hr/476, t' = th/47é, w' = w4nd/h.

The scattered and generated field in a transversely inhomogeneous, nonlinear dielectric
layer excited by a plane wave is quasi-homogeneous along the coordinate y, hence it can be
represented as

(C1) Eq(r,nk) =: Ey(nx;y,z) := U(nk;z) exp(ignxy), n=1,2,3.

Here U(nx;z) and ¢py := nk sin ¢, denote the complex-valued transverse component of the
Fourier amplitude of the electric field and the value of the longitudinal propagation constant
(longitudinal wave-number) at the frequency nx, respectively, where ¢ is the given angle
of incidence of the exciting field of frequency nx (cf. Fig. 1).

Furthermore we require that the following condition of the phase synchronism of waves is
satisfied:

(C2) (PnK - n4)1<, n = 1,2, 3.
Then the permittivity of the nonlinear layer can be expressed as
enx(z,a(z), E1(r,x), E1(r,2x), E1(r,3k)) = enx(z,a(z), U(x;z), U(2x;z), U(3K; z))
= el (2) +a(2) [|U(K;2) |? + |U(2x;2)|? + |U(3x; 2)|?
+ 0,1 |U(1;2) ||[U(3%;z) | exp {i [-3arg(U(x; z)) + arg(U(3x;z))] } (11)

+ 0|U(x; 2)||U(3x; z) | exp {i [—2arg(U(2k; z)) + arg(U(x;z)) + arg(U(3x;z))]} },
n=1,2,3.
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A more detailed explanation of the condition (C2) can be found in [3, Sect. 3]. In the
considered case of spatially quasi-homogeneous (along the coordinate y) electromagnetic
fields (C1), the condition of the phase synchronism of waves (C2) reads as

sinpux =singyx, n=1,2,3.

Consequently, the given angle of incidence of a plane wave at the frequency « coincides with
the possible directions of the angles of incidence of plane waves at the multiple frequencies

nk, ie. gux = @, n = 1,2,3. The angles of the wave scattered by the layer are equal to goff,cat =

—@ui in the zone of reflection z > 2716 and (p%cxat = 7T 4 @ux and in the zone of transmission
of the nonlinear layer z < —274, where all angles are measured counter-clockwise in the

(y,z)-plane from the z-axis (cf. Fig. 1).

The conditions (C1), (C2) allow a further simplification of the system (9). Before we do so,
we want to make a few comments on specific cases which have already been discussed in
the literature. First we mention that the effect of a weak quasi-homogeneous electromagnetic
field (C1) on the nonlinear dielectric structure such that harmonics at multiple frequencies are
not generated, i.e. E1(r,2x) = 0 and E;(r,3x) = 0, reduces to find the electric field component
Eq(r,x) determined by the first equation of the system (9). In this case, a diffraction problem
for a plane wave on a nonlinear dielectric layer with a Kerr-type nonlinearity e, = el (z) +
a(z)|E1(r,x)|? and a vanishing right-hand side is to be solved, see [1, 8, 11, 14, 19, 24, 25]. The
generation process of a field at the triple frequency 3x by the nonlinear dielectric structure
is caused by a strong incident electromagnetic field at the frequency x and can be described
by the first and third equations of the system (9) only, i.e. n = 1, 3. Since the right-hand side
of the second equation in (9) is equal to zero, we may set E;(r,2x) = 0 corresponding to the
homogeneous boundary condition w.r.t. E1(r,2x). Therefore the second equation in (9) can
be completely omitted, see [2] and the numerical results in [3], [4].

A further interesting problem consists in the investigation of the influence of a packet of
waves on the generation of the third harmonic, if a strong incident field at the basic frequency
x and, in addition, weak incident quasi-homogeneous electromagnetic fields at the double
and triple frequencies 2x, 3k (which alone do not generate harmonics at multiple frequencies)
excite the nonlinear structure. Then we have to take into account all three equations of
system (9). This is caused by the inhomogeneity of the corresponding problem, where a
weak incident field at the double frequency 2« (or two weak fields at the frequencies 2x and
3k) excites (resp. excite) the dielectric medium.

So we consider the problem of scattering and generation of waves on a nonlinear, layered,
cubically polarisable structure, which is excited by a packet of plane waves consisting of a
strong field at the frequency x (which generates a field at the triple frequency 3x) and of
weak fields at the frequencies 2x and 3« (having an impact on the process of third harmonic
generation due to the contribution of weak electromagnetic fields)

. . . 3
{EinC(rl n) i= EN(nx; y, 2) = ai™ exp (i(qbnky — Tz — 2715)))} oz>2m, (12)

n=
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with amplitudes a™ and angles of incidence ¢ny, |@| < /2 (cf. Fig. 1), where ¢y :=
nk sin @ are the longitudinal propagation constants (longitudinal wave-numbers) and

Ty i= 1/ (nx)? — ¢3 are the transverse propagation constants (transverse wave-numbers).

In this setting, if a packet of plane waves excites a nonmagnetic, isotropic, linearly polarised
(i-e.

1 ok (nxyz) 1 aEl(nK;y,z))T

£ . T L
E(r,nx) = (E1(nx;y,2),0,0)  , H(r,nk) = <O, ol 52 '~ fneong 3y

(1)

(E-polarisation)), transversely inhomogeneous ¢(1) = ¢(L)(z) = 1 + 47X4, (2) dielectric layer

(see Fig. 1) with a cubic polarisability PINL) (¢, nx) = (Pl(NL) (nx;y,2),0,0) " of the medium,
the complex amplitudes of the total fields

Ei(r,nx) =: Ey(nk;y,z) := U(nx; z) exp(ipnxy) := Eilnc(nx;y, )+ Escat(mc;y,z)
satisfy the system of equations (cf. (9) — (10))

( V2Ei(r, %) + x2ex(z,a(2), E1 (x, )El(r,ZK), 1(r 3x))E1(r,
= —a(z)xEf(r,26) E1 (r,31),

(r,2x),E1(r,3x))E{(r,2x) = 0, (13)
(r,2x), E1(r,3x))Eq (1, 3x)

1
(r,x) + E3(r, zK)El(r,K)}

)

V2E1 (I', 2K) + (2K>2€2K (Z, “(Z) ( )
V2E; (r,3x) + (3x)2es¢(z, a(z), E1 (1, )
= o))

Eq
E
E3
1

together with the following conditions, where Egg(nx;y,z) and Hig (nx;y,z) denote
the tangential components of the intensity vectors of the full electromagnetic field

{E(?ZK; Y Z) }n:1,2,3 ’ {H(i’lK,‘ Y Z)}n:1,2,3:

(C1) Eq(nx;y,z) = U(nk;z) exp(ipuxy), n=1,2,3
(the quasi-homogeneity condition w.r.t. the spatial variable y introduced above),
(CZ) (PnK - Tl(PK, n = 1, 2, 3,
(the condition of phase synchronism of waves introduced above),
(C3) Ewg(nx;y,z) and Hig(nx;y, z) (i.e. E1(nx;y,z) and Hy(nx;y, z))
are continuous at the boundary layers of the nonlinear structure,
scat

(C4) Ef(niy,z) = {Zscat} exp (i (puxy £ Tne(z F276))), z2+2m6, n=123

(the radiation condition w.r.t. the scattered and generated fields).

