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1. Introduction

Fuzzy control systems have experienced a big growth of industrial applications in the recent
decades, because of their reliability and effectiveness. Many researches are investigated on
the Takagi-Sugeno models [1], [2] and [3] last decades. Two classes of Lyapunov functions
are used to analysis these systems: quadratic Lyapunov functions and non-quadratic
Lyapunov ones which are less conservative than first class. Many researches are
investigated with non-quadratic Lyapunov functions [4]-[6], [7].

Recently, Takagi-Sugeno fuzzy model approach has been used to examine nonlinear
systems with time-delay, and different methodologies have been proposed for analysis and
synthesis of this type of systems [1]-[11], [12]-[13]. Time delay often occurs in many
dynamical systems such as biological systems, chemical system, metallurgical processing
system and network system. Their existences are frequently a cause of infeasibility and poor
performances.

The stability approaches are divided into two classes in term of delay. The fist one tries to
develop delay independent stability criteria. The second class depends on the delay size of
the time delay, and it called delay dependent stability criteria. Generally, delay dependent
class gives less conservative stability criteria than independent ones.

Two classes of Lyapunov-Razumikhin function are used to analysis these systems: quadratic
Lyapunov-Razumikhin function and non-quadratic Lyapunov- Razumikhin ones. The use
of first class brings much conservativeness in the stability test. In order to reduce the
conservatism entailed in the previous results using quadratic function.

As the information about the time derivatives of membership function is considered by the
PDC fuzzy controller, it allows the introduction of slack matrices to facilitate the stability
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analysis. The relationship between the membership function of the fuzzy model and the
fuzzy controllers is used to introduce some slack matrix variables. The boundary
information of the membership functions is brought to the stability condition and thus offers
some relaxed stability conditions [5].

In this chapter, a new stability conditions for time-delay Takagi-Sugeno fuzzy systems by
using fuzzy Lyapunov-Razumikhin function are presented. In addition, a new stabilization
conditions for Takagi Sugeno time-delay uncertain fuzzy models based on the use of fuzzy
Lyapunov function are presented. This criterion is expressed in terms of Linear Matrix
Inequalities (LMIs) which can be efficiently solved by using various convex optimization
algorithms [8],[9]. The presented methods are less conservative than existing results.

The organization of the chapter is as follows. In section 2, we present the system description
and problem formulation and we give some preliminaries which are needed to derive
results. Section 3 will be concerned to stability and stabilization analysis for T-S fuzzy
systems with Parallel Distributed Controller (PDC). An observer approach design is derived
to estimate state variables. Section 5 will be concerned to stabilization analysis for time-
delay T-S fuzzy systems based on Razumikhin theorem. Next, a new robust stabilization
condition for uncertain system with time delay is given in section 6. Illustrative examples
are given in section 7 for a comparison of previous results to demonstrate the advantage of
proposed method. Finally section 8 makes conclusion.

Notation: Throughout this chapter, a real symmetric matrix S>0 denotes S being a positive
definite matrix. The superscript “T” is used for the transpose of a matrix.

2. System description and preliminaries

Consider an uncertain T-S fuzzy continuous model with time-delay for a nonlinear system
as follows:

IF z,(t) is M, and....and z (t) is M,,
i(t)= (A, +AA)x(t)+(D, + AD; ) x(t -z, (t)) + (B, + AB; Ju(t) 1)

x(t)=4(t),te[-,0]

where Ml.].(i=1,2,...,r,j=1,2,...,p) is the fuzzy set and r is the number of model rules;
x(t) eR" is the state vector, u(t) eR"™ is the input vector, A, e R"™", D, e R, B, e R,
and zl(t),...,zp (t) are known premise Variables,¢(t) is a continuous vector-valued initial
function on [—7,0]; the time-delay r(t) may be unknown but is assumed to be smooth
function of time.. AA;, AD;, and AB, are time-varying matrices representing parametric

THEN

uncertainties in the plant model. These uncertainties are admissibly norm-bounded and
structured.