The condition (C4) provides a physically consistent behaviour of the energy characteristics
of scattering and generation. It guarantees the absence of waves coming from infinity (i.e.
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z = £o0), see [12]. We study the scattering and generation properties of the nonlinear layer,
where in (C4) we always have

jm rnK - O, 9{6 rnK > 0 (14)

Note that (C4) is also applicable for the analysis of the wave-guide properties of the layer,
where Jm I > 0, Re I = 0. The desired solution of the scattering and generation problem
(13) under the conditions (C1) — (C4) can be represented as follows:

El(l’lK y,z) = U(nk; z) exp(idpncy)

apé exp(i(pnxy — Tnx(z — 2710))) + a5 exp (i( Py + T (z — 2716))), z > 2716,
= < U(nk;z) exp(ipuy), |z| <276, (15)
bt exp (i(puxy — Tnx(z + 278))), z < =276,
n=1,23.

Substituting this representation into the system (13), the following system of nonlinear
ordinary differential equations results, where “’” denotes the differentiation w.r.t. z:

U" (nx;z) + {T2, )2 (1 — enx(z,a(z), U(x; z), U(2K; 2), U(3K;2))] } U(nx; z)
— 1
a(z ( nlu (21;2)U(3x;2) + O3 {gLIS(K;Z) + UZ(ZK;Z)U(K,'Z)}) , (16)
z| <276, n=1,2,3.

The boundary conditions follow from the continuity of the tangential components of the
full fields of scattering and generation {Ew(n;y,2)},_;,5, {Hig(nKy,2)},_,5 at the
boundaries z = =£27 of the nonlinear layer (cf. (C3)). According to (C3) and the
representation of the electrical components of the electromagnetic field (15), at the boundary

of the nonlinear layer we obtain:

U(nk;270) = a$@t +alle, U’ (nx;278) = il (aSS2 — all) , a7
U(nk; —276) = b5at, U’ (nx; —27m6) = —ilpebSd, n=1,2,3.

Eliminating in (17) the unknown values of the complex amplitudes {a$t

{bma 12

Umc(mc; 2716), we arrive at the desired boundary conditions for the problem (16):

n=1,23"
5 of the scattered and generated fields and taking into consideration that aine =

iTpU(nx; —27t8) + U’ (nx; —276) = 0,

iU (nx;2m8)  — U (nx;2m8) = 2iTyeals, n=1,2,3. (18)

The system of ordinary differential equations (16) and the boundary conditions (18) form
a semi-linear boundary-value problem of Sturm-Liouville type, see also [2, 14, 15, 25]. The
existence and uniqueness of a weak solution of the nonlinear boundary-value problem (16)
and (18) have been demonstrated in [4, Sect. 4].
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The problem (13), (C1) — (C4) can also be reduced to finding solutions of one-dimensional
nonlinear integral equations w.r.t. the components U(nx;z), n = 1,2,3, z € [—271,276], of
the fields scattered and generated in the nonlinear layer (cf. [3], [2], [15], [25], [14], [8]):

i 2 276
U(nx;z) + i(nr) / exp(ilnc|z — zo|) ¥

2rn1< —276
X [1 = enx (zo, a(z0), U(x;20) , U(2K;20) ,U(3%;20))] U(nx; zg)dzo
i(nx)? 270 , ) _
3= 5“?/ exp(iTux|z — zo|)a(zo) U” (2k; 29 ) U (3%; zg ) dzg (19)
nk —276

i 2 27 1 N
+ 0,3 i{nx) / exp(iTux|z — zo|)a(zo) {—U3(K,‘ZQ) + uz(ZK;ZO)U(K;Z())} dzg
2l J—276 3

+ U (nk;z), |z| <278, n=1,2,3.

Here U™ (nx;z) = all€ exp [—iTpc(z — 2716)], n = 1,2,3.

The solution of the original problem (13), (C1) — (C4), represented as (15), can be obtained
from (19) using the formulas

U(nk;2m8) = al + a5, U(nk; —278) = b5, n=1,2,3, (20)

(cf. (C3)). The system (19) can be regarded as an integral representation of the desired
solution of (13), (C1) — (C4) (i.e. solutions of the form E; (nx;y,z) = U(nx;z) exp (ipncy), n =
1,2,3, see (15)) for points located outside the nonlinear layer: {(y,z) : |y| < oo, |z| > 275} .
Indeed, given the solution of nonlinear integral equations (19) in the region |z| < 2714, the
substitution into the integrals of (19) leads to explicit expressions of the desired solutions
U(nk;z) for points |z| > 27t outside the nonlinear layer at each frequency nx, n = 1,2,3.

In the case of a linear system (19), i.e. if « = 0, the problem of existence and uniqueness
of solutions has been investigated in [16], [12]. Sufficient conditions for the existence and
uniqueness of solutions U(nk;-) € Lp(—276,276) to the nonlinear system (19) have been
given in [4, Sect. 6].

3. A self-consistent approach to the numerical analysis of the nonlinear
integral equations

According to [3], [2], the application of suitable quadrature rules to the system of nonlinear
integral equations (19) leads to a system of complex-valued nonlinear algebraic equations of
the second kind:

(I — By (UK/ Uy, U3K>)U2K = Uizr;cc’ (21)

{ (I : BK(UK’ UZK’ U3K))UK = CK(UZK/ U3K) + U}{I’IC,
(I — B (UK' Uy, U3K>)U3K = Csx (UK/ UZK) + Uigl}cc,

where {z;}}Y, is a discrete set of nodes such that —2716 =: z; < zp < ... < 7 < ... < zy =:
2710.

315
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Uy = {Ul(nK)}llil ~ {U (nx; zl)}lli 1 denotes the vector of the unknown approximate
solution values corresponding to the frequencies nx, n = 1,2,3. The matrices are of the
form

By (Ux, Uay, Us) = {AmKpp (%, Uy, Uy, Use) HYy_q

with entries

i(nx)?

T exp ((Tnx|z — zm|) [1 — {E(L) (zm)

(2 (1 (06) 2 4+ [ U (26) 2 + | Ui (35) 2 22)
+ 01 | Um ()| |U (3x) | exp {i [—3arg Uy, (x) + arg Uy, (3x)] }

+ 02 [Up (1) | |U (3x) | exp {i [—2arg Uy, (2x) + arg Uy, (k) + arg Uy, (3x)] } ) H .

Klm (TZK, UK/ UZKI U3K) =

The numbers A, are the coefficients determined by the quadrature rule, I := {51,”}{\’”1:1 is
the identity matrix, and ¢;,,, is Kronecker’s symbol.

The right-hand side of (21) is defined by

Upn = {any expl—iTue(z — 2706) 14,

ix? N . ) _ N
C(Uay, Uz = {ﬁ Y A expl(iTy|z — zm|)oc(zm)llm(2x)um(31c)}l_l,
m=1 B
i(3x)? Y . 1 — N
Car(Us, Uze) 1= { "5 37 A expilselzs — 2nl)a(zn) [ U (09 + LB (200U }
m=1 B

Given a relative error tolerance ¢ > 0, the solution of (21) is approximated by means of the
following iterative method:

- S \ Q
{ I © ( ;(CS 1)’U£i2(q))lllé1sc3(q))) 1|U;({ )
- — . Sq 1(S1
- . S2(q):m2(S2(q9)) <&
{ -I 2% ( 1((51(q))’U$( 1)’ Lgi?’(q))) ] S{) - UIZI;cC}sz 1q) Y (23)

{1 Bay (U@, U@, UG ) |l

= o (U, U ) o}

with 77, (s) = \USISK) - ngs,;l)||/||U,(fK), n = 1,2,3, where the terminating index Q € IN is
defined by the requirement

max {71(Q), 12(Q),13(Q)} < ¢.
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4. Eigen-modes of the linearised problems of scattering and generation of
waves on the cubically polarisable layer

The solution of the system of nonlinear equations (19) is approximated by the solution of a
linearised system, for given values of the induced dielectric permittivity and of the source
functions at the right-hand side of the system. The solution can be found by the help of
algorithm (23), where at each step a system of linearised nonlinear complex-valued algebraic
equations of the second kind is solved iteratively. The analytic continuation of the linearised
nonlinear problems into the region of complex values of the frequency parameter allows
us to switch to the analysis of spectral problems. That is, the eigen-frequencies and the
corresponding eigen-fields of the homogeneous linear problems with an induced nonlinear
permittivity are to be determined. The results of the development of a spectral theory of
linear problems for structures with noncompact boundaries can be found in [23], [13], [16],
[12], [18], [17].

As mentioned above, the classical formulation of the problem of scattering and generation
of waves, described by the system of boundary value problems (13), (C1) — (C4), can be
reformulated as a set of independent spectral problems in the following way:

Find the eigen-frequencies x, and the corresponding eigen-functions Ej(r,x,) (ie. {x, €

Qe C Hyx, Eq(x, Kn)}izl, where (), are the discrete sets of eigen-frequencies lying on the
two-sheeted Riemann surfaces Hyy, see Fig. 2 and the more detailed explanations below)
satisfying the equations

V2E (x, k) + K2enx (z,a(2), E1(r, %), E1 (r,2K), E1 (1, 3%)) E1 (r,k,) =0, n=1,2,3, (24)

together with the following conditions:

(CS1) Ei(ku;y,z) = U(ky; z) explipncy), n=1,2,3
(the quasi-homogeneity condition w.r.t. the spatial variable y),

(CSZ) 4);/”( - ﬂ¢K, n = 1,2,3
(the condition of phase synchronism of waves),

(CS3) Etg(kn;y,z) and Hig(xy;y,z) (i-e. E1(xu;y,z) and Hy(xp;y,z)) are
continuous at the boundary layers of the structure with the induced permittivity €, for
k:=x1", n=1273,

(CS4) Ei(kn;y,z) = {Zi” } exp (i (pnxy £ Tk, (kn, Puxc)(z F2716))), z2+2m6, n=1,2,3

n

(the radiation condition w.r.t. the eigen-field).

For real values of the parameters x, and ¢y, the condition (CS4) meets the physically
reasonable requirement of the absence of radiation fields of waves coming from infinity
z = Zoo0:

jmrxn (Kn, 4)1/1;{) Z 0, fﬁe r;{n (Kn, (Pn;{) 9%2 Kn 2 0 fOI' jmfpn;( - 0, jmKn - 0, n = 1, 2,3.
(25)
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Figure 2. The geometry of the two-sheeted Riemann surfaces H,
The nontrivial solutions (eigen-fields) of problem (24), (CS1) — (CS4) can be represented as

ax, exp (i(Pnxy + Tk, (Kn, Pnx ) (z — 2716))), z > 2716,
Eq(kn; y,2) = Ul(xn; z) exp(ignry) = { U(xn; z) exp(ignxy), |z| < 275,
b, exp(i(puxy — Tk, (kn, Pnx) (z + 2718))), z < =279,
Kn € Qe CHpe, n=1,2,3,
(26)
where « is a given constant equal to the value of the excitation frequency
of the nonlinear structure, T, (K, ¢nx) = (k2 — ¢2,)1/? are the transverse propagation
functions depending on the complex frequency spectral variables «;, ¢ux = nx sin(@ny)
denote the given real values of the longitudinal propagation constants, e, =
enx(z,a(z), E1(r,x), E1(r,2x), E1(r,3x)) are the induced dielectric permittivities at the
frequencies nx corresponding to the parameter  := k"¢, (), are the sets of eigen-frequencies
and Hy; are two-sheeted Riemann surfaces (cf. Fig. 2), n = 1,2,3. The range of the spectral
parameters k, € () is completely determined by the boundaries of those regions in
which the analytic continuation (consistent with the condition (25)) of the canonical Green’s
functions

.—  kinc

Go(xu;q,90) = ﬁ exp {i [pux (¥ —yo) + Tk, (kn, Pux) |2 — 201} /T, (K1, ), n=1,2,3,

into the complex space of the spectral parameters «; of the unperturbed problems (24), (CS1)
— (CS4) (i.e. for the special case ¢4, = 1, n = 1,2,3) is possible. These complex spaces are
two-sheeted Riemann surfaces Hy (see Fig. 2) with real algebraic branch points of second
order i : Ty, (5, ¢nx) = 0 (ie. kF = *|pux|, n = 1,2,3) and with cuts starting at these
points and extending along the lines

Rexy)? — (Imuy)? —¢2 =0, JTmr, <0, n=1,2,3. 27)
(PTZK

The first, “physical” sheets (i.e. the pair of values {xy, I'x, (kn, ¢nx)}) on each of the surfaces
Hyux, n = 1,2,3, are completely determined by the condition (25) and the cuts (27). At the first
sheets of Hy the signs of the pairs {x,, ReTy, } and {x,, ImTy, } are distributed as follows:
JmI, > 0 for 0 < argx, < 7, Rely, > 0 for 0 < argx, < 7/2 and Rel,, < 0 for
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/2 < argk, < 7. For points k, with 37t/2 < argx, < 27, the function values (where
(Rexy)? — (Jmxy)? — ¢, > 0) are determined by the condition Jm T, < 0, ReTy, > 0, for
the remaining points «; the function Ty, (K, ¢nx ) is determined by the condition Jm Ty, > 0,
Rel,, < 0. In the region m < argx, < 37/2 the situation is similar to the previous one
up to the change of the sign of fReI',. The second, “unphysical” sheets of the surfaces Hy,
n =1,2,3 are different from the “physical” ones in that, for each x;, the signs of both eI’y
and JmTI, are reversed.