OSr(t)Sr, r'(t)sd-<1,

where 7 > 0 and d are two scalars.
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The final outputs of the fuzzy systems are:

x(t) = ghi (z(t)){(Ai +AA;)x(t)+(D; + AD; )x(t - 7,(t)) +(B; + ABi)u(t)} ()

where

h. (z(t)) =w, (z(t))/Zwi (z(t)) , W, (z(t)) = ﬁsz (z]. (t)) for all t.

i=1 j=1

The term le(z j is the grade of membership of z. ( ) in M

Since

we have <in for all ¢.
h.(z(t))ZO, i=1,2,...,r

The time derivative of premise membership functions is given by:

Oy iy e

We have the following property:

éhk(z(t)):o 3)

Consider a PDC fuzzy controller based on the derivative membership function and given by
the equation (4)

7

u(t) = =2k (2(D)F(t) = X b, (2(1)K,x(1) 4)
i=1 m=1
The fuzzy controller design consists to determine the local feedback gains F,andK, in the

consequent parts. The state variables are determined by an observer which detailed in next
section.
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By substituting (4) into (2), the closed-loop fuzzy system without time-delay can be
represented as:

#(t)= iihi(z(t))hj(z(t)){flm B = Y (2(8)) BuK,, [x(£)+ DAix(t—ri(t))} 5)

m=1
x(t)=¢(t), te[-7,0],
where A, =A. +AA;; D,; =D, +AD, and B,; =B, +AB,

The system without uncertainties is given by equation

£(0)- 5 (<) 0]

i=1j=1

A;-BF - Z h, (z(t))BiKm}x(t) +Dx(t-1, (t))} 6)

m=1

x(t)=4(t), te[-7,0],
The open-loop system is given by the equation (7),

r

a‘c(t):;hi(z(t))(AAix(t)+DAZ.x(t—ri(t))) )
x(t)=9(t), te[-7,0],

Assumption 1
The time derivative of the premises membership function is upper bounded such that
‘hk‘ <@, fork=1,..,r,where, ¢ ,k=1,...,rare given positive constants.
Assumption 2
The matrices denote the uncertainties in the system and take the form of
{AAi =D,F, (t)E,

AB, =D, F, (t)E,

where D_,D, ,E, and E, are known constant matrices and F, (t)ande_ (t) are unknown
matrix functions satisfying :

{Fg (t)E, (t)<1,vt

E, (t)F, (t)<1vt

where I is an appropriately dimensioned identity matrix.
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Lemma 1 (Boyd et al. Schur complement [16])

Given constant matrices Q,,Q, and Q,with appropriate dimensions, where Q, =Q and
Q, = Qg , then

T~-1
Q1 +£)3£)2 Q3 =<0

if and only if

T -Q, Q
& <0 or 2 31<0
* , * Q,

Lemma 2 (Peterson and Hollot [2])

Let Q=Q",H,Eand F (t) satisfying F' (t)F (t) <I are appropriately dimensional matrices
then the follow-ing inequality

Q+HF(t)E+E"FT()H" <0
is true, if and only if the following inequality holds for any 4 >0
Q+A'HH" + AE"E<0
Theorem 1 (Razumikhin Theorem)[5]

Suppose u,v,w:R" — R" are continuous, non-decreasing functions satisfying u(s) =0,
v(s) =0 and w(s) ~0for s>0, u(O) = ZJ(O) =0, and v strictly increasing. If there exist a

continuous function V:RxR" - R and a continuous non-decreasing function p(s) >~s for

s >0 such that

u(|x|) < V(t,x) < v(|x

), VteR, xew”, (8)

V(t,x)s—w(|x|) ifV(t+0,x(t+0'))£p(V(t,x)), ‘v’oe[—r,O], )

then the solution x =0 of (7) is uniformly asymptotically stable.