The qualitative analysis of the eigen-modes of the linearised problems (24), (CS1) — (CS4) is
carried out using the equivalent formulation of spectral problems for the linearised nonlinear
integral equations (19). It is based on the analytic continuation of (19) into the space of
spectral values x,, € Qe C Hyx, 1 =1,2,3.

The spectral problem reduces to finding nontrivial solutions U(x; z) of a set of homogeneous
(i.e. with vanishing right-hand sides), linear (i.e. linearised equations (19)) integral equations
with the induced dielectric permittivity at the frequencies nx of excitation and generation:

Ui 2) + o [P (i, (i o) 2 — 20])
K;Z+—/ exp(iTx, (n, z—z

" 21—‘;(,1(7(1/1/ (PHK) —2710 P . " (an 0 (28)
X [1— enx(zo,a(z0), U(x; z0), U(2K; 20), U(3K; 20) )] U(kn; z9)dzg = 0;

20
|z| <216, Kk:=x"¢, Ky, € Qe CHu, n=123.

The solution of the problem (24), (CS1) — (CS4) can be obtained from the solution of the
equivalent problem (28), where — according to (CS3) — in the representation of the eigen-fields
(26) the following formulas are used:

U(Kn,27T5) - aKn, u(Kn, _27-[5) - bK”/ n = 1, 2,3. (29)

The qualitative analysis of the spectral characteristics allows to develop algorithms for
solving the spectral problems (24), (CS1) — (CS4) by reducing them to the equivalent spectral
problem of finding nontrivial solutions of the integral equations (28), see [13], [23]. The
solvability of (28) follows from an analysis of the basic qualitative characteristics of the
spectra. Applying to the integral equations (28) appropriate quadrature formulas, we
obtain a set of independent systems of linear algebraic equations of second kind depending
nonlinearly on the spectral parameter: (I — By (x,))Uyx, = 0, where «,, € Hyy, k := xinc p =
1,2,3. Consequently, the spectral problem of finding the eigen-frequencies x, € Qi C Hyy
and the corresponding eigen-fields (i.e. the nontrivial solutions of the integral equations (28))

reduces to the following algorithm:

(I - BHK<K1’1>)UKn ) - 0, (30)
K .= KIHC’ Kn G Qn;{ C HnK, n = 1, 2, 3.

Here we use a similar notation to that in Section 3. x; are the desired eigen-frequencies, and
U, = {U(xyn ;zl)}ll\il = {Ul(Kn)}%\il are the vectors of the unknown approximate solution
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values corresponding to the frequencies x;. The matrices are of the form
Bk (Kn) = Bk (Kn} Uy, Uy, U3K) = {AmKlm (Kn/ Uy, Uy, U3K) }llj]mzl (31)

with given values of the vectors of the scattered and generated fields U, = {U(nx;z;)} l]\i 1=

{U;(nx)} llil ,n =1,2,3. The numbers A, are the coefficients determined by the quadrature
rule, and the entries Kj,,(x;, Uy, Uy, Usy) are calculated by means of (22), where the first
argument nx is replaced by «,. The eigen-frequencies x, € Qux C Hux, n = 1,2,3, ie.
the characteristic numbers of the dispersion equations of the problem (30), are obtained by
solving the corresponding dispersion equations fy (k) := det(I — By (x,)) = 0 by the help
of Newton’s method or its modifications. The nontrivial solutions Uy, of the homogeneous
systems of linear algebraic equations (30) corresponding to these characteristic numbers are
the eigen-fields (26) of the linearised nonlinear layered structures with an induced dielectric
constant. Since the solutions Uy, are unique up to multiplication by an arbitrary constant,
we require U(ky;27m6) = ax, := 1 (cf. (26)). According to (31), the matrix entries in (30)
depend on the dielectric permittivities. The latter are defined by the scattered and generated
tields Uy, Uy, Uz, of the problem (19) by means of the algorithm (23). This defines the basic
design of the implemented numerical algorithm. The investigation of the eigen-modes of
the linearised nonlinear structures (30) should always precede the solution of the nonlinear
scattering and generation problem in the self-consistent formulation (23). Note that, in
the analysis of the linear structures, the problem of excitation (scattering) and the spectral
problem can be solved independently.

5. Numerical examples

Consider the excitation of the nonlinear structure by a strong incident field at the basic
frequency « and, in addition, by weak incident quasi-homogeneous electromagnetic fields at
the double and triple frequencies 2k, 3« (see (12)), i.e.

0 < max{|al™®|, [a°|} < |ainc]. (32)

The desired solution of the scattering and generation problem (13), (C1) — (C4) (or of the
equivalent problems (16) and (19)) are represented as in (15). According to (17) we determine
the values of complex amplitudes {a%‘}?t, psGat . =1, 2,3} in (15) for the scattered and
generated fields by means of the formulas (20). The solution of (21) is obtained by means of
successive approximations using the self-consistent approach based on the iterative algorithm
(23).

In order to describe the scattering and generation properties of the nonlinear structure in the
zones of reflection z > 2716 and transmission z < —27é, we introduce the following notation:

Ry = |50t 2 /Z|amc2 and Ty := |b550)2 /Z|anc|2 n=123.

The quantities Ry, Ty« are called reflection, transmission or generation coefficients of the waves
w.r.t. the total intensity of the incident packet.
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We note that, for nonabsorbing media with Jm [E(L) (z)] = 0, the energy balance equation

3
Z [Rmc + Tnx} =1 (33)

n=1

is satisfied. This equation generalises the law of conservation of energy which has been
treated in [12], [21] for the case of a single incident field and a single equation. If we define

by
Wi 1= |52t + [p5sat|2 (34)

the total energy of the scattered and generated fields at the frequencies nx, n = 1,2,3, then
the energy balance equation (33) can be rewritten as

3 3
Y Wi = Y [an]2.
n=1 n=1

In the numerical experiments, the quantities W3,/ Wy (which characterises the portion of
energy generated in the third harmonic in comparison to the energy scattered in the nonlinear
layer) and

3
wError) . 1 _ 2 [Rm + Tmc] (35)
n=1

(which characterises the numerical violation of the energy balance) are of particular interest.
We emphasize that in the numerical simulation of scattering and generation processes
without any weak fields, i.e. aizr;‘f = ag}f = 0, the residual of the energy balance equation
(33) does not exceed the value |[WE™D| < 1078, However, taking into consideration the
impact of weak fields in the numerical simulation of the same scattering and generation
processes, i.e. a%}f # 0, n = 2,3, the error in the balance equation (33) can reach up to
several percent. This indicates that the intensities of the exciting weak fields are sufficiently
large such that these fields become also sources for the generation of oscillations. For such
situations, the presented mathematical model (13), (C1) — (C4) and (24), (CS1) — (CS4) should
take into account the complex Fourier amplitudes of the oscillations at the frequencies nx for
numbers n > 3. Furthermore we observe, on the one hand, situations in which the influence
of a weak field ai{,‘f # 0 on the scattering and generation process of oscillations leads to small
errors in the energy balance equation (33) not exceeding 2% (that is |W(Err°r)| < 0.02), and,
on the other hand, situations in which the error can reach 10% (that is |[WE™D| < 0.1).
The scattering, generating, energetic, and dielectric properties of the nonlinear layer are
illustrated by surfaces in dependence on the parameters of the particular problem. The
bottom chart depicts the surface of the value of the residual W(E™) of the energy balance
equation (see (35)) and its projection onto the top horizontal plane of the figure. In particular,
by the help of these graphs it is easy to localise that region of parameters of the problem,
where the error of the energy balance does not exceed a given value, that is |WE™0)| < const.

The spectral characteristics of the linearised nonlinear problems (24), (CS1) — (CS4) with
the induced dielectric permittivity (11) at the frequencies nx, n = 1,2,3, of excitation and
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generation were calculated by means of the algorithm (30). In the graphical illustration of
the eigen-fields Uy, in the representation (26) we have set ay, := 1 for x;, € Que C Hyy,
n = 1,2,3. Finally we mention that the later-used classification of scattered, generated or
eigen-fields of the dielectric layer by the H,,; ,-type is identical to that given in [12], [13],
[23]. In the case of E-polarisation, see (3), Hy,; , (or TE,, | ,) denotes the type of polarisation
of the wave field under investigation. The subscripts indicate the number of local maxima
of |Eq| (or |U|, as |E1| = |U], see (15), (26)) along the coordinate axes x, y and z (see Fig.
1). Since the considered waves are homogeneous along the x-axis and quasi-homogeneous
along the y-axis, we study actually fields of the type Ho g (or TEop, ), where the subscript p
is equal to the number of local maxima of the function |U| of the argument z € [—27, 2716].

In what follows we present and discuss results of the numerical analysis of scattering and
generation properties as well as the eigen-modes of the dielectric layer with a positive value of

the cubic susceptibility of the medium. In more detail, we consider a single-layered structure

with a dielectric permittivity e, (z, a(z), U(x;z), U(2x;2), U(3K; 2)) = L) (2) + sg;m), n =

1,2,3, where el)(z) := 16 and a(z) := 0.01 for z € [—2mé,2715], sg,\(’L) is given by (11),
0 := 0.5, ¥ := x := 0.375, and ¢, € [0°,90°). The Figs. 3 — Fig. 13 illustrate the following
cases of the incident fields:

ane = %a}cnc, ¢ = ... graphs labeled by “1/3”,
ag;f = g.a}(nc, al®=0 ... graphs labeled by “2/3”,
= graphs labeled by “0”.

W’}K/WK

WSK/ W"

Figure 3. The portion of energy generated in the third harmonic: aii¢ = 14l (left), ali¢ = 2a™ (right)
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Figure 4. The portion of energy generated in the third harmonic: #1 ... af© =1, #2 ... a =9.93,#3 ... ay° = 14, #4 ...
al =19 for agzc = 0 (top left), the dependence of Ws /Wy on gy, a'zn,f for 4’ = 14 (top right), s_ome graphs describing the
properties of the non-linear layer for ¢, = 60°, 4’ = 14 and a5 = 3 a™ (bottom left), a'”c = ai?c (bottom right): #0.0 ...

e, #1 . |U(cz)|, #2 ... |U(2K;2)|, #3 ... |U(3K;2)|, #n.1 ... 9%(8,7,() #n.2... Jm(en)

The results shown in Fig. 3 allow us to track the dynamic behaviour of the quantity Wz, / Wi
characterising the ratio of the generated and scattered energies. Fig. 3 shows the dependence
of Wz /Wi on the angle of incidence ¢ and on the amplitude al™ of the incident field
for different relations between 4l and ai". It describes the portion of energy generated in
the third harmonic by the nonlinear layer when a plane wave at the excitation frequency
x and with the amplitude al"° is passing the layer under the angle of incidence . It can
be seen that the weaker incident field at the frequency 2« leads to an increase of W3, /Wj in
comparison with the situation where the structure is excited only by a single field at the basic
frequency . For example, in Fig. 3 the maximum value of W3, /Wy and the value W™D are
reached at the following parameters [ai'¢, alzr}f, @ ]: W3/ Wy = 0.08753, wiError) — _ 198292 .
109, [a}cnc = 9.93, aizr}f = 0, ¢ = 53°] ...graph #0 and, taking into consideration the weak
field at the double frequency, Wa, /W, = 0.13903, WE™D = —0.01692, [ai"® = 9.93, 41 =
1aine, g, = 53°] ...graph #1/3 (top left); Wa, /Wi = 0.03265, W™D = —853239.1077,
[ inc — 8,4iN¢ = 0, g, = 42°] ... graph #0 and, taking into consideration the weak field at the
double frequency, Ws,/ Wy = 0.1864, WE™N) = —0.04625, [ain® = 8,al0° = 24iM¢, o, = 50°]
.. graph #2/3 (top right); W3,/ Wy = 0.25054, WEmon) — 929243 . 10~ 10, [a}(nc = 14,4 =
0, px = 60°] ...graph #0 (bottom left and right) and, taking into consideration the weak
field at the double frequency, W5,/ W, = 0.26589, WE™D) = —0,00578, [ain® = 14, ag;f =
Talne, o = 600] .graph #1/3 (bottom left); W,/ Wy = 0.42662, WE™r) = —0.06037 [ain® =
13, aifc = 24in¢, o, = 60°] ... graph #2/3 (bottom right).
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The numerical analysis of the processes displayed in Fig. 4 (top left) by the curves #3 in
the range of angles ¢, € (66°,79°) and #4 in the range of angles ¢, € (62°,82°) did not
lead to the convergence of the computational algorithm. The value W3, /W), = 0.3558 for
aln® = 14, ai'® = 0 and ¢« = 66° (see the graph #3 in Fig. 4 (top left)) indicates that Ws,
is 35.58% of Wg. This is the maximal value of Wz, /Wy that has been achieved in the case
of a single incident field at the basic frequency «. Fig. 4 (top right) illustrates the portion of
energy generated in the third harmonic in dependence on the angle of incidence ¢, and on
the amplitude a° of the incident field at the double frequency. Here the maximum value
of Ws./Wy is reached at [a"® = 14,40 = 8,9, = 60°]. If the structure is excited by a
single field at the basic frequency « only, then the portion of energy generated in the third
harmonic is ~ 25.05%, i.e. for [a"® = 14, aiZII‘CC = 0, ¢x = 60°] we have W3,/W, = 0.25054
and WETr) — 929243 . 10710, If we take into consideration the weak exciting field at
the double frequency, then we get for [a"® = 14,4'¢ = 8, ¢, = 60°] the following results:
Wi,/ Wy = 0.35084 and W(ETr) — _0.0377 (which corresponds to a relative error of 3.78% in
the energy balance).