Lemma 3 [6]

Assume thataeR™,beR™ , N eR"™ are defined on the interval Q. Then, for any
matrices X e R | Y e R"™ and ZeR" ", the following holds:
(@] x  v-NTa(e)
ala - ala
2(a" («)Nb(a)da < dox, 10
RCLECEES] ) S iy 1o

Q
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XY
where T >0.
Y Z
Lemma 4 [9]
The unforced fuzzy time delay system described by (7) with u = 0 is uniformly
asymptotically stable if there exist matricesP~0, S. -0, X ., X, Zm.]., Zdz.j, and Y;, such
that the following LMISs hold:
PA. +ATP+7(X .+ X, )+(2r+1)P+Y.+Y] -PD.
i T4 ( ai dl) ( ) i <0 (11)
Y7 -D7p s,
S, <P (12)
AfZMAjSP (13)
T
D]. Zdi].D]. <P (14)
_Xai Yz |
>0 (15)
T
_Yi aij |
_Xdi Y, |
T >0 (16)
_Yi Zdz'j_

3. Basic stability and stabilization conditions

In order to design an observer for state variables, this section introduce two theorem
developed for continuous TS fuzzy model for open-loop and closed-loop. First, consider the
open-loop system without time-delay given by equation(17).

r

x(t) =2k (2(t))Ax(t) (17)

i=1

The main approach for T-S fuzzy model stability is given in theorem follows. This approach
is based on introduction of ¢ parameter which influences the stability region.

Theorem 2 [17]

Under assumption 1 and for 0 <¢ <1, the Takagi Sugeno fuzzy system (17) is stable if there
exist positive definite symmetric matrices P,k=1,2,...,r, matrix R= RT such that the
following LMIs hold.
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P.+R>0, ke{l,..,r (18)

P+ uR =0, je{l,...r} (19)

P¢+%{Af(Pj+yR)+(Pj+yR)Ai 20)

+ AT (P, + uR) + (P, + uR) A} <0, i<

where 7,j=1,2,...,r and P¢ = z¢k(Pk + R) and u=1-¢
k=1
Proof
The proof of this theorem is given in detailed in article published in [17].

The closed-loop system without time delay is given by equation (21)

{00 Eh O )l ST D (N T2 b, @

i=1i<j
where
GZ.]. =A - BiFj and G, = A, -BF, .

In this section we define a fuzzy Lyapunov function and then consider stability conditions.
A sufficient stability condition, for ensuring stability is given follows.

Theorem 2[18]

Under assumption 1, and assumption 2 and for given0<& <1, the Takagi-Sugeno system
(21) is stable if there exist positive definite symmetric matrices P,k=1,2,...,r, and R,
matrices F,,...,F, such that the following LMIs hols.

P+R>0, ke{l,...,r (22)
P +uR>0, j=12,..,r (23)

P, +{G} (P + uR) + (P, + #R)G, } < 0,
ike{l,...r}

T
G;+Gj G; +G;
{ 12 f} (Pk+,uR)+(Pk+,uR){ 12 ]}<o, 25)

fori,j,k=1,2,...,r such thati<j

(24)
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where

G =A - BIF],G = A, -B,F

Mﬂ%:;@m&m

4. Observer design for T-S fuzzy continuous model

In order to determine state variables of system, this section gives a solution by the mean of
fuzzy observer design.

A stabilizing observer-based controller can be formulated as follow:

£(t) = 2 (2(0)){ A2(0)+ Bae(1)+ Ly (C3 () -y (1)

]zl (26)

i=1j=1 a p=1 27)
S E S ) 8 S 0o, )l
é(t) =§§hi(z(t))hj(z(t)){Ai ~KCle(t) (28)
The augmented system is represented as follows
ke, (1) =3 (2(0) (2(6))6,, (1)
;:1]:1 r G, +G )
- Sl 25 () 5 )

where

0 A -KC,
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By applying Theorem 2[18] in the augmented system (29) we derive the following Theorem.