The bottom diagrams in Fig. 4 display some graphs characterising the scattering and
generation properties of the nonlinear structure. Graph #0.0 illustrates the value of the

linear part el) = 16 of the permittivity of the nonlinear layered structure. Graphs #n.1
and #n.2 show the real and imaginary parts of the permittivities at the frequencies nx,
n = 1,2,3. The figure also shows the absolute values |U(x;z)|, |U(2x;z)| of the amplitudes
of the full scattered fields at the frequencies of excitation «, 2k (graphs #1, #2) and |U(3x;z)|
of the generated field at the frequency 3« (graph #3). The values |U(nk;z)| are given in the
nonlinear layered structure (|z| < 2716) and outside it (i.e. in the zones of reflection z > 275
and transmission z < —276). Here WE™D) = 5782328 . 1073, i.e. the error in the energy
balance is less than 0.58% (bottom left) and WE™D) — _4567534 . 1072, i.e. the error in the
energy balance is less than 4.57% (bottom right).

Figs. 5 and 6 show the numerical results obtained for the scattered and the generated fields

in the nonlinear structure and for the residual WE™") of the energy balance equation (33)
for an incident angle ¢, = 60° in dependence on the amplitudes 4" and 4l of the plane
incident waves at the basic frequency x and at the double frequency 2k, resp. The figures
show the graphs of ‘Un,c [a}cnc,aizic,z] , n = 1,2,3, demonstrating the dynamic behaviour
of the scattered and the generated fields |U(nx;z)| in the nonlinear layered structure in

dependence on increasing amplitudes a"® and ' for an incident angle ¢, = 60° of the

plane waves. We mention that, in the range ai"® € (0,22] and aizr;f = %ai,{nc (see Fig. 5) or
ain® = %a}{m (see Fig. 6) of the amplitudes of the incident fields and for an incident angle

¢x = 60° of the plane waves, the scattered field has the type Hyg4 at the frequency x and
Hp 7 at the frequency 2k. The generated field, observed in the range a;° € [5,22], is of the
type Hy 10 at the frequency 3k, see Figs. 5, 6 (bottom left).

The nonlinear parts SSZZ,\CIL) of the dielectric permittivity at each frequency nx depend on
the values Uy, := U(nk;z), n = 1,2,3, of the fields. The variation of the nonlinear parts

8511,\(]L) of the dielectric permittivity for increasing amplitudes a"® and a'° of the incident

fields are illustrated by the behaviour of SRe (e, [a}cnc,ag‘f,z]) and Jm (e,x [ai,{nc,aizl;f,z}) at
the frequencies nx in Fig. 7 (case a5,° = %a}{‘c) and Fig. 8 (case ay,* = %a}{‘c). The quantities

Jm (e,x) take both positive and negative values along the height of the nonlinear layer (i.e.



The Effect of Weak Fields at Multiple Frequencies on the Scattering and Generation of Waves...
http://dx.doi.org/10.5772/ 50679

Figure 5. Graphs of the scattered and generated fields in the nonlinear layered structure in dependence on [al', al¢, z] for
@x = 60° and all® = 1a": U] (top left), |Ux| (top right) |Us| (bottom left), and the residual WE™ of the energy balance
equation (bottom right)

in the interval z € [—2715,276]), see Figs. 7, 8 (right). For given amplitudes ai"® and alf'°,
the graph of Jm (e« [al",all¢, z] ) characterises the loss of energy in the nonlinear layer at the
excitation frequencies nx, n = 1,2, caused by the generation of the electromagnetic field of
the third harmonic. Such a situation arises because of the right-hand side of (13) at the triple
frequency and the generation which is evoked by the right-hand side of (13) at the basic

frequency. In our case Jm |¢(l) (z)| = 0 and Im [« (z)] = 0, therefore, according to (11),
q Y. g

Im(enk(z,a(z), U(x; 2), U(2x;z), U(3K;2)))
= a(2) [0 |U(1; 2) [[U(3x; 2) | Tm (exp {i [-Barg(U(x;z)) + arg(U(3x;2))]})
+ 02 |U(x;2)||U(3x; z) | Im (exp {i [-2arg(U(2k; z) ) + arg(U(x;z)) + arg(u(31c;z))1] }2) ]3,
n=123.
(36)

From Figs. 7, 8 (right) we see that small values of 2" and aizr,‘f induce a small amplitude of

the function Jm (e ), i.e. |Jm(enx)| = 0. The increase of ai corresponds to a strong incident
field and leads to the generation of a third harmonic field U(3k;z), and the increase of aizr}cc
changes the behaviour of e, (compare the surface #0 with the surfaces #1/3 and #2/3 in
Figs. 7, 8). Figs. 7, 8 (right) show the dynamic behaviour of Jm(e,). It can be seen that
Jm(ezc) = 0, whereas at the same time the values of Jm(eu), n = 1,2, may be positive or

negative along the height of the nonlinear layer, i.e. in the interval z € [—275,276], see (36).
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Figure 6. Graphs of the scattered and generated fields in the nonlinear layered structure in dependence on [ai{‘c,aizn,f,z] for
@ = 60° and ali® = 24" |U,| (top left), |Ua| (top right) |Us,| (bottom left), and the residual W™ (bottom right)

The zero values of Jm(enx), n = 1,2, are determined by the phase relations between the
scattered and the generated fields in the nonlinear layer, namely at the basic frequency « by
the phase relation between U(x;z), U(3k;z), and at the double frequency 2x by the phases of

{U(nx;2)},_1 55, see (36):

O [—3arg(U(x;2)) + arg(U(3x; 2))]
+ 0y [—2arg(U(2k;z)) +arg(U(x;z)) + arg(U(3x;z))| = pm, p=0,£1,..., n=12.

We mention that the behaviour of both the quantities Jm(e,,) and

Re(enc(z,a(z), U(x;2), U(2x;2), U(3K%;z)) — e3¢ (2, a(2), U(x; 2), U(2x; 2), U(3K;2)))
= a(z) [0 [U(x; 2)||U (31; 2) |9%e (exp {i [-3arg(U(x;z)) + arg(U(3x;2))]})
+ G2 |U (x; 2)||U (3K; z)|Re (exp {i [—2arg(U(2x;z)) 4 arg(U(x;z)) + arg(U(3x;2))]}) |,

n=1,2,

(37)

plays an essential role in the process of third harmonic generation. Figs. 7, 8 (bottom)
show the graphs describing the behaviour of fRe (e [aiC,aS, z] — ez, (a1, aC, z]) and

Re (ezx [alMC, allC, z] — ez [alM, allC, 2]) .
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Figure 7. Graphs characterising the nonlinear dielectric permittivity in dependence on [al™, ah<, z] for ¢, = 60° and ai =
1alnc: DRe (ex) (top left), Tm (ec) (top right), Re (e2.) (second from top left), Im (e2) (second from top right), 9Re (e3)
(second to the last left), Jm (e3,) (second to the last right), JRe (e, — €3¢) (bottom left), Re (e2c — €3¢) (bottom right)

We mention that the impact of a strong electromagnetic field with an amplitude ai"® even in
the absence of a weak field a%}° = 0 (where U(2x;z) = 0, see (11) and the surface #0 in Fig. 5
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Figure 8. Graphs characterising the nonlinear dielectric permittivity in dependence on [al, ah<, z] for ¢, = 60° and a =
%ai?‘: Re (ex) (top left), Tm (&) (top right), Re (e2¢) (second from top left), Im (ex) (second from top right), Re (e3,)
(second to the last left), Jm (e3,) (second to the last right), e (¢, — €3¢) (bottom left), Re (e2, — €3¢) (bottom right)

and Fig. 6 (top right)) induces a nontrivial component of the nonlinear dielectric permittivity
at the frequency 2x. Figs. 7, 8 (second from top) show that the existence of nontrivial values
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Re (e2¢) # Re eL)) and Jm (ey,) # 0 is caused by the amplitude and phase characteristics
y P p

of the fields U(x;z) and U(3k;z), see (11) taking into account U (2x;z) = 0. Moreover, the
nonlinear component of the dielectric permittivity, which is responsible for the variation of
Re (enx — €3¢) and Tm (e, ), does not depend on the absolute value of the amplitude of the
field at the double frequency |U(2x;z)|, see (37) and (36). Thus, even a weak field (see (11),
#1/3 in Fig. 5 and #2/3 in Fig. 6 (top right)) includes a mechanism for the redistribution of
the energy of the incident wave packet which is consumed for the scattering process and the
generation of waves, cf. the dynamics of the surfaces #0 with #1/3 and #2/3 in Figs. 5 - 8.

>
~
=

Figure 9. The scattering and generation properties of the nonlinear structure in dependence on [¢y, a™, ai¢| for ali = Lain:
Ry, Tk (top), Rox, To, (second from top), Rz, T3, (bottom)

The scattering and generation properties of the nonlinear structure in the ranges ¢« €
[0°,90°), ain® € [1,9.93], all® = lain® and ¢, € [0°,90°), ai™® € [1,8] of the parameters
of the incident field are presented in Figs. 9 — 11. The graphs show the dynamics of the

scattering (Rx [@x, ai™, a] , Ty [@x, a2, a], Rox [@r, i€, a], Tox [@x, al€, a5<] , see Figs.
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Figure 10. The scattering and generation properties of the nonlinear structure in dependence on [y, al™, ab¢ ] for ali¢ = 2a:
Ry, Ty (top), Rox, Tox (second from top), Rz, T3, (bottom)

9, 10 (top 2)) and generation (R, [@x, all, all] , Ts @k, al™, ail¢] , see Figs. 9, 10 (bottom))
properties of the structure. Fig. 11 (top) shows cross sections of the surfaces depicted in Fig.
9 and of the graph of Wi [¢x, ay™, az] /Wi [px, 4y, az] (see Fig. 3 (left)) by the planes
px = 60° and a}*“ = 9.93.

In Figs. 11 — 13, a slightly more detailed illustration for the situation of a single incident
field (i.e. a = 0) is given, cf. also the graphs labeled by “0” in Fig. 9. In the resonant
range of wave scattering and generation frequencies, i.e. ¥ := xI"® = ¥ and x8" = 3,
resp., the dynamic behaviour of the characteristic quantities depicted in Figs. 11 — 13 has the
following causes. The scattering and generation frequencies are close to the corresponding
eigen-frequencies of the linear (¢« = 0) and linearised nonlinear (x # 0) spectral problems
(24), (CS1) — (CS4). Furthermore, the distance between the corresponding eigen-frequencies
of the spectral problems with « = 0 and & # 0 is small. Thus, the graphs in Fig. 11 (top)
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Figure 11. The curves R, (#1), Ty (#2), Rox (#3), Tox (#4), Ry (#5), Tsx (#6), Wax /Wy (#7) for @, = 60° (top left) and a"® = 9.93
(top right), the curves k := x"® := 0.375 (#1), 3x = k9" = 3" = 1.125 (#2), the complex eigen-frequencies %e(x%”) (#3.1),
m(x{M) #3.2), Re(x”) #a.1), Im(x{M) (#4.2) of the linear problem (x = 0) and 9te(xM") @5.1), Im(xN") #5.2),
S)fie(xéNL)) #6.1), jm(KéNL)) (#6.2) of the linearised nonlinear problem (¢ = +0.01) for ¢, = 60° (second from top left) and
ay© = 9.93 (second from top right), and the graphs of the eigen-fields of the layer for ¢, = 60°, 4’ = 14. The linear problem
(a = 0, bottom left): [U(x\"); )| with x{") = 0.3829155 — 1001066148 (#1), |U(x\"); z)| with «{*) = 1.150293 — i 0.01062912
(#2), the linearised nonlinear problem (x = 40.01, bottom right): ‘U(K§NL);Z)| with «NY = 0.3705110 — 0.01049613 (#1),

1
UM 2)] with <MY = 1.121473 — 10009194824 (#2)

can be compared with the dynamic behaviour of the branches of the eigen-frequencies of the
spectral problems presented in Fig. 11 (second from top). The graphs of the eigen-fields
corresponding to the branches of the considered eigen-frequencies are shown in Fig. 11
(bottom).

Fig. 11 (second from top) illustrates the dispersion characteristics of the linear (¢ = 0) and

the linearised nonlinear (¢ = +0.01) layer &, = ell) 4 8&1],\(“, n = 1,2,3. The nonlinear
components of the permittivity at the scattering (excitation) frequencies x5t := x"¢ = g

and the generation frequencies ¥8°" := 3x depend on the amplitude 4™ and the angle of
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Figure 12. The scattering and generation properties of the nonlinear structure in dependence on [(pK,ai{‘C,aizr‘,f] for ¢, = 60°:

Ry, Te (#1.1, #1.2 top left), Ry, Tox (#2.1, #2.2 top right), Wa, /Wy, Rae, T3 (#3, #3.1, #3.2 bottom left), WE™ (bottom
right)

incidence ¢y of the incident field. This is reflected in the dynamics of the behaviour of the
complex-valued eigen-frequencies of the linear and the linearised nonlinear layer.