Theorem 3

Under assumption 1 and for given 0 < <1, the Takagi-Sugeno system (29) is stable if there
exist positive definite symmetric matrices P, ,k=1,2,...,r, and R, matrices F,...,F. such
that the following LMIs hols.

P.+R>0, ke{l..,r} (30)
P +uR>0, j=12,..,r (31)

Py +{GF (B + uR) + (P, + uR) Gy} <0,
ike{l,..r}

T
G.+G.. G.+G.
{”2 ”}(&+pr{Q+yRﬂ ”21}<0, (33)

fori,j,k=1,2,...,r such thati<j

(32)

where

r . r .
G__&—&Q—Zh@05+@ Qg+2@@@g+m
i p=1 p=1
0 A -KC,

Md%=§@m¢m

Proof

The result follows immediately from the Theorem 2[18].

5. Stabilization of continuous T-S Fuzzy model with time-delay

The aim of this section is to prove the asymptotic stability of the time-delay system (6) based
on the combination between Lyapunov theory and the Razumikhin theorem [5].

Theorem 4

Under assumption 1 and for given 0 < ¢ <1, the unforced fuzzy time delay system described
by (7) with u = 0 is uniformly asymptotically stable if there exist matrices P, ~0,k=1,2,...,r,
S5;-0, X,., Xy, Z,:, Zy;, Y;, and X, such that the following LMIs hold:

aij’ aijr “dij’
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Py + (P +¢X)G; +Gj (P +¢X) eex)D,
+T(ij +Xdl.)+(27+1)(Pk +&X)+Y; +Y,
I Y - D] (P, +&X) -,

P, = iﬂk(Pk +eX)
k=1 .

where
Gl.]. =A, - Bl.F].
S; <(D+£X)
T
G;iZiGy; < (P, +£X)
T
D;Z;:D; (P, +¢X)
_Xaz" Yz
! >0
YiT Zuij
—Xdi Yz
. >0
Yi Zdij
Proof

Let consider the fuzzy Lyapunov function as
V(x) =x" (t)Vk (x)x(t)

Vi(x) =2 (P +eX)

,
k=1
Given the matrix property, clearly,

A

min — “"max

where A _.

min(max) denotes the smallest (largest) eigenvalue of the matrix.

<0

(B X)) <" (5)(Py +eX)x(1) € Anar (B + X ()]

(34)

(35)

(36)

(37)

(38)

(39)

(40)

Finding the maximum value of ZZ:O hkxT(t)(Pk +&eX )x(t) is equivalent to determining the

maximum value of Zzzo hA (Pk + EX) .

max
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Finding the minimum value of ZZ:O hkxT(t)(Pk + gX)x(t) is equivalent to determining the

minimum value of Z;:o WA in (Pk +&X ) .
Define
K| = mkinzzzohklmax (Pk + gX) for0<k<r,
K, = mkaxzzzo WA i (Pk + gX) forO0<k<r.
Then,

(O < 5 ()7 +)5() < 0

In the following, we will prove the asymptotic stability of the time-delay system (7) based
on the Razumikhin theorem [5].

Since

x(t) —x(t - ri(t)) = J. J'c(s)ds,

The state equation of (7) with u=0 can be rewritten as

r t

J.C(tL)ZZZ:hihj (Gij+Di)x(t)_Di I J'c(s)ds

T
i=1j=1 t-7; (t)
where Gi]. =A - BZ.FJ.