We start the analysis of the results of our calculations with the comparison of the dispersion
relations given by the branches of the eigen-frequencies (curves #3.1, #3.2 and #5.1, #5.2) near
the scattering frequency (curve #1, corresponding to the excitation frequency) and (curves
#4.1, #4.2, #6.1, #6.2) near the oscillation frequency (line #2) in the situations presented in Fig.
11 (second from top). The graph #5.1 lies below the graph #3.1 and the graph #6.1 below the
graph #4.1. That is, canalising properties (properties of transparency) of the nonlinear layer
occur if « > 0. This case is characterised by the increase of the angle of transparency of the
nonlinear structure at the excitation frequency with an increasing amplitude of the incident
field (see Fig. 9 (top left), there where the reflection coefficient is close to zero). The analysis
of the eigen-modes of Fig. 11 (second from top) allows us to explain the mechanisms of the
canalisation phenomena (transparency) (see Fig. 9 (top left), Fig. 11 (top, graph #1)) and wave
generation (see Fig. 9 (bottom), Fig. 11 (top, graphs #5, #6)).

Comparing the results shown in Fig. 11 (top) and Fig. 11 (second from top) we note the
following. The intersection of the curves #1 and #5.1 in Fig. 11 (second from top) defines
certain parameters, in the neighborhood of which the canalisation effect (transparency) of
the nonlinear structure can be observed in Fig. 11 (top). For example, in Fig. 11 (second from
top left) the curves #1 and #5.1 intersect at ai"® = 9.5, also here the curve #5.2 achieves a local
maximum. Near this value, we see the phenomenon of canalisation (transparency) of the
layer in Fig. 11 (top left). If we compare the Figs. 11 (top right) and 11 (second from top right),
we detect a similar situation. The intersection of the curves #1 and #5.1 defines the parameter
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¢x = 64°, near which we observe the canalisation effect in Fig. 11 (second from top right).
The same is true — to some extent — for the description of the wave generation processes. For
example, for similar values of the imaginary parts of the branches of the eigen-frequencies
#5.2 and #6.2 in Fig. 11 (second from top right), the intersection of the curves #2 and #6.1
defines the parameter ¢, = 45°. Near this value, stronger generation properties of the layer
can be observed, see Fig. 11 (top) and Fig. 9 (bottom), at ¢, = 45°. Let us also consider the
situation in Fig. 11 (second from top left). Here, at the point of intersection of the curves #2
and #6.1, the graph #5.2 starts to decrease monotonically in some interval. The intersection of
the curves #2 and #6.1 defines the parameter ai"® = 12.6, which falls into the range [9.5,13.6]
of values of the amplitudes at which the curve #5.2 is monotonically decreasing. This leads
to a shift in the imaginary part of the eigen-frequency of the scattering structure (graph #5.2)
with respect to the eigen-frequency of the generating structure (graph #6.2). The magnitude
of the shift depends on the distance between the curves of #6.2 and #5.2 at the given value
ai"®. The maximal distance between the graphs #6.2 and #5.2 is achieved at the local minimum
of the graph #5.2 at ai"® = 13.6. Right from this point, i.e. with an increasing amplitude i,
the distance between the graphs #6.2 and #5.2 shows no significant change. The maximum
value of the generation is achieved at an amplitude close to the intersection of curves #2 and
#6.1, but shifted to the point of the local minimum of the curve #5.2, see R, T3, W3,/ Wy in
Fig. 11 (top left), Fig. 9 (bottom) and Fig. 3 (top right).

(Bxror)
w

0

R T W3K/ W

I
4];

i
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Figure 13. The scattering and generation properties of the nonlinear structure in dependence on [y, a", ai<] for al™ = 9.93:

Ry, T (#1.1, #1.2 top left), Ro, Tox (#2.1, #2.2 top right), Ws /Wy, Rs, Tae (#3, #3.1, #3.2 bottom left), WE™ (bottom
right)

Fig. 11 (bottom) presents the characteristic distribution of the eigen-fields corresponding to
the branches of the eigen-frequencies under consideration. The graphs of the eigen-fields of
type Hy 4 are labeled by #1, the graphs of the eigen-fields of type Hy 19 by #2.
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Figs. 12, 13 show the same dependencies as in Fig. 11 (top) but with the additional parameter
ain®. Here we can track the dynamics of the scattering, generation and energy characteristics
of the nonlinear layer under the influence of the wave package. The incident package consists
of a strong and a weak magnetic field with amplitudes ai"® and al'°, resp.

The numerical results presented in this chapter were obtained using an approach based on
the description of the wave scattering and generation processes in a nonlinear, cubically
polarisable layer by a system of nonlinear integral equations (19), and of the corresponding
spectral problems by the nontrivial solutions of the integral equations (28). We have
considered an excitation of the nonlinear layer defined by the condition (32). For this case
we passed from (19) to (21) and from (28) to (30) by the help of Simpson’s quadrature rule.
The numerical solution of (21) was obtained using the self-consistent iterative algorithm (23).
The problem (30) was solved by means of Newton’s method. In the investigated range of
parameters, the dimension of the resulting systems of algebraic equations was N = 301, and

the relative error of calculations did not exceed ¢ = 10~7.

6. Conclusion

We presented a mathematical model of resonance scattering and generation of waves on
an isotropic nonmagnetic nonlinear layered dielectric structure excited by a packet of plane
waves in a self-consistent formulation, where the analysis is performed in the domain of
resonance frequencies [3, 4, 15]. Here, both the radio [6] and optical [9] frequency ranges are
of interest. The wave packets consist of both strong electromagnetic fields at the excitation
frequency of the non-linear structure (leading to the generation of waves) and of weak
fields at the multiple frequencies (which do not lead to the generation of harmonics but
influence on the process of scattering and generation of waves by the non-linear structure).
The model reduces to a system of nonlinear boundary-value problems of Sturm-Liouville
type or, equivalently, to a system of nonlinear Fredholm integral equations. The solution
of these nonlinear problems was obtained rigorously in a self-consistent formulation and
without using approximations of the given field, slowly varying amplitudes etc.

The approximate solution of the nonlinear problems was obtained by means of solutions
of linear problems with an induced nonlinear dielectric permeability. The analytical
continuation of these linear problems into the region of complex values of the frequency
parameter allowed us to switch to the analysis of spectral problems. In the frequency domain,
the resonant scattering and generation properties of nonlinear structures are determined
by the proximity of the excitation frequencies of the nonlinear structures to the complex
eigen-frequencies of the corresponding homogeneous linear spectral problems with the
induced nonlinear dielectric permeability of the medium.

We presented a collection of numerical results that describe interesting properties of the
nonlinear permittivities of the layers as well as their scattering and generation characteristics.
The results demonstrate the possibility to control the scattering and generating properties of
a nonlinear structure via the intensities of its excitation fields. They also indicate a possibility
of designing a frequency multiplier and other electrodynamic devices containing nonlinear
dielectrics with controllable permittivity.
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