The derivative of V along the solutions of the unforced system (7) with u =0 is thus given by

r

V= xT (1) (B + eX () 20 ()X (B eX)i() =X, (x84 Ty () (4)
rl(x,t)=xT(t)k’lhk(pk +eX ()

r r t

¥, (x,8) =207 () Y I (P + X e(£) =227 (£) Y Iy (B +X)x X Y iy | (G + D, )x(£) =Dy [ (s)dls |

r
k=1 k=1 i=1 j=1 t-,(t)

Then, based on assumption 1, an upper bound of Y, (x,z) obtained as:

n@@ggaw@%gmmqg (2)
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and for Y, (x,t) we can written as,

ror r ror t r
Y, (%) =2 Y hhx" Yy (B +6X) (G + D, )x(t) - Y hhy | {ZxT(t)th(PkJrgX)Di
i=1j=-1 k=1 i n(r) k=1

v=1l¢=1

er: Zr:hv (s)hg (s)[Gvgx(s) + Dgx(s -7 (s))}ds}

‘
-
-

i=1

Y (x, t)=2i§§hhhx (B +ex) (G, + D))} x(t) -

t
Z;I;hihjhk [ {227 (£)(R+eX)D,
i=1j=lk= t-7;

xzr“zr:hv (s)hg(s)[Gv x( +D x s— r ]ds}
v=1¢=1
Using the bounding method in(10), by setting a = x(t) and b=G; x( ) we have

t

= [ 2T (1)(B + £X) D, x X X, (5)h ()G ox(s)s

t—7,(t) v=lg=1
<o ()27 ()X, (1) + 247 ()Y~ (B eX)D)x [ E3h, (), (s)Gox(shts  ad
tr V=1§=1
t r
+ | BB (et
t—r,(t)V=16
For any matrices X_,Y, and Z , satisfying
XHV YV >O
YVT Zaiv B
Similarly, it holds that
— | 25 (t)(Bo+eX)D, Y (s)Dyx(s 7, (5))ds
t-7,(t) j=1
t r
Sri(t)xT(t)Xdix(t)+2xT(t)(Yi—(Pk+5X)DZ.) .[ Zh]-(s)Djx(s—rj(s))dS (45)
t—7,(t)/=1
+ I()Z%hj(s) T(s T, ( ))D Zdl]D]x(s z'( ))ds
t—z;(t)]=

For any matrices X ;;,Y; and Z dij satisfying
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Xa Y
;" >0
Yi Zdij

Hence, substituting (44) and (45) into (43), we have

V<P, Y I ( )| 2(Pc+2X)(Gy+ D) +7(X, + X))

i=1j=1k=1

32 (13 (B, + X)) j zz (5), ()] Gux(s)+ D (s, (5)) s
IS | T (s <s>czgzmvevgx( ps
+Zrlzr:hihk j Zr:hj(s)xT(s r())DTZdZ]D]x(s r](s))ds

gpﬁ+4r y hh.x ()[(P +6X)Gy +GT(P +eX)+Y, +YT+r(X +X, )} ()

aij

+ Z:‘hi [XT(f)(Yi (B, +8X)Di)S;1(1/i ~(P, + €X)Di)Tx(t) + xT(t _T"(t))six(t _T"(t))}

i (46)
r t ror
#20hx [ 3 2 ()h(5)x" (5) G Zun G (shis
r tr
+Zhi j Zhj(s)xT(s T ( ))DTZdl]D]x(s 7 (s))ds
Note that, by Shur complement, the LMI in (34) implies Li(§)< 0 for a sufficiently small
scalar 6 = 0 , where
Li(8) =Py + (P +£X)Gy +GJ (B +£X)+ Y, + Y] +7(X, + X,,)
+(Y, = (P, +£X)D,)S;" (Yi—(Pk+gX)Di) x(t)+(2r +1+25)(1+8) (P, +£X)

In order to use the Razumikhin Theorem, suppose V(x(t + 0)) < (1 + 5)V(x(t)) for
o€ [—7,0] . Then, if the LMIs in (35)—(39) also hold, we have from (46) that

Vgizr:hih] ()[(P +6X)Gy +Gh (P +eX) + Y, + Y] +2(X, + X, )} (1)

aij

Il
—_
—.

Il
—_

+ ihi[xT(t)(Yi (P +&X)D;)S (Y, - (P + gX)Dl.)T x(t)+x" (£)(1+6) (P, + gX)x(t)}

+zr:hiri(t)xT(t)(1+5)(Pk+8X)x(t)+2hi j xT(s)(1+§)(Pk+8X)x(s)ds

i=1 i=1  4_ i(t)
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i T(t )[(Pk +eX) A+ AT (P +eX)+ Y, + YT +2(X,, +Xdi)]x(t)

j i 57 ()% ~(8+£X)D, )5 (1, (B +eX)D,) x(e) 47 (1)1 0)(B, + £X)(r)|

+7x ()(1+5)(p +&X)x(t)+ 72T (£)(1+6) (P, +£X)x(t)

= ()L (9)x(1)

i=1
<0

which shows the motion of the unforced system (7) with u = 0 is uniformly asymptotically
stable. This completes the proof.

6. Robust stability condition with PDC controller

Consider the closed-loop system (5). A sufficient robust stability condition for Time-delay
system is given follow.

Theorem 5

Under assumption 1, and assumption 2 and for given0 <& <1, the Takagi-Sugeno system
(5) is stable if there exist positive definite symmetric matrices P,,k=12,...,r, and R,

matrices F,...,F, such that the following LMISs hols.
P+R>0, ke{l,..,r} (47)

P+ uR>0, j=1,2,..r (48)

@, (P, +uR)D,

1

(Pk + IUR)Dhi (Pk +IUR)(DdiAdz‘Edi)

* Al 0 0

<0
* * —Al 0 (49)
* * % 0

ike{l,..r}

with

aiai

®, =P, +Gj; (P, + uR) + (P + uR)G; + (P, +,uR)[ETE +(EE) Ebig}
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q)Z
* Al 0 |<0
| * * _iI
®, (P+uR)(D,+D,) (P+uR)(Dy+Dy) (B +uR)(DyhyEy)
* A 0 0 o 9
* * —-Al 0
* * % 0

ike{l,..r}
tori,j,k=1,2,...,r such thati<j

with

— T
O, = i * G P+ uR)+ (P, + uR A + AP +uR E,+E,) (E;+E,
2 k k 2 k ai aj ai aj

(k) ()|

where C_;Z.]. = {Ai - BI.F]. - Zr_:lhm (z(t))Bz.Km} G = {Ai -BF, - Zr: fzm (z(t)) Bl.Km:I , #u=1-¢,and

m=1

P, :;¢k(Pk+R)

Proof

Let consider the Lyapunov function in the following form:

V(x(8) = S =(0)- Vi (+(0) 61
with
Ve(x(t) =" (£)(P, + uR)x(t), k=1,2,...,r
where

P, =P/ ,R=R", 0<e<lu=1-¢ and (P +uR)>0, k=12,..,r.

The time derivative of V(x(t)) with respect to t along the trajectory of the system (21) is
given by:

i )V () S =00V (x(0) @

1 k=1

V(x(9)=

k

r r
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The equation (52) can be rewritten as,

V()= 0 S0 )8 8) 6 ) S ()R ) o)

, (53)
- xT(t)(th(z(t))(Pk - ,uR)JJ'c(t)
k=1
By substituting (5) into (53), we obtain,
V(x(t)):Yl(x,z)+Y2(x,z)+Y3(x,z) (54)
where
1 (52) 7 0] S (0] 1) e
k=1

¥, (x,2) =2 (1) X 3 (2(6)) 2 (2(6)) < (G (B + eR) + (B, + 1R G, | (1)
A 0

D>: hk<z<t>>h?<z<t>>x{[[nm o % ] e

+(B+uR)| [Dy D, [A(;”' AHE‘;MED}XO) (56)
(=, (0) X 3 (2(0)) e (0| (Puda) (P + (1)

k=1i=1

T () b (2(1)) e (2(6)) (B + R) (D By )x (- 2, (1))

k=1i=1

s -E S OG5
where UTZ[XT(t) xT<t_T(t))}

i {(DdiAdiEdi)T(Pk +ﬂR)} 0

with I, ={é§(Pk +#R)+(Pk+:”R)éii}

+{ [D, Dbi]|:A(;li AHE;;MEDT(P’(+ﬂR)+(Pk+ﬂR){[Dm Dbi]w AilfzbﬁD}x(t)
|
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n(m)x(tfiizm(zm)h<z<t>)hj<z<t>>xHé”fﬁ} () 5 ]wa

k=1i=1i<j

bi~j

(] EE T () (())m(dﬁ){[{% S I Y e

E

A (N b FD} )55 () (0 (00)

{1 AJ{ Joosf s I o

o (1 () S (=(0) e (20D (B ) ()

T (t)zr:i A(2(8)) I (2(8)) (P + 4R ) (D 4 Eygy ) x (£ = 7, (1))

h
where C_;ij = {Ai - BiF]. - Zr: hm (z(t)) BiKm}

(57)

=
Il

—_
Il

—_

{(DdiAdiEdi )T (Pk + ﬂR)} 0

— — \T — —
G.+G. G.+G,
with H2{ ”; ”J (Pk+yR)+(Pk+/1R){ ”; ﬂ]H

- - T - -
A. 0 |[E,; A . .
+ {[Dai Dbi (;u A 1 _;bipj (Pk+:uR)+(Pk+ﬂR){[Dui Dbi Om A 1 _Zb'F':U}

‘A. 0 E

£ 7 _ | ¢
+ [[Duj Dy; | 5] 2\ _Zb/'Fi (Pk+,UR)+(Pk+#R)[[DaJ‘ Dy; | 5] . _Z FD}

b]_

Then, based on assumption 1, an upper bound of Y, (x,z) obtained as:

T

T, (x,2) < k;;ﬁk x(¢) (P, + uR)x(t) (58)

Based on (3), it follows that Zh (z(t))ngl_izo where R is any symmetric matrix of
proper dimension.

Adding R to (55), then
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Y, (1,2) < kifk (1) (P, + R)x(t) (59)
Then,
v (x(t)) < §¢kxT(t)(pk #R(t)+ Xy (x,2)+ Y5 (x,2)
If
{ Hy, (P + yR)Ddl.AdiEdi} 0
EjAyDy (D + uR) 0

where  Hy, = ¢ (P, +R)+ Gl (P, + uR) + (P, + uR)G,
k=1

+{{E%ibiEDT<[Dm Dy )T(Pk+”R)+(P"+ﬂR)[Dm O ﬁ;i Aij[fgbf]}

Then, based on Lemma 2, an upper bound of H,, obtained as:

. T
k=1

+/1[EuTl. —(EbiFi)T}{EuEi . }(pk +uR)< 0

bi~i

by Schur complement, we obtain,

@, (Pk + yR)Dm. (Pk + yR)Dbi
* -2 0 <0
* * _/’LI

with

ai~'ai

®, = P, +Gj (P + uR) + (P + uR) G+ A( P, + yR)[ET.E +(E;F) Ebig}

T — —
Gi'+G'i Gi'+G‘i Ay +A, 0
= f] (Pk+,uR)+(Pk+,uR)[ = ]}+{[Dm+Duj Dbi+Db]}{ . I Abi+Abj:l

A+ A, 0 . E;+E;
0 Ay + Ay | | ~Epif; — By

—

'E.+E

T
ai aj
i EbjFi:U (P, + uR) + (P, + uR)x [[Dm, +D, Dy +D,]

<0
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Then, based on Lemma 2, an upper bound of Y, (x,z) obtained as:

— —_ T G G
G, +G,; G * G
{ Y + ]l] (Pk +,UR)+(P/<+,UR)[ : ; ]l]+/1_1(Pk+#R)I:Dai+Daj Dbi+Db]}|:

T T
D,+D 4
2

Dy + D',
T ] | E; +E,
+/I[(Eﬂi * Eaj) (_EbiFj B EbjFi) }‘ [_aEbiFj lﬁ EbjFi:l(Pk + uR) <0

by Schur complement, we obtain,

®, (P,+uR)(D,+D,) (P +uR)(Dy+D,)
* -AI 0 =<0
* * _/II

with

— — \T
SR (R G L ORI

T T
+(EyF + EyE) (EyF, +E,F)
If (49) and (50) holds, the time derivative of the fuzzy Lyapunov function is negative.

Consequently, we have V(x(t)) <0 and the closed loop fuzzy system (5) is stable. This is
complete the proof.

7. Numerical examples

Consider the following T-S fuzzy system:

x(t)= Zhi(z(t))Aix(t) (60)

with: r=2

the premise functions are given by:

1+sinx, (¢ 1-sinx, (t -5 4 -2 -4
)25, )220 [ ) a2 )
It is assumed that ‘xl (t)‘ < % .For &, =0,&, =05, &, =-05,and ¢,, =0, we obtain

1=

4

7 2 = -

{37.7864 26.8058}

98.5559 28.7577
26.8058 36.2722

-1.2760  -2.2632
28.7577 22.9286

-2.2632  -0.6389
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Figure 1. State variables

Figure 3 shows the evolution of the state variables. As can be seen, the conservatism
reduction leads to very interesting results regarding fast convergence of this Takagi-Sugeno
fuzzy system.

In order to show the improvements of proposed approaches over some existing results, in
this section, we present a numerical example, which concern the feasibility of a time delay T-
S fuzzy system. Indeed, we compare our fuzzy Lyapunov-Razumikhin approach (Theorem
3.1) with the Lemma 2.2 in [9].

Example 2. Consider the following T-S fuzzy system with u=0:
2

£(t)= 2ok (2(){Ax(t) + Dx(t =7, (1))}, (61)

i=1

-21 0.1 -1.9 0 -1.1 0.1 09 0
A = , Ay = , D, = D= ,
-02 -09 -02 -11 -0.8 -0.9 -1.1 -1.2

with the following membership functions :

with:

h, = sin? (xl + 0.5); h, = cos? (x1 + 0.5).

Assume that 7 (t) = O.S‘Sin(xl(t) +x, (t) + 1)‘ where x(t) = [xl (t),x2 (t)]T . Then,
ri(t)Srzo.S. Table 1. shows that our approach is less conservative than Lemma 2.2.

given in [9].
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Methods Tax
Lemma 2.1 0.6308
Theorem 3.1 + o0

Table 1. Comparison results of maximum 7z for Example 1

The LMIs in (34)-(39) are feasible by choosing X ;=X , X, =X,, Y, =Y, Zm.j =Z, Zdij =7,

1

and S; =S, i,j=1,2, and for 7 =0.5 a feasible solution is given by

[ 15121 -0.1801 [ 1451 -0a78 sL 1.021 —0.064
171201801 1.1057 | %2 |-0.178 0883 |~ |-0.064 0.664 |

_{—0.611 0.169} _{2.523 0.707} _{1.448 0.094} _[0.201 —0.087}
= P P y d= 7 a = 7

~0.243 —0.421 0.707 2.155 0.094 2.353 ~0.087 0.369
[0849 -0.227
4710227 0246 |

8. Conclusion

This chapter provided new conditions for the stabilization with a PDC controller of Takagi-
Sugeno fuzzy systems with time delay in terms of a combination of the Razumikhin
theorem and the use of non-quadratic Lyapunov function as Fuzzy Lyapunov function. In
addition, the time derivative of membership function is considered by the PDC fuzzy
controller in order to facilitate the stability analysis. An approach to design an observer is
derived in order to estimate variable states. In addition, a new condition of the stabilization
of uncertain system is given in this chapter.

The stabilization condition proposed in this note is less conservative than some of those in
the literature, which has been illustrated via examples.
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